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1. Le t  F be  the  union of a l l  r e a l ,  cont inuous ,  pos i t i ve  H e r m i t i a n  funct ions  ~P(t) such  tha t  ~0(0) = 1, 
¢ ( t ) = 0 f o r  Itl  - 1 .  W e l e t g ( 0 = s u p { l ¢ ( t ) ] ~ o E F } .  I t  i s  obvious  tha t  9 ( 0 ) = 1 ,  9 4 0 = 0 f o r  Itl ->1. It 
fo l lows f r o m  one of  C r a m e r ' s  r e s u l t s  ( see  [1l) tha t  f~(t) ~ 1 - (tz/8) f o r  It l < 1. The  fundamen ta l  r e s u l t  of 
th is  p a p e r  is  the  fol lowing:  

THEOREM i. Q(t) = cos[r/(n + i)] for It l E [i/n, 1/(n - i)), n- 2, 3, .... 

We note that the equality ~2(t) = 1/2 for Itl E [1/2, I) is proved by A. I. ll'inskii* using other means. 

We need the following lemma, which we state without proof. 

LEMMA. The union F coincides with the union of all functions (p(t), admitting the representation 

(t) = S g (~) g C~ + t) ~ ,  (1) 

w h e r e  g ~  L2(-.o, ~o), ]lgll = 1, and g(x) = 0 f o r  x ¢[0,  1]. 

It  fo l lows f r o m  the 1 e m m a  tha t  upon eva lua t ion  of ~(t) one can  obta in  the va lue  sup  I if(t) 1 only with 
r e s p e c t  to those  func t ions  ¢p(t) E F f o r  which the funct ion g(x) in (1) is  nonnegat ive .  

We denote  by L2(0, 1) the union of a l l  r e a l  funct ions  of L2( -~o, ,o) which  equal  z e r o  outs ide  of the i n -  
t e r v a l  (0, 1). In L2(0, 1) we def ine  the  o p e r a t o r s  At, t E ( - 1 ,  1), by se t t ing  (Atf) (x) = ×0(x) f(x + t), w h e r e  
k0(x) is  the  i nd i ca to r  funct ion of the  i n t e rva l  (0, 1), i .e . ,  X0(x) = 1 f o r  x E (0, 1) and k 0 ( x ) = 0 f o r x  (/(0, 1). The 
o p e r a t o r s  T t  = (At + A - t ) / 2  a r e  s e l f - ad jo in t .  It  is  e a s y  to s ee  tha t  the  e x p r e s s i o n  on the r ight  s ide  of  (1) 
can  f o r  r e a l  funct ions  g(x) E L2(0, 1) be  w r i t t e n  as  (Ttg,  g). T h e r e f o r e ,  the equal i ty  11Tt II = ~q(t) is val id .  
We wil l  show tha t  IITt II = cos[Tr/(n + 1)] f o r  Itl E [ l / n ,  1 / (n  - 1)), n = 2, 3 . . . . .  

We f i r s t  c o n s i d e r  the c a s e  w h e r e  t = l / n ,  n = 2, 3 . . . . .  Le t  f E L2(O, 1). We define the funct ion fn(x) 
by se t t ing  

7t 

w h e r e  k(x) is  the  i n d i c a t o r  funct ion of the i n t e rva l  (0, l / n ) ,  and 5,. = ( ~  

def ini t ion of fn(X) tha t  Ilfn II = 1If 11, We wil l  w r i t e  f(x) in the f o r m  

k=l  

w h e r e  ~4~(x) = 0 f o r  x ¢ (0, ! / n ) .  F r o m  (2) and (3) we  find 
n 1 N  

i;=l 0 

t / (z) I~ ax)  . 
(/C--1)/a 

It fo l lows f r o m  the 

(3) 

(4) 
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4 II T J n ~  2 = \7 .f (F'~:-i)~ (x) Jr- E.~:+l'/. (x))~, dx, (5) 
~ 1  0 

w h e r e  "~o = ~,,~1 = 0. S ince  !1 ~ il = I] ~,,~ I], f r o m  (4), (5), and the  C a u c h y - B u n y a k o v s k i  i n e q u a l i t y  we conc lude  
tha t  IFTtfntl >- HTtfll. 

F r o m  the a r g u m e n t  u s e d  above  i t  e a s i l y  fo l lows tha t  the  n o r m  of the  o p e r a t o r  Tt  c o i n c i d e s  wi th  the  
n o r m  of the  o p e r a t o r  T t ,  w h e r e  ~Pt i s  the  r e s t r i c t i o n  of  Tt  to the  s u b s p a c e  of func t ions  of the f o r m  (2). 
The o p e r a t o r  T t  can  be  r e g a r d e d  as  an o p e r a t o r  a c t i n g  on the  s p a c e  R n of v e c t o r s  {~k}- I ts  m a t r i x  has  the 
f o r m  

_ r  i [! rgjR i]j: k= l  --IJ ((~j+l, k -I- ~j-1, k )/2 I]~: R=I'  

w h e r e  5jk is  the K r o n e c k e r  de l t a .  The n o r m  of the  o p e r a t o r  T t  c o i n c i d e s  wi th  the  m a x i m u m  r o o t  of the  
c h a r a c t e r i s t i c  p o l y n o m i a l  Pn(X) = de t  tfajk + XSjk N~,k= 1. I t  is  e a s i l y  s e e n  tha t  Pn = x P n - t  - (Pn-2/4) ,  Pt  = 

x, P2 = x2 - (1/4).  T h e r e f o r e ,  P n  = 2-nUn,  w h e r e  Un is  a Chebyshev  p o l y n o m i a l  of the  s e c o n d  k ind  ( see  [2]), 
and c o n s e q u e n t l y  PJT1/h [f = cos[Tr/(n + 1)]. 

We now c o n s i d e r  the  c a s e  Jt[ E [ l / n ,  1 / (n  - 1)), n = 2, 3 . . . . .  We note tha t  9,(8t) -> ~(t) f o r  0 E [ - 1 ,  
1], s i n c e  .°.(Ot)=sup{It~(~t)l:q~(t)~F}~sup{Iq~IOt)l:e~(Ot)EF}~.Qct). T h e r e f o r e  

II ~'~ Ij ~ Ii r~ ,, 11 = II r ~  tl = cos [n/(,~ + t)1. (6) 

To ob ta in  the  bound on the  n o r m  of T t  we app ly  the o p e r a t o r  Tt  to the  func t ion  

/t(~) = ~, X ( * - - t t k - - i ) ) ~ .  

n w h e r e  ~(x) is  the  i n d i c a t o r  func t ion  of the i n t e r v a l  (0, 1 - t(n - 1)) and {~k}k=-I is  the  e i g e n v e c t o r  of the  o p -  
e r a t o r  T1/n c o r r e s p o n d i n g  to the m a x i m u m  e i g e n v a l u e .  It i s  obvious  tha t  

II r~ II ~ II Tt!t IIIi ft I] = II rx/,, II = cos [.~'(, -I--, ~)I. (7) 

The s t a t e m e n t  of T h e o r e m  1 fo l lows  f r o m  the bounds  (6) and (7). 

2. L e t A  be an open s u b s e t  o f R  n s u c h t h a t f o r a ' . l x E A a n d a l l ~ . ,  iXI -<1, we h a v e k x E A .  We d e -  
note by FA the s e t  of a l l  con t inuous ,  p o s i t i v e  H e r m i t i a n  func t ions  ~o(t) in R n such  tha t  ~o(0) = 1 and ~o(t) = 0 
fo r  t ¢ZA. Le t  ~2(t, A) = sup{lc~(t) I : ~ ~ FA}, and le t  p(t) be  the  Minkovsk i  f unc t i ona l  of the  s e t  A(p (t) = 
inf{IX I: X-it ~ A}). It is  e a s y  to s e e  tha t  9( t ,  A) = 0 f o r  p(t) -> 1 and 9( t ,  A) = 1 f o r  p(t) = 0. 

THEOREM 2. 9 ( t , A )  = c o s [ = / ( n + l ) ] f o r l / n - < p ( t )  < l / ( n - 1 ) , n = 2 , 3  . . . . .  

P r o o f .  Le t  e be  a uni t  v e c t o r  in Rn such  tha t  p(e) ~ 0 and l e t  ~ ~ FA.  The  bound 

sup  {[ q~ (}~e)) I : q- ~ F A} ~ sup  {I ? 0,P (e)) I : Y ~ F} = .Q (),p (e)), (8 )  

is  obv ious ,  w h e r e  ~2(t) and F a r e  de f ined  as  in See.  1. 

Now l e t  ?~ ~ {~, : 1 /n  -< p(?~e) < 1 / (n  - 1)}; l e t  the  func t ion  a( t)  ( FA be  such  tha t  c~(t) = 0 f o r  It [ m ~ ;  
and l e t / 3 (0  dF. Since  the  s e q u e n c e  {fi(kp(ae))}, k = 0, ±1, ±2 . . . . .  i s  p o s i t i v e  H e r m i t i a n ,  the  func t ion  

~ (t) = ~ ~ (~p 0.e)) = (t - ~ e )  

f o r  su f f i c i en t l y  s m a l l  ~ > 0 be longs  to the s e t  FA and the equa l i t y  ~b~t(?~e) =/3(p(?,e)) is  va l i d .  F r o m  th i s  we 
find tha t  

sup  {I q) (2,e) I : 9 ~ FA} >/sup {I fi 0,P (~)) I : ~ ~ F} ---- ~ (Ep (e)). (9) 

T h e o r e m  2 fo l lows  f r o m  i n e q u a l i t i e s  (8) and (9). 

The a u t h o r  e x p r e s s e s  h is  g r a t i t u d e  to I. V. O s t r o v s k i  fo r  the  s t a t e m e n t  of the  p r o b l e m  and h is  a t -  
t en t ion  to the  p a p e r .  

R e m a r k .  A f t e r  the  p a p e r  was  s u b m i t t e d  f o r  p u b l i c a t i o n ,  the au tho r  b e c a m e  a w a r e  of  the  a r t i c l e  of O. 
S z a s z ' a  ["T:rber h a r m o n i s c h e  F u n c t i o n e n a n d  L - F o r m , "  Math.  Z. ,  1, 149-162 (1918)] in which  a r e s u l t  s i m i -  
l a r  to T h e o r e m  1 is  ob ta ined .  
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