VARIATIONAL PRINCIPLES FOR NONLINEAR EIGENVALUE
PROBLEMS

Yu. Sh. Abramoyv

Let H be a real Hilbert space and S the set of all bounded symmetrical operators in H. In the pre-
sent note the following nonlinear eigenvalue problem is considered:

Liz=0, A& (cd), zE H, (1)

where L: {(c,d) — S is a continuously differentiable (with respect to the operator norm) function of A on
the interval (c, d) Problem (1) has been discussed in many publications under various assumptions of the
dependence of L on A, among other works in [1-7]. Variational principles are established below which
are similar to the classical principles of Rayleigh, Fischer—Courant—Weyl, Poincaré—Ritz.

1. Definition [1]. Let p: H\{OJL ~ (c, d) be a continuous functional. Let us suppose that the follow-
ing conditions hold: 1)p(az) = p (2),c € R, ¢, 250, 2) (Lp(x)%» x) = 0, 3) LI')(X)X, x) > 0, then p is called a
Rayleigh functional for Lj. The pair (L, p) is called a Rayleigh system (R.s.).

The set of all values of p is denoted by Wp. A number A € Wp and a vector x # 0, which are solutions
of the problem (1),are called an eigenvalue (e.v.) and the eigenvector of the R.s. corresponding to it. One
denotes by po the totality of the eigenvalues of a R.s. and by %, and P, the eigensubspace and the ortho-
gonal projection onto it, A € po. The dimension of %, is the multiplicity of A. One sets yd = sup p(x),

Yc = inf p(x). We shall consider the following point sets A € Wy (for each A under consideration the exis-
tence is assumed of a sequence {z,},|%,]| = 1 with the following properties):

6y ={h: Lz, ~0}, 7y = {h Lyz, — 0, 2, —0},

Gy =1{h: Lyz, =0, p(z,)— 4}, mp={k Lyx, —0,z, =0, p(z,) =1},
(the arrow — indicates weak convergence in H). Moreover, if yg = d(y¢ = ¢), it is assumed that d(c) be-
longs to all the sets emimerated above. It is not difficult to see that all these sets must be closed and also
that poC o, S0 CWp, m, Sy, m; S oy, i=1,2. We further set

Ao, Bl = (@ — By (L, — Lg), a5, Alg,a]=L;

[z, yla = (A M p (W2, y) for ¥ 0 and [z, Oy = 0; [%, yl = [, Ylpuy
It is observed that in the classical case of 1.\ = AI — A, the functional p(x) = (Ax, x)/(x, %); Wp forms a
numerical region, oy = 0, is the spectrum, n; = =, is the limiting spectrum of A, {z, v, = (z, ¥), A € (—o0, o0).
It is assumed below that (L, p) is a R.s.

2. The following propositions are valid.

LEMMA 1 (analog of the Weyl criterion). 1) The point A belongs to o\ 7, if and only if A is an iso-
lated point of o, which is an e.v. of finite multiplicity and 0 is an isolated point of the spectrum of the op-
erator L). 2) If A € 0,\m,, then A is an isolated point of o, and it is an eigenvalue of finite multiplicity.

LEMMA 2. Let A; €04\ 7; then in a neighborhood Uy, of a point X, the following expansion for the
resolvent Ry = Lj! is valid:

Ry=@Q—=XJ2 P K+ Q) AEU, \{M}C(c, d),

in which the functions K&)‘O’ = Kj and Q&"o) = Qx are contimuous in Xy and X,z =1L, Q, 7, zE Pt
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The functions Qy‘ o and K&"O) are defined for A; €0\ 7y and A € Uxg. At the points &, 4y {1, 1,0\ 5,
they are defined by the formulas Q{™' =R, K{”=1. We now introduce the functions &, = @, I, =K» F, =
=P LL) R, R 2)=(Ryz, 2), A=y, val\ 7 2= H. For A€ pe we set &, = {0). .

LEMMA 3. If A€y, v\~ and e #1, then B (\, z) = (LaFyz, Faz) and R’ (A, 2) = — (L} F,z, F,z).
LEMMA 4. If a & Wy, (@, yal N7 = ¢ and vy € P+ \ {0}, AE (2, v4l, then R (. y) >0, A = (o, val-

LEMMA 5. 1) Let yd and y¢ €0y, 2) Let E & H, codim E <  and ¥ = sup {p(z),zE}ex,; then there ex-
ists y € E\ 10}, such that p(y) =y and PLyy = 0, where P is the projector onto E. '

Let 4>...>M4> ..., ;; €po and letxq, . . ., X, . . » be linearly independent eigenelements which
correspond to them. One sets

m=min{i A =7}, B=max{i:h; =A}, X, =1z, ..., zn],
Xo M) =1aR Mz, ..., A A 2],
FPM=Ho X, (), T"(M)=sup{p(z),z€E M)}
TP =HmI™@), TI™@})=limI"@).
Ty - By

The totality of subspaces of H of dimension (codimension) n is denoted by %, (¢™) .

_ LEMMA 6. Iet A EWp and A = A, Then: 1) X, W%, BN g, 2) H= Xn + ER(N, 3) if [re @),
"™ M) N =a, = ¢, then the function I n is continuous at the point A.

LEMMA 7 (analog of the Weyl inequality). If Ec€%,1<i<7~—1, then sup {p(x), Xx€Ef= An-
LEMMA 8 (analog of the Poincaré inequality). If £ € %, i> n, then min {px), x € Ef = Ap.

3. THEOREM. Let3< ydand (B, val N =, = . Then: a) B, yad N0, and it consists of isolated
eigenvalues of finite multiplicity of a R.s. 4, >-..>%, > ..., =19 ; b) the corresponding to them eigen-
elements x4, . .., Xn, ...canbe selected as linearly independent; c) the following variational principles
are valid: :

A,= max p(z)= min max p(z) = max min p(z). (2)
Es¢ E

n
[x xi])'n=o Ecgn-1 E
i==1,..., n—1

However, if (8, vsl N 1y = ¢, then in addition one has

A= ma
= xi]=o
i=1,...,n—1

p (=), [Ii- zj] = 51)'» Li=12.... (3)

In the first relation of (2) and in (3) the maximum is attained on xy.

4. From our theorem the results of [2, 4, and 5] as well as some results of [3] follow as particular
cases. The results established in this note can be applied in the theory of elliptic differential operators
which depend nonlinearly on a parameter.

The author is indebted to D. F. Kharazov for his assistance in this work.
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