
W A V E - E Q U A T I O N  S C A T T E R I N G  I N  E V E N - D I M E N S I O N A L  S P A C E S  

V. M. A d a m y a n  

1. F o r m u l a t i o n  o f  t h e  P r o b l e m  

Let G be a domain in m-d imens iona l  Euclidean space  Rm, the complement  of which is contained in 
the sphere  ~a = {x: Ix [ < a} and has a smooth  boundary 0G. Let a(x) be a smooth ,  normegative function on 
0G. By H(g, ~) we denote the Hi lber t  space  of o rde r ed  pa i r s  of functions on G with no rm defined by the 
exp re s s ion 

U /ll~(a.o~ = T {l (0=/,) (z) I' + II, (z) I'} dx + T ~ (x) l h (x) I ' d r ~ .  

It is well-known that the reso lven t  group genera ted  by the e x t e r i o r  Cauchy p rob lem for  the wave 
equation 

ov [ = 0, O~v = A v ,  - 3 - ;  + ~ " v oG 

(v, otvh=o = (h, I~), /1,/~ ~ C = (g), (h,  1,) ~ H (G, o) 

can be extended by continuity to a group of uni tary  ope ra to r s  {U(t)} in H(G, ~). 

In H(G, G), single out an outgoing subspace  ~ and an incoming subspace  ~_~ that  cons i s t  of all  ini-  
tial values for  which the (generalized) solutions of the Cauehy p rob lem (1) vanish on the t runcated  cones 
Ix[ <a +t, t > 0, and Ix[ < a - t, t < 0, respec t ive ly .  The subspaees  ~ p o s s e s s  the following p r o p e r t i e s  
[1, 2]: 

i) U(,-+-t)~)~-C~0±, t ~ O ,  ( ' ]U( t )  ~ = ~)+ {0}; 2) LJ U (t) ~ =H(G, ~). 
t t 

By L2(N) we denote the space  of m e a s u r a b l e  vec tor  functions on ( - ~ ,  ~¢) with values  in some  fixed 
Hi iber t  space  N.? By vi r tue  of p rope r t i e s  (2), the re  exis t  i some t r i c  mappings Y'+ (G, ~) of H(G, a) onto 
L2(N) such that 

where 

i) (~'+_ (G, a)U (t)/) (~) = e -4xt (S± (G, (y)f) (~), 

2) f ±  (G, o)D~: = Hfi (N), 

o o  

tt~(N) = (l:l(~)=l.i.m. le~-iX'g(t)dt, g ~  LiCN)). 
0 

(1) 

(2) 

(3) 

The mapping ~_ (G, o)~'~ (G, a) in L2(N) acts  like "mult ipl icat ion" by a m e a s u r a b l e  ope ra to r - func t ion  Sa(G, 
cr/79, the values of which a r e  uni tary ope ra to r s  in N. The function Sa(G, ~ IX) is cal led the sca t t e r ing  m a t r i x  
or  the sca t t e r ing  subopera tor .  In sca t t e r ing  theory,  s ingular i t ies  in wave propagat ion  nea r  sca t t e r ing  ob-  
s tac les  (within the sphere  S2a in our case) as well as the s t ruc tu re  of these  obs tac les  can be success fu l ly  
studied using the sca t t e r ing  mat r ix .  Many important  resu l t s  concerning externa l  p r o b l e m s  for  wave 
equations were  obtained in this manner  by Lax and Phillips and a r e  p r e sen t ed  in the i r  monograph [1] and 

t in  the theory  of wave-equat ion sca t te r ing ,  the natural  rea l iza t ion  of N is the space  of functions L2(Sm_ 1) 
on the unit sphere  Sm-1 in Rm. 
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in the i r  subsequent  a r t i c les .  In addition, in [1] Lax and Phill ips desc r ibe  in detail  genera l  sys t emat i c  
ways of investigating wave sy s t ems  that a r e  based  on the analysis  of specia l  spec t r a l  r epresen ta t ions  of 
the group {U(t)} genera ted  by the outgoing and incoming subspaces .  

In the case  when the space  Rm is of odd dimension,  the subspaces  ~ :  turn out to be orthogonal in 
H(G, u). This additional p roper ty  of the outgoing and incoming subspaces  leads to the si tuation where ,  for  
wave equations in odd-dimensional  spaces ,  the sca t te r ing  ma t r i x  is a (nontangential) boundary value of an 
in te r io r  opera to r - func t ion  [1]. Recall  that  a function Q(z) that  is hotomorphic  in the lower  half -plane and 
the values of which a r e  ope ra to r s  f r o m  N into N is cal led in ter ior ,  if 1) IIQ(z) I] < 1 for  Im z < 0, and 2) 
s-lira Q* ()~ - -  i~)Q (k - i~) = s-lim Q (~ - it) Q* (X - i~) = I kv (almost  everywhere) .  

• ,tO ~,LO 

If Rm is of even dimension,  the subspaces  ~ =  a re  not orthogonal in H(G, a). Never the less ,  for  a 
fixed posi t ive  value of the p a r a m e t e r s  > 0 independent of the domain G (Rm\G C P-a)and of the function ~ on 
aG, in all  spaces  H(G, a), the subspaces  ~)~= obviously consis t  of one and the s ame  c l a s se s  of functions, and 
the me t r i c s  of the spaces  H(G, a) coincide on the lineal ~ -F ~ - .  In view of this fact ,  a natural  question 
a r i se s :  Does there  exis t  a un iversa l  fo rmula  univalently connecting the family of sca t te r ing  ma t r i ce s  Sa(G, 
a I-) fo r  the wave equations (1) in even-d imens iona l  spaces  for  a fixed radius of the sphere  ~ a  that contains 
the sca t te r ing  obstacles  with some subse t  of the family  of in te r ior  opera tor - func t ions  ? The following 
theo rem gives a complete  answer  to this question. 

f 

THEOREM 1. Set 
--1/~ i (za+fL'~ [ H (2) (za) ~- g(o 2) (za) ] ,  

(z)  = 2co e " "" V z [ p 
H(1¢) (--  ~a) H(0~) (--  ia) / 

. ;  :(::+4) .Tr .7><:o> .], .> q (z) i 
L .I,) ( -  ~o) .7> ( -  ~) 

-- n~< arg z ~.< 0, 

where  H~ 2) and H~ 2) a r e  Hankel functions of the second kind, Ca is a nonnegative constant,  and 

C~ ~ = - -  iaHi 2) (--ia)H(o 2) (--in). 

The sca t t e r ing  ma t r ix  Sa(G, a Ik) genera ted  by the sca t t e r ing  p rob lem for  the wave equation (1) in an 
even-d imens iona l  space can be r ep re sen ted  to within mult ipl icat ion on the left  and r ight  by a r b i t r a r y  uni- 
t a r y  olSerators that do not depend on X in the f o r m  

S~ (G, al )~) = [q 0~)I + P 0,) ~ (G, z I~)1 [p (DI + q (D$ (G, ~ I~)1 -~, (5) 

where  $ (G, a I )') is the boundary value of an in te r io r  opera tor - funct ion .  

In odd-dimensional  spaces ,  the sca t t e r ing  ma t r ix  Sa(G, a IX) for  equation (1) in essence  coincides 
with the boundary value of the cha rac t e r i s t i c  opera tor - func t ion  ®B(Z), Im z > 0,T of the inf ini tesimal  op- 
e r a t o r  of the semigroup  of contract ions  {Z(t)}, t > 0. This opera to r - func t ion  opera tes  in the subspace  K = 
1t (G, a) @ [ ~  • ~0~-1 and is connected with the group {U(t)} by the fo rmula  

z(t)=phu(t)l~,  t > 0 ,  (6) 

where  PK is the o r thopro jec to r  onto the subspace  K. In this case ,  the operators z(t) defined according to 
(6) f o r m  a semigroup  of contract ions  due to the orthogonali ty of ~ and ~_ (see [11). At the s a m e  t ime,  the 
function 

S o ( G , ~ t ; ) = S o ( ~  ~ [ i : + ~  I~l = t, ' ~ - - 1 / '  

is actual ly  the boundary value of the cha rac t e r i s t i c  opera tor - func t ion  ®T(W), IW I < 1, of the cogenera tor  T 
of the semigroup  {Z(t)}, 

o a  o o  

T = ( B +  i I ) ( B - -  iI) -x -= I - -  21 e - tZ( t )d t  = I I~--  2 I  e-tPKU(t)] xdt" 
o:. o 

Tin fact ,  the functions Sa(G, qlk) and o 8 (M = s - l i m  0 B (~, - -  iT) a r e  connected by the equality 

es (X) = o~8~ (G, ~ 1 ~,) 00, 

where  O~ and O 0 a r e  a r b i t r a r y  uni tary  mappings of N onto the space  in which the opera tor - func t ion  ®B(Z) 
opera tes .  



F o r  Eq. (1) in even-d imens iona l  spaces ,  the boundary value of the c h a r a c t e r i s t i c  cont rac t ion  o p e r a -  
to r - func t ion  

T = I [~c - -  21 e- tPKU (t) IKdt, 
0 

, which opera tes  in the subspace  K =  H (G, o) @ ( ~  + $_~), coincides with the function $ (G, o ]-) in e x p r e s -  
sion (4) fo r  the sca t t e r ing  ma t r i x  to within mult ipl icat ion by constant ,  uni tary  ope ra to r s  and a change of 
a rgument  X = i (~ + t) (~ - -  1) -~. But then the semigroup  of cont rac t ions  gene ra t ed  by the sca t t e r ing  o p e r a -  
to r  B = i(T + I) (T - I) -t  does not coincide with the opera to r - func t ion  PKU(t)[ K '  t > 0, that  c h a r a c t e r i z e s  
the diss ipat ion of the  energy  f r o m  ~a. In fact ,  the values of this function no lbnge r  even fo rm a semigroup .  
Never the less ,  the function PKU(t)IK can be r econs t ruc t ed  f r o m  $ (G, o I g)to within an i somorph i sm.  That 
is ,  the following theo rem holds. 

THEOREM 2. There  ex is t s  a uni tary  mapping W of the subspace  K onto the subspace  ~ (N) @ $ (G, 
o ] .)H~ (N) such that,  fo r  any f ~ K and any t > 0, 

(WP~U (t) t9 (~) = e ' ~  (W/) (X) + 

t ~ e -'i~! - -  e -i~'t 
+ ~ T  j ~.----, [ $ ( G , a ] X ) P ( ~ ) - - q ( ~ ) I I [ g ( a ,  a l ~ t ) P ( ~ ) - - q ( ~ ) I i - t ( W / ) ( ~ t ) d ~  • 

Also, 

i ~ e -'il~t - -  e - i x t  
(Wexp ( - - iB t ) / ) (~ ' ) -~e - i ' a (W/ ) (X )+ ' -~ ' (~  ~ -~---~ $(G,~IM$'(G, zI~)(W/)(~)d~. 

Theo rem 2 is a co ro l l a ry  of genera l  propos i t ions  of coupling theory  of s emiun i t a ry  o p e r a t o r s  [3]. 
A descr ip t ion  of the o p e r a t o r - t h e o r e t i c  const ruct ions  leading d i rec t ly  to the proof  of this t heo rem will be 
p resen ted  e l sewhere .  In this a r t ic le ,  only Theorem 1 is proved.  

2.  P r e l i m i n a r y  R e m a r k s  

Let B , \ U  1 and B~,'..U, be domains  that have smooth  boundar ies  ~G 1 and aG 2 and a re  located in the 
sphere  Qa- Let at(x) and cr2(x) be a r b i t r a r y  smooth,  nonnegative functions on 8G 1 and 0G 2. Let ~ (G,, ol) 
and ~+ (Gv a2) be i some t r i c  mappings of the spaces  H(G,, a l) and H(G2, a 2) onto L2(N) that sa t is fy  condi-  
tions (3). Since each of the spaces  H(G,, el) and H(G2, a2) is a complet ion of the l ineal  ~ + ~-~, the o p e r -  
a to r s  ~+ (G2, o2) ~ (G~, o~) a r e  uniquely defined on the subspaces  H~(N), r e spec t ive ly .  The o p e r a t o r s  ~+ (G,, 
o2) ~*~ (G,, o,) obviously map the subspaces  H~(N) i some t r i ca l l y  onto themse lves  and commute  in H~(N} with 
the semigroups  of ope ra to r s  of mult ipl icat ion by the functions e ~ t ,  t > 0. By means  of a rguments  usually 
adduced in the proof  of the B e u r l i n g - L a x t h e o r e m  concern ing invar ian t  spaces  of s emig roups  of t rans la t ions ,  
it is easy  to ver i fy  that ope ra to r s  with the s a m e  p rope r t i e s  as ~+ (Gv o2)~+ (GI, o,) opera te  on v e c t o r - f u n c -  
tions in H~(N) like ope ra to r s  of "mult ipl icat ion" by uni tary  ope ra to r s  in N that  do not depend on the v a r i -  
able X. 

Since ~-'~ (G~, o~,)~+ (Gi, oi) ---- I ]H(Gi,~p, i = 1, 2, this las t  a s s e r t i o n  means  that  the re  ex is t  uni tary 
ope ra to r s  Q=~ in N such that, fo r  a r b i t r a r y  v e c t o r s / +  ~ ~ ,  the equali t ies 

(~± (G~, o,)/±) (X) = Q~ (~'± (GI, ol)/±) (~) (7) 

a r e  valid. 

In pa r t i cu la r ,  these  equal i t ies  hold also in the case  when one of the domains  in (7) contains no points 
¢E 0 at  all, i .e. ,  in the case  when one pa i r  of the mappings ~ + in (7) sa t is fying conditions (3) is cons t ruc ted  fo r  

the group {U0(t) } genera ted  by the wave equation in f r ee  space.  

Analogous cons idera t ions  show that,  in addition, any mappings ~ (G, o) and ~ (G, o) cons t ruc ted  for  a 
genera l  domain G and a genera l  function G that sa t i s fy  conditions (3) coincide for  like "=~" indices to within 
mult ipl icat ion on the left by an a r b i t r a r y  uni tary ope ra to r  in N. 

Having fixed the mappings ~ cons t ruc ted  for  the wave equation in a space  with no obstruct ions  in 
accordance  with r equ i r emen t s  (3), we will a s sume  in what follows that the mappings ~'+ (G, o )a re  subject  to 
the conditions 

~+ (G, o) = ~-?- (S) 



and, therefore,  that all of the mappings ~+ (G, 0) coincide on the domains ~ - .  

Denote by H 0 the Hilbert space of pairs  of functions f = (ft, f2) on Rm with the norm 

t 
1 ~ .  = ~ I {I (O~l,) (x) I' + I 1, (x) I ~} dx. 

R r a  

F r o m  the definition of the subspaces ~)~:, it follows that the supports of the functions in these subspaees 
are  concentrated in R m \  O.a. Therefore,  as we have already mentioned, the equalities 

i e 
(1+, L)~(a. ~) =Tirol> a {((O j+ , l )  (x)(Ox/-,1) ( x ) ) +  1+,~ (x)/_,, (x)} dx = (]+, [_)~0 (9) 

are valid for any v e c t o r s / ±  ~ ~)~- independently of the domain/¢, ,  \ G in the sphere ~a and of the function 
cr on OG. 

Let SO(k) be the scat ter ing matr ix  for  the wave equation in f ree  space.  Recalling the definit¢on of 
the scat ter ing matr ix  Sa(G, ~ iX), we have 

(1+, l_)~(a,,> = ~ ([~'_CV, o)1+1 (h), [~':(G, ~)1_1 (X)) dh = 
- c o  

-oo 

- (Sa (G, ~ I h) Is +1÷1 (h), [f"-l_l (h)) dh 

on the basis of the proper t ies  of the mappings ~± (G, o) [including equalities (8)] for a rb i t r a ry  vectors  
I± E ~ : .  Since, on the other hand, 

(/+,/_)~.--- ~ (s o (x) ~o [~ +/+1 (h), i~_/_l (x)) dh 
~ c o  

0 a and since the vector-funct ions  ~'±]±,/± ~ ~±.span  the subspaces H~(N), we conclude on the basis of (9) 
that the difference Sa(G, ¢ ]),) -S°a(~) is the boundary value of a bounded operator-funct ion that is ho lomor-  
phic in the lower half-plane. 

By L~([N, N]), denote the space of essent ial ly  bounded operator- funct ions  on the real  axis that map 
N into N. In L~([N, ND, single out the subspace H+([N, N]) of boundary values of bounded opera tor - func-  
tions that are  holomorphic in the lower half-plane. Define the functions C 1 and C 2 of Lo([N, N]) to be 
equivalent if (C 1 - C 2) E L-I+~([N, N]). F rom the reasoning adduced above, it follows that all scat ter ing ma-  
t r ices  Sa(G, alk) belong to the same equivalence class  as the function S°(k). 

~ o  o _ e _ . p , a i ,  Appropriately choosing the mappings 2 ±, we have S~ (~) ~ if Rm is of odd dimension, and 
8o (h) = e-~iXasign hi, if Rm is of even dimension [2]. 

In the odd-dimensional  case,  the class  of functions that are  equivalent to the scat ter ing matr ix  S°(X) 
obviously coincides with the subspace H+([N, N]), and, therefore ,  all scat ter ing matr ices  Sa(G, (fiX), con- 
s idered as uni tary-valued functions in this c lass ,  turn out to be boundary values of inter ior  opera tor - func-  
tions. 

In the even-dimensional  case, the scat ter ing matr ices  Sa(G, cr I k) are  unitary-valued functions equiva- 
lent to the function e-~X~sign hi .  To prove Theorem 1, it now remains only to verify that all such functions 
are  descr ibed by formula  {5) when the "paramete r"  $ (G, a [ k) runs through the set of boundary values of the 
inter ior  operator-funct ions .  

3.  C o m p l e t i o n  o f  t h e  P r o o f  o f  T h e o r e m  1 

F i r s t  of all, Iet us show that any sca la r  contract ion function siX) that is equivalent to the function 
so (h) = e -~x~ sign h in the sense indicated above can be represented  as a l inear- f ract ional  t ransformat ion 

(~) = IP (h)e (h) + ~(~)]  [p (~) + q (h)e (h)]-' (~0) 

of a contraction function e(~.) in the subspaceH + (= H+([N, N]), dim N = 1) of Lo. 



Let  Mi be the s e t  of s c a l a r  c o n t r a c t i o n  funct ions  equ iva len t  to the funct ion 

P(~) + ~ 0.) ~o ~) (~a) 
8i (~,) = "p (~,) ..~ ~q (~,) - -  e -2D'a sign k H~o~ ) (~.a---------~ " (11) 

In addi t ion  to si(k)., the  funct ion 

s_i()0 = - i p(~.) +~ (~,) e -'ix~ sign~, H~1)(Xa) (12) 

a l so  be longs  to the f a m i l y  Mi. Indeed,  by v i r tue  of we l l -known  p r o p e r t i e s  of, cyclindrical. ,  funct ions  and, in 
p a r t i c u l a r ,  in v iew of the f ac t  that,  on the ma in  b r a n c h e s  of the func t ions  H~2)(z) and H}2J(z), t h e r e  a r e  no 
z e r o s ,  the d i f f e r ence  

t u rn s  out to be in H +.  

4 i e  -~ i ) -a  | 
~,(~)-~_~(x) = - , ~  " a ( : ~ ( ~ )  a '°'=-)~" c ~  

Since the f a m i l y  of equ iva len t  con t r ac t i on  funct ions  Mi con ta ins  m o r e  than  one e l e m e n t ,  by  the ba s i c  
r e s u l t  of [4] t h e r e  ex i s t  funct ions  ~(z) and ~(z)  h o l o m o r p h i c  in the l o w e r  h a l f - p l a n e  s a t i s f y i n g  the  condi -  
t ions:  

1) IP-~(z) I < t ,  tq (z)p-'(z) I < t ,  I m z < O ;  

2) p ( - - i ) > O ,  q (--i) = O; 

3) I P(~,) ! .z_ [q (~,) I z =  1, I m L  = 0; 

4) ~'(z) is an e x t e r i o r  function,  i .e . ,  

i ~ fall'(X) 1 l n l P ( - 0 1 = ~  i+z, dX. 
- o 0  

Also, the functions ~(z) and ~(z) are such that a one-to-one correspondence between the contraction func- 
tions e E H + and the functions of Mi is established by the formula 

s, (L) = [p (L)e (~) + ~ (MI [P (£) + { (~.)e (£)1-'. (13) 

In addit ion,  in o r d e r  tha t  the funct ion s e E Mi be the i m a g e  of a un i t a ry  cons t an t  e under  the mapp ing  
(11), i .e . ,  tha t  i t  be a s o - c a l l e d  canon ica l  funct ion [4], it is n e c e s s a r y  and su f f i c i en t  tha t  one can  put  in 
c o r r e s p o n d e n c e  with the funct ion Se E Mi one and only one (to wi thin  mu l t i p l i ca t i on  by a pos i t i ve ,  r e a l  n u m -  
ber )  funct ion (p out of the H a r d y  s u b s p a c e  H~ tha t  is connec ted  with s e by the r e l a t i o n  s e 0 0  = (X + i)~Pe0,)/ 
(x - i) ~e(X). 

In such cases, 

i i O ~ = e, (14) 

to within mul t ip l i ca t ion  by a r ea l  cons tan t .  

Analyz ing  the exp l ic i t  e x p r e s s i o n s  and the a s y m p t o t i c  expans ions  fo r  the func t ions  H~ 2) and H~ 2), i t  is 
e a s y  to s ee  that  the funct ions  si(k) and s- i (k)  a r e  canonica l .  On the b a s i s  of  Eqs.  (11), (12), and (14), this  
a s s e r t i o n  imp l i e s  that  

_ i . 2 .  ~ • 
e 4p(~)+e'~Tq()~)=cl[e-i*,p(k)+e~,,~Q,)],-'~ i m c l = O  ' 

(15) 
i - -  . n  

e ' P O ~ l + e - ' T q O 3 = c i r e - i * " z l X ~ e i * " = t X  ~ ' , ,  " ~ / t t'~ i-r- ~ [  /1 Imc~-= 0. 

The funct ions  p(X) and q(X) have  the fol lowing obvious  p r o p e r t i e s :  

t) p ( - - i ) > O ,  q ( - - i )  = 0 ;  2) I P ( ~ . ) [ 2 - -  IqO~) I ~=: t .  (16) 

Taking  these  p r o p e r t i e s  as wel l  as  the p r o p e r t i e s  of the funct ions  ~(X) and ~(X) and those  of equa l i t i es  (15) 
into account ,  we a r r i v e  a t  the conc lus ion  tha t  ~(k) = p(X) and ~'(X) = q(M. 



It r e m a i n s  only to ve r i fy  tha t  s0(k) be longs  to Mi. But s0(k) is a l i n e a r - f r a c t i o n a l  t r a n s f o r m a t i o n  
(10) of the boundary  value  of the funct ion 

J1 (za) H (~) (-- ia) + do (za) H~ ~) (--  ia) 
eo(z) = 

J~ (za) H~o ~) (-- $a) -- Jo (za) H[ 2) (-- ia) ' 
I m z < O ,  

w h e r e  J0(za) and J l (za)  a r e  B e s s e l  funct ions .  Note tha t  le0(z) I < 1 if Im z < 0 and that  le0(k) I = 1 if Im k = 
0. T h e r e f o r e ,  the s e t  of con t r ac t ion  funct ions  on L ~  tha t  a r e  equiva len t  to s0(X) coinc ides  with the image  
of the s e t  of con t r ac t i on  funct ions  in H + under  the  l i n e a r - f r a c t i o n a l  t r a n s f o r m a t i o n  (10). 

As a b y - p r o d u c t  we have  d i s c o v e r e d  tha t  p(X) is the boundary  va lue  of an e x t e r i o r  funct ion and tha t  
the funct ion X(k) = q(X)p-~(X) is a con t r ac t i on  funct ion (IX(k) I < 1 f o r  X ~ 0, X(0) = - 1 )  and be longs  to H~o.+ 

We can now c o m p l e t e  the p roof  of T h e o r e m  1. Le t  S(X) be  a u n i t a r y - v a l u e d  funct ion in the equ iva -  
lence  c l a s s  SO(},) (= s0(~,)D. On the b a s i s  of  the  equal i ty  2) in (16), one can  r e p r e s e n t  S(k) in the f o r m  of a 
l i n e a r - f r a c t i o n a l  t r a n s f o r m a t i o n  (5) of s o m e  un i t a ry  funct ion ~ ~ L~([N, N]). F o r  any v e c t o r  h ~ N, the 
s c a l a r  funct ion (S(X)h, h) be longs  to the s a m e  equ iva lence  c l a s s  as  s0(X) (h, h). T h e r e f o r e ,  the  s c a l a r  func-  
t ion 

(S(~.)h, h) - -  ([p(X) • 0 + q(X)l [p(E) + 0 • q (X)I-1 h, h) = 

= (S Q,) h, h) - -  (q (~) p-X (~,) h, h) i = ~ ($ (~)[I + X (~)~ Q.)I -~ h, h) 

be longs  to H + and can  be r e p r e s e n t e d  in the f o r m  

p-~ 0')eh (~) [i + ~ (~)eh (DI-' (h, h), 

w h e r e  e h is a funct ion in H + tha t  depends  on h E N. This  imp l i e s  that ,  f o r  h E N, the funct ion 

([I - -  X (~') ~ (D] [I + X (~.) g (~)l~ h, h) 

is the boundary value of the function 

[l - x (z)e~ (z)l [t + Z (z)e~ (z)l -~ (h, h) 

tha t  is ho lomorph i e  in the l ower  ha ] f -p lane  and, obvious ly ,  has  nonnegat ive  r ea l  p a r t  t h e r e .  

Thus,  t h e r e  ex i s t s  an o p e r a t o r - f u n c t i o n  tha t  is  h o l o m o r p h i c  in the l o w e r  ha ] f -p lane  and tha t  has a 
nonnegat ive  r e a l  p a r t  and weak  bounda ry  va lues  tha t  co inc ide  a l m o s t  e v e r y w h e r e  with the funct ion [I  - -  X (1-)" 
$ (~)] I I  -4- X (~) g (i~)] - l .  This  obv ious ly  imp l i e s  that  the  funct ion X (~') ~ (i~) is  a con t r ac t i on  funct ion in H+([N, 
NI). 

Since p(z) is an e x t e r i o r  funct ion,  f o r  any h and g in N, the funct ion 

($ (~.)h, g) = p~ (~.) ([I "4- X (k) $ (~.)! IS (•) - -  p'~ (k)~ (~.)II h, g), 

which is  a con t r ac t ion  funct ion on the r e a l  axis ,  can  be  r e p r e s e n t e d  in the f o r m  of the p roduc t  of a funct ion 
in  H + and the boundary  value  of an  e x t e r i o r  function.  That  is ,  f o r  any h and g in N, the funct ion (~ (.)h, g) 
/P~. T h e r e f o r e ,  the u n i t a r y - v a l u e d  function ~ (E) is  the  boundary  va lue  of an i n t e r i o r  funct ion in H+([N, N]). 
T h e o r e m  1 is  p roved .  

R e m a r k  t .  F o r m u l a  (5) was  d i s c o v e r e d  by the au thor  while  s tudying the o n e - d i m e n s i o n a l  wave  equa-  
t ion  

O~u 02u t Ou 
o 7  = ~ + 7  o"-; 

on the s e m i a x i s  us ing  the t heo ry  of coupl ing of s e m i u n i t a r y  o p e r a t o r s  [3], 

R e m a r k  2. Le t  H be an a r b i t r a r y  H i lb e r t  s p a c e  tha t  is a comple t ion  of the subspace  ~ + ~)-~. Le t  
{U0(t) } be the grOUp of un i t a ry  o p e r a t o r s  g e n e r a t e d  by the wave  equat ion in f r e e ,  e v e n - d i m e n s i o n a l  space .  
Le t  {U(t)~ be any g roup  of un i t a ry  o p e r a t o r s  in H tha t  s a t i s fy  the  condi t ions :  1) U (t) I ~  = U0 (t) ] ~  t > 0; 

2) U (t) f~a_ ~ Uo (0 l ~ ,  t < 0; and  3) U U  (t )D~ = H .  Denote  the s c a t t e r i n g  m a t r i x  of  {U(t)} by S(X). J u s t  as  

is done above ,  def ine  it by m e a n s  of the s p e c i a l  s p e c t r a l  r e p r e s e n t a t i o n s  of  {U(t)~ connec ted  with the Sub- 
s p a c e s  ~ .  It is  e a s y  to s e e  tha t  the o p e r a t o r - f u n c t i o n  SQ0 is u n i t a r y - v a l u e d  and, to within mul t ip l i ca t ion  
by cons tan t  un i t a ry  o p e r a t o r s ,  is equ iva len t  to the  s c a t t e r i n g  m a t r i x  S°(k). T h e r e f o r e ,  the a s s e r t i o n  of 
T h e o r e m  1 can  be extended to S(X). 



The author  e x p r e s s e s  his gra t i tude  to M. G. Krein  for  his ve ry  helpful c r i t i c a l  evaluat ion of these  
resu l t s .  
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