
L A G R A N G I A N  AND L E G E N D R I A N  S I N G U L A R I T I E S  

V. M. Z a k a l y u k i n  

I N T R O D U C T I O N  

By a Lagrangian submanifold of a cotangent foliation, we mean a submanifold of the l a rges t  possible 
dimension on which the standard symplect ic  form of the cotangent foliation vanishes.  Lagrangian map-  
pings are  project ion mappings of Lagrangian submanifolds onto the base. Singularities of Lagrangian 
mappings are  encountered in the study of the s t ruc ture  of caust ics ,  in the study of the asymptot ic  behavior  
of integrals depending on pa rame te r s ,  and so on. 

By a Legendrian submanifold of a project ivized cotangent foliation, we mean an integral  manifold of 
the standard contact s t ruc ture  of the foliation having the la rges t  possible dimension. Legendrian mappings 
are  project ion mappings of Legendrian manifolds onto the base. Singularities of Legendrian mappings are  
encountered in the study of the s t ruc ture  and bifurcations of wave fronts,  in the study of s ingulari t ies  of 
solutions of par t ia l  differential equations, etc. 

The purpose of this note is to const ruct  local normal  forms for  Lagrangian and Legendrian singu- 
lar i t ies  in general  position when the dimension of the manifold being mapped does not exceed 10. 

In §1 for a ge rm of a Lagrangian submanifold we const ruct  a ge rm of a family of functions, depend- 
ing on paramete r s  and called generating, such that the action of the group of Lagrangian diffeomorphisms 
is equivalent to the action on the generating functions of the group consist ing of right changes of coordi-  
nates and addition with functions of pa ramete r s .  

In §2 generat ing families are  constructed for Legendrian manifolds. Here, close ge rms  of Legen- 
drian manifolds are  Legendre equivalent if and only if the germs  of the generat ing families a re  contact  
equivalent. 

Hence, one obtains theorems,  stated by Arnol 'd  [2] and Guckenheimer [ll, to the effect that Lagran-  
gian (Legendrian)stabi l i tyof  Lagraagian (Legendrian) manifolds follows from infinitesimal Lagrangian 
(Legendrian) stability (§3). 

In §4 we list the normal  forms of generat ing families of Lagrangian and Legendrian mappings 
R n ~ R n, n < 11 (R n ~ R n+t for  the Legendrian case) in general  position. 

Starting with n = 6, we inherently encounter unstable germs .  Here, since Lagrangian (Legendrian) 
diffeomorphisms p rese rve  the affine (projective) s t ruc ture  of a f iber of a Lagrangian (Legendrian) foliation, 
the normal  forms have moduli that are  functions of pa ramete r s .  

All objects are  assumed to be C '~ smooth. 

The author expresses  his s incere  thanks to V. I. Arnol 'd  for his constant attention to this work. 

§1.  L a g r a n g i a n  G e n e r a t i n g  F a m i l i e s  

Recall that by a Lagrangian equivalence of a foliation T*M n, where M n is a smooth manifold, we 
mean a diffeomorphism of T*M n that p re se rves  the symplect ic  s t ruc ture  and s t ruc ture  of the foliation. 
Lagrangian mappings are  said to be Lagrange equivalent if there exists a Lagrangian equivalence that 
c a r r i e s  the corresponding Lagrangian manifolds into ea2h other.  Henceforth, we shall talk about Lagran-  
gian equivalence of Lagrangian manifolds. 
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According to Darboux's  theorem, all Lagrangian foliations are  locally Lagrange equivalent, and so 
vze shall consider  the standard faliation n: T*R" --~ R ~ with coordinates  q ~ R n, p E T~0Rn ~nd form ~ ' :  dp A 
dq. 

1. The following asser t ions  follow from the definition of Lagrangian equivalence: 

Asser t ion  1. Let ~ be a Lagrangian equivalence of T*R n, and let the form ~ = pdq. Then: 

1) There  exists a function q~: R n ~ R, unique up to addition of a constant, such that ~*o~t --¢t = d~; 

2) 5~ is uniquely defined by the pai r  (®, ¢),  where ®: R n ~ R n and ®o~t = ~o5~ is the induced diffeo- 
morphism of the base. 

Proof. We shall find an explicit form for  the Lagrangian equivalence in the coordinates p and q. If 
0q~ 

~: (p, q) ~ ( P ,  Q), then Q = 0 (q), P = (o")-lIp + .~-). We shall wri te  ~ = (O, ¢).  

2. A ge rm of a Lagrangian manifold (L, m), L C T*R n, is well projected onto the base and defined in 
some neighborhood of a point m of the generating function FL(q} by p = 5F/~q. 

It can be verif ied immediately that a ge rm of the Lagrangian manifold (5~ !L), ~. (m)), where ~ is a 
Lagrangian equivalence, has generat ing funct ion 

F~e(L) = (FL + ¢)o0 -I (1.1) 

and, in par t icular ,  is well projected onto the base. 

32 I-ISrmanderVs Construct ion [3]. Let p: R n+k ~ Rn be the foliation p: Rn+~--+R " . We denote by 
A n the subfoliation in T*Rn+k, induced by p. The fiber over  x = (q, u) is the set of forms ~ ~ T~ R "+~ that 
annihilate the tangent space to p-l(q). Let Pl: An ~ T*Rn be the induced mapping of the foliations and 
i~: A "  ~ T * R  '~+k the imbedding. 

Asser t ion  2. Let (L, w) be a ge rm of a Lagrangian manifold L C T*R"+k which is well projected 
onto R n+k and which in tersec ts  A n t r ansverse ly  at w. Then: a) (pl(L (~ An), pl(w)) is a germ of a La-  
graagian manifoldL C T*Rn; b) the generating function F(q, u) of (L, w) at n(w) satisfies the Conditions 

-0"~- ~(w) • Ou Ou ' Ou Oq 

Proof.  Let p a~d v be the coordinates dual to q and u in T*Rn+k. Then A n is defined in T*Rn +k by 
~¢ = 0. By vir tue  of the t ransversa l i ty ,  ~ A A n i s  a submanifold in A n. Let us prove that P! is regular  in 

A A n. For  Otherwise there would exist a vec tor  ~ tangent to ~. (~ An with Coordinates p~ = q~. = 0, v~ = 
0. The hyperplane Ann ~ of vectors  skew-orthogonal to ~ is not t r ansversa l  to A n, and so Tw(T-) C Ann 
would not be t r ansversa l  to An. The obvious reiation p~ o w = 0  completes  the proof of a. Condition b is 
the coordinate form of the hypothese s of the assert ion.  

Definition. A germ (F(q, u), x) of the family of functions of u E R k with pa ramete r s  q E R n satisfying 
Asser t ion  2b at x is called a generat ing family of the ge rm of the Lagrangian manifold (L, m) = (pt(~ 
An), pi(w)), where (~, w) has the generating function F(q, u). 

4. Consider  the subgroup A of Lagrangian equivalences of T*R '~÷~ that leave A n invariant. Now A = 
{(O, ¢)}, where ® and ¢ satisfy the following condition: 

(B) O: R ~÷~-,- R "+~ is a diffeomorphism, and ¢ :  R ~÷k -*- R p re se rves  p; i.e., there exist a diffeo- 
morphism @: R n ~ R  n a n d a f u n c t i o n ~ :  R n ~ R s u c h t h a t  ¢ = ~ o p ,  poO = ~op .  

Definition. Germs of the families (Fi(q, u), xi), i = 1, 2, are  said to be R 4 equivalent if there exist 
mappings ® and ¢ such that (B) holds and F 2 o ~ = F~ + ¢. 

A acts on the generating function of the manifold according to (1.1), and so the germs of (L~, w~), i = 

t ,  2, ~ ~ T*R  "÷~, with generating functions (Fi(q, u), wi) are  A equivalent if and only if the Fi(q, u) are  
R + equivalent. 

5. A Lagrangian equivalence .~ ~ A that p re se rves  An induces a Lagrangian equivalence of  T*R n. 
In the notation of Paragraph  4 we have .~ = (0, ~). In the notation of Para .  3 we obtain the following as-  
sertion: 
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A s s e r t i o n  3. The mani fo ld  5~ (L) i n t e r s e c t s  A n t r a n s v e r s e l y  at ~ (w) and p~ (5~ (L) N A~)=  5~ (L). 

6. Any g e r m  (L, m) of a Lag rang i an  mani fo ld  L C T*R ~ is wel l  p r o j e c t e d  onto at  l eas t  one of  the 2 n 
n - d i m e n s i o n a l  coo rd ina t e  subspaces  PI, qJ  (I C J = {1 . . . . .  n}, I ~ J = dp). In this c a s e  the re  ex i s t s  a 
unique, up to addit ion of a cons tan t ,  funct ion F(pI,  qJ) such that  (L, m) is defined by the equat ions  

OF OF 
- - P J =  -~jf, q ' = - ~ "  

It is easy  to ve r i fy  that  the g e r m  at x = (qo, PIo), whe re  m = (qo, PI 0, PJo ), of the fami ly  G L = PIqI - 
F(pI, qJ) is gene ra t i ng  fo r  (L, m). If the n u m b e r  of e l e m e n t s  of  I is m in ima l  fo r  (L, m) and k(I) = d im k e r  
7r. ITL,  then (82F/~piSPi) = 0 (see [2]). 

7. Definit ion. The fami l i e s  Fl(q, u), q E R n, u E R k, and F2( q, v), v E R l, a r e  sa id  to be R+-s t ab ly  
equivalent  if t he re  ex i s t s  a f ami ly  F3(q, w), w ~ R s, s s l, k, such that  the Fi, i = 1, 2, a r e  R + equiva len t  
to the fami l ies  F 3 * Qi, where  Qi is a nondegene ra t e  quadra t i c  f o r m  in the a p p r o p r i a t e  n u m b e r  of v a r i a b l e s  
U o r  V. 

A s s e r t i o n  4.. All gene ra t ing  f ami l i e s  of (L, m) a r e  mutual ly  R+- s t ab ly  equivalent .  

Proof .  Let  (F (q, v), (q0, v0)) be a gene ra t i ng  fami ly  of (L, m), m = (qo, P0). Then,  by the g e n e r a l i z e d  
Morse  l e m m a  fo r  funct ions depending on p a r a m e t e r s ,  the re  ex is t s  a d i f f e o m o r p h i s m  ®l: (q, v) - -  (q, V(q, 
v)), that  induces  the ident i ty  change of p a r a m e t e r s  q such that  F ° ®l = Fl(q, u) + Q, where  v = (u, w), u E 
R k, and Q is a nondegenera te  quadra t ic  f o r m  in w and (82F/Su~U)(q0, u0 ) = 0. 

Acco rd ing  to A s s e r t i o n  3, F 1 + Q, and t h e r e f o r e ,  F i a r e  g e n e r a t i n g  g e r m s  fo r  (L, m). 

If L is well  p ro j ec t ed  onto (PI, qJ), whe re  k(I) = kmin, then det /' 0"~/- \ouoq~ ](q,.,,o)~f: 0, and the mapping  02: 

(q, u) --  (q, 8F/SqI)  defines a d i f f e o m o r p h i s m  of a ne ighborhood of (%, u 0) into a ne ighborhood  of {q0, PI0)- 
The g e r m  of G = F 1-" ®~l at (q0, PI 0) g e n e r a t e s  (L, m), where  Pi (see P a r a .  3) has  the f o r m  

Thus,  d ( G L -  G)J~IL= 0, whe re  •i is the p ro jec t ion  ~l: (q, P) ~ (q, PI). The mani fo ld  ulL is defined 
in a ne ighborhood  of ul(m) by 8GL/OpI = 0, and so the g e r m  of GL - G + c 1 at ~l(m), w h e r e  c 1 is a constant ,  
be longs  to li ~, where  1~ is an ideal  in C~l(m ) (n + k, 1) - the r ing  of  g e r m s  at ul(m) of funct ions  R n+k ~ R, 

u = c-,¢.,)(n + a, l) f°cL! {op~ j" 

Cons ide r  the homotopy  Gt, Gt = GL + t(G I G L )  , t ~ [ 0 ,  l ] .  It follows f r o m  the r e l a t ion  (82G/SpiSPI)rl(m) = 
0 that  t he re  ex is t  smooth  funct ions  ha,fl(q,  PI, t), a ,  fl = 1 . . . . .  k, defined in U × [0, 1], w h e r e  U is a 
ne ighborhood  of 7rl(m), such that  

Op~ 7 op~ h~, ~. (1.2) 

It follows f r o m  (1.2) that  t he re  ex is t  smoo th  funct ions t ~ ( q ,  PI, t), def ined in U × [0, 1], such  that  

OGt ~. OGt 
u~ I.,~ = o, 0 7  = - ~ H . .  

The field ((~, ~)I) = (0, HI) def ines a o n e - p a r a m e t e r  fami ly  of d i f f e o m o r p h i s m s  ~)t of s o m e  ne ighbor -  
hood of 7rl(m), that  a r e  ident ical  on ~iL and c a r r y  GL into Gt. 

The compos i t i on  O~ ~ o (9~ ~ o O~ se t s  up an R+-s tab le  equiva lence  of the gene ra t i ng  f ami ly  F with the 
f ixed fami ly  GL. This p roves  the a s s e r t i o n .  

THEOREM 1. G e r m s  of Lagrang ian  manifo lds  (Li, mi),  i = 1, 2, a r e  L a g r a n g e  equivalent  if and only 
if the g e r m s  of the c o r r e s p o n d i n g  gene ra t i ng  fami l i e s  Fi(q, ui), ui E R ki, a r e  R+- s t ab ly  equivalent  (and R + 
equivalent  if ki = d im ke r  7r. ITLi).  

The p roof  of the t h e o r e m  follows f r o m  A s s e r t i o n s  3 and 4. 
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§2.  L e g e n d r i a n  G e n e r a t i n g  F a m i l i e s  

Definitions. By a Legendrian foliation, we mean a foliation ~:M~+~--,/~ ~+~ whose space is a contact  
manifold and whose f ibers  a re  Legendrian submanifolds.  The definitions of Legendrian equivalence, 
Legendrian mapping, and equivalent Legendrian mappings a re  s i m i l a r  to the Lagrangian  definitions (see 
[3l). 

Locally,  all  Legendrian foliations a r e  Legendre equivalent. We shall  consider  two local models  of 
Legendrian foliations connected with the contact izat ion and symplect iza t ion  functors  of the s tandard  La-  
grangian foliation, respect ive ly :  

1) (jl(Rn, R), ~,  a),  where  j l(Rn, R) is the space of 1 jets  of functions R n ~ R with coordinates  q E 
R n, p E T~Rn ,  z E R~; the projec t ion  E: (Plq, z) ~ (q, z) and hyperplane of zeros  of a = dz - pdq define a 
Legendrian foliation s t ruc ture ;  

2)(P/'*/{ n+~, ~, ~), where PT*R n+l is the projec t iv iza t ion  of T*R n+l with coordinates  x E Rn+l and 
y E T~0Rn+l - the homogeneous coordinates  in the f iber;  the project ion ~: (x, y) ~ (x) and fo rm ~ = ydx on 

T*R n+l define a Legendrian foliation s t ruc tu re  in PT*R n+l. 

We denote by T*/{~ +~ \/{~+~ --~ PT*I{'~ +~ the pro jec t iv iza t ion  and by ,~. (~. @ R \ {0}) the mapping ,~.: 
T*R~ ÷1 --~ T*/{n +x, ,~: (x, g) ~ (x, ~.g). Then the mapping 

l: J ~ ( l ( q ) ) ~  pr (d (z - -  / (q)), l: Y*(R '~, R)  ~ P T * R  '~, 

r ea l i ze s  a Legendrian equivalence of 1) and 2). 

Asse r t ion  1. A Legendrian equivalence is uniquely defined by the induced di f feomorphism of the 
base .  

Proof.  A Legendrian equivalence g of PT*R n+l has the fo rm .~ = pro~,:pr -~, where  ~ is a f i be r -  
homogeneous Lagrangian equivalence of T*R n+l, i .e. ,  ,~oE = Eo (,~,). Now L is uniquely defined by the in- 
duced d i f feomorphism of the base  (see §1). 

1. If a g e r m  of a Legendrian manifold (L, m) C PT*R~  +~ is well  projected onto the base,  then there  
exis ts  a g e r m  of the genera t ing function (~L(X), E(m)) such that L is defined by 

OOL l'~(r.) ~" O. Oq) " 
O~(x)=0 ,  y = ~  and ~ 

The function @(x) is defined up to mult ipl icat ion by @(x), @(E(m)) ~ 0. 

The Legendrian equivalence • defined by a d i f feomorphism of the base  ® acts  on ¢ L  by the fo rmula  

O~e(L) = ~F (x) (OL:O). (2.1) 

2. H S r m a n d e r ' s  Construction.  Consider  the foliation 15: R '~+~+' --+ R ~+' and the subfoliat ion A n÷t (see 
§1). In the d i ag ram 

T *R~+~+i i--2- A~+i °--d- T'R'~+~ (2.2) 
\ I-. i= 

the mappings i t and p~ defined in §1 commute  with the mappings *k in T*/~ ~÷~+~ andT*/{ ~+~, and so, p ro j ec t -  
ivizing T*/{ ~÷~ and T*/{ ~+~+~, we obtain the commuta t ive  d i ag ram 

PT* R '~+~+1 ~'..L. PA T M  .....~ PT*R ~÷1 
I=- (2.3) 
R n+~+l ~_~ Rn+I 

where ~ o pr  o Pl. 

Asse r t ion  2. Let  (~_~ m) be a Legendrian manifold in PT*R ~÷k÷l which is well  pro jec ted  onto the base  
and which in t e r sec t s  PA n+i t r a n s v e r s e l y  at m. Th~n ~ (~, n PA~+l)is a Legendrian manifold in PT*R n+l. 

The proof  fotlows f r o m  the fact  that pr -~ (L [~ PA'~÷l)is a conic Lagrangian manifold in T*R '~÷k÷l that  
sa t i s f i es  the hypotheses  of Asse r t ion  2 in §1 a t  ~ =  p r - l (m) ,  and also f r o m  the fact  that  Pt in (2.2) commutes  
with c * k. 

tJl(R n, R) is natura l ly  i somorphic  to T*R n x R. 
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Defin i t ion .  A g e r m  of  the  f a m i l y  (F(x,  u), (xq,, u0)) of func t ions  of u E R k with  p a r a m e t e r s  x E R n41, 

s a t i s f y i n g  the c o n d i t i o n s :  a) q~ (u,, a',,)-- 0, b) 0~ (q )  Oq~ [( ...... ) = 0, e) rank T I[( ...... ) =  k + t ,  w h e r e  ~1: (x, u) ~-~ 0,, 1' 

i . e . ,  which is  a g e n e r a t i n g  func t ion  of  s o m e  L e g e n d r i a n  m a n i f o l d  ( L ,  m),  s a t i s f y i n g  the h y p o t h e s e s  of A s -  
s e r t i o n  2, is  c a l l e d  a g e r m  of the g e n e r a t i n g  f a m i l y  of a g e r m  of the  L e g e n d r i a n  m a n i f o l d  (L, m,) = (} (/7/1 
pA"+x), ~ (m)). 

3. Le t  A be the s u b g r o u p  of  L e g e n d r i a n  e q u i v a l e n c e s  of PT*I t  ''+~'~ tha t  p r e s e r v e ~ .  L e t  ~g~A.  Then 
t h e r e  c o r r e s p o n d s  to 5( a d i f f e o m o r p h i s m  of the b a s e  (-5: B ''+~'+~ -+ B "+~+~ tha t  p r e s e r v e s  ~" ( see  ~1.4). 

Def in i t ion .  G e r m s  of the  f a m i l i e s  F i (x ,  u), i = 1, 2, a r e  s a i d  to be K e q u i v a l e n t  if t h e r e  e x i s t  a d i f -  
f e o m o r p h i s m  ~), tha t  p r e s e r v e s  ~ ,  and a func t ion  ~(x ,  u), ~ ( ~ ,  %) # 0, such  tha t  F~ = ~(F~ o g)). 

The de f in i t i on  of K - s t a b l y  e q u i v a l e n t  f a m i l i e s  is i n t r o d u c e d  in the c o r r e s p o n d i n g  way.  

A ac t s  on the g e n e r a t i n g  funct ion of L a c c o r d i n g  to (2.1), and  so  the  g e r m s  of L e g e n d r i a n  m a n i f o l d s  
we l l  p r o j e c t e d  onto It"+~+~ a r e  L e g e n d r e  e q u i v a l e n t  if and only if  t h e i r  g e n e r a t i n g  func t ions ,  r e g a r d e d  as  
f a m i l i e s ,  a r e  A equiv~dent.  

4. Any g e r m  of a L e g e n d r i a n  man i fo ld  has  a g e n e r a t i n g  f a m i l y .  F o r ,  a g e r m  (L, m) of a L e g e n d r i a n  
man i fo ld  in j t ( R n ,  R) is de f ined  by  the g e n e r a t i n g  funct ion  F(pI ,  qJ) by 

OF 01: 
- - P J  "': T j '  q~='g '~7 '  - - z - =  p t q z - - F ( p z ,  q.t). 

In th is  c a s e  F L  - z + P I q I -  F(PI, qJ) is a g e n e r a t i n g  f a m i l y  for  (L, m). 

5. A s s e r t i o n  3. 2'he g e r m s  of the  g e n e r a t i n g  f a m i l i e s  of (L, m) a r e  mu tua l ly  K - s t a b l y  equ iva len t .  

Proof .  Let  x = (q, z) be c o o r d i n a t e s  in R n+I and U n+l the aff ine c h a r t  of l ' r * R  "+', U~ +' ~ {(x, D,  

( , , )  U,,+, j l  (It", B),  4",: (x, y) ~+ ""' :/,,+, /1,,~, 4= 0}. Then %,: : -+ - -  is  a L e g e n d r i a n  e q u i v a l e n c e .  

In s o m e  ne ighborhood  of ~(m) in R n+l the c o o r d i n a t e s  q and z can  be c h o s e n  so tha t  Cn L is we l l  p r o -  
j e c t e d  onto T*R n (see  p r e c e d i n g  f o o t n o t e ) .  

Let  the g e n e r a t i n g  f a m i l y  F(x,  u) of (L, m) be a g e n e r a t i n g  funct ion  of a g e r m  of the L e g e n d r i a n  m a n -  
ifold(/~, w) C7_ I ' r* t l  "÷~*' tha t  s a t i s f i e s  the  h y p o t h e s i s  of  A s s e r t i o n  2, and le t  w ~ U'. '+k+'. Then t h e r e  e x i s t  
an imbedd ing  i 3 and a p r o j e c t i o n  ~ such  tha t  the fo l lowing d i a g r a m  c o m m u t e s :  

• ~" I t l  J'  (I~ "+~, It)'._2_' ~I _ = . J  (R , It) 

I 'l',,+,, l e~,,~k I%, 
g n . k + l  il ) ~+l : 71f [  , _ _ _ I A  _ = ~ U :  . 

(2.4) 

I t e r e  Cr,,~. = ~+~[c,,+~,.,nvg,+L and  A :: Im(~n+k). It is e a s y  to s e e  tha t  by m e a n s  of the n a t u r a l  p r o j e c t i o n  

~": P (1~", R) -+ T ' i t" ,  a'.': (p, q, z) ~+ (p, q), the u p p e r  row of (2.4) can  be c o m p l e t e d  to the  c o m m u t a t i v e  d i a -  

g r a m  

T'R  "+~ ~'.L_ A" ~..~'_, T ' i t"  

I =a l ='-' I =~ ( 2 . 5 )  
J '  ( t?"~, n) .~2_ ~I __5~'_J'(it",it), 

w h e r e  i t and 0l a r e  de f ined  in §1. 

~ + k ( L ' )  - the  p r o j e c t i o n  of L'  := ~,,÷kL unde r  7rp2 +k - is a L a g r a n g i a n  m a n i f o l d  tha t  s a t i s f i e s  the  h y p o -  

t h e s i s  of A s s e r t i o n  2 in §1, and,  s i n c e  (2.5) is  c o m m u t a t i v e ,  p~ (a'l+~L ' A A") = ~','%, (L). 

A g e n e r a t i n g  funct ion of a g e r m  of  L '  has  the f o r m  #(u ,  q, z) (z + F(q ,  u)), w h e r e  cI,(~bn+k(W)) * 0 and 
F(q ,  u) is  a g e n e r a t i n g  func t ion  of a~'+~L ' .  A s s e r t i o n  3 now fo l lows  f r o m  the fac t  tha t  i~. (q, u) is  a g e n e r a t i n g  
f a m i l y  of rrp~ L, i . e . ,  be longs  to s o m e  f ixed  o r b i t  of the  g roup  of R + - s t a b l e  e q u i v a l e n c e s .  

The next  t h e o r e m  fo l lows f r o m  A s s e r t i o n s  2 and 3. 

T t tEOI tEM 2. The g e r m s  of L e g e n d r i a n  m a n i f o l d s  a r e  L e g e n d r e  equ iva l en t  if and  only if the c o r r e -  
spond ing  g e n e r a t i n g  f a m i l i e s  a r e  K - s t a b l y  equ iva l en t .  
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§3 .  T h e  S t a b i l i t y  o f  L a g r a n g i a n  ( L e g e n d r i a n )  M a p p i n g s  

We prov ide  the space  of funct ions F:  R n+k ~ R and the space  of mappings  i: R n - -  T*R n, whe re  i is 
a L a g r a n g i a n - m a n i f o l d  imbedding,  with the Whitney C ~ topology.  We say  that  Lagrang ian  manifo lds  a re  
c lose  if t h e r e  ex i s t  c lose  imbeddings  of them.  

The fol lowing a s s e r t i o n  fol lows f r o m  the def ini t ion of a gene ra t i ng  fami ly :  

A s s e r t i o n  1. If genera t ing  fami l ies  a re  c lose ,  then so a r e  t h e  c o r r e s p o n d i n g  Lagrang ian  manifo lds ,  
and if a Lag rang i an  mani fo ld  (L t, m l) is c lose  to a Lagrang ian  manifold  (L2, m 2) with gene ra t ing  funct ion 
F2, then t he re  ex i s t s  a gene ra t ing  funct ion F L  l, c lose  to F 2. If, in addit ion,  the g e r m s  (L1, m 1) and (L2, 
m 2) at the c lose  points  m 1 and m z a r e  L a g r a n g e  equivalent ,  then (FL1, m 1) and (F2, m 2) a r e  R + equivalent .  

A topology  is a l so  in t roduced  in the space  of Legend r i an  mappings .  

Definit ion. A g e r m  of a Lag rang ian  (Legendrian)  mani fo ld  (L, m) is sa id  to be Lagrange  (Legendre)  
s table  if fo r  any Lagrang ian  (Legendrian)  manifold  c lose  to L the re  exis ts  a point  m 1 c lose  to m such  that  
(M, m 0 is Lag range  (Legendre)  equivalent  to (L, m). 

THEOREM 3 (Arnol 'd  [2], G uckenhe ime r  [1]). A g e r m  of a Lagrang ian  manifold  (L, m) is Lag range  
s table  if and only if the gene ra t ing  f ami ly  F(q, u) + z with the addit ional  p a r a m e t e r  z E R is a v e r s a l  de -  
f o r m a t i o n  of the g e r m  at (0, u 0) of f(q) = F(q + q0, u0), m = Pi(q0, u0). 

LEMMA 1. Let G(x, a) be the fami ly  of  funct ions  of x E R n with p a r a m e t e r s  ~ ~ R r. Then the fo l low-  
ing condi t ions  a r e  equivalent :  

1) G(x, a) is a v e r s a l  de fo rma t ion  of the g e r m  of f(x) = G(x, %); 

2) the mapping  rG: R"+~--* J~ (n, t) ,* rG: (x l, e)~* J~ (G (x -4- x,, e)), is t r a n s v e r s a l  at  (0, %) to the o rb i t  
r o f  of r je ts  of f under  the ac t ion  of the g roup  of r igh t  subs t i tu t ions  (R n, 0) --- (R n, 0). 

3) t h e r e  ex i s t s  a ne ighborhood  of (x0, ~0), in which fo r  any f ami ly  F c lose  to G the re  exis ts  a point  
(xl, ei) such  that  the g e r m s  of (G, (x 0, %)) and (F, (x l, el)) a r e  R equivalent .  

The p roof  of the l e m m a  fol lows f r o m  the v e r s a t i t y  t h e o r e m  [5] and f r o m  A s s e r t i o n  1.6 of [6] (see 
a lso  [71). 

The t h e o r e m  fol lows f r o m  A s s e r t i o n  1, I . emma  1, and the fol lowing r e m a r k :  

A s s e r t i o n  2. If the v e r s a l  de fo rm a t ions  Gi(u, q) + z, z E R, i = 1, 2,  of the funct ions fi a r e  R equivalent ,  
then the f ami l i e s  Gi(u, q) a r e  R + equivalent .  

THEOREM 4. A g e r m  of a Legendr i an  manifold (L, m) is Legendre  s tab le  if and only if the g e n e r a t -  
ing fami ly  F(x,  u) is a v e r s a l  de fo rma t ion  for  the levels  of f(u) = F(x 0, u + u0); i .e . ,  f o r  any g e r m  a E C(u) 
t h e r e  ex is t s  a d e c o m p o s i t i o n  

of o, ~ ~=.':o ~ = ~' /÷-g-~, " ~ + ~ ¥  "~, 

where  9, ~ C ( u ) ,  X ~ R ,  i = t  ..... k, j = t,..., n ~ - l .  

The t h e o r e m  fol lows f r o m  the v e r s a l i t y  t h e o r e m  f o r  leve ls  and §2. 

§ 4 .  N o r m a l  F o r m s  o f  L a g r a n g i a n  ( L e g e n d r i a n )  M a p p i n g s  

A gene ra t ing  f ami ly  F(q,  u) of a g e r m  (L, m) of a Lag rang i an  mani fo ld  is induced by a v e r s a l  d e f o r m a -  
t ion of f(u) = F(q0, u), m = (q0, P0) (see §1); i .e . ,  t he r e  ex i s t s  a mapping  E: (q, u) ~ ( y  (q), ~(u, q)), y ~_ R~, 
such  that  

F (q, u) = / (6) -b ~ q~i (~) Yl (q), (4.1) 
i 'k 

where  ¢ i ,  1 -< i ~ #, a r e  g e n e r a t o r s  of the R - m o d u l e  C(u)/{Of/Su}.  

If (L, m) is a s tabIe  g e r m ,  then the inducing mapping  ~ is a d i f f eomorph i sm,  and (4.1) is a n o r m a l  
f o r m  of a s tab le  gene ra t ing  fami ly .  

*J~(n, 1) is the space  of r je ts  at 0 of  funct ions  f: R n - -  R. 
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Let  ® 
7 t o ® .  

group  

t E [0, 

THEOREM 5 (on Semiun ive r sa l i t y ) .*  Let  G(x, y), x E R k, y fi R n, be a m i n i v e r s a l  de fo rma t ion  of f(x). 
be a f ami ly  d i f f eom orph i s m ,  Go ® = G and ~) the c o r r e s p o n d i n g  p a r a m e t e r  d i f f e o m o r p h i s m ,  ~ o ~ = 
Let K be the s t a t i ona ry  g roup  of d i f f e o m o r p h i s m s ,  fo h = f, h: (R k, 0) ~ (Rk, 0) and K the d i s c r e t e  
of connec t ion  componen t s  of  K. Then {O} is i s o m o r p h i c  to ~:. 

LEMMA 1. Let  G(x, y) = f(x) + yi(Pi(x), and let @t be a o n e - p a r a m e t e r  f ami ly  of d i f f e o m o r p h i s m s ,  
1], G oOt = G .  T h e n ~ t = i d R n .  

0 0 

Proof .  The field (x, y) g e n e r a t e d  by ®t sa t i s f i e s  the r e l a t ion  

• i ~ /  " 

0 and~  c o n s i d e r  the fol lowing g r a d ing  with r e s p e c t  to p o w e r s  of y: In the space  of functions x 

0 0 0 0 0 0 

X~ = X],  0 " ~  X j ,  1 "d- • • • , Y l  = Y i ,  0 "4- Y l ,  1 + . . . .  

0 
Let us p rove  that  all the Yi,s = O. 

0 
Since Pi is a min ima l  s y s t e m  of g e n e r a t o r s  of the R - m o d u l e  C(x)/{~f/gx}, we have  Yi,0 

0 
duetion,  f r o m  the a s s u m p t i o n  Yi,m = 0 we obtain 

= 0 .  B y i n -  

~ O f  o o o 
x~ m = o, y ,  ~J~ a % . .  ,~.,m + Y,~y~,,.+~ = o .  (4.2) 

i , ]  i 

0 
Since the Koszul  complex  of the g r a d i e n t  of f is acyc l ic ,  it fol lows that  x,, m= ~.~' a~.,~ 0-~'0t whe re  a a , l ~  E C (x, y) 

0 
and a~, ~ ~ a~, ~ = O. It fol lows f r o m  (4.2) that  Yi,m+l = 0. This p roves  the l e m m a .  

LEMMA 2. Let ® be a d i f f e o m o r p h i s m ,  Go ® = G, and let hj  = 0 ] , = o  be a mapp ing  such tha t  t h e r e  
exis ts  a homotopy  ht, t E [0, 1], fo ht = f, h 0 = idRk. Then ~ = idRn. 

Proof .  ® can be joined by a homotopy  ®t, t E [0, 1], with idn,+~, so that  Othj=o = hr. Set Gt = Go ®t. 
= , O c .  v ~ [0, t1, Then Gt !y=0 f(x). Acco rd ing  to L e m m a  1 of [5], t h e r e  ex i s t s  a f ami ly  of d i f f e o m o r p h i s m s  1 

smooth ly  depending on t and % such that  Or1 o-----ide~+~, and 

OGt I 
h [  , = O [ :  l,,=o ----- idR~ , Gt = G,oO~,,  = / + / , ~::q lu=o . y , ,  (4.3) 

[ x~OGI 
and if Gfo = ! ~ / , ~ - t ~ o  y~' then 

0¢0,- = id~¢,l+~, ~ ~ [0, 1]. (4.4) 

By L e m m a  2 in [5], t he re  ex i s t s  a f ami ly  ®[ , r  sa t i s fy ing  (4.3) and (4.4) and such  that  Gt o ®[,1 = G. 

Thus,O o 6)[,1 o @~,~ = idR~, and it follows f r o m  (4.2) that ~ = idRn. This  p r o v e s  the l emma .  

P roo f  of T h e o r e m  5. Suppose that  ®i, i -- 1, 2, p r e s e r v e s  G and that  G, h~ = O, [,J=o. Suppose that  h 1 
and h 2 lie in the s a m e  connec t ion  componen t  of K. Since h~ -- O~ o O~ly=o l ies in idRk in K, by L e m m a  2 we 
obtain ~)~ o ~)~ = idR~. This p roves  the t heo rem.  

The p roof  of the fol lowing t h e o r e m  is s i m i l a r :  

THEOREM 6. In the hypo theses  of the t h e o r e m  on s e m i u n i v e r s a l i t y ,  suppose  that  ~: R s ~ R n, y = 
(q) is a r e g u l a r  mapping  and that  dyI /dq  ~ 0, I C {1 . . . . .  n}, I = {i t . . . . .  ik~. Then the fami ly  F(~ (q), x) 

is R + equivalent  to the fami ly  

/ (x) -+- ~, qiqh + ~] rlj (q) q~j, 

where  the ~lj(q) a re  smooth  funct ions defined by ~ up to the ac t ion of {~)}. 

THEOREM 7. The mappings  which,  in a ne ighborhood  of each of its points  of Lag rang i an  equiva lence ,  
r educe  to Lagrang ian  mappings  having  the fol lowing gene ra t i ng  fami l i e s  f o r m  an e v e r y w h e r e  dense  open 

*All objects under consideration in this theorem are assumed to be real (complex) analytic. 
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s e t  in the  f ine C ~ topo logy  in the  s p a c e  of L a g r a n g i a n  m a p p i n g s  ~ro i: Rn ~ R n, n < 11: 

for n ~ 5 see [2i; 
for n = 6 atso OA:, OD~, OE:, ~Ps; 
for n = 7 also °As, °Ds, °Es, oPs, lpg, 1X~; 
for n ~ 8 also oAs, ~'D.~, opt, oxo ' ~Pto, ~Q~., tR~,~, tXlo, 111o; 
for n = 9 also OA~,. OD~o , °P~o, °Q~o, °Ba,~, °X~, °Jto, xP~x, ~QH, ira,5, 

1 3 1 1 ,  1T4 ,4 ,4 ,  1 X l l ,  1 Y 5 . 5 ,  t Z l l ,  1 J l l ,  °K~0; 
o 0 9  0 0 0 o 0 O " for n = t0  also °All , D n, I n ,  Qn, B4,~, $1~, T~,~,~, Xn,  } s,5, 
1 I 1 1 r I 1 1 r 1 °Z n, °Jn,  ~P~, 1Q~., ~R~,~, R~,s, St.,  T~,~,~, ~ ,  X~, Y~,~, }~,~, Zr_, 

aW~o, xJ~o., ~KI~, aO~. 

H e r e  l ~ #  deno tes  the g e n e r a t i n g  f a m i l i e s  

t i~--i 

~O./. = / (u) + ~ yi (q) q~i (u) + ~ q,_,~c, (u), 
i = 1  j = t ~ - I  

where :  a) the  Yi(q) a r e  s m o o t h  func t ions ;  

b) f(u) be longs  to the  c l a s s  ~g  of s i n g u l a r i t i e s  of func t ions  (see  [8, 9]); 

c) the  s t r a t u m  g = #(¢)  in the  s p a c e  ~-~ ~ C (u) con ta in ing  f h a s  the fo l lowing  f o r m  in a ne ighbo rhood  
of f: 

r 

/ (U) -~ ~ aitp t (u) (a i are moduli); 
1 

d) t h e  f u n c t i o n s  1, ~oi(u) (i = 1 . . . . .  r ) ,  q~j(u) (j = r + 1, . . . .  /~ - 1) a r e  g e n e r a t o r s  of  C ( u ) / { O f / ~ } ;  

e) l -< r .  

F o r  e x a m p l e ,  t P  s has  the  f o r m  

IP s =- 4- u~ 4- u~ -4- u~ -4- Yt (q) u~u~ua Jr" qlu~ "4- q2u~ "-[- q~u~ -4- q,u~ + qau~ + q,u~. 

Proo f .  The  s m o o t h  s t r a t a  p = cons t ,  c o d i m  < 11 and un ion  of the  s t r a t a  cod im > 11 f o r m  a s t r a t i f i c a -  
t ion  s a t i s f y i n g  W h i t n e y ' s  f i r s t  cond i t ion .  The m a p p i n g s  t r a n s v e r s a l  to a s t r a t i f i c a t i o n  f o r m  an e v e r y w h e r e  
d e n s e  open s e t  in the  s p a c e  of m a p p i n g s  (u, q) ~ C(u), t r a n s v e r s a l  to ~ ( i .e . ,  L a g r a n g i a n  mapp ings ;  s e e  
§1). 

The  f o r m  of the  n o r m a l  f o r m s  fo l lows  f r o m  T h e o r e m  6. 

A s i m i l a r  l i s t  of  n o r m a l  f o r m s  of L e g e n d r i a n  m a p p i n g s  c o r r e s p o n d s  to the con t ac t  s t r a t i f i c a t i o n  of 
C(u). 

THEOREM 8. The m a p p i n g s  which ,  in a n e i g h b o r h o o d  of e a c h  of i t s  po in t s  of L e g e n d r i a n  equ iva l ence ,  
r e d u c e  to L e g e n d r i a n  m a p p i n g s  hav ing  the fo l lowing  g e n e r a t i n g  f a m i l i e s  f o r m  an e v e r y w h e r e  dense  open s e t  
in  the  f ine  C ° t opo logy  in the  s p a c e  of L e g e n d r i a n  m a p p i n g s  R n --" R n+l, n -< 11: 

0 + for n = i A~; for n =- 2 also °A~; 
for n --  3also °A'~, OD4; + for n = 4 also 0As, ÷ °D~; for n ---- 5 also OA~, 

°D;, °E;; 
o + E ~ ,  t p ~ ;  fox n ~--- 6 also A7 ' OD~ ' o + 

for n 7alsoOA~, o + o + o ÷ p~, = D , ,  E s ,  P s ,  I X ~ ,  o -+ .  

o + o + Jlo, P~o, Xlo, (~,~o, °R;.,; for n = - 8 a t s o  A. ,  D u, °X~, 1 + o-÷ o + o + 
for n 9also OA:o , °D;o  , OJ;o , o + o - +  o + = Ks.. Pu. q , .  °A;~. 0~;1. oT;.,.,. 

5,5, °Z;1, J u ,  
for n i O a l s o  °A~l  , o + - o - ÷  o + o + o - +  = D,~. 0p;~. ql~. R..~. R~.~. sly. ~L~.~. °0~.  

'X;,. o~:.,. 0~;.,. 'Z~. oUr;,, o,;~. o-+K~. 'OF..- 

H e r e  *q)~ = l~)~. (u, f l  . . . .  , qn) Jr q.zt ( s ee  T h e o r e m  3); f o r  tmimodaI  s i n g u l a r i t i e s  ( r  = 1) 
1*--1 

05~ = / (,) + ~ {u) + ~ q~-1% (u) + q~+~. 

w h e r e  a 0 i s  a f i xed  va lue  of  the  modu lus ,  and  ~(~;s is  a f o u r - m o d a l  f a m i l y  of g e n e r a t i n g  f a m i l i e s :  

'~;° = u~ + u] + u~ + @, + (a,u~ + a~u~ + a,u~ + a,u,p + 
• -]- ulu2usu4 4- qlu~t + q~u] -t- q3u~ "q- q4u: "q- qsulu.,. -4- q6uau4 + 

"-}- q~ut "4- q°u~ + q~u3 -4- q1,,u4 -4- qtl" 
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The proof of the theorem is s imi l a r  to that of Theorem 7. 

In conclusion, note that it would be in teres t ing to c lass i fy  Lagrangian or  Legendrian mappings with 
r e spec t  to wider  groups of equivalences,  especia l ly  when the Lagrangian mapping depends on p a r a m e t e r s .  
The definitions can be found in [10, 11-14]. 
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