
T H E  P R O B L E M  O F  U N I Q U E N E S S  O F  A G I B B S I A N  

R A N D O M  F I E L D  A N D  T H E  P R O B L E M  

O F  P H A S E  T R A N S I T I O N S  

R .  L .  D o b r u s h i n  

1. In a p r e v i o u s  p a p e r  by  the a u t h o r  [1] the  fo l lowing c o n c e p t s  w e r e  i n t r o d u c e d .  It was  a s s u m e d  
tha t  the  p o t e n t i a l  U(t), t E T  V, w a s  s p e c i f i e d ,  w h e r e  T u is  a P - d i m e n s i o n a l  i n t e g e r  l a t t i c e  such  tha t  a) fo r  a 
eel" tain d < ~ we have  

Y, I U ( t ) l <  ~° (1.1) 
t:!ti~d 

and b) U(t) = U ( - t ) ,  t 6 T v, the  c h e m i c a l  po t en t i a l / 2 ,  s a t i s f i e s  the cond i t ions  - ~  </2 < ~,  and the c o n s t a n t / 3 ,  
s a t i s f i e s  the cond i t ion  0 < /3 < ~o, ( this  c o n s t a n t  is  i n v e r s e l y  p r o p o r t i o n a l  to the t e m p e r a t u r e ) .  The r a n d o m  
f ie ld  ~(t),  t E T v, which h a s  the v a l u e s  in the s p a c e  X c o n s i s t i n g  of two po in t s  0 and 1, is  s p e c i f i e d  by  a s e t  
of  f i n i t e l y - d i m e n s i o n e d  d i s t r i b u t i o n s  P = ~PV(Xl . . . . .  x IvI ), v c TV}, w h e r e  V is a f in i te  s e t  of  I V I e l e -  
m e n t s  and xi E X. T h e  r a n d o m  f i e ld  and i t s  d i s t r i b u t i o n  a r e  c a l l e d  "G ibbs i an"  i f  the  cond i t i ona l  p r o b a b i l i t y  
s a t i s f i e s  the  condi t ion  

P {~ (t,) = x ,  . . . . .  ~ (t]v0 = x l v , / ~  (t) =x(t ) ,  t E T ~ \ V }  = qv (x,  . . . . .  xlvl /x (t)) (1.2) 

with p r o b a b i l i t y  1 fo r  a l l  f in i t e  V = {t 1 . . . . .  t I v I }  c TV, x l  EX . . . . .  x l v  I EX and func t ions  x( t ) ,  t E T V \ V ,  
with v a l u e s  in X; h e r e  

~xp { -  ~Uv ( x, . . . . .  ~lvl,,.~ (t))} (1.3) 
qv (x~ . . . . .  x lv t /x  (t)) = 

.~ ~xp { -  13uv (.,-, . . . . .  ~lvl/~ (t))} 
x~EX,...,XlVi6x 

and 

IVl I Iyl ivl 
Uv(x, . . . . .  Xlvl/x(t)) - - - - I  ~ ~ x, L ~.. ~, ~ .v,xy (&-- t i )  4- ~, ~, X,X (I)U (t,---t). (1.4) 

i=1 i=~ ]=l,  ]~ei i~1 tET~'~,V 

A G i b b s i a n d i s t r i b u t i o n i n a v e s s e l V w i t h  the  b o u n d a r y  cond i t ions  x( t ) ,  t E T V ~ V ,  is de f ined  a s  a r a n d o m  
f i e ld  ~(t) such  that  

P {~ (tl) : xt . . . . .  ~ (/Ivj) =: xlvl} = qv (xl . . . . .  Xlvl/x (t)), 

P {~ (t) = x (t)) = 1, t ~ Tv \V .  (1.5) 

In [1] concep t s  w e r e  d e v e l o p e d  d e m o n s t r a t i n g  the f ac t  that  G i b b s i a n  d i s t r i b u t i o n s  s p e c i f y  m e t h o d s  of  d e -  
s c r i b i n g  o h y s i c a l  s y s t e m s  in an " in f in i t e "  v e s s e l .  I t  was  a l s o  shown tha t  the c a s e  when the G i b b s i a n  d i s -  
t r i b u t i o n  with  the s p e c i f i e d  p a r a m e t e r s  (/2, /3, U(')) is  unique c o r r e s p o n d s  to the c a s e  when  t h e r e  is no 
s e p a r a t i o n  of p h a s e s .  

The  p u r p o s e  of  th is  p a p e r  is  to i nd ica t e  the  e x p l i c i t  cond i t i ons  for  which  i t  is  p o s s i b l e  to e s t a b l i s h  
the  un iquenes s  o r ,  c o n v e r s e l y ,  t he  nonun iqueness  of a G i b b s i a n  d i s t r i b u t i o n  wi th  s p e c i f i e d  p a r a m e t e r s ;  
we a l s o  u s e  e x a m p l e s  of  nonun iqueness  to d i s c u s s  the  c o n s e q u e n c e s  tha t  d e r i v e  f r o m  i t  wi th  r e s p e c t  to 
p h a s e  t r a n s i t i o n s  in the s y s t e m .  

2. F i r s t  we ind ica t e  the  cond i t ions  g o v e r n i n g  u n i q u e n e s s  of  the  G i b b s i a n  d i s t r i b u t i o n .  

THEOREM 1. A s s u m e  

Ins t i t u t e  of  I n f o r m a t i o n - T r a n s m i s s i o n  P r o b l e m s ,  A c a d e m y  of  S c i e n c e s  of  the  USSR. T r a n s l a t e d  
f r o m  F u n k t s i o n a l ' n y i  Ana l i z  i Ego P r i l o z h e n i y a ,  Vol ,  2, No. 4, pp .  44-57 ,  O c t o b e r - D e c e m b e r ,  1968. 
O r i g i n a l  a r t i c l e  s u b m i t t e d  F e b r u a r y  23, 1968. 
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l 
- -  \ '  sup " ~ ! q { o } ( x / x ( l ) ) - - q { o } ( x / ' ( ( t ) ) I ~ t ,  (2.1) 

2 ~ '  ~ x t i = ~ ( t ~ ,  t~-s  x~'.¥ s(ZT v .  s - - - ~ x ' t ) '  x (tJ: . 

w h e r e  {0} is a se t  of one point  0 and the upper  boundary  is taken over  all  pa i r s  of the funct ions x(t), ~(t), 
t E TuN {0}, such that  x(t) = ~(t), t ~ s .  Then the re  exis ts  only one Gibbsian d i s t r ibu t ion .  The p r o p e r t i e s  
of  d imens iona l  r e g u l a r i t y  f r o m  within and f r o m  without  a r e  sa t i s f i ed  fo r  it (see [1]). If the potent ia l  U(t) 
is f inite (i .e. ,  U(t) = 0, Itl > C), then the funct ions ~oV(') and ¢~¢(.) in (5.3) and (5.4) taken f r o m  [1] mus t  be 
a s s u m e d  equal :  

(~. (d) - e -'~vJ, tp-¢ (d) := e - ~ a ,  ~v > 0 ,  ~ -  >0 .  (2.2) 

If  the potent ia l  U(t) <¢o fo r  al l  t E T v, then condi t ion (2.1) is c e r t a in ly  sa t i s f ied  for  the va lues  of (Is, fl) such  
that  1/1 ~ >-- is0 o r  B -< fl0, w h e r e  is0 < ¢¢, fl0 > 0 a r e  c e r t a i n  cons t an t s .  Fo r  an a r b i t r a r y  potent ia l  U(t) Condi -  
t ion (2.1) is sa t i s f i ed  fo r  va lues  (is, fl) such that  Is -< Is0(/3), where  the cont inuous  function ~0(fl) has  a finite 
l im i t  for  fl -* oo and whe re  Is0(fl) ~ c/ /3  fo r  fl --* 0, where  the cons tan t  c > 0. 

P roo f .  The b a s i c  pos tu la te  of the  t h e o r e m  fo rmu la t ed  above is a p a r t i c u l a r  c a s e  of a m o r e  genera l  
t h e o r e m  (in which it is not a s s u m e d  that  the condi t ional  d i s t r ibu t ions  a r e  Gibbsian),  which was  p roved  in 
deta i l  in [2]. Here  we b r i e f ly  indicate  only the bas i c  fo rmula t ion  used  in its proof;  we a s s u m e  fo r  s i m -  
p l ic i ty  that  the potent ia l  is f ini te .  Each  point  t E T v is jux taposed  with an o p e r a t o r  Qt tha t  o p e r a t e s  in the 
d i s t r ibu t ion  space  of  the r andom fields and conve r t s  the d i s t r ibu t ion  P = {PV( ' ) ,  V C. T v} into the d i s t r i b u -  
t ion P = {PV( ' ) ,  V C T v. We will  define that  o p e r a t o r  on the bas i s  of the p ropos i t ion  that  

Pv(x l  . . . . .  xlvl), t f V ,  
"Pv (x~ . . . . .  xlvl) -- P v \  {t} (Xl . . . . .  xlvl-~) q{ t} (xlvl/x~ . . . . .  xlvl-~), 

V := {it . . . . .  t~vl-t, /}, d ( R V ~ V ,  {t})>C,  (2.3) 

w h e r e  q {t} (x I V I / x l  . . . . .  xl V] - 1) is the value of q{t} (x [V I /x( t ) ) ,  that  is gene ra l  a c c o r d i n g  to the a s s u m p -  
t ion of  f in i teness  for  al l  funct ions  x(t) with x(ti) = xi, i = 1 . . . . .  IVI - 1 .  For  the r e m a i n i n g  V the value of 
PV(')  is d e t e r m i n e d  f rom the ma tch ing  condi t ion for  the f ini tely d imens ioned  d i s t r ibu t ions  (see (2.3) in [1]). 
It is obvious  that  the Gibbs ian  d i s t r ibu t ions  a r e  inva r i an t  r e l a t ive  to the o p e r a t o r s  Qt. A s s u m e  

Q : H Qt. (2.4) 
tF.T v 

(The sequence  in which the noncommuta t ive  o p e r a t o r s  Qt a r e  mul t ip l ied  is not essent ia l . )  We a r e  able to 
p rove  that fo r  condit ion (2.1) the o p e r a t o r  Q is c o m p r e s s i v e  (in a c e r t a i n  gene ra l i z ed  sense) ,  whence t h e  
s t a t e m e n t  of the t h e o r e m  fol lows.  

Here  we need m e r e l y  es tab l i sh  the range  of  va lues  of(Is,/3) fo r  which  condi t ion (2.1) is sa t i s f ied .  
F o r  this  p u r p o s e  we note tha t  in a c c o r d a n c e  with (1.3) we have the fol lowing r e su l t  fo r  x(t) = x~t), t ~ s ,  
andU( t )  < ~ , t  6 T  v, 

t ~ o  a t ~ o  

~.~ (2.5) 
( i +  exp {--  [3 [ -- I-t + t~'~o ] U (t) I 1})~ 

Since f r o m  (1.1) it follows that  

[ 1 - -  exp ( - -  ~V (s)} l < oc, (2.6) 
s:~e0 

and the sum of  tha t  s e r i e s  tends to ze ro  fo r /3  ~ O, it follows f r o m  (2.5) that  condit ion (2.1) is sa t i s f ied  for  
/3 -<~0. Since Ix +yJ- -  ~xl [yl, if  I x ] - > 2 ,  y -> 2 and II-eXl -< glxl , w h e r e  g <  co, i f e  x -- 2, it follows that  
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~, I l--expf--PU(s)} I < g7 ~ IU(s)l 
s ~ o  exp{-(qu(,,)l }<~ 

-F- ~, exp{-- pU@)} ~g,~ I U(s)l + exp li~ ~ [U(s)[}. (2.7) 
exp{--~l:](s)l}>~2 sw-o ~ s~-o 

F r o m  (2.7) and (2.5) i t  fo l lows that  fo r  f l ~  oo and s u f f i c i e n t l y  l a r g e  IpI the s u m  with  r e s p e c t  to s of the r i gh t  
s i d e s  in (2.5) t ends  to z e r o  (for  l a r g e  p o s i t i v e  it due to the f ac t  tha t  the n u m e r a t o r  of the  f r a c t i o n  t ends  to 
~o m o r e  s l owly  than  i ts  d e n o m i n a t o r ,  and fo r  l a r g e  n e g a t i v e / ~  due to the  fact  that  the  n u m e r a t o r  t ends  to 0 
and the d e n o m i n a t o r  t ends  to 1). T h e r e f o r e ,  Cond i t ion  (2.1) is  s a t i s f i e d  fo r  litl ->itn. 

When U(t) can  a c q u i r e  the v a l u e s  oo, I n e q u a l i t y  (2.5) and the s u b s e q u e n t  e s t i m a t e s  a r e  a p p l i c a b l e  if  
x(t) = x(t) = 0 w h e r e v e r  U(t) = ~ .  If  x(t) = x(t) = 1 fo r  U(t) ~o, then the l e f t  s i d e  in (2.5) is  s i m p l y  equa l  to 
z e r o .  T h e r e  s t i l l  r e m a i n s  the  c a s e  when U(s) = ~o, x(s) = l , ~ ( s )  = 0 and x(t) =~( t )  = 0 fo r  U(t) = ~o, t ~ s .  
F o r  tha t  c a s e  

"l t ~o  
-7- (#z(°)l:= [ [ (2.s) 

x~x t-l-exp --~ - - ,  t ~ o  J) 

and th is  e x p r e s s i o n  tends  to 0 fo r  it --- -oo u n i f o r m l y  with r e s p e c t  to x( t ) ,  ~(t) and  a l l  s u f f i c i e n t l y  l a r g e  ~. 
F i n a l l y ,  for  fl ~ 0, #fl = c o n s t  the  e x p r e s s i o n  in  (2.8) t ends  to eflit/(1 +efl/~), whence  i t  fo l lows thatPo(~)~c/fl. 

It can  b e  s t a t e d  c o n v e n i e n t l y  tha t  Condi t ion  (2.1) m e a n s  tha t  the c o n d i t i o n a l  G i b b s i a n  p r o b a b i l i t i e s  
d e p e n d  w e a k l y  on the  c o n d i t i o n s .  The  s a t i s f a c t i o n  of Condi t ion  (2.1) fo r  s m a l l / 3  is  r e l a t e d  to the fac t  tha t  
f o r  U(t) ~ oo, t E T v, the  c o n d i t i o n a l  p r o b a b i l i t i e s  of bo th  v a l u e s  of  x ~ X p r o v e  to be  c l o s e  to  t h e i r  p r o b -  
a b i l i t i e s  in the  c a s e  of  an i d e a l  g a s .  F o r  # c l o s e  to -¢o the c o n d i t i o n a l  p r o b a b i l i t y  tha t  x = 0 is  c l o s e  to 1, 
and  fo r  it c l o s e  to +oo i t  is  c l o s e  to 0 u n i f o r m l y  wi th  r e s p e c t  to a l l  c o n d i t i o n s .  If U(t) can  a c q u i r e  in f in i t e  
v a l u e s  and U(t)x(t) = ¢o fo r  a c e r t a i n  t ,  then fo r  a l l  i t and  fl the cond i t i ona l  p r o b a b i l i t y  tha t  x = 0 is  equa l  to 
1, and the r e a s o n i n g  i s  p e r f o r m e d  on ly  in the  c a s e  of s u f f i c i e n t l y  l a r g e  n e g a t i v e  #. T y p i c a l  r a n g e s  of  the  
v a l u e s  (fl, #) for  which  cond i t i ons  (2.1) a r e  s a t i s f i e d  have  b e e n  shaded  in F i g s .  1 and 2. In F ig .  1 we took 
into  accoun t  the  f ac t  tha t  when  x(t) is r e p l a c e d  wi th  x ' ( t )  = 1 - x ( t ) a n d  it i s  r e p l a c e d  with  p '  ---- - - ~ - I -  ~, U (t) 

tET v 

the  c o n d i t i o n a l  p r o b a b i l i t y  q{0}(0/x(t)) b e c o m e s  q{0}(1/x '( t )) ;  t h e r e f o r e ,  the  r e g i o n  in  which  Condi t ion  (2.1) 
i s  s a t i s f i e d  c a n  b e  a s s u m e d  s y m m e t r i c a l  r e l a t i v e  to the  l i ne  

t (2.9) 

lET v 

Note tha t  a r e s u l t  a n a l o g o u s  to T h e o r e m  1 can  be  p r o v e d  b y  the  R u e l l e - M i n l o s  me thod  ( s ee  [3]). Note  a l s o  
tha t  f r o m  the r e s u l t s  o f  [2] i t  is  p o s s i b l e  to e x t r a c t  e x p l i c i t  e s t i m a t e s  for  ~ v ( d )  and  ~ ( d )  even  in the c a s e  

o f  nonf in i te  p o t e n t i a l s .  

3.  W h e r e a s  in the  m u l t i d i m e n s i o n a l  c a s e  u n i q u e n e s s  is  p r o v e d  on ly  f o r  a c e r t a i n  s u b r a n g e  of the 
v a l u e s  of  the  p a r a m e t e r s  (fl, it), in the o n e - d i m e n s i o n a l  c a s e  v = 1, u n i q u e n e s s  u s u a l l y  a p p l i e s  fo r  a l l  (fl, it) 
i f  the po t en t i a l  d e c r e a s e s  s u f f i c i e n t l y  r ap id ly ;  th is  c o r r e s p o n d s  to the  p h y s i c a l  concep t  t ha t  p h a s e  t r a n s i -  

t i o n s  a r e  a b s e n t  in o n e - d i m e n s i o n a l  s y s t e m s .  

THEOREM 2. A s s u m e  v = 1. A s s u m e  t h e r e  e x i s t s  a s e q u e n c e  of n u m b e r s  pk  < 1, k = 0, 1 . . . . .  such  

tha t  Pk "" 0 f o r  k --- ~ and 
i 

sup sup - -  ~ ,  I qto,.I (x~ . . . . .  x .+~/x  (t)) 
n=o,1 , , ,  x(O, "x{t):xiO~'x (t), --k~.t<o, n<t 2 x~EX,...,Xn+xE X 

- -  q[0.,l (x, . . . . .  x,+l/;(t))l~,ok, k =:0, 1 . . . . .  (3.1) 

where the upper bound is chosen over all n = 0, 1 . . . .  and over all pairs  of functions x(t), ~(t), t 6 T i \ [ 0 , n ] ,  
such that x(t) = ~'(t), if k -< t < 0 and n < t. Then there exists only one Gibbsian distribution. For this d is-  
tribution the condition of uniform strong mixing is satisfied; this condition indicates the existence of a 
function x(d) --* 0 for d -~ ¢o, such that for all finite V CA T I, ~¢ C T 1 
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sup I Pr { A / B }  - -  Pr {B} J < 7. (d (V, ?))  AE~t.,B6~ y (3 .2) 

(see [1], s ec t ion  5); 
the sum 

f u r t h e r m o r e ,  if the potent ia l  is f inite,  it is poss ib le  to p lace  x(d) = e -°~d, a >0.  

Y, lU(OII t l< =, 
t:ltl>-d 

If  

(3.3) 

then Condit ion (3.1) is sa t i s f i ed  for  al l  (fl,/~). 

Note that  the p r o p e r t y  of u n i f o r m  s t r o n g  mixing  (3.2) b r i ngs  with i t  the p r o p e r t i e s  of u n i f o r m  r e g u -  
l a r i t y  f r o m  within  and f r o m  without .  

P roo f .  The b a s i c  pos tu la te  of  the fo rmu la t ed  t h e o r e m  is a p a r t i c u l a r  c a s e  of  a m o r e  gene ra l  t h e o r e m  
that  was  p r o v e d  in deta i l  in [2]. In the case  of a finite potent ia l  it is de r ived  s imp ly  f r o m  the e rgod ic  
t h e o r e m  fo r  Markov  chains .  Here  we will  m e r e l y  v e r i f y  the fact  that  f r o m  Condit ion (3.3) we obtain s a t i s -  
fac t ion  of  Condit ion (3.1). F o r  this pu rpose  we note tha t  f r o m  (1.3) it follows that  if x(t) = ~ ( t ) , - k  -<t < 0, 
n < t, then the ra t io  

T h e r e f o r e ,  

q[..-I (xl . . . . .  x.+l/x (t)) 
qto..., ( * ,  . . . . .  x,,+, '7 (0) 

s<--k 

U(s- s)ll 
1 

> e x p / - - 2 ~  ~ ItllU(OI}. 
Itl>/~ • 

(3.4) 

i 
~,, I qto.,q (xt . . . . .  x . + j x  ( t ) ) -  qt,,..1 (x, . . . . .  x~ ~d.~-(t)) l -Y 

xtEX,...,XnTxEX 

-- 1-- ~.j min (q£o.n] (xl . . . . .  x,~+t/x (t)), qto.n] (xi . . . . .  xn+l!x(t))) 
xt E X,...,Xn.t.I E X 

-~ 1-- exp {--2,~ ~ l l J j U ( t ) J } x  ~ O[o.nl (xl,. . . . .  xn..~/x'(l)) 
I t  I > k ~EX,...,XnT1EX 

= l - - e x p  {--2~ ~] It l lU(OI}; (3.5) 
ttl>k 

the r igh t  s ide  in this inequal i ty  tends to z e r o  for  k --- ~o. It is l e s s  than 1 for  a l l  k if J U(t) J < ~o fo r  all  
t E TV; this p r o v e s  sa t i s f ac t ion  of Condit ion (3.1) in this  c a s e .  In the gene ra l  c a s e ,  when only (3.3) is 
va l id ,  it is s t i l l  n e c e s s a r y  to check  whe the r  the r igh t  s ide  in (3.5) is l e s s  than 1. P r o c e e d i n g  in a manne r  
analogous  to that  used  in obta in ing the e s t i m a t e  (3.5), it is d e m o n s t r a t e d  that  f o r  x(t) -~( t ) ,  t > n, we have 

t -£ Y I qto,n] (x, . . . . .  x,+x/x (t)) - qto.,q (x ,  . . . ,  x,+dx(t)) I 
xtEX,...,xn+IEX 

>exp { - -2~  ~ JU(t)Jltl} ~, q[o,.](0 . . . . .  O.x,+, . . . . .  x.+jx( t ) ) .  (3.6) 
ltl > d XdTlEX,...,Xa+xEX 

F u r t h e r m o r e  (see (1.3), (1.4)): 

%.1 (o. o, xd+l . . . . .  x.+l /~( t ) )  
Xd+tEX,.. ,Xn+tEX 

i -- .,~ '~, %.,,1 (0 . . . . .  O, xa+ . . . . . .  x,,+~/;(t)) 
x,EX,...,xn+tEX 

> ~  ,hi. %'"1(° . . . .  o,.~+, ..... x.+jx(o) Y qto.l(x, ..... ~.+,/;(0) 
2 x,Ex..-.xn+tex U[o.n ] (x I . . . . .  xn+~/'~(t)) x, ex.....xn~,_~ex ' 

> ~exp/2" [ -- f~(l l~ld+linfU(t) l ,  er~ d (d-- t ) 2  d ,er,' ~' rain (U (t), 0))}. (3.7) 

Since the r i gh t  s ide of Inequal i ty  (3.7) is pos i t ive  and independent  of  n and ~(t), it follows f r o m  (3.7) and 
(3.6) tha t  the coef f ic ien ts  Pk in the fo rmula t ion  of the t h e o r e m  can  be  made  l e s s  than 1; this p roves  s a t i s -  
fac t ion  of  Condit ion (3.1) when  (3.3) is va l id .  
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Fig .  1. Reg ion  i n w h i c h  
Cond i t ion  (2.1) is  s a t i s -  
f ied .  The  p o t e n t i a l  
U(t) ;~¢o , t  E T  v .  

r ~  
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i ? "  - . . . . . . . .  ~ 

y 
F ig .  2. Reg ion  w h e r e  
Condi t ion  {2.1) i s  s a t i s -  
f i ed .  The  po t en t i a l  U(t) 
can  a c q u i r e  t he  va lue  
- b o o .  

a ,I l j l  

F / A ~  F/~A 

, l~1l I I I  ~ 

Fig .  3.  Con tou r s  in 
the  c a s e  ~(t)=x0(t) for  
the  I s ing  m o d e l  wi th  
a t t r a c t i o n .  The  a r -  
r ows  i s o l a t e  the d i r e c -  
t ion  of  con tou r  r o t a -  
t ion.  

In the c a s e  of f in i te  U(O the  r e s u l t s  g iven  in T h e o r e m  2 can  b e  o b t a i n e d  f r o m  known e x p l i c i t  f o r m u l a s  
fo r  the  c o r r e l a t i o n  func t ions ;  i t  i s  new fo r  nonf in i te  U(t) .* The  q u e s t i o n  as  to  w h e t h e r  Condi t ion  {3.3) can  
be  r e p l a c e d  wi th  the w e a k e r  cond i t ion  (1.1) r e m a i n s  open.  (On this  s u b j e c t  s e e  the  d i s c u s s i o n  in [2], s e c -  

t ion  2.1 

4. We wi l l  now p r o c e e d  to e x a m p l e s  o f  nonun iqueness  of the  G i b b s i a n  d i s t r i b u t i o n  v > 1. F i r s t  we 
wi l l  s t u d y  the I s ing  m o d e l  wi th  a t t r a c t i o n  in which  

U(t) : { a < 0 ,  if I l l - - l ,  (4.1) 
o ,  if [ t l4=l .  

We find tha t  fo r  such  a p o t e n t i a l  t h e r e  e x i s t  a t  l e a s t  two d i f f e r e n t  G i b b s i a n  d i s t r i b u t i o n s  fo r  ( s ee  (2.9)) 

F = ~ = va, ~ ~ - -  a-lsv, (4.2) 

w h e r e  the  c o n s t a n t  su ,  which  depends  only  on the d i m e n s i o n a l i t y  u, w i l l  b e  de f ined  be low d u r i n g  the c a l c u -  
l a t i o n s .  Th i s  f ac t  was  f i r s t  d e r i v e d  b y  R.  A.  Minlos  and Ya. G. S ina i  (o ra l  communica t i on )  on the b a s i s  of  
the  me thod  d e v e l o p e d  in  [4] b a s e d  on equa t ions  fo r  c o n t o u r s  and p r o b a b i l i t y  e s t i m a t e s  of  a con tou r  ( see  
L e m m a  1 - P e i e r l s  [10], G r i f f i t h s  [5], and R.  L .  D o b r u s h i n  [6]). The c o n c e p t s  d e v e l o p e d  in th i s  p a p e r  m a k e  
i t  p o s s i b l e  to ob ta in  th is  r e s u l t  in a c o n s i d e r a b l y  s i m p l e r  m a n n e r  a s  a d i r e c t  c o r o l l a r y  of  L e m m a  1. 

A l l  f o r m u l a t i o n s  in th i s  and  s u b s e q u e n t  s e c t i o n s  a r e  ana logous  fo r  any  d i m e n s i o n a l i t y  v -> 2. F o r  
p u r p o s e s  of  g e o m e t r i c  c o n v e n i e n c e  we wi l l  a s s u m e ,  h o w e v e r ,  tha t  u = 2 (the m u l t i d i m e n s i o n a l  g e n e r a l i z a -  
t ion  has  been  s t u d i e d  in d e t a i l  in [6]). Be low we s h a l l  s t udy  j u s t  two c a s e s  of  the  b o u n d a r y  cond i t i ons :  

x(t) = [ x°(t) ::- O, t E T 2 ~ V ,  (4.3) 
[x~(t)= 1, tET~\V, 

and s h a l l  a s s u m e  tha t  V = {t 1 . . . . .  t [ v l }  is  a c e r t a i n  s q u a r e .  We s h a l l  a s s o c i a t e  each  po in t  t E T 2 of the 
t w o - d i m e n s i o n a l  l a t t i c e  wi th  a s q u a r e  hav ing  s i d e s  of  l eng th  1 p a r a l l e l  to the  c o o r d i n a t e  a x e s  wi th  i t s  c e n -  
t e r  a t  t ha t  poin t .  We wi l l  a l s o  d e s i g n a t e  i t  wi th  the  s y m b o l  t .  Each  funct ion  ~(t) ,  t E T2,-~(t) = 0, 1, i s  
j u x t a p o s e d  wi th  a g e o m e t r i c  p a t t e r n  {see F ig .  3) tha t  i s  ob ta ined  if  we shade  the s q u a r e s  for  which  E(t) = 1. 
We wi l l  de f ine  a b o u n d a r y  s i d e  a s  the  s i d e  of  a s q u a r e  tha t  s e p a r a t e s  s h a d e d  and u n s h a d e d  s q u a r e s .  Geo-  
m e t r i c a l l y  i t  is  obvious  tha t  an even  (0, 2, o r  4) n u m b e r  of b o u n d a r y  s i d e s  e m a n a t e  f r o m  each  v e r t e x  of  
the  s q u a r e s ,  and tha t  each  e n s e m b l e  of  s i d e s  of  s q u a r e s  wi th in  V hav ing  tha t  p r o p e r t y  c o r r e s p o n d s  to a 
c e r t a i n  func t ion  ~(t); f u r t h e r m o r e ,  fo r  a s p e c i f i e d  b o u n d a r y  func t ion  x(t) t h i s  a m o u n t s  to a o n e - t o - o n e  
r e l a t i o n s h i p  i f  x(t) = x ( t ) ,  t E T 2 ~ V .  We wi l l  de f ine  the  length  of the  s i t u a t i o n  b o u n d a r y  (x 1 . . . . .  x i v I ) ,  
x i  EX,  i = 1 . . . . .  IV],  for  a s p e c i f i e d  funct ion  x(t) a s  the  n u m b e r  r ( x  l ,  . . . ,  x I v I / x ( t ) ) ,  equa l  to the  s u m  
of  the n u m b e r  of p a i r s  of po in t s  t i ,  t j ,  i ~ j ,  such tha t  I t i - t j ] = l ,  xi  ~ x j ,  and the n u m b e r  of p a i r s  of po in t s  
t i ,  t .E T 2 \ V ,  such  tha t  I t i - t l  = 1, xi  ~ x( t ) .  It can  b e  s e e n  tha t  l~(xl . . . . .  x l v I / x ( t ) )  is  the o v e r - a l l  n u m b e r  

* A f t e r  th i s  p a p e r  had  b e e n  s u b m i t t e d  for  p u b l i c a t i o n ,  the  a u t h o r  r e c e i v e d  a p r e p r i n t  of  a p a p e r  b y R u e l l e  [9] 
in which  a r e s u l t  c l o s e  to tha t  con ta ined  in T h e o r e m  2 was  p r o v e d .  
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Fig.  4. Resu l t  of a p -  
p ly ing the t r a n s f o r m -  
at ion T G to the s i t u a -  
t ion  in Fig.  3,  whe re  G 
is the con tour  of  m a x -  
i m u m  length.  

Fig.  5. Regions  of  un ique -  
ness  and nonuniqueness  
in the I s ing  mode l  with 
a t t r ac t ion .  The hypo the -  
t i ca l  cont inuat ion of  the 
nonuniqueness  l ine is 
shown dashed .  

I [cZ~dJ .-z,. ~ .;, 

"~',.'~'~,'~ ~ @ ~ ~ , 
! F ~  I 
,E~_(_~ _ ~, _ ~ _ ~ 4  _ B . .  

Fig.  6. Contours  for  
the Is ing model  with 
r epu l s ion .  

of boundary  s ides  for  the func t ionx( t )  = x(t), t E T 2 \ V ,  ~(t i) = x i, ti  E V. The s i tua t ion  b o u n d a r y  (xl . . . . .  
xl VI ) is def ined as the e n s e m b l e  of b o u n d a r y  s ides  for  ~(t). Note that  f r o m  (1.3) we obtain the fol lowing 
r e s u l t  f o r  # = ~ = 2a: 

qv (x, . . . . .  xwl 'x (t)) 

~a 
exp [ 7  r (xl . . . . .  xwl,'x(t)) } 

exp { ~ r ( x ,  . . . . .  xwr,'x (0) } 
xLf:X....,xlvI(:X 

(4.4) 

G e o m e t r i c a l l y  it is ev ident  that  the e n s e m b l e  of  al l  boundary  s ides  can  be subdivided i n t o n o n - s e l f - i n t e r -  
s ec t ing  c losed  b r o k e n  l ines  tha t  we wil l  ca l l  con tou r s  (Fig.  3 shows e ight  contours ) ;  f u r t h e r m o r e ,  it is 
convenien t  to a s s u m e  tha t  all  c o n t o u r s  p e r f o r m  tu rns  at  v e r t i c e s  w h e r e  four  boundary  s ides  conve rge .  
Under  these  condi t ions  two c o n t o u r s  e i the r  do not i n t e r s ec t ,  o r  one of t h e m  is i n s e r t e d  within the o ther .  
(The ambigui ty  of  the subdiv i s ion  of  a boundary  into con tou r s  is ins igni f icant  fo r  our  purposes . )  

LEMMA 1. For  a Gibbsian  d i s t r ibu t ion  in the squa re  V with boundary  condi t ions  of  the type (4.3) the 
p robab i l i ty  Pr{G} that  the s i tua t ion (x 1 . . . . .  x IV I) conta ins  a ce r t a in  con tour  G (i .e. ,  m o r e  o r e c i s e l y ,  that  
each  of  the s ides  of the con tour  G is included in the s i tua t ion  bounda ry  (x 1 . . . . .  xl  VI)) is such  that  

Pr (6} < exp ( ~ 1 6 ] }  , (4.5) 

w h e r e  IGi is the length of the con tour  G. 

This  l e m m a  was  p roved  in [5] and [6]. We will  give a s imp le  p roo f  of  it, s ince  it will  be gene ra l i z e d  
in the subsequent s e c t i o n s .  A s s u m e  ~(G) is an e n s e m b l e  of  s i tua t ions  (x 1 . . . . .  x l v  I) conta in ing  the contour  
G. Then  f r o m  (4.4) it follows that  

%" exp / ~ r  (x,, .,Xwl/X(t)) } z ;  

Pr {G} := (* ..... *lVt )e'9(a) (4.6) 

/ ,  exp r (xx . . . .  Xlvl/X (t)) 
x,(~x,...,XlVle .x" 

We in t roduce  the t r a n s f o r m a t i o n  TG that j ux taposes  each  s i tua t ion  (x 1 . . . . .  x lv  I) E ~(g) a c c o r d i n g  to the 
fol lowing rule :  

xi ::: xi, if t~ does not lie outside the contour G, 

.x~'i ::= 1 - -  Xi, if ti lies inside the contour G (4.7) 

(Fig.  4). In o the r  w o r d s ,  the t r a n s f o r m a t i o n  T G annihi la tes  the contour  G and does  not  change  o ther  con-  
t o u r s .  It is evident  that  

F (x t . . . . .  :~'ivi/x (t)) := r (x, . . . . .  xlvl/x (t)) - -  ] G [ (4.8) 
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and that  d i f fe ren t  s i tua t ions  (x, . . . . .  x l v  I) y ie ld  d i f fe ren t  s i tua t ions  (~f . . . . .  x j v l ) .  T h e r e f o r e ,  

exp F (xl . . . . .  xWl'x (~)) 

" = e x P ] 2  I GI ' (4.9) 

I - I  
which p roves  the l e m m a .  

Note that  if  the  point  to = (to 1, t02) 6 T 2 l ies inside the con tour  G and this  contour  conta ins  a s ide of a 
squa re  with i ts  c e n t e r  at t = (t 1, t2), ins ide G, then the length of  the contour  G m u s t  be  no l e s s  than 2( ] t~- t t [  + 
I t02-t~l + 2). F u r t h e r m o r e ,  no m o r e  than 3 d- !  b r o k e n  l ines d pas s  th rough  the given s ide .  A s s u m e  rr(t0) is 
the p robab i l i ty  that  the point to l ies  ins ide at  l eas t  one of  the con tour s  spec i f ied  by the s i tuat ion (x t . . . . .  
x[ V[ ). Summing  over  all  con tour s  G that  contain  t o inside them and pas s  a long a s ide of  the squa re  t, and 
taking into account  the fac t  tha t  under  these condi t ions  a con tour  of  length d will  be counted d t imes  and that  
the length d of  a con tour  is a lways  a mul t ip le  of 2 and each squa re  has  four  s ides ,  we obtain the fol lowing 
r e s u l t  f r o m  (4.5): 

I t a( to )<  4 ~, ~ s : ~ e x p  {(~a + 21n3)k} 

2 

2 co 4 exp {[~a q- 2 In 3} 
= ~ ~', k ~ l k  "" ~ (k - -  l)2]exp {(~a -I- 2 In 3) k} ~ ~'(t--exp {~a + 21n 3}F' 

if  exp {/3a + 2 In 3} < 1. A s s u m e  s 2 > 0 is the so lu t ion  of  the equat ion 

4 exp (-- s~ + 2 In 3} I 
3 (l -- exp {-- s~ -}- 2 In 3}) 3 '2 

(4.10) 

Then,  if  Condit ion (4.2) is val id ,  it follows that  ~(t0) -<3/< 1/2 for  all  t o E T v. But  if x(0 = x0(t) and the point  
to l ies  outs ide  any con tour ,  then the field value is ~(t0) = 0. F r o m  this it fol lows that  the fol lowing r e l a -  
t ionship  is val id fo r  a Gibbsian d i s t r ibu t ion  with the bounda ry  condi t ions  x0(t) : 

i (4.11) Pr (~ (ti) == 1 } < T ~ ~ ,  ti O- V. 

It is obvious that  Condit ion (4.11) i so la t e s  a c losed  se t  of  d i s t r ibu t ions  in the m e t r i c  in t roduced  in [1] (see 
[1], sec t ion  2). T h e r e f o r e ,  in view of c o m p a c t n e s s  (see [1]) and T h e o r e m  1 f r o m  [1] t h e r e  ex i s t s  a Gibb-  
s i an  field ~(t) such  that  

t ,  Pr {~-(t) = I } ~ T ~  tO_T". (4.12) 

Analogous r ea son ing  b a s e d  on the bounda ry  condi t ions  x(t) = xi(t) l eads  to the conc lus ion  that  a Gibbsian 
field "~(t) ex i s t s  such  that  

Pr {~(t) = 1} ~ 1 - -  q ' ~ , ,  to-T ~, (4.13) 
.a 

and that  the Gibbsian  f ields ~(t) and ~"(0 cannot  co inc ide .  Taking into accoun t  the fact  that  Condit ion (4.11) 
is invar iant  r e l a t ive  to  shif ts  and applying r e a s o n i n g  that  is ana logous  to that  used  in  de r iv ing  T h e o r e m  1 
f r o m  [1], we a l so  find that  noncoincid ing  t r a n s l a t i o n - i n v a r i a n t  d i s t r ibu t ions  ex is t  fo r  which (4.12) and 
(4.13) a r e  val id ,  r e s p e c t i v e l y .  These  two d i s t r ibu t ions  a r e  obtained f r o m  one ano the r  by  r ep lac ing  0 with 
1 and 1 with 0. 

The method of  c o r r e l a t i o n  funct ions fo r  Minlos-S ina i  c o n t o u r s  [4] can be used  to p r o v e  that  the 
fo rmula ted  d i s t r ibu t ions  a r e  the l imi t s  of  the Gibbsian d i s t r ibu t ions  qv i (  " /x0(t)) and qv i (  " /xl( t ) ) ,  r e -  
spec t ive ly ,  fo r  any  expanding sequence  of  cubes  Vi. The i r  method  a l so  m a k e s  it poss ib le  to Drove the 
uniqueness  of the Gibbsian d i s t r ibu t ion  f o r  13 > rio, whe re  13 o < ~o is a c e r t a i n  cons tant ,  and fo r  a l l /z  ~#. 
In Fig.  5 the reg ion  for  which un iqueness  of  the Gibbsian d i s t r ibu t ion  is p roved  has been  shaded,  and the 
l ine on which,  as d e m o n s t r a t e d ,  t he re  is no un iqueness  is des igna ted  by  a thick line. 

308 



VA_~_ 

~ U A ~ V / A '  
V / A V / ~ V A ~  

~ V A I N N  

V A ~ V ~ i ~  
_VA_W2_{~ J 

F ig .  7. R e s u l t  of a p -  
p l y i n g  the t r a n s f o r m a -  
t ion  TG to the  s i t u a t i o n  
in F ig .  6, w h e r e  G is  the  
con tou r  of m a x i m u m  
leng th .  

The  n a t u r a l  h y p o t h e s i s  c o n s i s t s  of the  f ac t  that  the G i b b s i a n  d i s t r i b u t i o n  
i s  unique  fo r  a l l  {~,/3), wi th  the e x c e p t i o n  of  p a i r s  (p, fl, where /3  > c 2 ( - a  - i )  and c 2 i s  
the  v a l u e  f o u n d b y  O n s a g e r  ( see  [7]). The  i m p o r t a n t q u e s t i o n  of  w h e t h e r  the  c l a s s  of  

G i b b s i a n  d i s t r i b u t i o n s  is  e x h a u s t e d b y  the two d i s t r i b u t i o n s  found above  and t h e i r  
l i n e a r  c o m b i n a t i o n s  a l s o  r e m a i n s  open.  The f o l l o w i n g h y p o t h e s e s  c a n b e  a d v a n c e d .  
T h e r e  a r e  c e r t a i n  c o n c l u s i o n s  s u b s t a n t i a t i n g  the  p r o p o s i t i o n  tha t  t h i s  is  so for  
v = 2. H o w e v e r ,  for  v> 2 th i s  i s  e v i d e n t l y  no l o n g e r  so .  I t  is  p o s s i b l e  to a s s u m e  tha t  
fo r  v = 3 t h e r e  is  an e n t i r e  add i t i ona l  f a m i l y  of e x t r e m e  po in t s  in the  e n s e m b l e  of 
G i b b s i a n  d i s t r i b u t i o n s  tha t  a r e  l i m i t i n g  for  d i s t r i b u t i o n s  wi th  b o u n d a r y  c o n d i -  
t ions  x( t ) ,  t E T 3, such  tha t  x( t  i ,  t 2, t 3) = 1 fo r  t i -> c and x( t  1, t 2, t 3) = 0 fo r  
t 1 < c,  a s  w e l l  a s  ana logous  f a m i l i e s  tha t  a r e  ob ta ined  when t 1 is  r e p l a c e d  b y  t 2 
and t3; i t  is  a s s u m e d  tha t  t h e s e  e x h a u s t  a l l  the  e x t r e m e  po in t s .  Such d i s t r i b u -  
t ions  cou ld  d e s c r i b e  s u r f a c e  p h e n o m e n a  on the b o u n d a r y  of the  p h a s e s .  

Al l  tha t  was  s a i d  above  in connec t i on  with  the  I s ing  mode l  wi th  a t t r a c -  
t ion is  not  d i f f i cu l t  to ex tend  to the  m o r e  g e n e r a l  c a s e  of a r b i t r a r y  p o t e n t i a l s  
U(t) fo r  wh ich  the  n e g a t i v e  p a r t  is  in a c e r t a i n  s e n s e  ( p r e c i s e l y  de f ined  in  a 

p r e v i o u s  p a p e r  b y  the  a u t h o r  [8]) g r e a t e r  than  the p o s i t i v e  p a r t .  In [8] i t  was  p r o v e d  tha t  fo r  such  p o t e n -  
t i a l s  and fo r  s u f f i c i e n t l y  l a r g e  fl an  e s t i m a t e  ana logous  to the e s t i m a t e  in L e m m a  1 is  v a l i d .  

5. We wi l l  s tudy  the I s i n g  m o d e l  wi th  r e p u l s i o n ,  w h e r e  

V ( t ) = { a D O '  ~f {tl= 1, (5.1) 
o, ~f 1t{4=I 

We find that for such a potential at least two different Gibbsian distributions exist for a > I~I/v, 

(5.2) 

Th i s  r e s u l t  is  e v i d e n t l y  new f r o m  the m a t h e m a t i c a l  s t andpo in t .  

We s h a l l  s tudy  the  g e o m e t r i c  i n t e r p r e t a t i o n  i n t r o d u c e d  in  the  p r e v i o u s  s e c t i o n ,  but  we s h a l l  now d e -  
f ine  a b o u n d a r y  s i de  a s  any  s ide  tha t  s e p a r a t e s  two shaded  o r  two u n s h a d e d  s q u a r e s .  C o r r e s p o n d i n g l y ,  a 
long  s i t u a t i o n  b o u n d a r y  (x! . . . . .  x IV I ) wi th  the  b o u n d a r y  funct ion  x(t) is de f ined  as  the  n u m b e r  r ( x  I . . . . .  
x I v i / x ( t ) ) ,  equal  to the  sum of  the n u m b e r  of  p a i r s  of  po in t s  t i ,  t j ,  { ~ j ,  such  tha t  I t i - t j [  = 1, x i =x j ,  and 
the  n u m b e r  of  p a i r s  of po in t s  ti E V, t E T 2 \ V ,  such  tha t  ] t i - t ]  = 1, x i  = x(t) .  The obvious  m e a n i n g  of 
"F(x I . . . . .  x i v I / x ( t ) )  is  the  s a m e  a s  i t  is  in the p r e v i o u s  e x a m p l e .  F r o m  (1.2) i t  fo l lows  that  

1 (  v o )} exp - ~ - ~ ~ x~ + ~ P (x, ..... xlvL/X (0) 

qv(X~ . . . . .  x'vl/x(t)) = t ' ~ '  _ iv, . (5.3) 

x,EX....,x{v}EX t 

This formula can easily be obtained from (4.4) and from the fact that the sum r(x{ ..... x{ v{/x(t)) + 

~(x i ..... x{v{/x(t)) is independent of (x! ..... x{vl). 

We will call the point t -- (t I, t 2) even if {t I + t2{ is an even number, and odd if {t I + t2{ is an odd num- 

ber. It is obvious that separation into even and odd squares corresponds to the separation of a chessboard 
into white and black squares. In our subsequent analysis we will assume that x(t) acquires the values x0(t) 

or xi(t), where 

x 0 (t) : :  { O, t • T2~V, if t even, 
1, t (~ ~ \ V ,  if t odd. (5.4) 

0, t E T ~ \  V, ff t odd, 
Xt(0  : :  1, t E T 2 ~ V ,  if t even. 

G e o m e t r i c a l l y  i t  is  obv ious  tha t  in t h e s e  c a s e s  the  e n s e m b l e  of a l l  s i d e s  has  the  s a m e  p r o p e r t i e s  a s  i t  does  
in Sec t ion  4 of  t h i s  pape r ;  in p a r t i c u l a r ,  i t  c an  b e  s p l i t  up into c o n t o u r s  (F ig .  6). 
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For,"a G i b b s i a n  d is  t r i bu t i on  in  the s q u a r e  .V wi th  b o u n d a r y  condi t ions ,  o f , t h e . f o r m  (5;4) LE MMA 2. 

the  p r o b a b i l i t y  Pr{G} tha t  the  a r r a n g e m e n t  (x 1 . . . . . .  xiVI) con t a in s  a c e r t a i n  con tou r  G is such  tha t  

w h e r e  [ GI is the length  of  the  c o n t o u r .  

The  p r o o f  is  p e r f o r m e d  in a m a n n e r  ana logous  to the p r o o f  o f  L e m m a  1. In p a r t i c u l a r ,  p r o c e e d i n g  
a n a l o g o u s l y  to {4.6), we u s e  (5.3) to obtain .  

_ { -  +-7.1, . . . . .  

Pr {G} = (x ...... ZWli~(o) ,=l (5.6) 
f r . ~  IVl  a 

. . . . .  <,,>)} 
x,. E X,...,Xl vlE X 

The  p r i n c i p a l  d i f f e r e n c e  l i e s  in the  f ac t  tha t  i n s t e a d  of a t r a n s f o r m a t i o n  T G we in t roduce  a d i f f e r e n t  t r a n s -  
f o r m a t i o n  ~G(x  1 . . . . .  xl VI) = (~l . . . . .  ~ I V I ) ,  w h e r e  (x 1 . . . .  xl  VI) E ~(G); we def ine  th is  t r a n s f o r m a t i o n  
(F ig .  7) a c c o r d i n g  to the  fo l lowing  r u l e .  A s s u m e  t j i  is  a s q u a r e  tha t  is  d i r e c t l y  be low the s q u a r e  t i .  Then  

-'~i ~ xi ,  if ti lies outside the contour G, 

xi ~ xl~, if t i and [;]i tie inside the contour G, (5.7) 

x t =  1 - -  Xir if tt lies inside G, aLad rji lies outside G. 

In o t h e r  w o r d s ,  i t  can  b e  s t a t e d  that  the t r a n s f o r m a t i o n  ~ G  a n n i h i l a t e s  the con tou r  G, does  no t  change  con -  
t o u r s  ly ing  ou t s i de  G, and r a i s e s  a l l  c o n t o u r s  ly ing  i n s i d e  G u p w a r d  b y  one ( see  F ig .  7). Unde r  t h e s e  c o n -  
d i t i ons  

_ IVl _ WI I 
F(XL . . . . .  ~'IVl/X(t)) = F(x~ . . . . .  x in lx( t ) ) - - lG I, ~ x , - -  ~ , x ,  < Ialh°r (5.8) 

i i=l 2 ' 

w h e r e  I G I h o r  is  the  n u m b e r  of h o r i z o n t a l  s i d e s  of the  con tou r  G. Concep t s  ana logous  to (4.9) now m a k e  i t  
p o s s i b l e  to d e r i v e  the  fo l lowing  r e s u l t  f r o m  (5.6): 

An ana logous  e s t i m a t e  is t r u e ,  o f  c o u r s e ,  ff the  n u m b e r  of  h o r i z o n t a l  s i d e s  o f  the  con tou r  G is  r e p l a c e d  
with  the  n u m b e r  of v e r t i c a l  s i d e s  I Giver. S ince  ra in  (I G lho r ,  IGIver) -< 1/21GI, i t  fo l lows  tha t  (5.5) d e -  
r i v e s  f r o m  (5.9) and the  ana logous  i nequa l i t y  wi th  I G I v e r .  

Then r e a s o n i n g  fu l ly  ana logous  to tha t  p e r f o r m e d  in Sec t ion  4 d e m o n s t r a t e s  tha t  ( s ee  (4.11)) for  a 
G i b b s i a n  d i s t r i b u t i o n  with the  b o u n d a r y  cond i t ions  x0(t) we have  

P {~(t ,)= I} ~ ' ~ - - t 2 ,  if [i is even l i e  V, 
(5.10) 

P { ~ ( t i ) = 0 } ~ T ~  i ,  if ti is odd tt6. V, 

and ana logous  i nequa l i t i e s  fo r  the  G i b b s i a n  d i s t r i b u t i o n  wi th  the b o u n d a r y  cond i t ions  xl( t ) .  F r o m  th i s  i t  f o l -  
lows tha t  two nonco inc id ing  G i b b s i a n  d i s t r i b u t i o n s  e x i s t .  T h e s e  two d i s t r i b u t i o n s  m a k e  the t r a n s i t i o n  into 
one ano the r  when the f ie ld  is  sh i f t ed  b y  1. Thus ,  t h e s e  two d i s t r i b u t i o n s  do not  d i f f e r  f rom each  o t h e r  in 
t h e i r  m a c r o s c o p i c  c h a r a c t e r i s t i c s .  The r a n g e s  o f  v a l u e s  of the p a r a m e t e r s  (/3,/~) for  which  un iquenes s  
and nonun iqueness  of  the G i b b s i a n  d i s t r i b u t i o n ,  r e s p e c t i v e l y ,  have  been  p r o v e n  in th is  c a s e  a r e  shown in 
Fig .  8. The l ine  s e p a r a t i n g  the un iquenes s  and nonun iqueness  r e g i o n s  m u s t  p a s s  s o m e w h e r e  b e t w e e n  them;  
th i s  l ine  can  a l s o  be  d e s c r i b e d  as  the l ine  f o r m e d  by the b r a n c h i n g  po in t s  of the o p e r a t o r  Q in t roduced  in 
(2.4). It is  n a t u r a l  to a s s u m e  tha t  a t  those  b r a n c h i n g  o o i n t s  a n a l y t i c i t y  of  the m a c r o s c o D i c  f i e ld  c h a r a c -  
t e r i s t i c s  is  v io l a t ed ;  h o w e v e r ,  th is  r e m a i n s  u n p r o v e d .  With  r e s p e c t  to the c o m p l e t e  d e s c r i o t i o n  of a l l  
G i b b s i a n  d i s t r i b u t i o n s  we can  s t a t e  a h y p o t h e s i s  ana logous  to the one c i t e d  in Sec t ion  4. If we adopt  th i s  
h y p o t h e s i s ,  then we f ind  tha t  in the i n v e s t i g a t e d  e x a m p l e  the  t r a n s l a t i o n - i n v a r i a n t  d i s t r i b u t i o n  is  unique.  
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Fig .  8. Un iquenes s  and 
nonun iquenes s  r e g i o n s  
in the I s ing  m o d e l  wi th  
r e p u l s i o n .  T h e i r  h y p o -  
t h e t i c a l  b o u n d a r y  is  
shown by  the d a s h e d  l ine .  

6. We sha l l  now s tudy  any po ten t i a l  U(t), t E T u, such  tha t  

U ( t ) : : o ~ ,  I t l . . : i ,  ~ [ U ( t ) l l t t . ~ o o .  (6.1) 
it I i 

We f ind tha t  fo r  such  a po ten t i a l  t h e r e  e x i s t  a t  l e a s t  two d i f f e r e n t  G i b b s i a n  
d i s t r i b u t i o n s  when 

w h e r e  

~/2~>c, ~ >  ~ (  *~ )-1 
T ":ZTv - C  s , . ,  

c = ± ma× Y, i t;llU(t) I, t = (6 . . . .  , t" i. 
V j = l , . . . , v  ll~T v 

(6.2) 

F o r  the  p a r t i c u l a r  c a s e  U(t) =0 ,  ] t] ~ 1, the  ana logous  r e s u l t  was  p r o v e d  by  
m e a n s  of a m o r e  c o m p l e x  me thod  b y  Moscow Sta te  U n i v e r s i t y  s tuden t  Sukhov 
in his  t h e s i s  w r i t t e n  u n d e r  the s u p e r v i s i o n  of  Ya.  G. S ina i .  

The  d e r i v a t i o n  of th is  r e s u l t  is  ana logous  to the c o n c l u s i o n  d r a w n  in 
Sec t ion  5. In p a r t i c u l a r ,  we adop t  the  de f in i t i ons  of  the  b o u n d a r i e s  and the 

func t ions  x0(t), xl(t) i n t r o d u c e d  t h e r e .  We ca l l  the s i t u a t i o n  (x I . . . . .  x i v  ]) a l l ow e d  if  no two s h a d e d  s q u a r e s  
have  c o m m o n  s i d e s .  I t  is  obvious  tha t  in v i ew of  (6.1) and (1.2) the  p r o b a b i l i t i e s  of  nona l lowed  s i t u a t i o n s  
a r e  equa l  to  z e r o .  A s s u m e  fo r  s i m p l i c i t y  tha t  Ivl  = /2 ,  w h e r e  l is  an even  n u m b e r .  It is  c l e a r  that  the 
n u m b e r  of shaded  c e l l s  in one c o l u m n  of the s q u a r e  V is equa l  to l / 2 - g / 2  for  an a l lowed  s i t ua t i on ,  w h e r e  g 
is  the  n u m b e r  of h o r i z o n t a l  b o u n d a r y  s i d e s  in the c o lumn .  The ana logous  p o s t u l a t e  is  a l s o  va l id  fo r  rows ,  
to tha t  for  the a l lowed  s i t u a t i o n  (x 1 . . . . . .  x J v  [) 

qV (xt, '" ,XlVI/X(t)) = 

exp --/3 ( T r  (x,,...,X!Vl,X (t)) F 2 . -ti} 
~=1 i=t. iCq !=1 ter~..\v (6.3) 

f ' ~ 1 Ivl IVl l,q " 

x~EX,...,XlVlE X , i = l t E r v N V  

LEMMA 3. F o r  a G i b b s i a n  d i s t r i b u t i o n  in the s q u a r e  V wi th  b o u n d a r y  cond i t ions  of  the fo rm (5.4) 
the  p r o b a b i l i t y  is  g iven  b y  the f o r m u l a  

The  p r o o f  of  tha t  l e m m a  is  p e r f o r m e d  a c c o r d i n g  to the  s a m e  t echn ique  as  tha t  u s e d  in the p r o o f  of 
L e m m a s  1 and 2 on the b a s i s  of  the t r a n s f o r m a t i o n  ~ G  i n t r o d u c e d  in (5.7).  H e r e  i t  shou ld  be  noted  that  
the  t r a n s f o r m a t i o n  ~ G  c o n v e r t s  an a l lowed  s i t ua t i on  into a n o t h e r  a l l o w e d  s i t u a t i o n ,  and a l s o  tha t  for  the 
a l l owed  s i t u a t i o n s  we have  

/ I v l  I v l  

, ,v ~ x,xju ¢ , -  6-) _L ~, ~, .~-,x ¢) u (t, - t) 
i j=l,i~=] i=i  t~_T~'\V 

1 IVl IH lVl I -Z• y },x~U (t, - #) - ~ ,  ~ .~,x (t)u(t,-t) < ~, Iu( t -7) l  
i=i i=t. j~i i= ,tErv\v I t : is inside the contour G, 

t--is outside the contour G, 
I t - t l . ~  l 

(6.5) 

Then  we connec t  the po in t s  t and ~ w h e r e  t = (t l, t2), ~=~1 ,~2 ) ,  b y  m e a n s  of a c o r n e r  c o n s i s t i n g  of  a h o r i -  
zon t a l  s e g m e n t  with a l ength  I t l - t i I  a n d  a v e r t i c a l  s e g m e n t  of l eng th  I t 2 - ~ l  ( i t  is  a s s u m e d  that  the  f i r s t  
c o o r d i n a t e  ax i s  is  h o r i z o n t a l ) .  If t is i n s i d e  the  c o n t o u r  G and ~ is ou t s ide  i t ,  then th is  c o r n e r  i n t e r s e c t s  
one of  the  s i d e s  of  the con tou r  G; f u r t h e r m o r e ,  for  f ixed  s = t - ~ = ( s  1, s 2) the  g iven  v e r t i c a l  s i de  of the 
con tou r  G is  i n t e r s e c t e d  by  no m o r e  than  Isl~ c o r n e r s  c o r r e s p o n d i n g  to d i f f e r e n t  t ,  ~ ' p a i r s .  We have  an 
a n a l o g o u s  r e s u l t  for  the h o r i z o n t a l  s i d e s  of the  c on tou r  G. F r o m  th is  we obta in  
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Fig. 9. Regions of unique- 
ness  and nonuniqueness in 
the case of a potential of 
the type (6.1). The i r  hypo- 
thet ical  boundary is shown 
by the dashed line. 

~, Iu(t --T)l 
t--is inside the contour G, 

?--is outside the contour G, 
Jt--t[- i 

L,IOlnor ~ ~ Is, llU(s)l +t~ % 2  / er',H 1 ~ers~r.,,.is, ~-~ lls~/lU(s) l )~ClOl"  (6.6) 

Now the postulate of the lemma der ives  f rom (6.3). 

Then it is necessa ry  to repeat  what was said in the las t  pa r t  of Sec- 
tion 5, except  that the re fe rence  to Fig. 8 must be replaced with a r e f e r -  
enee to Fig. 9. In such a model the phase t ransi t ion evidently exists  for  
all ft. 

The method developed in Sections 4, 5, and 6 makes it possible to 
es t imate  the region of nonuniqueness of the Gibbsian distr ibution for  other  
potentials as well. 
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