
ON E R G O D I C  P R O P E R T I E S  OF C E R T A I N  B I L L I A R D S  

L.  A.  B u n i m o v i c h  

::: I t : is  known (cf. [1] and [2]) t ha t : d i spe r s i ng  b i l l i a r d s  (i.e., :bi l l iards i n  reg ions  Q, located o n  a 
two-d imens iona l  torus  T 2 or on the Euclidean plane R 2, whose boundary cons is t s  of components  convex in- 
ward f r o m  Q) a re  K s y s t e m s  in the sense  Of A. N. Kolmogorov [3, 4]. In [5], an analogous r e su l t  was ob-  
tained for  one c lass  of reg ions  Q c R 2 whose boundar ies  contain both d i spe r s ing  and focusing components .  
On the other  hand, b i l l i a rds  in a convex region with sufficiently smooth boundar ies  a re  not ergodic  (cf., for  
example ,  [6]). 

The aim of the p resen t  note is  to show that  there  ex is t  convex regions  Q c R 2 such that  a b i l l ia rd  in 
Q is  a K sys t em.  To V. I. Arnol 'd  [7] is  due the graphic  explanation of the analogy between d i spers ing  b i n  
l i a rds  and geodes ic  flows on su r f aces  of negative curva tu re .  In this sense ,  the b i l l i a rds  cons idered  by us 
a re  analogous to geodes ic  flows on su r faces  whose curva ture  is  not negat ive.  

1. Descr ip t ion  of Dynamic  Sys tems .  Let  Q be a bounded closed reg ion  on the Euclidean plane whose 
boundary cons is t s  of a finite number  of smooth (class C s) components .  We a s s u m e  the boundary 0Q to be 
fitted out with a field of in terna l  (with r e s p e c t  to Q) normal s  n(q). Let  the cu rva tu re  on each r egu l a r  com-  
ponent of the boundary be e i ther  s ign-cons tan t  or  identically zero .  

Consider  a b i l l ia rd  in reg ion  Q. The phase  space  of the b i l l ia rd  is the space  of l inear  e l ements  M. 
We denote by ~ the natural  project ion of M onto Q. In space M we introduce m e a s u r e  p, set t ing clp = dqdw, 
where  dq is  the m e a s u r e  on Q induced by the Euclidean m e t r i c  and dw is  the natural  m e a s u r e  on s t r ip  
Si(q). We a s s u m e  m e a s u r e  p to be normal ized .  Let  ~St} be a s ing le -pararne te r  group of shif ts  along the 
t r a j e c t o r y  of the b i l l iard .  It r e t a ins  m e a s u r e  p (cf. [8]) and, consequently,  ~St} is a flow in the sense  of 
ergodic  theory .  

We denote by 0Q + the union of a l l  the r egu l a r  components  of boundary 0Q each of which has posit ive 
curva ture  a t  all  points of the given component  (with the field of normals  we have selected) .  Analogously, 
OQ- is the union of all  r egu la r  components  of boundary OQ with negative cu rva tu re ,whi l e  OQ0 is  the bound- 
a ry  components  with ze ro  cu rva tu re .  We shall  hencefor th  call  OQ +, OQ-, and OQ0 the d ispers ing ,  focusing, 
and neutral  pa r t s  of the boundary,  r e spec t ive ly .  

Consider  the following s p e c i a l r e p r e s e n t a t i o n  (cf.[9]) of flow {St}. We se t  M z = {x: (x ,  n (q)) < O, q ~ OQ, 

q = n (x)}, and le t  r (xi be the c loses t  negative m o m e n t  of the re f lec t ion  f rom OQ of the t r a j ec to ry  of point x. 
It i s  e a sy  to see that  r(x) > - ~ and, for  any xE Ms, there  is defined the t r an s fo rma t ion  rz = s~(~_0x ~ M~. 

In this note we study b i l l i a rds  in reg ions  whose boundar ies  do not contain d i spers ing  components ,  
i .e. ,  0Q + = ~.  Let  r(x) E OQ-, and let  us denote by ~(x) the c loses t  negative momen t  of the re f lec t ion  f rom 
0Q- of the t r a j ec to ry  of point x. 

2. Conditions on the Boundary of the Region. We consider  regions  Q sat isfying the following condi- 
t ions (we denote by Fi the r egu la r  components  of OQ): 

1) Each focusing component  Fi has  constant  curva ture ,  i .e . ,  is  an a r c  of some  c i rc l e  OFi.  

2) For  a l m o s t  all  points x ~ r~ c 0Q- such that  7r(Tx) Cri, the length of the chord of c i r c l e  Ori de- 
fined by line e l emen t  x is s t r i c t ly  l e s s  than [ T(X)]. 

3) No two focusing components  a re  a r c s  of one and the s a m e  c i rc le .  
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4) The ends of each focusing component  belong to ~Q0. 

3. The Bas ic  Theorem.  We denote by Q a region sat isfying conditions 1)-4),and whose boundary has 
exact ly  two focusing and two neutral  components ,  thebotmdary ,  

THEOREM 1. A bi l l ia rd  in reg ion  Q is  a K sys t em.  

Consider  a bundle of t r a j e c t o r i e s  with ze ro  curva tu re .  Then (cf. [5]), if this bundle undergoes a 
s e r i e s  of succes s ive  re f lec t ions  f rom s o m e  focusing component  of the boundary then, a f ter  each ref lec t ion  
of this s e r i e s ,  i t  becomes  convergent  (i.e., has  negative curvature)  a f te r  which, between two success ive  
ref lec t ions  it pa s ses  through the conjugate point and, having a l ready become divergent ,  a r r i v e s  at the bound- 
ary  p r i o r  to the next ref lect ion,  with the t ime  during which the bundle has posi t ive cu rva tu re  (diverges)  
being g r e a t e r  than half the total  in terva l  of t ime  between the success ive  ref lec t ions  f r o m t h e  focusing c o m -  
ponent. Upon ref lec t ion  f r o m  the neu t ra l  pa r t  of the boundary,  the curva tu re  of the bundle is not changed. 

Now, let  the bundle in quest ion be re f lec ted  f rom one focusing component,  then, perhaps ,  undergo a 
s e r i e s  of succes s ive  re f lec t ions  f rom the neutral  pa r t  of the boundary and, finally, be again re f lec ted  f rom 
the focusing pa r t  of the boundary.  Then, it  follows f rom conditions 2)-4) that,  during such a s e r i e s  of r e -  
f lect ions,  the bundle undergoes  dilation (in the phase space  of dynamic sys tems)  with a coefficient  s t r ic t ly  
g r e a t e r  than unite. 

This allows us (using the method of [1, 2, 5]) to cons t ruc t  a t r a n s v e r s a l  s t r i p  for  flow {St}. For  this 
it  is requi red  to show that, for  a lmos t  all  t r a j e c to r i e s ,  s e r i e s  of re f lec t ions  s i m i l a r  to that  cons idered  
above occur  quite f requent ly ,  and each such s e r i e s  has  a length which is  not very  g rea t .  Thus, those t r a -  
j e c t o r i e s  a re  "bad" which have long s e r i e s  of success ive  re f lec t ions  f rom one and the s ame  focusing component  
or  f rom the neutral  pa r t  of the boundary aQ ° (this l a t t e r  is poss ible  if the neutral  components  a re  paral le l ) .  
Using the geome t r i c  p rope r t i e s  of reg ion  Q with the help of the B o r e l - C a n t e l l i  L e m m a s  (cf. [10]), we c a n  
show that  the se t  of "bad" t r a j e c t o r i e s  has  m e a s u r e  zero .  

4. Absorbing Pockets .  Le t  aQ + = @ and, for  reg ion  Q, let  conditions 1)-4) be met .  For  any natura l  
n we cons ider  the se t  

An--/~:~-- ~(x)~OQ-, n(rix)~OQ ° for O<i~na}. (a) 

¢ o  

THEOREM 2. If there  exis ts  a (0 ¢~ ~ < 1) such that ~, ~ (A~) < ~o, then a b i l l ia rd  in region Q is  a K 
sy s t em.  ,=1 

It is easy  to see  that, for  region Q, it follows f rom Theorem 1 t h a t  the condition of Theorem 2 is met .  

We call  an absorb ing  pocket  a boundary of region Q, f rom which a focusing component  is excluded, 
lying fur ther  f r o m  the ve r t ex  of the angle fo rmed  by the neutral  components  (if the l a t t e r  axe para l le l ,  we 
then e l iminate  any of the two focusing components) .  It  can be shown that  the condition of Theorem 2 holds 
for  regions  whose boundar ies  a re  unions of absorbing  pockets .  

The author wishes  to thank Ya. G. Sinai for his at tention to this paper ,  and D. V. Anosov, A. B° Katku, 
and A. M. Stepin for  useful d i scuss ions .  The author a lso  wishes  to thank the r ev i ewer  for  many useful 
comment s  on this paper .  
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