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One f u r t h e r  c o n s i d e r s  s y s t e m s  of  the  f o r m  

'~1 = ]1 (Xl, X2) , &2 = ]2 (Xl,  ~2) ( 1 )  

and f a m i l i e s  of s y s t e m s  (1), d e p e n d i n g  on two p a r a m e t e r s  el and e2, 

i ' l  = h (Xl '  X2' E l '  E2)' X2 =/2  (xl, x2, 81, e2), (2) 

w h e r e  f i  a r e  func t ions  of  c l a s s  C~( i  = 1, 2). 

F o r  e 1 = e2 = 0 s y s t e m  (1) of  f a m i l y  (2) has  a s i n g u l a r  po in t  x 1 = x 2 = 0, f o r  which  the m a t r i x  of the  
l i n e a r  p a r t  of the  s y s t e m  h a s  e i g e n v a l u e s  X I -- X 2 = 0 and i s  e q u i v a l e n t  to a J o r d a n  c e l l .  One s t u d i e s  the  
d i s p o s i t i o n  of  the  t r a j e c t o r i e s  of the  s y s t e m  in  a f i xed  n e i g h b o r h o o d  of  the  po in t  xi  = x 2 = 0 f o r  s m a l l  el ,  e2 
in  the  c a s e  of  a f a m i l y  in  " g e n e r a l  p o s i t i o n "  (a n o n d e g e n e r a t e  f a m i l y ) .  

LEMMA.  F o r  e 1 = e 2 = 0, b y  a change  of c o o r d i n a t e s  in  the  p h a s e  s p a c e  of c l a s s  C~(x) ,  s y s t e m  (1) 
can  be r e d u c e d  to the  f o r m  

~X : X2' "T' 2 : q11_X'l 2 "-}- ql~ Xl.T 2 - ~  q22x22 Jr- 0 (11Z~2),~ 

w h e r e  qll/qlz is  an  i n v a r i a n t  of  t he  s y s t e m  r e l a t i v e  to the  g r o u p  of  c h a n g e s  of v a r i a b l e s  in  p h a s e  s p a c e  
which  l e a v e  the  c o o r d i n a t e  o r i g i n  f i xed  (ff q12 = 0, t hen  the  i n v a r i a n t  i s  equa l  to ~) .  

We deno te  b y  ~ the  s e t  of s y s t e m s  such  tha t  qii  " q12 ~ 0. 

Def in i t ion .  A f a m i l y  (2) is  c a l l e d  n o n d e g e n e r a t e  a t  the  po in t  el = ~ 2  = 0 if  s y s t e m  (1) f o r  el = e2 = 0 
l i e s  in  ~ and the  m a p  (~1, ~,  e~, e2) ~- (h (x~, ~2, e~, ~-~)./~ (~1, x2, 8~, 8~)) is  t r a n s v e r s a l *  to ~ a t  t he  po in t  el = ~ = 0. 

One h a s  the  fo l lowing  t h e o r e m s .  

THEOREM 1. The p h a s e  c u r v e s  of n o n d e g e n e r a t e  s y s t e m  (2), wi th  the  he lp  of a h o m e o m o r p h i s m  
depend ing  c o n t i n u o u s l y  on the  p a r a m e t e r s  of a s u f f i c i e n t l y  s m a l l  n e i g h b o r h o o d  of  the  po in t  x 1 = x 2 = 0 in  the  
p h a s e  s p a c e ,  and  c h a n g e s  of  p a r a m e t e r s  n~ (~, ~), n2 (81, e~) (with n o n z e r o  J a c o b i a n  a t  the  po in t  el = ~2 = 0) 
a r e  c a r r i e d  into the  p h a s e  c u r v e s  of one of  the  fo l lowing  f a m i l i e s :  

3~1 = X2' ~'2 ~-~ I]1 "~  ~]2 ~ i  "~  ~12 "~ ~15¢2 ' (2 ~) 

w h e r e  ~ i s  equa l  to  t he  s i g n  in  f r o n t  of the  m o n o m i a l  XlX 2 (+ o r  - ) °  

*Here  t r a n s v e r s a l i t y  is  in the  s p a c e  of k - j e t s  of  g e r m s  of  v e c t o r  f i e l d s  of c l a s s  C~(x)  ( s ee  [2]). If one 
deno t e s  b y  Wk the  n a t u r a l  p r o j e c t i o n  of the  s p a c e  of g e r m s  of  v e c t o r  f i e l d s  into the  s p a c e  of k - j e t s ,  t hen  

one h a s  the  fo l lowing  l e m m a .  

LEMMA.  ~k ~ is  a s m o o t h  s e m i a l g e b r a i c  s u b m a n i f o l d  of  the  s p a c e  of k - j e t s  and  h a s  the  h o m o t o p y  
t ype  of the  n o n c o n n e c t e d  s u m  of f o u r  c i r c l e s .  
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THEOREM 2. A family (2) which depends continuously on the parameters and has for parameter 
values tl °, t2 ° a singular point (x °, x °) with two nonzero eigenvalues of the matrix of the linear part can 
be deformed by an arbitrarily small amount so that for parameter values close to t 0, t ° in a sufficiently 
small fixed neighborhood of the point (x~, x 0) either there will be no singular point with twofold zero eigen- 
value of the matrix of the linear part or there arise a finite number, but then in a neighborhood of the cor- 
responding values of the parameters and phase variables the deformed family will be nondegenerate. 

The phase curves of the family (2 +) are mentioned in [i] (see p. 176). For the proof of Theorem 2, 
see "Trudy Seminara Imeni L G. Petrovskogo," No. 2, Moscow, Izd-vo MGU. 

The author thanks V. L Arnol'd for posing the problem and his constant attention to the work and 
also Yu. S. II'yashenko and A. F. Filippov for looking at the manuscript and making a series of remarks 
about improving the text of the proof~ 
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