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A N D  S P A C E S  

Le t  H be  a H i l b e r t  s p a c e  wi th  s c a l a r  p r o d u c t  (x, y);  l e t  H = H+ • H_ be  an o r t hogona l  d e c o m p o s i t i o n  
of the  s p a c e ;  l e t  P + b e  the  o r t h o p r o j e c t o r s  onto H± (P+ + P_ = D. We s e t  J = P+ - P_ and i n t r o d u c e  in H a 
new s c a l a r  p r o d u c t  Ix, y] = (Jx,  y) ,  which is  in  g e n e r a l  inde f in i t e .  A H i l b e r t  s p a c e  H in which  a long  wi th  
the  s c a l a r  p r o d u c t  (x, y) we c o n s i d e r  such  an inde f in i t e  s c a l a r  p r o d u c t  [x, y] w i l l  be  c a l l e d  a J - s p a c e .  

T h e r e  a r e  m a n y  w o r k s  which d e a l  wi th  the  g e o m e t r y  of and o p e r a t o r  t h e o r y  in J - s p a c e s  ( see  [1-7]).  
We wi l l  p r e s e r v e  the  no ta t ion  and t e r m i n o l o g y  in t h e s e  w o r k s .  

Many a s s e r t i o n s  in  the  t h e o r y  of o p e r a t o r s  t ake  on a m o r e  c o m p l e t e  c h a r a c t e r  if we i n t r o d u c e  the  
c o n c e p t  of  a l i n e a r  r e l a t i o n ,  which  g e n e r a l i z e s  the  c onc e p t  of the  g r a p h  of an o p e r a t o r .  We m e n t i o n  h e r e ,  
f o r  e x a m p l e ,  t h e  t h e o r y  of e x t e n s i o n s  of  o p e r a t o r s  ( see  [8-11]) and the  t h e o r y  of e x t e n s i o n s  of d i f f e r e n t i a l  
o p e r a t o r s  in a s p a c e  of v e c t o r  func t ions  ( see  [12l). The  t h e o r y  of l i n e a r  r e l a t i o n s  in  l i n e a r  s p a c e s  was  d e -  
v e l o p e d  by M a c L a n e  in [13] and A r e n s  in [14], and in  H i l b e r t  s p a c e s  and J - s p a c e s  i t  was  d e v e l o p e d  by 
A r e n s  in [14], Codding ton  in  [9-11],  Bennev i t z  in [15], and Glukhov in [16l and [17]. 

The  p r e s e n t  w o r k  i s  devo t ed  to an  i n v e s t i g a t i o n  of s o m e  i m p o r t a n t  c l a s s e s  of l i n e a r  r e l a t i o n s  in 
J - s p a c e s .  

§ 1 .  L i n e a r  R e l a t i o n s  i n  L i n e a r  S p a c e s  

1. Le t  E and E '  be  l i n e a r  s p a c e s ,  and  l e t  E = E ~- E '  be  t h e i r  d i r e c t  sum,  de f ined  as  the  c o l l e c t i o n  
of  p a i r s  (x,  x ' )  (x E E, x t ~ E') wi th  the  n a t u r a l  l i n e a r  o p e r a t i o n s .  By a l i n e a r  r e l a t i o n  ( h e r e a f t e r  deno ted  
by  L r . )  E --* E '  we m e a n  an a r b i t r a r y  l i n e a l  in  E.  F o r  an a r b i t r a r y  1.r. A: E ~ E' we ca l l  ~ (A) ~ {x ~_ E: 
~ t x ' E E ' ,  < x , x ' ) ~ A }  the  d o m a i n  of A; ker A = { x ~ E :  ( x , O > ~ A }  i s  c a l l e d  the  k e r n e l  of A; ~ ( A ) =  
{x' ~ E': ~Ix ~ E, (x, x'> ~ A }  i s  c a l l e d  the r a n g e  of A; ind  A =  <x' ~ E ' :  {0, ~> @ A } i s  c a l l e d  the  i n d e -  
t e r m i n a c y  of  A. 

An l . r .  A: E --* E'  can  be  r e g a r d e d  as  a m a n y - v a l u e d  ma pp ing  f r o m  E into E '  ff to each  x ~  ~ ( A )  
( C  E) we a s s o c i a t e  a l l  x '  E E'  such  tha t  (x,  x ' )  E A. In p a r t i c u l a r ,  A0 = ind A. If L is  a l i nea l  in E, then  
by  de f in i t ion  A L  is the  union of a l l A x  (Vx ~ ~ (A) N L). The s e t  A L  is a l i n e a l  in E'  which  con ta ins  ind  A. 

L e t E  -~ = E'  ~- E. If A is  an  L r .  E ~ E ' ,  then the i n v e r s e  1.r.  A - l :  E '  ~ E is de f ined  as  the  s e t  of 
a l l  p a i r s  (x ' ,  x ) ~ E *  such  tha t  (x ,  x ' )  E A. We note  tha t  ~ (A) = ~ (A-X), ker A = ind A - L  

2. H e r e a f t e r  we  a s s u m e  tha t  a l l  l i n e a r  s p a c e s  which  we  e n c o u n t e r  a r e  H i l b e r t  s p a c e s .  A d i r e c t  
sum H = H ~- H' of two such  s p a c e s  tt and H' i s  a s s u m e d  to be  o r thogona l  and wi l l  be  w r i t t e n  as  H = H • H'.  
An 1.r. A: H ~ H' is  s a i d  to  be  c l o s e d  if  the  c o r r e s p o n d i n g  l i nea l  is  c lo sed .  F o r  such  an 1.r. the  s e t s  
k e r  A and ind A a r e  a l so  c l o s e d .  

§ 2 ,  L i n e a r  R e l a t i o n s  in  J - S p a c e s  

1. An o r t h o g o n a l  d e c o m p o s i t i o n  H = H+ • H_ of a J - s p a c e  H a s  d e s c r i b e d  in the  i n t roduc t i on  is  s a i d  

to be c a n o n i c a l .  

Le t  H and H r be J - s p a c e s  and l e t  H = H+ • H_ and I.i r = H~ ~ H'_ be  c a n o n i c a l  d e c o m p o s i t i o n s  of  them.  
In the  H i l b e r t  s p a c e  H = H @ H ' ,  which  c o n s i s t s  of a l l  p a i r s  (x,  x'~ (x ~ H, x '  E H ' ) ,  we i n t r o d u c e  an  
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indefinite sca la r  product  as follows: if x = <x, x'>, y = <g, g'> ~ H, then 

Ix, y l  = Ix, y] - -  Ix',  y'] .  (1) 

It is easy to show that H is a J - space  and the components of its canonical  decomposit ion H = H+ G H_ are  
of the form H+ = H+ @H'_,H_ = H+ • H_. 

The J - space  H in which the indefinite met r ic  is given by formula  (1) will be denoted by H ~ H (and 
then the canonical decomposit ion of an a rb i t r a ry  J - space  H should be writ ten in the fo rm H = H+ ~ H_). 

The J - space  H' O H will be denoted by H #. The operation #, which maps H onto H # by the fo rmu la  
(x, x') # = (x',  x), is an t i - i sometr ic :  

[<X, :t">, <~, ~ /]HL~H" -- [<~" , 37/, <~', ~]>]H,,~oH. 

2. In geometry  and the theory of opera tors  we will use the terminology and notation in [5-7]. In 
par t icular ,  J -or thogonal i ty  of vectors  and lineals will be denoted by the symbol  ±; the J -or thogonal  com-  
plement of a lineal L will be denoted by LI- 

Let H and H' be J - spaces ,  with H = H ~ H'. The graphs of opera tors  f rom H into H' in some class  
or  other  can be interpreted conveniently in t e rms  of the geometry  of J - spaces .  Thus, an opera tor  T is 
J-expanding (J-contracting,  J - i somet r i c )  if and only if its graph is a nonpositive (nonnegative, neutral) 
lineal in Ho In this regard  we introduce the following definition. 

Definition. An 1.r. T: H --  H' is said to be J-expanding (J-contract ing,  J - i somet r i c )  if the lineal 
T (C H) is nonpositive (nonnegative, neutral). 

Such an 1.r. is charac te r ized  by the fact  that for an a rb i t r a ry  (x, x')  E T we have Ix', x ']  - (-<, =) 
Ix, x]. Therefore,  the lineal ker  T is nonpositive (nonnegative, neutral), and the lineal ind T is nonnega- 
tive (nonpositive, neutral). 

If T is a J -con t rac t ing  (J-expanding, J - i somet r i c )  1.r. H ~ H', then the 1.r. T- l :  H' - -  H is J -expand-  
ing (J-contract ing,  J - i somet r ic ) .  

Let T be an 1.r. H --  H'. The subspace (T±) -1 in the J - space  H # is called the l inear  relat ion which 
is conjugate to T and is denoted by TC. 

Definition. A closed 1.r. T: H -- H' is said to be J-biexpanding (J-bicontracting) if T and T c a re  J -  
expanding (J-contracting) 1.r . 's .  

THEOREM 1. An 1.r. T is J-biexpanding (J-bicontracting) if and only if the subspace T is maximal 
nonpos itive (maximal nonnegative) in H. 

We will c a r r y  out the proof for  the J-biexpanding case.  A subspace T is maximal  nonpositive if and 
only if T is nonpositive and T ± is nonnegative; nonnegativity of T" is equivalent to nonpositivity of TC = 
(T ~)-i 

Definition. An 1.r. T: H ~ H' i s s a i d  to be J - s e m i - u n i t a r y  (J-unitary) if T is a maximal neutral  
(hypermaximal neutral) subspace of H G H'. 

A J -un i ta ry  1.r. T is charac te r i zed  by each of the following conditions: 1) T ± = T; 2) T c = T -1 (see 
[14, 17]). If T is J -uni ta ry ,  then so is T -1. 

THEOREM 2. If T is a J -un i ta ry  1.r., then a)ker T = D (T)';  b)ind T = ~ (T) ±. 

Proof. It was shown in [14] and [16] thatD (T)± ---- indT% Since T c = T -1, asser t ion  a) is proved. 
Asser t ion  b) is obtained by considering the J -un i t a ry  1.r. T -1. 

§3.  F r a c t i o n a l - L i n e a r  T r a n s f o r m a t i o n s  o f  L i n e a r  R e l a t i o n s  in  J - S p a c e s  

In [18] Potapov considered a f rac t iona l - l inear  t r ans format ion  (f.l.t.) which takes J -con t rac t ing  ma-  
t r ices  to contract ing mat r ices .  This t ransformat ion  was general ized by Ginzburg in Ill and [19] to the 
case  of bounded J -b icont rac t ing  opera tors  in an infinite-dimensional J - space .  But even in the f in i te-dimen-  
sional case not every  contract ion is the image of some J -b icont rac t ing  operator .  In the p resen t  sect ion we 
will show that the aforementioned f.l.t, can be extended to all J -b icont rac t lng  1.r . 's .  Here the images  of 
these 1.r . 's  exhaust the set  of all contract ions.  And the t ransformat ion  has a natural  in terpreta t ion in 
t e rms  of the geometry  of J - spaces .  
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Let T be a J - b i c o n t r a c t i n g  1.r. H ~ H',  that  is ,  a m a x i m a l  nonnega t ive  subspace  i n l t  = H ~ / 1 .  Let 
K = K T be the a n g u l a r  o p e r a t o r  of T with r e s p e c t  to H+. This  o p e r a t o r  is  a c o n t r a c t i o n  f rom H+ = H+ '9 

H' i n t o H  =H+(DH_. If (K. K,: ) i s  - k/Co., the matrix representation of the operator K with respect to the above 

decompositions of I-I+ and H_, then the l.r. T consists of precisely those pairs (x, x') which admit a repre- 
sentation 

x = z I + K~,z ,  + K.~.z.,, x' = z.. + K , l z  , + K,~z.,_, (2)  

where  z t and Z 2 run  independen t ly  th rough tl+ and H'_, r e s p e c t i v e l y .  If we se t  z t + z., = z ((; H+), we obta in  
the equ iva len t  f o r m u l a s  

(, 0) ("o' "?) x =  K21 K~.~ Z, X ' =  z.  (3) 

C o n v e r s e l y ,  each c o n t r a c t i o n  K, ~ (K) = IL, [g (K) C:_ lI_, g e n e r a t e s  by me a ns  of (3) a se t  of p a i r s  
ix, x ')  which cons t i t u t e s  a a - b i c o n t r a c t i n g  1.r. 

F r o m  (3) it is  e a sy  to deduce  equat ions  for  the l inca l s  a s s o c i a t e d  with the 1.r. T: 

° 7 ) "  
ker T = {z I "4- Ko.lZ,: z I ~ ker K,,}, ind T ---- {z., -~- K,ez~: z~c-_- kerK~,}; 

dim ker l '  = dim ker K,, ,  dim ind I' = dim ker K~. 

F r o m  these  equat ions  we can  d e t e r m i n e  the connec t ion  be tween  the p r o p e r t i e s  of a J - b i c o n t r a c t i n g  1.r. T 
and the c o r r e s p o n d i n g  c o n t r a c t i o n  K. 

THEOREM 3. a) T is an o p e r a t o r  (Lc.,  ind T - 0)<:~ K22 is a m o n o m o r p h i s m ;  

b) D (r)  = H ¢:~ [g (K~) = H_; 

c) ~ (1') = H #~ • (K~_) ~:-- H_ ~ K~. is a n l o n o m o r p h i s m ;  

d) D (Y) is c lo sed  ~ [g (K~...,) is c losed;  

e) ker T = 0 <~ K , , i s  a monomol3ohism; 

f) ~ ( r )  -= H'  <~-~ [g ( g , , )  . :  H~;  

g ) ~  (T) := H'  ~ [~ (Kit) : :  H+ <=> K~, is a n m n o n l o r p h i s m ;  

h) ~ (T) is c lo sed  ~ • (Ku) is c losed.  

COROLLARY. An 1.r. 3' is a bounded o p e r a t o r  which is def ined e v e r y w h e r e  if and only if K22 is an 
i somor l )h i sn l  of IlL onto tl_. 

In this ca se  it follows f rom (3) that 

KI, 
0 

i.c., 

h~,~.)z =x,=Tx=TC ; 0)  K~.i Kz.. z, 

This  last  fo rmu la  is a f r a c t i o n a l - l i n e a r  t rans fo rmat ion  of the cont ract ion K wi th  a cont inuously i nve r t -  
ible K22 into a J-bieontracting operator T. The inverse transformation is of the form 

The correspondence T -- K T is the aforementioned fractional-linear transformation of Potapov and Ginz- 
burg which connects bounded J-bicontracting operators with contractions. 

Remark. It is precisely J-unitary l . r . ' s  T which correspond to unitary operators K from H+ onto 
H_. From an assertion of Spitkovskii in [20]* and parts d) and h) of Theorem 3 it follows that for a J- 

*Ill [20] the author considered matrices of unita1\v opcrators acting in a single Ililbert space. But the re-  
sult which we mention here carries ovcY easily to the case of unitary operators acting from one Hilbert 
space into another. 
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unitary 1.r. T the lineals D (T) and ~ (T) can only be closed simultaneously.  I3y vir tue of parts  b) and f) of 
Theorem 3 we know that a J -uni tary  1.r. T is the graph of a J -un i ta ry  opera to r  f rom H onto H' if and only 
if ~(Kn)  =H~,  g(K,.~) = H _ .  

§4. A Generalized Fractional-Linear Transformation Generated 

by a Linear Relation 

Let H = H+ ~ H_ be a canonical decomposition of the J-space H, and let ~ be the set of contractions 
from H_ into H+. In [21] it was shown that each bounded, everywhere-defined J-bicontracting operator T 
in H generates an f.l.t. Z ~ Z' = ~T(Z) of the set ~ into itself. Here, if L z is a maximal nonpositive sub- 
space with angular operator Z with respect to H_, then ~T(Z) is the angular operator of the subspace TLz 
with respect to H_. In the present section we will generalize this assertion to J-bicontraeting l.r.'s. 

Let H = H+ ~ H_ and H' = H~- O H" be canonical decompositions of two J-spaces H and H'; let ~ and 
~t' respectively be the sets of contractions from H_ into H+ and from H" into H+; let T be a J-bicontracting 
l.r. H -- H', and let K be its angular operator, as in §3. We let gT denote the set of all Z E ~ for which the 
operator I - ZK2I is continuously invertible. In particular, this set contains all Z ~ ~ for which IIZ [[ < 1. 
(If ILK21 Jl < I, then~T = ~.) 

LetZ E ~r. The lineal TLz = T (Lz N ~ (T)) is clearly nonpositive. We will show that this lineal is a 
maximal nonpositive subspace in H', and we will find its angular operator with respect to H'.  By virtue of 
(2) the set Lz N D (T) consists of those x = u + Zu E LZ, for which u = K21zl + K22Z2, Zu = z I. Therefore, 

z I = ZK21z I + ZK22z 2, (I - ZK21)z I = ZK22z2, and thus zl = (I - ZK21) -i × ZK22z2, where z 2 runs through H'. 
According to (2) the lineal T (Lz ~ D (T)) consists of all x' of the form 

x' = z2-~ K n  (I  - -  ZK2,)-IZK~,z.,. -~ Klo.z2 = z2 -~ Z'z2, 

whe re 

Z' = A'a2 ÷ Kn (I -- ZKo.I)-~ZK,~ (~  ~'). (4) 

Since z 2 runs through all of H ' ,  we know that TLz  is a maximal  nonpositive subspace in H' with angular 
opera tor  Z' with respec t  to H'_. 

Remark 1. Formula  (4) can be written in the fo rm 

Z' = K,o. + KnZ (I -- KoIZ)-IK~.,., 

where the operator I - K21Z is continuously invertible together with I - ZK21. 

Remark 2. Formula (4) is a generalization of the f.l.t, formula 

Z' = ~r (Z) = (TnZ + T~.)(T21 z + T._~) -~ 

in [21] and can be transformed into it if K22 is a continuously invertible operator (that is, if T is an every- 
where-defined, bounded J-bicontracting operator). Here we use the formulas in §3 which connect the ma- 

trix entries of the operators T and K T. 

I° 

2. 

3. 

4. 

5. 

6. 

LITERATURE CITED 

Yu. P. Ginzburg, "J-nonexpanding operators in Hilbert space," Nauchn. Zapiski Odessk. Ped. In-ta, 
2_22, No. i, 13-19 (1958). 
Yu. P. Ginzburg, "Subspaces of a Hilbert space with an indefinite metric," Nauchn. Zapiski Odessk. 
Ped. In-ta, 25, No. 2, 3-9 (1961). 
R. S. Phillips, "Dissipative operators and hyperbolic systems of partial differential equations," Trans. 
Amer. Math. Soe., 90, No. 2, 193-254 (1959). 
R. S. Phillips, "The extension of dual subspaces, invariant under an algebra," Proc. Internat. Sympos. 
on Linear Spaces, Jerusalem Acad. Press, Jerusalem (1960); Pergamon Press, Oxford-London- 
New York-Paris (1961), pp. 366-498. 
Yu. P. Ginzburg and I. S. Iokhvidov, "Investigations in the geomet ry  of infinite-dimensional  spaces 
with a bil inear metr ic ,"  Usp. Matem. Nauk, 17__, No. 4, 3-56 (1962). 
M. G. Krein, "Introduction to the geometry  of indefinite J - spaces  and the theory  of opera tors  in these 
spaces,"  Vtoraya Letn. Matem. Shkola, I, Naukova Dumka, Kiev (1965), pp. 15-92. 

59 



7. M.G. Krein and Yu. L. Shmul'yan, "Plus-operators in a space with an indefinite metric," Matem. 
Issledovaniya (Kishinev), 1_, No. 1, 131-161 (1966). 

8. Yu. L. Shmul'yan, "The theory of extensions of operators and spaces with an indefinite metric," 
Izv. Akad. Nauk SSSR, Ser. Matem., 38, 896-908 (1974). 

9. E. Coddingt0n, Extension Theory of Formally Normal and Symmetric Subspaces, Mem. Amer. Math. 
Soc., Vol. 134 (1973}. 

10. E. Coddington, "Self-adjoint subspace extensions of nondensely defined symmetric operators," Bull. 
Amer. Math. Soc., 7_.99, No. 4, 712-715 (1973). 

11. E. Coddington, "Self-adjoint subspace extensions of nondensely defined symmetric operators," Adv.  
Math., 14, No. 3,309-332 (1974). 

12. F .S .  Rofe-Beketov, "Self-adjoint extensions of differential operators in a space of vector functions," 
Teoriya Funktsii, Funkts. Analiz i ikh Prilozheniya (Kharkov), 8_, 3-24 (1969). 

13. S. MacLane, "An algebra of additive relations, N Proc. Nat. Acad. Sci. USA, 4_.~7, No. 7, 1043-1051 
(1961). 

14. tL Arens, "Operational calculus of linear relations," Pacific J. Math., 11__, 9-23 (1961). 
15. C. Bennevitz, "Symmetric relations on Hilbert spaces," Lect. Notes Math., 280, 212-218 (1972). 
16. V.P.  Glukhov,. "Linear correspondences in spaces with an indefinite metric," Funktsional'. Analiz 

i Ego Prilozhen., 1_, 37-46 (1973). 
17. V.P .  Glukhov, "Kelly transformations of linear correspondences," Funktsional'. Analiz i Ego Prilo- 

zhen., 1_., 47-50 (1973). 
18. V.P .  Potapov, "The multiplicative structure of J-nonexpanding matrix functions," Trudy Mosk. 

Matem. O-va, 4_, 125-236 (1955). 
19. Yu. P. Ginzburg, J-Nonexpanding Analytic Operator Functions [in Russian], Candidate's Dissertation, 

Odessa (1958). 
20. L M. Spitkovskii, "Recovery of a unitary operator from two of its diagonal blocks," Matem. Issle- 

dovaniya (Kishinev), _8, No. 4, 187-193 (1973). 
21. M.G. Krein and Yu. L. Shmul'yan, "Fractional-linear transformations with operator coefficients," 

Matem. Issledovaniya (Kishinev), 2_, No. 3, 64-96 (1967). 

60 


