
H O M O G E N E O U S  C O M P A C T  A L M O S T - C O N T A C T  M A N I F O L D S  

B.  P .  K o m r a k o v  

1. By an a l m o s t - c o n t a c t  s t r u c t u r e  on a (2n + 1 ) - d i m e n s i o n a l  m a n i f o l d  M is  m e a n t  a r e d u c t i o n  of the  
bundle  of b a s e s  of the m a n i f o l d  M to the s u b g r o u p  U(n) × 1 (see  [1]). 

Le t  =: M - -  ]3 be a p r i n c i p a l  T - b u n d l e  (T is a o n e - d i m e n s i o n a l  t o ru s ) ;  an  a l m o s t - c o n t a c t  s t r u c t u r e  
on M a s s o c i a t e d  with th i s  bundle  wi l l  m e a n  a p a i r  (7, J),  w h e r e  ~ is  a c onne c t i on  on the bund le  7r, and J is  
an a l m o s t - c o n t a c t  s t r u c t u r e  on B. A t r i p l e  (7, J ,  g), w h e r e  (J, g) is  an a l m o s t - h e r m i t i a n  m e t r i c  on B, wi l l  
be c a l l e d  an a l m o s t - c o n t a c t  m e t r i c  s t r u c t u r e  a s s o c i a t e d  with  7r. Unde r  c e r t a i n  r e s t r i c t i o n s  any a l m o s t -  
c on t ac t  s t r u c t u r e  is  un ique ly  a s s o c i a t e d  with  s o m e  p r i n c i p a l  T - b u n d l e .  

We sha l l  s ay  tha t  the connec t ion  V is n o r m a l  r e l a t i v e  to J ,  if D(JX, JY) = ~2(X, Y), w h e r e  7r*D = d~. 
An a l m o s t - c o n t a c t  s t r u c t u r e  (~, J) wi l l  be c a l l e d  n o r m a l ,  if J is  i n t e g r a b l e ,  and V is  n o r m a l  r e l a t i v e  to  J.  
We sha l l  c a l l  an a l m o s t - c o n t a c t  m e t r i c  s t r u c t u r e  q u a s i s a s a k i ,  if  i t  i s  n o r m a l  and the h e r m i t i a n  f o r m  F 
of the m e t r i c  (J, g) is  c l o s e d ,  and s a s a k i ,  if i t  i s  n o r m a l  and d~ = ~*F. 

One can  show tha t  fo r  a s s o c i a t e d  s t r u c t u r e s  ou r  de f in i t i ons  c o i n c i d e  with the  s t a n d a r d  ones ,  which  
one can  f ind,  e .g . ,  in [2]. 

2. We s h a l l  Call  an a l m o s t - c o n t a c t  s t r u c t u r e  on M h o m o g e n e o u s ,  if one can  f ind a L ie  g r o u p  of a u t o -  
m o r p h i s m s  of the c o r r e s p o n d i n g  (U(n) × 1 ) - s u b b u n d l e  of the bundle  of b a s e s ,  t r a n s i t i v e  on M. 

Let  K S C K be  s u b g r o u p s  of the  g r o u p  G; we s h a l l  c a l l  the s u b g r o u p  K 1 r i g i d l y  i m b e d d e d  in the  s u b -  
g r o u p  K, if K S is  a n o r m a l  s u b g r o u p  of K and the f a c t o r - g r o u p  K / K  1 is abe l i an .  We s h a l l  c a l l  a s u b g r o u p  
K C G r e g u l a r ,  if i t  can  be r i g i d l y  i m b e d d e d  in a s u b g r o u p  of m a x i m a l  r a n k .  The n u m b e r ,  equa l  to r a n k  
G - r ank  K, wi l l  be c a l l e d  the  d e f e c t  of the r e g u l a r  s u b g r o u p  K. 

THEOREM 1. If a r e g u l a r  h o m o g e n e o u s  s p a c e  a d m i t s  an i n v a r i a n t  a l m o s t - c o n t a c t  s t r u c t u r e ,  then  
the h o m o g e n e o u s  b a s e  of the  p r i n c i p a l  T - b u n d l e  de f ined  by th is  s t r u c t u r e  a d m i t s  an i n v a r i a n t  a l m o s t -  
c o m p l e x  s t r u c t u r e .  

Homogeneous  c o m p a c t  a l m o s t - c o m p l e x  s p a c e s  of p o s i t i v e  E u l e r - P o i n c a r ~  c h a r a c t e r i s t i c ,  i . e . ,  f a c -  
t o r s  by  s u b g r o u p s  of m a x i m a l  r a n k ,  have  been  s t u d i e d  in su f f i c i e n t  de t a i l .  A s u m m a r y  a c c oun t  can  be  
found in [3]. H o m o g e n e o u s  c o m p l e x  s p a c e s  of s e m i s i m p l e  L ie  g roups  a r e  r e g u l a r  and a r e  d e s c r i b e d  in 
[4]. The c l a s s i f i c a t i o n  of r e g u l a r  a l m o s t - c o m p l e x  h o m o g e n e o u s  s p a c e s  is c o m p l e t e d  by  the  fo l lowing  

t h e o r e m .  

THEOREM 2. The h o m o g e n e o u s  s p a c e  Es /3A 2 is  the only one,  up to con jugacy ,  which  i s  an  a l m o s t -  
c o m p l e x  n o n c o m p l e x  r e g u l a r  h o m o g e n e o u s  s p a c e  of z e r o  c h a r a c t e r i s t i c  of a s i m p l e  c o m p a c t  Lie  g roup .  

In the  c l a s s  of r e g u l a r  h o m o g e n e o u s  s p a c e s  is  con t a ined  a l l  h o m o g e n e o u s  s p a c e s  of s e m i s i m p l e  c o m -  
p a c t  L ie  g r o u p s ,  which  a d m i t  n o r m a l ,  q u a s i s a s a k i  and s a s a k i  a l m o s t - c o n t a c t  s t r u c t u r e s .  

THEOREM 3. In o r d e r  tha t  a h o m o g e n e o u s  s p a c e  of a s e m i s i m p l e  c o m p a c t  L ie  g r o u p  a d m i t  a n o r m a l  
a l m o s t - c o n t a c t  s t r u c t u r e ,  i t  is n e c e s s a r y  and s u f f i c i e n t  tha t  the  i s o t r o p y  s u b g r o u p  be  r i g i d l y  i m b e d d e d  with  

odd de fec t  in the  c e n t r a l i z e r  of s o m e  t o r u s .  

COROLLARY.  R e g u l a r  h o m o g e n e o u s  a l m o s t - c o n t a c t  s p a c e s  of s i m p l e  c o m p a c t  L ie  g r o u p s ,  which do 
not  a d m i t  a n o r m a l  a l m o s t - c o n t a c t  s t r u c t u r e ,  up to con jugacy ,  a r e  e x h a u s t e d  by the fo l lowing:  Ez/3A 2, 
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E8/A 5 + A 2, Eg/'3A 2 + A 1, Es/3A 2 + T. 

Quasisasaki  and sasaki  s t ruc tu res  are  analogs of K ~ l e r  s t ruc tures  and Hodge s t ruc tu res  in the 
theory  of a lmos t -hermi t i an  s t ruc tures .  Homogeneous compact  K~hler manifolds and Hodge manifolds co-  
incide and are  exhausted by fac tors  by cen t ra l i ze rs  of tori.  In the a lmos t -contac t  case the situation is 
essential ly different. 

Let ~ = ~i ,  • • -, @l} be a sys tem of simple roots of the semis imple  compact  Lie group G and le t  
= ~k+1, . . . .  ~bl} be the subsystem of simple roots corresponding to some cent ra l izer  of a torus K. 

Any differential of a cha rac t e r  is a purely  imaginary l inear form ~: v (~) -. V-----iR, where c (~) is the center  
of the a lgebra  ~, since on ~' any differential  is identically equal to zero.  Any differential can be written 

k 
in the following fo rm:  ~ = ~ a ~ ,  where a~ ~ Z, {~i}l<~<z is the basis dual to {~}l<~z. 

THEOREM 4. Fo r  a homogeneous space of a semis imple  compact  Lie group to admit an invariant 
quasisasaki  s t ructure ,  it is neces sa ry  and sufficient that the isotropy subgroupbe rigidly imbedded in the 
cen t ra l i ze r  of some torus with defect  one, i.e., be the kernel  of some cha rac te r  of this centra l izer .  

THEOREM 5. Homogeneous spaces  of the form G/Ker  ~, where ~ runs through the cha rac te r s  of 

a l l c e n t r a l i z e r s  of tori ,  whose differentials have the f o r m ~ =  ~ , a ~ ,  where ai ~ 0 for  any i, and • - ~'K = 

(¢1, • • . ,  ¢k~ is a bas is  of the center  of this cent ra l izer ,  exhaust homogeneous sasaki  spaces with s emi -  
simple compact  group G. 

Theorem 5 completes the classif icat ion of spaces  whose study was s tar ted in [5]. 
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