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F O R  N O N L I N E A R  E I G E N V A L U E  

L e t  H be a r e a l  H i l b e r t  s p a c e  and S the s e t  o f  a l l  bounded s y m m e t r i c a l  o p e r a t o r s  in  H. In the p r e -  
s e n t  note the fo l lowing  n o n l i n e a r  e i g e n v a l u e  p r o b l e m  is  c o n s i d e r e d :  

LXx = O, ~. ~ (c, d), x E H, (1) 

w h e r e  L:  (c ,  d) ~ S is  a c o n t i n u o u s l y  d i f f e r e n t i a b l e  (with r e s p e c t  to  the o p e r a t o r  norm)  funct ion  of  ~ on 
the i n t e r v a l  (c,  d) P r o b l e m  (1) has  b e e n  d i s c u s s e d  in  many  p u b l i c a t i o n s  u n d e r  v a r i o u s  a s s u m p t i o n s  of the 
d e p e n d e n c e  of  L k  on ~, a m o n g  o t h e r  w o r k s  in  [1-7] .  V a r i a t i o n a l  p r i n c i p l e s  a r e  e s t a b l i s h e d  be low which  
a r e  s i m i l a r  to the c l a s s i c a l  p r i n c i p l e s  of  R a y i e i g h ,  F i s c h e r - C o u r a n t - W e y l ,  P o i n e a r 6 - R i t z .  

1. De f in i t i on  [1]. L e t  p:  H\~0~ ~ (c,  d) be a con t inuous  func t iona l .  L e t  us  s u p p o s e  tha t  the fo l low-  
ing  c o n d i t i o n s  hold : 1) p (~z) = p (z), ~ ~ R, a, x #= 0, 2) (Lp(x)X, x) = 0, 3) Lp(x)X, x) > 0, then  p i s  c a l l ed  a 
R a y l e i g h  func t iona l  fo r  L k. The p a i r  (L ,  p) is  c a l l ed  a R a y l e i g h  s y s t e m  (R . s . ) .  

The s e t  of  a l l  v a l u e s  of  p i s  deno ted  by Wp.  A n u m b e r  ~ 6 W p  and a v e c t o r  x ~ 0, which  a r e  so lu t i ons  
of  the p r o b l e m  ( 1 ) , a r e  c a l l e d  an  e i g e n v a l u e  (e.v.)  and the e i g e n v e c t o r  of the R . s .  c o r r e s p o n d i n g  to i t .  One 
d e n o t e s  by p a  the  t o t a l i t y  of  the e i g e n v a l u e s  of  a R . s .  and by  ~ and P h  the e i g e n s u b s p a c e  and the o r t h o -  
gonal  p r o j e c t i o n  onto i t ,  k E pa .  The d i m e n s i o n  of  ~ is  the m u l t i p l i c i t y  of  ~. One s e t s  Yd = sup  p(x),  
Yc = inf  p(x).  We s h a l l  c o n s i d e r  the fo l lowing  p o i n t  s e t s  ~ E Wp (for  e a c h  k u n d e r  c o n s i d e r a t i o n  the e x i s -  
t ence  i s  a s s u m e d  o f  a s e q u e n c e  {zn},llzn li = t wi th  the fo l lowing  p r o p e r t i e s ) :  

~1 = {~': L~xn--*0}, ~1 ~ {~: L),xn ~ 0, x ~0}. 

%={~.:L~z ~ 0 ,  p(~ ) ~ . } .  ~={~.:L~.~n~O ,xn~O ,p (xn)~ ,} ,  

(the a r r o w  - -  i n d i c a t e s  w e a k  c o n v e r g e n c e  in  H). M o r e o v e r ,  if  Yd = d ( 7 c  = c ) ,  i t  is  a s s u m e d  tha t  d(c) b e -  
longs  to a l l  the s e t s  e rnamera t ed  a b o v e .  I t  is  not  d i f f i cu l t  to s ee  tha t  a l l  t h e s e  s e t s  m u s t  be c l o s e d  and a l s o  
tha t  p~ ~ ~ ~ ~ ~ ~V~, ~ ~ ~ ,  ~ ~ ~ ,  i ----- l ,  2 .  We f u r t h e r  s e t  

&[~,~l = (~--[~)-~ (L~-- L~), c~=#[~, h [u ,~]  = L:; 

[x,y]~.~- (~[~.,p(y)]x,y) for y -~0  and [z, 0];~= 0; [x,y] = [x,y]~(~. 

I t  i s  o b s e r v e d  t ha t  in the c l a s s i c a l  c a s e  o f  Lh = M - A,  the func t iona l  p(x) = (Ax,  x ) / ( x ,  x); Wp f o r m s  a 
n u m e r i c a l  r e g i o n ,  a I = a 2 i s  the s p e c t r u m ,  ~r I = ~r~ i s  the l i m i t i n g  s p e c t r u m  of  A ,  [~, yl~ ---- (z, y), ~ ~ (--¢~, ~). 
I t  i s  a s s u m e d  b e l o w  tha t  (L ,  p) i s  a R . s .  

2. The  fo l l owing  p r o p o s i t i o n s  a r e  v a l i d .  

L E M M A  1 ( ana log  of  th~ W e y l  c r i t e r i o n ) .  1) The p o i n t  h b e l o n g s  to a l \ ~  I i f  and on ly  if  h i s  a n  i s o -  
l a t ed  po in t  of  crl, w h i c h  i s  an  e . v .  of  f in i te  m u l t i p l i c i t y  and 0 is  an  i s o l a t e d  p o i n t  o f  the s p e c t r u m  of  the o p -  
e r a t o r  Lb.  2) If ~ ~ a2\~r~, then  h i s  an  i s o l a t e d  p o i n t  o f  a~ and i t  i s  an  e i g e n v a l u e  of  f in i te  m u l t i p l i c i t y .  

L E M M A  2. L e t  h 0 E a t \ ~ r l ;  then in  a ne ighbo rhood  U~0 of  a p o i n t  ~0 the fo l lowing  e x p a n s i o n  f o r  the 
r e s o l v e n t  R;( = L~ 1 i s  v a l i d :  

RX=(~,--~kO)-'P}K~,"}'Q ~, ~, ~ 0"}.,~ {~0} ~(c. d), 

in  w h i c h  the func t ions  K~h0 ) = K x and Q~0) = QX a r e  con t inuous  in ~o and Kz,z-----L,,°Qz, ' z e ~ .  

I n s t i t u t e  of  E c o n o m i c s ,  L e n i n g r a d .  T r a n s l a t e d  f r o m  F u n k t e i o n a l , n y i  A n a l i z  i Ego P r i l o g h e n i y a ,  
V o l .  7 ,  No.  4 ,  pp .  7 6 - 7 7 ,  O c t o b e r , D e c e m b e r ,  1973. O r i g i n a l  a r t i c l e  s u b m i t t e d  J a r ~ a r y  24, 1972. 
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The functions Q~X0) and K{X~0 ) a re  def ined for  X 0 ~ o~\~rl and ~ ~V~ 0. At the poin ts  ~, n o ~ [~, za] \ :~ 
they a r e  def ined by the f o r m u l a s  Q~') = ~), K~! ".) = I .  We now in t roduce  the func t ions  ~) = q~)  t~ = h-l)) ~ = 
(! -- P~I~L~) h~., ~ (L z) = (h~, ~), 7. ~ [~i ~ l  \ ~ ,  ~ ~ H. F o r  ~, 1~ p~ we se t  ~ x = {o). 

LE MMA 3. If ~ ~ IW, ?al \ -% and ± x ~ 3~,, then ~ (X, ~) = (LxF~x , Fxx  ) and ~ '  (7., x) = - -  (L~Fxx ' FTx). 

L E M M A  4 .  If ¢z~ ~Tp,(~, Ydl I~lnz = ~5 and y ~ 3 ~ \ { 0 } ,  k ~ ( a ,  rdl, then ~ ¢ ( L ~ ) > 0 ,  Z~(~,Val.  

LEMMA 5. 1) Le t  Td and ~/c ~a2. 2) Le t  E ~ H ,  c o d i m  E <  ~o and ? = sup~p(x) , z~E}~: t~;  then there  ex -  
i s t s  y ~ E \ [0~ ,  such  that  p(y) = 3 /and PL~/y = 0, where  P is the p r o j e c t o r  onto E.  

Le t  ~ > / . . .  >~ ~ >~ . . . .  X~ ~ p~ and le t  x 1, . . . ,  Xn, . . . be l i n e a r l y  independen t  e i g e n e l e m e n t s  which 
c o r r e s p o n d  to them.  One se t s  

"2 = m i n { i  : ~ i  = k n } ,  ~ =  m a x { i : ~ i  = kn}, X n = [x 1 . . . .  , Xn] , 

X~ (M = [A [L Xi] z~ . . . .  , A IX, ~n] x~], 
En(~,) = H ~ Xn(~.), Fn(~)  ----- sup  {p (x), z ~ En(~.)~, 

T" (x) = IT~ r" (p), r__" (x) = lira r" (~). 

The to ta l i ty  of s u b s p a c e s  of H of d i m e n s i o n  (eodimens ion)  n is denoted by ~ ( ~ ) .  

L E M M A 6 .  L e t ~ E W p a n d  X ~  ~n. Then:  1) x n ( M E ~ ,  ~ ( ~ ) E ~ , 2 ) H  = X n +  E n ( D , 3 )  ff [r ~(~), 
r~ (Mi n ~2 = ¢ ,  then the funct ion  I n is con t inuous  a t  the point  X. 

LEMMA 7 (anaLog of the Weyl  inequa l i ty ) .  If E ~ ~ ,  i ~ i ~ ~ -- I , then sup ~p(x), xE E~ ~ X n. 

LEMMA 8 (au_alog of the P o i n e a r 6  inequa l i ty ) .  If E ~ %, i ~ n_, then min  ~p(x), x ~ E~ ~ Xno 

3. T H E O R E M .  Le t  f~ < 3'd and (~, 741 fq a, = ¢ .  Then:  a) (~, ~'d] ~ ~ =~ ~ and i t  c o n s i s t s  of i so la ted  
e i g e n v a l u e s  of f in i te  mu l t i p l i c i t y  of a R . s .  x~ >7. • >~xn >~ • . (~  =Td) ; b) the c o r r e s p o n d i n g  to them e i g e n -  
e l e m e n t s  x 1, . . . ,  Xn, • • . can  be s e l ec t ed  as l i n e a r l y  independent ;  c) the fol lowing v a r i a t i o n a l  p r i n c i p l e s  
a re  valid : 

kn = m a x  p(x)  = m i n  m a x  p ( x )  = m a x  m i n  p(x} .  (2) 
[x, xi] ~.n~9 E ~ . $ n - 1  E E ~  n E 

i ~ l , . . . ,  71--1 

However ,  if (IL y41 fl nl = ¢, then in  add i t ion  one has 

L a = m a x  p (x), [xi, x~] : 8i/, t , / =  i ,  2 . . . . .  ( 3 )  
[x, xi]=o 

In the f i r s t  r e l a t i o n  of (2) and in  (3) the m a x i m u m  is a t t a ined  on x n.  

4. F r o m  ou r  t h e o r e m  the r e s u l t s  of  [2, 4, and 5] as  wel l  as some r e s u l t s  of  [3] follow as p a r t i c u l a r  
c a s e s .  The r e s u l t s  e s t ab l i shed  in this  note can  be appl ied in  the theory  of e l l i p t i c  d i f f e r en t i a l  o p e r a t o r s  
which depend n o n l i n e a r l y  on a p a r a m e t e r .  

The a u t h o r  is  indebted to D. F .  Kharazov  for  his  a s s i s t a n c e  in  this work .  
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