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E Q U A T I O N S  

1.  G e n e r a l  O u t l i n e  o f  t h e  M e t h o d  

In 1967 a group of Princeton theoret ical  physicists  (Garduer, Green, Kruskal,  and Miura [1]) dis-  
covered a new method of mathemat ical  physics, the method of the inverse s ca t t e r ingp rob lem.  The new 
method enabled its inventors to integrate an equation long known in the theory of nonlinear waves, namely, 
the Kor t eweg-deVr ie s  (KV) equation 

ut + uu= ÷ ux=,, = O' (1) 

In 1970 the authors of the present  paper, using ideas advanced in a paper by P. Lax [2], integrated 
(see [3, 4]), with the aid of the inverse  problem method, the equation 

iut -4- u== -4- lul ~ u = 0, (2) 

also widely used in the physics of waves in nonlinear media. In the succeeding yea r s  new examples were 
found of nonlinear equations integrable by the inverse  problem method, over twenty of them having physical 
meaning (for a survey of integrable equations, see [5]). 

In the present  paper we give a general  scheme for applying the inverse scat ter ing problem method to 
integrate nonlinear differential equations,and we also present  an algorithm for finding equations which can 
be so integrated. The original vers ion of this scheme was presented by one of us in [6]. 

We consider  a l inear integral  operator  F acting on vector-valued functions ¢ = {¢1 . . . . .  g:N} of the 
variable x ( - ~  < x < + ~) 

P~ = ~ F (x, z) ~ (z) dz. (3) 

The vector  ¢ and the N x N matrix-function F depend additionally on the two pa ramete r s  t and y. 
quel we assume that 

In the se- 

sup ~ I F (x, z) I dz < ~ for all xo > -- ~ .  (4) 
x ~ x o  x o 

We consider  the problem of represent ing the operator  F in the following "factorized" form: 

t + P =  (t + k÷) -1 (t + ~_) ;  (5) 

Here I~+ and K are Vol te r ra  operators ,  where K+Cx, z) = 0 for z < x, and K_(x, z) = 0 for z > x. The op-  
e ra to r  1 + K+ is invertible.  Multiplying Eq. (5) by 1 + K+ and assuming z > x, we can verify that the kernel 
K+ sat isf ies the Gel ' f and-Levi tan  equation 
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eo 

~" (x, z) "4- K,  (x, z) ÷ I K+ (x, s) F (s, z) as = 0. 
x 

(6) 

Fur ther ,  assuming z < x, we obtain K_(x, z): 

K (x, z) = F (x, z) ÷ ~ K+ (x, s) F (s, z) ds. 
x 

:If Eq. (6) is solvable (a sufficient condition for which, for  example,  is the possibil i ty of represen t ing  the 
k e r n e l  F in the form F = FI+ F2, where F1 is a positive opera tor  and fl F21I < 1), then the kernels  K+ and K_ 
also sat isfy the condition (4). We define on the functions ¢(x, t, y) the opera tor :  

• O O ~ O n 
= ~ - ~ z - + ~ % - +  o., £o,,=z-57-.. 

Here  a and fl a re  constants and l is a constant mat r ix .  We consider  the class of differential  opera tors  
, e , ,  

M, connected with M by the t ransformat ion  

.~ = (t + K+) .W (i + g+)-L (7) 

with a Vol ter ra  [see Eq. (5)] opera tor  of the t ransformat ion  1 + K+. Multiplying Eq. (7) on the left  by (1 + 
K+), we obtain 

.~ (t + R+) - (i + k+) .~ = o. (8) 

The condition of equating to ze ro  the different ial  parts  in the opera tor  re la t ion  (8) enables us to calculate 
M: 

0 0 ~ = a-~-  + ~-~-~ +/~,,, 
n - - 1  On On-~-1 

L, = t O7 + ~ ' u ~ ( x ) ~ "  
k f f i f f i 0  

The coefficients Uk(X) of the opera tor  L can be found in the form of a set  of r ecu r s ion  re la t ions  

(9) 

uo (z) = [Z, ~0], 

T L"~'-~ 

d % +  i 1i d , ~ o ] + ~  d~, 
u~ (x) = ~ l "-~-z~ T L~, 77zs j l T  + 

t ÷ -~- 7~- [, - ~ - +  

. . . . .  , , , , , , , , , , . . . . .  , , • • , , ° , , , ° , • . , ° 

(lO) 

o o ) 'K(x , z )[  .... i o ( x )= K(x , x ) .  Here  ~ (x) = a~ oz 

Since the relation (7) is linear in M and I~, we can take ~I to be the operator 

0 
~o = ~,in 0" ~ .  (11) 

n 

Then ~. a a = a -~-  + ~ -~-  + ~, 'Z = ~, Ln. Equation (8) then has the form 
n 

OK+ 0 K ~ a t* 
a T - t -  ~ - -~-  ÷ LK+ ÷ ~,(--  i)"-* ~ g+l, = O. (12) 

For  a given opera tor  l~I of the type (11),Eq. (12) and the condition (10) define the class of Vol ter ra  opera tors  
1 + K+, t ransforming  M into i~. 
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The following two t h e o r e m s  play a fundamental ro le  in the sequel.  

THEOREM 1. If the opera tor  F; wri t ten in ;the form (5L sat isf ies  the condition 

t h e n  the opera tors  (1 + ~C~) ~ which accompl ish  t h e  f ac to r i za t i on  of F, sa t i s fy  the r e l a t ions  

M(i  + R e ) - - ( t  + / ~ + ) ~ = 0  

(13) 

(14) 

and are operators transforming l~I into ~ .  

To prove this we write the identity 

~ ( t  + / ~ )  -- ( l +  k ) ~ r =  ~ ( i  + k+)(i  + F ) - ( t  + k+)(i + ~ ) ~ / - -  

= {~ (i + R+) - (i + k+) ~ )  (i + g) + (i + g+) {~P - PM}. (15) 

By vir tue of the re la t ions  (10),the different ia l  opera tor  on the r ight  side and, henee~ also on the left  side of 
the identity (15) is absent.  For  z > x the left  side in the relat ion (15) vanishes,  and from the invert ibi l i ty  of 
the opera tor  1 + F it  follows that ~ (i + k+) - (i + R+) ~f = 0. Fur ther ,  it  is obvious that ~ (i ÷ h:)  -- 
(1 + K_) M = 0. 

THEOREM 2. Suppose that the opera tor  F sat isf ies  s imultaneously the two re la t ions  

[~t,/?] = 0, M,=a~-~i--l-L(ol), (16) 

[M~, gl = 0, 

Here  ~1)  and L~2) axe o p e r a t o r s  of the form 

0 _L P.(~) 
,M2 ---- ~ ~ -  7-  ~0 • (17)  

Nt NI 

L(:'= F l~' o" L~"= ~ z~' 0" 

satisfying the condition 

[/2 ), Lo(~)] = 0, 

Then  the opera tors  L (1) and L (2) sat isfy the re la t ion 

(18) 

I (19) 

~-~-v0L(I) -- a--6T-°/'(~) = [L(~), ?.(% 

Proof.  By vir tue of Theorem 1 we have the folIowing re la t ions  f rom Eqs. (17): 

(20) 

o + L(', A;/~ = B o~ + L('). (21) 

Writing out the relations (21) in explicit form, applying to the first of them the operator B(3/0y) and to the 
second the operator od0/0t), and then subtracting the second from the first, we obtain 

(8 L<1)l)(i + ~+) 0. ~X1) 8L(t) 
--~-y - - ~ T  + [L (~), = 

From this,  using the invert ibi l i ty  of the operator  1 + ~C+, we obtain the re la t ion (20). 

"fine re la t ion (20) consti tutes a sys tem of nonlinear d i f fe rent ia l  equations in N s m a t r i x  var iables  (N 3 
is the l a rge r  of the numbers  N1 and N2). Thus, we have shown that an a rb i t r a ry  solution F(x, z, t, y) of the 
system (16)," (17) of two l inear  equations with constant coefficients genera tes ,  once the kernel  K+(x, z, t, y) 
of the Gel ' fand-Levi tan  equation (6) has been found, the exact solution of the sys tem (20). Equations (16) 
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and (17) can  b e  so lved  by the F o u r i e r  method;  Eq. (19) g u a r a n t e e s  the i r  compat ib i l i ty .  Thus,  to each  pa i r  
of o p e r a t o r s  L~l), ~.~2) t h e r e  c o r r e s p o n d s  an  tn teg rab le  s y s t e m  of the type (20). Put t ing a = 0 o r  f~ = 0, we 
obtain the equa t ions  

-~-°£(1) _ iL(~), L(,)], (22) 

a --gi-- 0£(~) ---- [L(~)' ~(1)], (23) 

which a r e  a l so  na tu ra l ly  r e l a t ed  to the g iven  pa i r  of o p e r a t o r s  L~) ,  
(2) 

L 0 • 

2 .  S c a l a r  O p e r a t o r s  

As a f i r s t  example  of an  appl ica t ion  of the p roposed  s c h e m e  we c o n s i d e r  the c a s e  of s c a l a r  o p e r a t o r s  
L.  Using such  o p e r a t o r s ,  we can in t eg ra t e  the equat ions  which a r i s e  in phys i c s  in connec t ion  with p r o b -  
l e m s  conce rn ing  the p ropaga t ion  of nonl inear  waves  in m e d i a  with a weak  d i s p e r s i o n .  In the s c a l a r  ca se  
Eqs .  (10) have the f o r m  

n da~o n d dEo Uo(X)=0, u , ( x ) = n  , u , 2 ( x ) = ~ ( n - - 2 ) ~ + , y - ~ - ~ l + n ~ o - ~ - x .  

F r o m  Eqs .  (24) i t  fol lows tha t  L1 = L01. As the f i r s t  non t r iv ia l  o p e r a t o r s  we have 

(24) 

Lo2 = -~-z~ ' L~ = ~ + u (x), u = 2 ~o (x) = 2 K (x, z), 

o. a a~ 3 ( 0  O u )  ~ o  
Lo3 =-g~-~ + ~ - ~ ,  L3=-g;r~ +-X- u -~-+  0x + w +  0x ' 

3 d w = -~- ~ (~1 + ~). (25) 

A 

The c o m m u t a t o r  of the o p e r a t o r s  L2, L s has  the f o r m  

[?.2, L3l_= O.~_w w o _  t ~,u~]. ox ÷ a~ [ ' T  (u~'~ + 6uu~) + 

AS IVI 1, IVl 2 we c o n s i d e r  the fol lowing o p e r a t o r s :  

(26) 

0 
,~1 = a w + Lo3, ~ 2  = Lo2. (27) 

Here  the ke rne l  F sa t i s f i e s  the equa t ions  

02F O~F 
8x~ Oz~ ~ O, 

The ke rne l  K sa t i s f i e s  the equat ion  

OF . O'F . O~F . _ ( O F  OF) (28) 

O~K + u (x) K = O, 
Oz 2 Oz" 

f r o m  which t he re  fol lows a condi t ion on the c h a r a c t e r i s t i c  z = x 

d 
d-; (h  + ~) = 0, 

(29) 

(30) 

indica t ing  that  w = 0. Equa t ion  (23) now has  the f o r m  (~(1) = Ls, L(2) = L2) 

Ou t 
a .~f + T (u~.~ + 6uu~ + ~,u,,) = 0 (31) 

and cons t i tu tes  an  unknown K o r t e w e g - d e  Vr ie s  equat ion.  It should be r e m a r k e d  that  in this  example  both 
the funct ion u(x, t) a s  well  as  the cons tan t s  c~ and X can be complex .  This whole d i s c u s s i o n  can a l so  be 
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ca r r i ed  through assuming u(x, t) to be a mat r ix  belonging to an a rb i t r a ry  associa t ive  mat r ix  a lgebra.  
Moreover ,  Eq. (31) can be wri t ten  in the form 

Ou t 
a "g£ + "U (u=~ + 3UU~ + 3Ugt + ~U=) = O. 

opera to rs  lVl 1 and 1~I 2 in the form We now consider  t h e  

J • l  ~---- ~03~ 

The kernel  F now obeys the equations 

~'~ ---- [~ ~ -4- Lo,. (32) 

and Eq. (22) has the form 

OaF . OaF I OF OF\ 
o, ~ 0,1: O2F = O, (33) 

aF ~_ Oz~ Oz~ 

3 f~Ou Ow Ow t U 
o= ' ~ ~ = "W ( ='~ + 6uu=) + ~,u= (34) 

or 

3 ~ o,,, i 3 (uu=)= = o. 
T ~ Ty, + ~,u= + T u=== + "T 

Putting 3/4 B 2 = + 1, X = * 1, we obtain four rea l  equations 

O"-u O'u t 3 
-F ~ -4- -g-g + "X- u=~== + 7 (uu=)= -- O. (35) 

Two of them, 

( O~u O2u ) t 3 (uu=)= = O, 
+- oy, o=, + T u=== + 

r e p r e s e n t  vers ions  of the equation for  a nonlinear je t  (see [7]). Finally, consider ing the general  case and 
putting 

0 8 
M1 = a ~/- + Lo3, M.. = ~ Ty + Lo~, 

we obtain f rom the re la t ion (20) the sys tem of equations 

3 g 8u Ow Ow Ou i 
--~-,.-~-ffi ---~-= , [~-~f ffi a--~ + ~u= +-T(u== + 6uu=), (36) 

equivalent to the equation 

3 - ~ u  o c Ou t - t-6uu=)}=O. 
- - ~  ~ - + T =  ( a - ~ - +  Xu~ +-Z-(u=,= 

(37) 

In addition the kernel  F sa t i s f ies  the two equations 

ap a,p a,r _X(OF o~ 1 OF a 'r  a , F = o "  a " g / - + ' ~ - - + " g ' g ' +  "~'-= -FTz / =0,  P-~-y ,--Fax, az, (38) 

Equation (37) was obtained for  the f i r s t  t ime in [8]; we shall call it the Kadomtsev-Pe tv iashv i l i  equation. 
This equation descr ibes  a two-dimens iona l  nonstat ionary problem concerning waves in a d ispers ive  me-  
dium, providing that the scale  c rosswise  to the propagation of the wave (along the y axis) is much l a rge r  
than the longitudinal scale  (along the x axis). 

From what has been said i t  is c l ea r  that each pair  c~ sca la r  opera tors  L~ 0, L~ 2) gene ra t e s  in each 
ma t r ix  a lgebra  an equation of type (20). 
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3 .  N - S o l i t o n  S o l u t i o n s  

In this sec t ion  we desc r ibe  an impor tan t  c lass  of pa r t i cu la r  solutions of the K a d o m t s e v - P e t v i a s h v i l i  
equation (37), the N-soliton solut ions.  We r e s t r i c t  our considera t ion  to the specia l  case  ~ = fl = 1 0, < 0). 
Equation (37) then d e s c r i b e s  waves on the su r face  of a shallow liquid; i t  is wr i t ten  in a f r a m e  of r e f e r ence  
moving with a speed exceeding the speed of infinitely long waves .  We put 

F = e-~=-'aM (t, y). (39) 

From Eqs.  (38) it  follows that  

M =  M(t ,  y) = M o e x p { ( q ' - - x  2) y + ( x  8 + ~I a + X ( x  +n)) t} .  (40) 

Solving the G e l ' f a n d - L e v i t a n  equation (6), we find 

M~-Xx-~*Jz 
K (x, z) = M ' 

1 + ~ e -~+~)x 

u (x) = 2 K (x,  x )  = -~- ch~ (x + n) (x - -  xo) ' 

t , M o  
Xo = (~1 - -  ×) Y + ('q~ " x'q + ×~ + ;~) t + ~ m " 7 - ~ "  (41) 

The The exp res s ions  (41) desc r ibe  a soliton, i .e. ,  a so l i ta ry  wave propagat ing at an angle to the x axis .  
soli ton is cha rac t e r i zed  by three  p a r a m e t e r s :  u and 7? cha rac te r i z ing  i ts  ampli tude,  i ts  angle of inclination 
to the x axis ,  and i ts  velocity;  the p a r a m e t e r  Mo c h a r a c t e r i z e s  the posit ion of the cen te r  of the soli ton when 
t = 0 and y = 0. When ~ = ~, the soli ton propagates  s t r i c t ly  along the x axis;  when V2_uW + ~2+ ~ = 0 (~< 0), 
the soli ton is s ta t ionary  in the given f r a m e  of r e f e r e n c e .  

Assume now that 

F = ~a M.  e-"'~-'~n'' (42) 
n 

As before, we have 

Mn (t, y) = M.  (0) exp {(1]~ --  ×~) y + (z~ + ~1~ + ~ (Tin -k- ×.)) t}. 

Putting, as we did e a r l i e r ,  K (x, z ) =  ~ K.  (x)e -~'~, we obtain a sys tem of equations for  the Kn(X): 
n 

-(Xn +V,m)x 
Kn (x) + M~e -x,'x + Mn ~_~ e Km (x). (43) 

.~ ×n + Xlm 

The genera l  solution of this sy s t em has the fo rm 

d -r, nX d ~ u(x)-~2-d-~x~K.(x)e = 2-~rx~ In A, 

A = detl3LS..~ ~-, M.e-t~n-~'~)~ll--×. + %, . (44) 

Equations (44) give an explici t  fo rm of the solution, which for  t ~ +  % y ~ ±  ~ b reaks  up asympto t i -  
cally into an a g g r e g a t e  of noninteract ing sol i tons propagat ing  at a r b i t r a r y  angles to the x axis .  Analogous 
expres s ions  for  the KV equation were  found in [9]. A natural  genera l iza t ion  of the solution (41) is a solu- 
tion for  which 

F = (~ (x, y, t )e -*'z. (45) 
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H e r e  the  funct ion ~v s a t i s f i e s  the equa t ions  

a¢ + _ ~ _ ~  a¢ a--/" a~  - - ' "  a~ - -  (~a + ~ )  ~0 = O, ~+ ~ 
~ - , - -  ~ ¢ =  0 (46.) 

and h a s  the f o r m  

.J¢o~ 
= I c(k)exp {iky - -  xx - t -  (×~ + vl ~ -4- X ( u ~ -  ~l))t}dk, 

c ( - - k )  = c'(k), x~= n~--~k. (47) 

H e r e  

K (x,  z)  = q~ (z) e -~'z u (x,  y )  = 2 d ~,(~) e ' ' =  
dz 

' -~ I ~ ($) e-~$ d$ ' ~- I ~ ($) t~"tlS d$ 
(48) 

The e x p r e s s i o n s  (48) d e s c r i b e  an "osc i l l a t i ng"  so l i t on ;  we cart in a n  ana logous  way c o n s t r u c t  g e n e r a l i z a -  
t ions  of ~-~soliton so lu t ions .  

4 .  M a t r i x  E q u a t i o n s  

A s s u m e  now tha t  L~) and LI  2) a r e  N × N m a t r i x  o p e r a t o r s  of the f i r s t  o r d e r  

L(o~)=ll~.~,  = ~ - ,  [1~,/~1=0. 

Then  

= ll-g b- -4- [11, ~ol, 12-~z -4- [l~, ~o1. (49) 

Choosing  the  m a t r i c e s  (49) to  be  d iagonal  m a t r i c e s :  l~ = b=6~rn, Is = anfnm (a~ ~= 0), we obtain  fo r  Eq. (21) 
(see [10]) 

( a i - -  a j ) ~  OSi1 ---- (bi - bj) OSiJ ~ - -  ~'i~ + ~ (sik-~ s~j -4-s j i )~ i~ j  ~i1 _-- ~ .  (50) 

The s y s t e m  (50), beginning  with N = 3, i s  non t r iv ia l .  When N = 3, of phys ica l  i n t e r e s t  a r e  the " r e d u c t i o n s "  
of the s y s t e m  (50) to  m a t r i c e s  conta in ing  ha l f  the n u m b e r  of independent  funct ions ,  t hese  be ing  d e r i v a b l e  
with the he lp  of the r e l a t i o n s  ~+ = I~I, 12 = 1, w h e r e  I i s  a d iagona l~mat r ix .  If I = 1, then  the s y s t e m  (50), 
by m e a n s  of the subs t i tu t ion  ~ij = ;tijuij (Xij a r e  cons tan t s ) ,  i s  r e d u c e d  to  the  f o r m  

OUl2at -4-VI~Vul~ = iulsu*~, --g'F'Ou= -4" V~3Vu2s ---- iu13ul~, ~- Vi3Vu13 = iul~u~a. (51) 

H e r e  the Vij a r e  cons t an t  t w o - d i m e n s i o n a l  v e c t o r s .  The s y s t e m  (51) d e s c r i b e s  the r e s o n a n c e  i n t e r a c t i o n  
of t h r e e  w a v e s  in a nonl inear  m e d i u m  and p lays  an i m p o r t a n t  r o l e  in nonl inear  op t i cs .  Choosing  the m a t r i x  

I---- 0 - - t  , we c o m e  to the s y s t e m  
0 0 

OUl~ at + V12Vul-. = ~u~3u~3, o,,~ • • 0~,1, _ V Vu--  - ~ -  + V~3Vu~3 = ~u13u12, "-'gV -r  13 ~ = ~u~t~ ,  (52) 

d e s c r i b i n g  " e x p l o s i v e  in s t ab i l i t y "  of a n o n l i n e a r  m e d i a m  (see [101). The r e m a i n i n g  ways  of choos ing  t h e  
m a t r i x  I lead to  s y s t e m s  equ iva len t  to  the s y s t e m s  (51) or  (52). 

In the ca se  N >  3 , m o r e  involved  r educ t ions  of the s y s t e m  (50) a r e  poss ib le ;  t h e i r  c l a s s i f i c a t i o n  would 
be of g r e a t  i n t e r e s t  fo r  the app l i ca t ions .  
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The ca se  in which s o m e  of the a i = b i = 0 i s  a d e g e n e r a t e  c a s e  and is  a l so  of g r e a t  i n t e r e s t .  
c a se  the o p e r a t o r s  ~ ( 0  ~(2) can  be r e p r e s e n t e d  in the f o r m  

L,, [Lo 
Lz 0 ' 

3~ 0 ' 

In th is  

"~o  0 , = lx~;  -w [/x, ~nl, 

H e r e  l l  a n d / i a r e  d iagonal  M x  M m a t r i c e s  not conta in ing z e r o s ,  and the ~.. a r e  ce l l s  of t h e m a t r i x  ~. Con- : . . . .  1J  
s i d e r i n g  only the c a s e  in which t h e r e  i s  no dependence  on y,  we r e a d i l y  see  tha t  now the s y s t e m  (50) r e -  
duces  to the f o r m  

0h [Lo, 301 + t& q], 
0~ 

a - - - ~  = [G, ,4ol + LoqG - G q L o ;  

= L~L~, 

q = lxl~ x. (53) 

1 0] 
In the ca se  N = 4, M = 2, I~ = 0.--1 ' l: = i the s y s t e m  (53) l eads  to the known " s i n - g o r d o n "  equat ion  
(see [12]) 

82u O*u 
Ot'~ Oz~ q- s in u ---- O. 

It should be  noted tha t  in the d e g e n e r a t e  ca se  (53) the p r o c e d u r e  we have  p r e s e n t e d  is  only su i t ab le  for  
f inding i n t e g r a b l e  equa t ions ,  s ince  the f o r m a l  app l i ca t ion  of the G e l ' f a n d - L e v i t a n  equa t ion  (6) in the degen-  
e r a t e  e a s e  l eads  to d i v e r g e n t  e x p r e s s i o n s .  For  the " s i n - g o r d o n "  equa t ion  this  d i f f icul ty  was  s u r m o u n t e d  in 
[12]. 

Ma t r ix  o p e r a t o r s  of r~uch h igher  o r d e r s  have  so  f a r  not been  s tudied .  An excep t ion  h e r e  i s  the ea se  

in which L 2) = l ( 0 /0x ) ,  w h e r e  l i s  a m a t r i x  of the f o r m  l =  0 12 ' 

a r b i t r a r y  s c a l a r  o p e r a t o r .  This  e a s e  co inc ides  in it.s e s s e n t i a l  f e a t u r e s  with the pu re ly  s c a l a r  c a se .  Cal-  
cula t ing  ~(0  and ~(2), we have  

~a(1) 0 2 , = -~-x2 ~ 2~, 
ll 0 

L(2)= [ 0  l ~ ] + ( l l - - l " ) [ ~ O  1 ~ ! ] ,  

and we obtain  f r o m  the r e l a t i o n s  (21) for  fl = 0 a s y s t e m  of equat ions  fo r  the an t id iagonal  ce l l s  of the 
m a t r i x  

o _~ t, + t.. o~ ! ~:~_ 2 ~ g~xg:2~.,: O; (54) 

(54) a d m i t s  the na tu ra l  r educ t ion  ~2~ = ± ~  and r e d u c e s  to the s ing le  fo r  ~ = i and r e a l  l l, l 2 the s y s t e m  
e q u a t i o n  

(55) 

In the s c a l a r  ca se  Eq. (55) co inc ides  w i t h  Eq. (2). The m a t r i x  ca se  of Eq. (55) was  c o n s i d e r e d  by S. V. 
Manakov in  [ 1 3 ] .  In the c a s e  i n w h i c h  LI l) = 03/0x a the Eq. (23) l e ads  to  the "mod i f i ed"  K o r t e w e g - d e  Vr i e s  
equa t ion  (see [14]) 

u, ± I ul 2 u~ + u ~  = 0.  (56)  

C a s e s  in which the o p e r a t o r  LI l) i s  of an o r d e r  h ighe r  than the th i rd  a r e  not of i n t e r e s t  f r o m  the point  of view 
of the app l i ca t ions .  

2 3 3  



5.  S o l u t i o n  S c h e m e  f o r  t h e  C a u c h y  P r o b l e m  

We now pose the quest ion as  to the possibi l i ty  of solving the Cauchy problem for  the Eqs.  (20) and 
(23) with initial conditions in t. Let  ~2)  be the opera to r  defined in Eqs.  (181, having o rde r  N 2. The cor-  
responding opera to r  ]~(21 contains N2-1 var iab le  coefficients  ui(x, y, t), which we ass ign  at t = 0. We shall  
a s s u m e  h e r e  that  

ui (d: co, y, 0) = 0. (57) 

From Eq. (12) it  follows that  the kernel  K + obeys the equation 

Nz~2 

~0K+ L (')K+ -t- t )  '~-x ° ' =  K + l = 0. 158t 
oy + ~" ( -  o=" '~ , * J l  

On i ts  solution we impose  the r e s t r i c t i o n  

K +(z, x +s)-~O for x--~ + co. (59) 

With respect to the functions ui(x, y, 0) we can, using the Eqs. (I01, find the derivatives of the kernel K ~ 
along the normal to the line x = z.~1(x, y, 0) {i = 0 .... , N2-2), whose assignment, along with the condition 
(59), defines a Cauchy-Goursat problem for Eq. (58). The solution of this problem determines the kernel 
K+{x, z) for z > x. In proceeding further we follow the scheme 

ui (x, y, 0) ~ K -+ (x, z, y, 0) ~ F (x, z, y, 0) I,I • F (x, z, y, t) iv___. K + (x, z, y, t) v_._. u~ (x, y, t). (60) 

In the f i r s t  s tage of this scheme we solve the Cauchy -Gour sa t  problem for  Eq. (58); in the second 
s tage,  with the help  of the G e l ' f a n d - L e v i t a n  equation (6), we de te rmine  the kernel  F at t = 0. The evolution 
of the kernel  F in t ime  is desc r ibed  by the l inear  equation (161 with constant  coefficients ,  constituting the 
third stage of the scheme.  In the fourth stage we use Eq. (6) to obtain the kernel  K+(x, z, y, t), and finally, 
at the l as t  s tage we apply Eqs.  (10), enabling us to find u(x, y, t). 

A fundamental difficulty in applying the scheme  (60) is  that the kernel  K+(x, z, y, t) obtained f rom 
the solution of the C a u c h y - G o u r s a t  problem (581, (59) cannot sa t is fy  the condition (4) of dec r ea se  with r e -  
spec t  to z.  0] 

We consider  this s i tuat ion by an example  in which /~ ' )=  l o~ ,  l = 12 0 , II > 12 > ls > 0, and B = o. 
In this case  Eq. (58) has  the fo rm 0 ls 

°KS °x5 ~ z (611 

¢ij(x)e i~z, we obtain a se t  of three  spec t r a l  p rob lems  for  ¢i j ,  which we number  by means  of Using Kij 
the subscript j, 

k 

(62) 

with the conditions 

{plje ~--* 0 for x ~ -¢- c~, 
~j l e  7"= --~ 0 fo r  x ~ ~- ~o. (63) 

The asympto t ic  behavior  of the kernel  Kij for  z ~ +  oo is de te rmined  by the d i sc re t e  cha rac t e r i s t i c  numbers  
cf the spec t ra l  p rob lems  (62), (63), lying in the complex plane. For  j = 1, 3 it  follows f rom the conditions 
(63) that  Im ), > 0 for  d i sc re t e  values  of ~, and the asympto t ic  behavior  is decreas ing .  However,  when j = 2 
the conditions (63) do not impose  single-valued r e s t r i c t i ons  on the posit ion of the d i sc re t e  spec t rum of the 
corresponding spec t r a l  p rob lem and, for  z ~  + ~o the asymptot ic  behavior  of the kernel  K+ may  turn out to 
be exponentially increas ing .  
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This difficulty does not appear  for  sca la r  opera tors  and, also, if / ~  [ ~ 0 ] ~  ~ 12 ~x ([1, ~2 are  constants).  

Obviously, there  is a lso no difficulty if the cha rac t e r i s t i c  values in the spec t ra l  problem for j = 2 are  
absent [this can happen if the norm of the initial conditions ~ij(x, y, 0) is sufficiently small] .  The methods 
for  overcoming these diff icult ies associa ted with the exponential growth of the kernel  K+ and c o r r e c t  
resu l t s  re la t ive  to the Cauchy problem for cer ta in  c lasses  of integrable sys tems  will be the subjects  of the 
second par t  of our paper .  
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