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DIFFERENTIAL EQUATION 

We c o n s i d e r  the fol lowing bounda ry  value p r o b l e m  on the i n t e rva l  0 -< x - rr: 

( - t ) "  ~2,.~ + q (x) y = ~y, (1) 

y(2V) (0) = y(2,) (~) = 0, v = 0, t . . . . .  m -- t. (2) 

with m -> 1 and q(x) E L2(0, 7r). Denote  by { X r ~  the s equence  of e igenva lues  of  p r o b l e m  (1), (2). We pose  
the p r o b l e m  of d e t e r m i n i n g  the funct ion q(x) f r o m  a g iven  s equence  {Xn~l of e igenva lues .  We sha l l  a s s u m e  
that  

q (x) = q (g -- x). (3) 

R e s t r i c t i o n  (3) is na tu ra l ,  s ince  r e p l a c i n g  q(x) by q (~r -  x)  does  not change  the s p e c t r u m .  It is  not a s s u m e d  
tha t  the funct ion q(x) is r e a l .  Without los s  of g e n e r a l i t y ,  we a s s u m e  tha t  

i q (z) dz = 0. (4) 
0 

Denote by L'2(0, lr) the c l a s s  of funct ions  in L2(0, 7r), s a t i s fy ing  condi t ions  (3) and (4). Uniqueness  and e x -  
i s t ence  of the so lu t ion  to the i n v e r s e  p r o b l e m  have  been  p r o v e d  (see  [1-4]) fo r  the  c a s e  when m = 1 unde r  
condi t ion (3) and the n a t u r a l  a s s u m p t i o n  r e g a r d i n g  the s equence  {kr~  °. In this  p a p e r ,  f o r  m >- 2 it is  a s -  
surned tha t  the sequence  { k r ~  (in gene ra l ,  a c o m p l e x  sequence)  dev i a t e s  s l ight ly  f r o m  the s equence  (n~"}~ 
of e igenva lues  of p r o b l e m  (1), (2) with q(x) - 0, and we p r o v e  e x i s t e n c e  and un iqueness  of the c o r r e s p o n d -  
ing funct ion q(x) be longing to s o m e  bal l  IIq 112 < P'  in the s p a c e  L~(0, 7r). It is shown that  outs ide  this  ba l l ,  
in the g e n e r a l  c a s e ,  t h e r e  can  ex i s t  o the r  funct ions  q(x) g e n e r a t i n g  the s a m e  s p e c t r u m .  

The a im  of this note is the fol lowing a s s e r t i o n ,  which we f o r m u l a t e  f o r  m -> 2. 

THEOREM.  Le t  the sequence  of n u m b e r s  { X r ~  be given,  s a t i s f y i n g  the condit ion 
o n  

r t ~ l  

Then in the bal l  ~q[12 < V ~ - [ (  2 " -  t ) - - ( ~  17,~--n~ml') '/'] of the s p a c e  L~(0, 7r ) there  ex i s t s  a unique funct ion 
g ~ 

q(x) such tha t  {hn}~ is  the s equence  of e igenva lues  of p r o b l e m  (1), (2) with this funct ion,  M o r e o v e r ,  the 
funct ion  q(x) can be found by the method  of s u c c e s s i v e  a p p r o x i m a t i o n s  f r o m  the fol lowing equat ion:  

whe re  

q ( z ) = ] ( x ) + 2  ~ ... O(x, t 1 . . . . .  tj) q(t~)...q(tj)dt 1...dtj, 
~--~L.,_~o 

J 
eo  

j (x) = - -  2 Z ( L n - -  n2ra) cos 2nz, 
r i l l .  

co  

2 ~) (x, t 1 . . . . .  tj) =-~.-  ~ [sin ntxa ~ (tx, t~) . . .  G n (t~_ v t i) sin nt j l  cos 2nz, 

(5) 

(6) 
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2 sin ~ sin kt 
and Cn(z, t) =-h-~, ~ _ ~  ( summat ion  is c a r r i e d  out o v e r  k such that  k ~ n and k + n is even). 

1. F ~ r t h e ~ e r i e s ~ n t h e r i g h t - h a n d s i d e ~ f ( 5 ~ t ~ c ~ n v e r g e ~ i t i s s u f f i c i e n t t h a t V - ~ - - n q Q 2 ÷ ( ~ I ~  n -  

a~is ) ' l '<a~_."  i.  Equat ion (5) can  be so lved  fo r  q(x) by the method of  s u c c e s s i v e  approx ima t ions  unde r  the 

condi t ion 

,) (7) 

2. We show that  the so lu t ion  q(x) of Eq. (5) is a solut ion t o  the inve r se  p rob lem.  In fact ,  f r o m  (5) we 
obtain  that  

0 $--s o 0 

Setting 

i" yn (~) = ~i~ ~ + ~., ... ~ ~,~(~. t~) e,~ (t r t,) ... ~ (tj_~. t~) si~ ~tjq (~)  ... q (tp ate. . ,  etj,  

we find by d i r e c t  v e r i f i c a t i o n  tha t  yn(X) sa t i s f i e s  the i n t e g r a l  equat ion  

y~ (x) = sin nx + .I q~ C~. 0 q (0 Y~ C0 ~t, (8) 
0 

with ~ ' )  (0) = y~')(n) = 0, v = 0, i . . . . .  m -- t. F r o m  the f o r m u l a s  g iven  fo r  yn(X) it  fol lows that  

2n 

S sia nxy,, (z) [q (x) --  ~ q- ~ l  dx = 0, n = t, 2.3 . . . . .  (9) 
0 

Different ia t ing  (8) 2m t imes  and taking into accoun t  (9) and the f o r m u l a  fo r  Gn(x, t), we f inal ly  obtain 

( -  i) m y ~ )  (x) + q (x) yn (z) = ~,j~ (x), n = i, 2, 3 . . . . .  

3. We show that  in the g e n e r a l  c a s e  the so lu t ion  to the i nve r se  p rob l em may  not be unique. F o r  s i m -  
p l ic i ty ,  le t  m = 5. We spec i fy  the n u m b e r  s equences  (?,~}~ and {k~}~ in the fol lowing manne r :  k~ = n 1° (n = 
1, 2, 3 . . . .  ), X 1' = 21°, ?,~ = 1, X~ = n l° (n = 3, 4, 5 . . . .  ). It is e s sen t i a l  that  both sequences  sa t i s fy  in- 
equal i ty  (7). We s e t  up two funct ions  f(x) [see (6)]: fi(x) - 0 and f2(x) = - 2  (21° - 1) (cos 2x - cos  4x). F r o m  
Eq. (5) we obta in  in the f i r s t  ca se  ql(x) -~ 0, while in the second  c a s e  q2(x) ~ 0, s ince  f2(x) $ 0. 

In conclus ion ,  I e x p r e s s  my  thanks  to V. B. Lidski i  f o r  pos ing  the p r o b l e m  and fo r  his cons tan t  a t t en-  
t ion while the w o r k  was  in p r o g r e s s .  
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