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D I F F E R E N T I A L  E Q U A T I O N S  W I T H  D I S P L A C E D  A R G U M E N T S  

IN S T A T I O N A R Y  P R O B L E M S  IN T H E  M E C H A N I C S  O F  

A D E F O R M A B L E  B O D Y  

G .  G .  O n a n o v  a n d  A.  L .  S k u b a c h e v s k i i  UDC 539.3:517.946 

1. The Elas t ic  Model. F igure  1 shows an e las t ic  s y s t e m  consis t ing of two pa raDe l  p la tes  connected 
by a r e g u l a r  s y s t e m  of ve r t i c a l  and slanting r ibs  (at an angle a to the ver t ica l ) ,  al l  or iented  in the same  
direct ion.  

It i s  na tura l  to con t r a s t  this d i sc re te - -con t inuous  s y s t e m  with a continuous model ,  " spread ing  out" in 
the space  be tween the p la tes  both the ve r t i c a l  r ibs  (O-braces )  and the slanting r ibs  ( a - b r a c e s ) .  To do this ,  
we mus t  in t roduce k inemat ica l ly  independent continuous f ields of e las t ic  d i sp lacements  of the O - b r a c e s  and 
a - b r a c e s  un i formly  d is t r ibuted  in the ~pace between the plates .  As a resu l t ,  we a r r i v e  at  a t h r e e - l a y e r  
pla te  with a " two-phase"  model  of a f i l ler ,  which combine~ in i t se l f  a med ium of O - b r a c e s  and a medium of 
a - b r a c e s .  

We in t roduce  a unified sys t em of Ca r t e s i an  coord ina tes  x, y, z, making the middle  su r faces  of the 
p la tes  coincide with the planes  z = •  in such a way that  the r i b s  will be d i rec ted  along the axis  Ox. We also 
in t roduce the local  Ca r t e s i an  coord ina tes  x~,  08, Y~ (~ = 0, a )  in the planes  of the r i b s ,  making the axis  
Oflx~ coincide with the line of in te r sec t ion  of the cor responding  r ib  and the plane xOy. We shall  a s s u m e  fo r  
the sake of s impl ic i ty  that  both the planes  t h e m s e l v e s  and the r ibs ,  both ve r t i ca l  and slanting, a r e  m o m e n t -  
f r ee  (zero r igidi ty  out of the plane); the r ibs  offer  no r e s i s t a n c e  to tension or  c o m p r e s s i o n  in the longitudinal 
d i rec t ion  but a r e  absolute ly  r igid in the t r a n s v e r s e  d i rec t ion (in the plane of the ribs).  

Le t  us  examine  a single r ib.  Obviously,  by v i r tue  of the s impl i f ica t ions  we have made,  the c r o s s  
sect ion x~ = const  of the r ib  is  d isplaced in the plane of the r ib  like a r ig id  body. Consequently the e las t ic  
d i sp lacemen t s  u~,  v~ of an a r b i t r a r y  point of the r ib  in the d i rec t ion of the axes  xfl, y~  can be r ep re sen ted  
in the f o r m  

t,~ (x~, v~) -~ ~ (x~) - , ~  (x~) y~; ~ %, y~) = v~ (~). (1.1) 
where  ~0~, ~ ~ a r e  the t r ans la t iona l  d i sp lacement  in the d i rec t ion of the axis  Oflxfl and the r o t a t i o n  in the plane 
xflOBy fl of the r ib c r o s s  sect ion xfi = const.  

Having es tab l i shed  the explici t  re la t ion  (1.1) between the d i sp lacements  of an individual r ib  and the 
coordinate  yfl ,  we turn to the continuous model .  The local  coordina tes  a r e  connected with the unit coordina tes  

x~--~-x; y~=z/cos ~ (~=0,  c*). (1.2) 

The equation of the plane of the r ib  in the unified s y s t e m  of coord ina tes  has  the fo rm 

y--ztg~=const (6=0 ,  ~). (1.3) 

Fig. i 
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Fig. 2 

Spreading out the r ibs  in the space between the p la tes ,  we mus t  introduce the continuous f ields u~(x, y, 
z), v~(x,  y, z) of the e las t ic  d i sp lacements  of the ~ - b r a c e s  (~ = 0, a ) .  To do this,  we mus t ,  a f t e r  f i r s t  
pass ing  f rom the local  coordinates  to the unified s y s t e m  of coordinates ,  "extend" the express ions  (1.1), which 
r e l a t e  to an individual r ib,  in accordance  with the condition 

u~ (x, const + ztg I~, z) = ul3 (xlv y~); v~ (x, const -f- zig l~, z) = vl~ (xl3, YI3) (1.4) 

to the en t i re  space  between the pla tes .  

F r o m  (1.1),(1.3) i t  follows that  we have, cor responding  to the condition (1.4), the r ep resen ta t ions  

u~ (x,y, z) = | (x, y - -  z tg[~) - -~ (x, y --ztg~)z/cos[~; 
v~ (x, y, z) = V~ (x, y - -  ztg~), (1.5) 

where  ~/3, ~I, fl, V~3 a r e  some functions of two v a r i a b l e s  each. 

The exp re s s ions  (1.5) for/~ = 0, a r e p r e s e n t  k inemat ica l ly  independent continuous fields of e las t ic  
d i sp l acemen t s  of the two-phase  f i l l e r  of a t h r e e - l a y e r  plate.  These  f ields m u s t  be subjected to the conditions 
of the k inemat ic  connection of the f i l l e r  with the support ing l a y e r s  

%(x,y, + h)=u+ (x,y); 
(1.6) 

v~ (x, y, -4- h) = v:t: (x, y) sin [~ + w+ (x, y) cos [~, 

where  u • v • vr ~ a r e  the d i sp l acemen t s  Of the su r f aces  of the lower  pla te  (z = h) and the upper  pla te  (z = 
. h);  /3 = o,  a .  

F r o m  (1~5), (1.6) i t  follows that  the field of e las t ic  d i sp lacements  of a t h r e e - l a y e r  pla te  with a two- 
phase  f i l le r  i s  de te rmined  by 12 functions of two independent v a r i a b l e s  u- ,  v-, w-,  u +, v + w +, ~0, ~0, V0, @or, 

@~, V c~, connected by the eight r e la t ions  

u:l: (x, y) = @~ (x, y q: htg~) =t= W~ (x, y ~ h tgl)  h/cos [~; 
(1.7) 

v~ (x , y ) s i n f i+wt : ( x , y ) cosD~-V~(x ,  yqzh tg~)  @ = 0, a). 

2. Var ia t iona l  and Boundary -Va lue  P r o b l e m s .  The boundary-va lue  p r o b l e m s  cor responding  to the 
p roposed  adequate continuous in te rp re ta t ion  of the d i sc re te - -con t inuous  s y s t e m s  under considera t ion  can be 
na tura l ly  fo rmula ted  on the bas i s  of Lagrange '  s pr inciple .  

As our  ma in  unknown, we int roduce the fou r -d imens iona l  vec to r  function u of two va r i ab le s :  

Then 

u x = $ ~ ;  u z = ~ ; u  8 = V = ; u  4=Vo.  (2.1) 

u* u~:~ ~: h sec ~u~:,; o -+ ---- cosec ~u~, - -  ctz ~u'; 

w • = u'; (Do == 0,5 (u~ + u!x) q- 0,5 h sec r (u~  - -  u~x); (2.2) 

�9 0 = 0 ,5h- '  ( u ~  - -  uk~) + 0,5 sec ~ (uS, + ~L) ,  

where  • denotes the d i sp lacement  of the second a rgumen t  by r = h t ana ,  e .g . ,  uLT = ui(x, y + r ) .  

We shall  a s s u m e  that  the p la t e s  a r e  r ec t angu la r  {0 -< x -  a;  0 -< y -< b} and the f l -media  a r e  included 
between the p la t e s  in a r ec tangu la r  pa ra l l e l ep iped  V/J = {0 - x -< a;  0 <-- y - b; - -h  -< z <- tl). 

The functional of the total  potent ia l  ene rgy  of the t h r e e - l a y e r  pla te  with a two-phase  f i l le r  can, by v i r tue  
of (1.5), (2.1), (2.2), be r e p r e s e n t e d  in the fo rm 

i}I + - ' " '  9 (l l)  ~ - -  I I, ~, i'rlae 

q- 0,5 ((u~Ju q- ih see a (u~)y) 2 q- (1 --,~)-1 (cosec ~ (u~) u - -  ctg ~ u~) z -~ 
U 1 + 0,5 (cosec a (u~)~ - -  ctg au~) 2 + 2v (I - -  v)-I (( i~)~ + ihsec o~ (u~)x) • 
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1 2 • (cosec c~ (u%) u - -  ctg r q- ((uix)~ -q- ih sec ~ (u~x)~) (cosec ~z (u%)x 

- -  ctg au~)l ~- Gh~t (u~ --u~) ~ --t- Ght~o [0,5h-' (~ --u~_ 0 ~- 0,5 see :r (u~ ~- u2_~) - -  

- - u : ] ' - - = ~ _ [ X - '  (u]~-% ih cos au~,)q- Y'-' (cosec au~- -  ctg au') + Z~u']} dxdy, 

w h e r e  G, u a r e  the s h e a r  modu lus  and the P o i s s o n  coef f ic ien t ,  r e s p e c t i v e l y ;  o i s  the th i ckness  of the plate~;  
~/3 (fi = 0, a )  a r e  the v o l u m e t r i c  conten t  of f l - b r a e e s  in a unit  vo lume  V/~ a f t e r  s p r e a d i n g  out;  X i, y i  Z i (i = 1, 

- -  1) a r e  the componen t s  of t h e  ex t e rna l  loading on the upper  and lower  p la tes  in the unified s y s t e m  of 
coo rd ina t e s .  

We ca l cu l a t e  the v a r i a t i o n  of the funet ional  3 (u). We wr i t e  Oa = {0 < x < a; �9 < y < b - -  x}; Q, = {0 < 

x < a ;  0 < y < b } ;  G~ = { 0 < x < a ;  - - x < y < x } i  G~ = { 0 < x < : a ;  b - - ' ~ < y < b - . ~ ' c } ,  using ~r to denote  the va r i a t i on  

of the funct ion fi; we subdivide the r e su l t i ng  i n t e g r a l  into the sum of i n t e g r a l s  of  the f o r m  

~ k~.i,,~L,u~L,,o tdxdy, 
ct~ 

w h e r e  the o p e r a t o r s  Laut u l, L~u l i ~ i �9 u i t u l  ~ " _ u ~ ' = = ux, Lzu -~u u, L~u'= +x.,~ = (u+x)~. Ls u ~ = (u'+ ~)u,L~u' --  _x, L~u t ~- (u'--~)=, 

L9 u~ = (uix)~; " k~,~ a r e  cons t an t s  (i, j = 1, . . . .  4; r ,  m = 1 . . . . .  9). 

In the i n t e g r a l s  conta in ing  the funct ions  vi• , i (v• (V~T)y (i = 1 . . . . .  4) we m a k e  the change  of ~ar iables  

y '  = y + T, t h e r e b y  pa s s i ng  f r o m  i n t e g r a l s  o v e r  the r eg ion  Q~ to i n t e g r a l s  ove r  the r eg ion  Q~ U G~ if y '  = y + 
and o v e r  the r e g i o n  Q~ U Gt i f  y '  = y - ~-. Reduc ing  s i m i l a r  t e r m s  and se t t ing  the va r i a t ion  of the funct ional  
3 (u) equal  to z e r o ,  we obtain 

I I Z(~ ,"'~ + )I + Z f Z + + + 
i = I  Qs 1 = I  J k = l  i = 1  G k / = 1  

1=1  i = 1  Q~ Q, 

w h e r e  D i j n ( i  , j = 1 . . . .  , 4 ;  n = 1, 2, 3); Bk i jn (k  = 1 ,2 ;  i, n = 1, 2, 3; j = 1 . . . . .  4) a r e  s o m e  d i f f e ren t i a l - -d i f -  
1 1 1 �9 f e r e n c e  o p e r a t o r s ;  f = ) ~ + X + , ,  fz = hseca(X_-~- -X~) ;  f3 = cosee~(YZ~ + Y~);  f4 = cosecc~[(Z-l+Z 1) s i n a - -  

(y-~ + yl) cos c~]. 

If  on the left  s ide  of (2.3) we f o r m a l l y  i n t eg ra t e  by p a r t s  i n t e g r a l s  over  Q1 and Q~, we find tl~.t u sa t i s f i e s  
a s y s t e m  of pa r t i a l  d i f fe ren t ia l  equat ions  with d i sp laced  a rgumen t :  

- -  268 [Au I q- (1 q- v) (1 - -  v)-lux~] - -  208 cosec cz (1 -t- v) (1 - -  v) - I  u~y -[- 

+ G8 ctg ~ (1 + v) (1 - -  ~)-1 (R1u4)xv + G~o (R-lu~)~ + O.5Gl~oh-tRTu I - -  

- -  0 , 5 6 ~  see a R_2u z = fl; 

2G6h2seczcz laud+(1 +~) (1--,0-~u~]--aSh cosec e (1 +v)  (1 - - ,O-l (R_lu%,y--  

- -  2Gh~u~ - -  Ghtxo see r (Rlu4)x + 0.5Gt~0 see a R  2u 1 + 

+ 0"5Gh~~ see2 ~R+u2 + 2Gh~c, ug =/~;  (2.4) 

- -  266 cosec = (1 -~ v) (1 - -  v)-lu~y--2G8 cosee~z [ha 3 -~- (I ~- v) (1 - -  v)-lu~u] -~ 

+ G8 ctg a cosec e [A (R~u 4) "k (l + v) (1 - -  v)-I (RtuDyy] - -  

- -  2Gh~au ~ + 2Gh~u~ = p;  

G8 ctg ~ (1 -~ v) (1 - -  v)-l (Rlui):~ ~ ..~ G6h cosec ~z (l -]- v) (1 - -  v)-t (R_~uZ):~ + 

-b a~ ctg e cosec e [h (R~u ~) § (1 + v) (1 - -v)  -~ (R~ug~u] - -  

--2GSctg2a[Au~ q- (1 + v ) ( l  -~ 4 4 

+ 6 ~  (R-~uD= + 6hrt, see ~z (R~uD= = P. 

where ,  a s  we can  see  f r o m  (2.3), the f i r s t  t h r e e  equa t ions  a r e  d e t e r m i n e d  fo r  (x, y) ~ Q~, and the l a s t  equat ion 
fo r  (x, y) e Q2. H e r e  R m e a n s  the d i f f e rence  o p e r a t o r s :  
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R, lu = u+~ - -  u_,~; Rlu = u+.~ "-t- u_,; R_2u = u+z ~ - -  u 2.~; 

R T u  = 2u  - -  a - ~  - -  u+2~; R + u  = 2u + u - 2 ,  + u+2~. 

We shall a ssume that in addition to the in terna l  connections,  the sys tem is  subjected to absolutely rigid 
ex te rna l  geomet r ic  connections which ensure  the exis tence  and uniqueness of the f ields of e las t ic  d isplace-  
ments  (homogeneous geomet r ic  boundary conditions). 

We take: 

a) for  x =  0, a t he re  a r e  no d isp lacements  of the ~-media  (/3 = 0, ~),  i . e . ,  for  x =  0, et, ufl(x, y, z )=  
vfi(x~ y, z) = 0, and hence, by  v i r tue  of (1.5), (2.1), we obtain 

uX (x, y) - -  u~ (x, y) = uS (x, y) = O ((x, y) E {x = O, a; - -  x ~ y < b @ x}); 

u '  (x, y) = 0 ((x, y) E {x = 0, a; 0 < y < b } ) ;  (2,5) 

b) for  (x, y, z ) E { O ~ x ~  a; - -  z < y - - z  t g ~ < ~ ;  - - h ~  z ~ h }  U { 0 ~ x ~ a ;  b - - x ~ y - - z t g c z ~  b- t -x;  - - - h ~  

z <  h} there  a re  no displacements  of the ~ - b r a c e s ,  i . e . ,  u a(x, y, z) = v~ (x, y, z) = 0, and for (x, y, z) E 
{0 - x -  a; y = 0, b; --h_< z -< 11} the re  a re  no displacements  of the O-b races ,  i . e . ,  u0(x, y, z) = v0(x, y, z) = 
0. F r o m  this,  by (1.5), (2.1) we obtain 

u 1 (x, y) = u 2 (x, y) = u 3 (x, y) = o ((x, y) C 61 LJ ~z); 
(2.6) 

u' (x, y) --- o ((x, y) E {o ~< x ~< a; y = 0, b}). 

Since the vec to r  function v sa t i s f ies  the boundary conditions (2.6), the in tegra ls  over  the regions G1 and 
G z in formula  (2.3) vanish. Consequently,  if ~ gives us the minimum of the functional 9 (u) with boundary 
conditions (2.5), (2.6), then i t  is  the solution of the boundary-value problem (2.4)-(2.6). 

It should be pointed our that  the conditions for  fixing the a - b r a c e s  a re  not t radi t ional ,  s ince they a re  
given not only on the la te ra l  faces  of the t h r e e - l a y e r  plate but also in some volumes.  It should be noted that 
the conditions for  fixing only on the la te ra l  faces  lead to some additional equations in the regions G1 and G2, 
which a r e  specif ic  for  d i f ferent ia l  equations with displaced arguments.  In the p resen t  paper  we shall not con- 
s ider  such fixing conditions. 

3. Genera l i zed  Solutions of Two-Dimensional  Bounda ry -Va lueProb lems .  As in the simple example~ 
(see [2]), Eq. (2.3) with the boundary conditions (2.5), (2.6) can have solutions whose der iva t ives  a re  dis-  
continuous inside the region. T h e r e f o r e  the integrat ion by par t s  which we used to der ive  the sys tem of 
equations with displaced argument  (2.4) is  not valid in the genera l  case.  The equivalence of Eq. (2.3) and the 
sys tem of equations (2.4) can be es tabl ished by using t h e c o n c e p t  of genera l ized  functions. 

We introduce the rea l  spaces  of vec to r  functions 

L~ ~ L, (Q~ x L2 (QI) x L, (Q~ x L~ (Q~); 
~1,4 0 0 0 0 

= m (QI) x H 1 (Q~ x m (Q~) x H~ (Q~ 
0 1 

Here L2(Qi) (i = 1, 2) is the space of functions which are square integrable over the region Qi; H (Qi) (i = 1, 2) 
is the Sobolev space of functions which are square integral over Qi together with their first generalized 
der iva t ives  and a r e  such that the t r a c e s  of these functions on the boundary of Qi a re  equal to ze ro  (see [3], 

Oh. m) .  

We shall t r y  to find the ex t r emum of the functional 9 (u) with the boundary ~onditions (2.5), (2.6) and 
the corresponding solution of the boundary-value  prob lem (2.4)-(2.6) in the space H 1, 4, setting ui(x, y) = 0 
for  (x, y ) ~ G 1  U G 2 ( i = 1 , 2 ,  3). We assume t h a t f = { f l ,  f2 f3, f4~ ~ La. We shall assume that the dif-  
fe ren t ia l  and d i f fe rence  ope ra to r s  on the left  s ides of Eqs.  (2.4) act  in the space of genera l ized  func-  

t ions (see [1], Ch. XIV), where  we assume ui(x, y) = 0 ( i  = 1, 2, 3) for  (x, y)~G1 U G2. We shall c a l l u  E ~1,4 
the genera l ized  solution of the sys tem of equations (2.4) with the boundary conditions (2.5), (2.6) if ~ sat isf ies  
the sys tem of equations (2.4) in the sense indicated above. 

F r o m  the ru les  for  operat ions on genera l ized  functions it follows that the vec to r  function ~ e ~1, 4 sa t i s -  
f ies  Eq. (2.3) with the boundary conditions (2.5), (2.6) if  and only if it  is  a genera l ized  solution of the system 

of equations (2.4). 
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E a r l i e r  we proved that if  the vec to r  function u ~ ~t,  4 yie lds  a minimum of the functional 3 (u) with the 
boundary conditions (2.5), (2.6), then u is  a genera l  solution of the sys tem of equations (2.4) with boundary 
conditions (2.5), (2.6). The con t r a ry  can also be proved.  We state this in the form of a theorem.  

THEOREM 1. The vec to r  function 5 ~ ~t 1, 4 yie lds  a minimum of the functional 9 (~) with boundary 
conditions (2.5), (2.6) if  and only if it  is a genera l ized  solution of the system of equations (2.4) with boundary 
conditions (2.5), (2.6). 

We rewr i t e  the sys tem of equations (2.4) in the form 

t~  ---- L (3. i) 

where D(L) = {u ~ ~1, 4 : Lu ~ L~ is the domain of definition of the opera tor  L and the different ial  and dif ference 
opera to r s  consti tuting it act  in the spaces  of genera l ized  functions; he re  ui(x,  y) =0 (i=1, 2, 3) fo r  (x, y) E 
G1 G2. 

We denote by B(u, v) the left  side of Eq. (2.3). We can prove the following lemma.  

LEMMA. The bi l inear  form B(u, ~r is  an equivalent sca la r  product  in the space ~I, t 

Making use of this lemma,  using ordinary  method~ (see [3], Ch. IV, and [1], Ch. XIV), we can eas i ly  
es tabl ish  the following asser t ions .  

THEOREM 2. The solution of the sys tem of equations (2.4) in the c lass  of vec tor  functions u c D(L) 
exis ts  and is  unique for any f ~ L~, where llull~l,4 -- c ItfllL~ , with c > 0. 

THEOREM 3. The spec t rum of c (L) is  d i sc re te  and of finite mult ipl ici ty and has no finite l imit  points,  
a n d o ( L )  ~ (0, ~o). 

In o r de r  to apply var ia t ional  methods to the solution of the corresponding boundary-value problem,  
01 

instead of the to t a l . ene rgy  functional 9 (~), it  is  more  convenient to introduce in H ,  t the functional E(~) = 

B(v, v)--2(f ,  v)L~. I t c a n b e  shown that d =  inf E ( v ) > - - ~ .  The s e q u e n c e v m ~ H l , t ( m =  1,2 . . . .  ) 
01 vcH, 4 

is called the sequence minimizing the functional E on ~1,4 if lira E(Vm) = d. 
m-.~ oo 

0 

In Hi, 4 we take an arbitrary independent system e k (k = I, 2,... ), whose linear envelope is dense in 

~I, 4. We denote by r~ k the element which realizes the minimum of the functional E on the linear manifold 
spanned over the vector functions ~I, .... ~k" It is not difficult to show that there exists exactly one such 
element rr k = ckie I+ ... +Ckk~ k. The sequence Vk (k = I, 2,... ) is called the Ritz sequence for the functional 
E with respect to the system el, .... ek- 

We have the following asser t ion.  

THEOREM 4. The Ritz sequence of the functional E const ructed  with respec t  to an a rb i t r a ry  linlearly 
independent sys tem of functions, whose l inear  envelope is  everywhere  dense i n ~1, 4, converges  in ~I,4 to 

the solution of the sys tem of equations (2.4). 

4. The Boundary-Value Prob lem in the One-Dimensional  Case. The one-dimensional  analog of the 
t h r e e - l a y e r  plate with a two-phase f i l l e r  which is  under considerat ion he re  is  the continuous in terpre ta t ion  of a 
two-bel t  rod sys tem -- a t ru s s  with a regu la r  set  of absolutely rigid ver t i ca l  and diagonal b races  (Fig. 2). A 
represen ta t ion  of the field of e las t ic  d isplacements  of this model  can be obtained f r o m  the corresponding 
express ions  for  a t h r e e - l a y e r  plate, assuming that the displacements  take place only in the plane yOz and a re  
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independent of the coordinate  x. Making use  of (1.5) and (1.7), we have (~ = O, a )  

% ( y ,  z) = V ~ ( ~ - - z t g f i ) ;  ( 4 .1 )  

v :t: (y) sin ~ q- w ~ (y) cos [~ = Vt~ (y :F h tg [~), (4.2) 

f r o m  which i t  follows that the field of d i sp lacements  of a t h r e e - l a y e r  beam with a two-phase  f i l le r  is  de t e r -  
mined  by six functions of one va r i ab l e  (v-,  w- ,  v +, w +, V0, u  connected by four  re la t ions  (4.2). 

Introducing the two-d imens iona l  vec to r  function u, we have 

tt 1 = V =  ; u ~- = V0; ( 4 . 3 )  

v + = cosec a u } ,  - -  c tgau2 ;  w ~ = u 2. (4.4) 

On the ba s i s  of (4.1)-(4.4), in a m a n n e r  analogous to the p rev ious  case ,  we a r r i v e  at a p r o b l e m  involving 
the min imum of the functional 

b 
3(u) ~ !  / ~ IEF(1 --v)-l[cosec~(u~,)'--ctg~(uZ).']~--Y'[cosec~u~--ctg~u~l--Z~u~] I dy (4.5) 

t l= l , - - I  

with the boundary conditions 

uX(y) = 0 ~E[-- 'q '~lU[b-- 'c,b--}-x]);  

where  p = ( 1 - - v )  

Cos~l  E L, ((0, b)). 

(4. 6) 
u ~ @ = o  (y = O,b), 

where  E i s  Young ~ s modulus;  F i s  the c r o s s - s e c t i o n a l  a r e a  of the bel ts ;  ~(i  Z i a r e  the components  of the 
ex te rna l  load on the bel ts .  

As in the p rev ious  case ,  we can show that  the vec to r  function u e_ ~1, 2 01 0 - = H ( i f ,  b - r ) )  •  l((0, b)) y ie lds  
a m i n i m u m  of the functional (4.5) with boundary conditions (4.6) if  and only if  i t  i s  a genera l ized  solution of the 
s y s t e m  of equations 

2 (ul)" -k cos ~z (alum)" -= [1; cos a (R1u')" - -  2 cos 2 ~ (u2) " = p, (4.7) 

sintz (2EF) -~ (Y-~+ Y~+,)EL~.(('q b --~)); ~a = (1 - - ~  sinct(2EF)" i(Z "q -{- Z~)sin~-- (Y -!  q- Y') 

I t  should be noted that  the f i r s t  equation i s  cons ide red  in the in te rva l  (% b - ~-) and the second in the  
in te rva l  (0, b) and that  we se t  ul(y) = 0 for  y ~ [ - - r , r ]  u [ b - ~ ,  b + r ] .  

We r ewr i t e  the s y s t em  of equations (4. 7) in the f o r m  

where  D(L) = {u e ~ l ,  2 : Lu e L~} i s  the domain of definit ion of the ope ra to r  L,  which ac t s  in the space  of 
gene ra l i zed  functions,  where  we set  ul(y) = 0 for  y ~ I - - r ,  r ]  U [b - ' r ,  b + ' r ] .  

I t  can be shown that ,  as  in  the two-d imens iona l  case :  1) the  solution of the boundary-va lue  p rob l em 
(4.7), (4.6) ex i s t s  and i sunique;  2) the s pec t ru m of a(L)  i s  d i s c r e t e  and of finite mul t ip l ic i ty  and o(L) c (0, ~); 
3) the Ritz method converges .  

We wri te  n = b/7 (for the sake  of s impl ic i ty  we shall  a s s u m e  that  n is  an integer) .  We introduce the 
(2n--2) -d imensional  vec to r  function ~v = {w I , . . . .  w2n-2}, defined in the in t e rva l  [0, ~-]: 

iv 1 (9 + 1~) (] = 1 , . . . ,  n - -  2); (4.8) 
wl(y)= v~(y_}_(]_n+l ) .~  ) (/-----n--1 . . . .  , 2n - -2 ) .  

Then, pass ing  to the v a r i a b l e s  (4.8), we reduce  the s y s t e m  of di f ferent ia l  equations with displaced 
a rgumen t  (4.7) to a s y s t e m  of 2 n - 2  o rd ina ry  di f ferent ia l  equations in the functions w 1 . . . . .  W 2n-2. U s i n g  this  
method,  we can p rove  the following asser t ion .  

THEOREM 5 .  Le t  fl ~ C ([% b - ' r ] ) ,  f 2~  C([0, b]). Then u 1 ~ C([T, b - ' r ] ) ,  u 2 (~ C ([0, b]) and u 1 ~ C 2 ([jT, 
(j + 1)r])  (j = 1 , . . . , n - - 2 ) ,  u 2 ~ C2([jr,  (j + 1)7]) (j --- 0 . . . . .  n - l ) .  

T h e o r e m  5 indica tes  a method of finding the solution of the s y s t e m  of equations (4.7) in explici t  f o rm 
if  the r igh t -hand  s ides  f l  f2 a r e  continuous. We f i r s t  find the gene ra l  solution of a s y s t e m  of 2n-- 2 equations 
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dependent  on (2n--2) • 2 a r b i t r a r y  cons tan t s .  The  condi t ions  fo r  the c o n t m t a t y  of the funct ions  u-, u 2 and the 
bounda ry  condi t ions  u 1 (j 7--0)  = u 1 (j ~ + 0 ) ( j  = 2 . . . .  , n--2) ,  ulff)  = u l ( b -  ~-)=0; u2(j  T--0) = u2(j z + 0) (j = 1, . . . .  
n - - l ) ,  u2(0) = u2(b) = 0 enable  us  to e l imina te  2n cons tan t s .  By T h e o r e m  5, the  funct ions  r l (y  ) = --2(ul) '  + 
cosa (R lu2 )  T and r2(Y ) = c o s a  (Rlul )v--2cosZa(u2)  ' a r e  p i ecewi se  con t inuous ly  d i f fe ren t iab le ,  but, by the 
def ini t ion of a g e n e r a l i z e d  solut ion,  r l ' (y), r z' (y) m u s t  not  conta in  any t e r m s  of the o - func t ion  type. The cond i -  
t ion fo r  this  is  the cont inui ty  of the funct ions  r l (y  ) on [r,  b -  1"] andr2(Y) on [0, b] [ r I ( j r - -0  ) = rl(jT + 0) (j = 2, 
. . . ,  n- -2) ;  r2(j~---0 ) = r2(jT + 0) (j = 1 . . . .  , n - - l ) ] ,  which  enables  us  to e l i m i n a t e  t he  r ema in ing  2n--4 cons tants .  
By the ex i s t ence  and un iqueness  t h e o r e m ,  the funct ions  u l, u 2 we have  obtained a r e  the solut ion of the s y s t e m  
of equa t ions  (4 .7) .  

It  m u s t  be noted  that  the l a s t  2 n - 4  cons t an t s  a r e  e l imina ted  p r e c i s e l y  f r o m  the condi t ion of the absence  
of ~t-ftmctions on the r i g h t - h a n d  s ides  of the s y s t e m  of equa t ions  (4.7), and not  f r o m  the condi t ion of cont inui ty  
of the f i r s t  d e r i v a t i v e s  of the funct ions  u 1 and u 2 at  the c o r r e s p o n d i n g  poin ts ,  which at  f i r s t  g lance  se~ms  
m o r e  na tu r a l  (see [2]). 

Example .  We c o n s i d e r  the t h r e e - d i m e n s i o n a l  beam (b = 3, T = 1, ~ = ~/3) shown in Fig.  3; the bel ts  
of th i s  b e a m  a r e  loaded  with the  un i fo rmly  d i s t r i bu t ed  load q• appl ied in the d i r ec t ion  of the oblique b r a c e s  
(fl(y) - i, fZ(y) - 0). 

The  b o u n d a r y - v a l u e  p r o b l e m  (4.7), (4.6) t akes  the f o r m  

- -  4 (ul)" .q- (Rlu~) ~ -~ 2; (RluX)" -- (u~)" = 0; (4.9) 

u ~ ( y ) = O  ~yE [--I,1]U[2,41); u~(y)-- 0 (y= 0,3).. (4.10) 

We can conv ince  o u r s e l v e s  without  dif f icul ty  tha t  the solut ion of the p r o b l e m  is  g iven  by the Lmct ions  
ai(y) = - -0 .5  (y2--3y + 2); 

[-- 0.5 ( p  -- y) (y E [0, l]); 

u~ (y) = / 0 (y E [1,2]); 

( -  0.5 (y~--  5y § 6) (y E [2, 3]). 
0 l 

To see  th is ,  we note  tha t  ui(1) = ul(2) = 0; u2(0) = u2(3) = 0. In addit ion,  i t  i s  obvious  tha t  u 1 u H ((1, 2)), 

u 2 c ~1 ((0, 3)). We can  convince  o u r s e l v e s  without  dif f icul ty  tha t  in the i n t e r v a l  (1, 2) the funct ions  ul(y), u2(y) 
sa t i s fy  the f i r s t  equat ion of the s y s t e m  (4.9). Tak ing  account  of the fac t  that  ul(y) = 0 fo r  y C [--1,  1] U [2, 4], 
we find tha t  Rlul(y) = u2(y) fo r  y C (0,  3). Consequen t ly  the funct ions  ui(y), uZ(y) sa t i s fy  the  second  equat ion 
of the  s y s t e m  (4.9). We note  that  the funct ion (Rlul) '' = (u2) '' i s  s ingular ,  s ince (u2) '' = ~ (y) + 0.55(y--1) + 0.55" 
(y--2),  w h e r e  ~ (y) = --0 ( l - -y)  + 0 (y--2);  0(y) i s  the Heav i s ide  unit  function. 

The  r e su l t i ng  solut ion u (Fig. 4) is  qui te  obvious,  even  though it  i s  r a t h e r  unusual .  We in t roduce  the 
v a r i a b l e  ~ = y - - z t a n a ,  which, as  can  be seen  f r o m  Fig .  3 i s  the y coord ina te  of the point  of i n t e r s e c t i o n  of the 
a - b r a c e  pa s s ing  th rough  the point  (y, z) with the axis  Oy. Then f r o m  (4.1), (4.3), (4 .4) i t  fol lows that  

u 1 ( ~ )  = Y a ( y  - -  z tg a) = v~ (y, z); u 2 (Y) = Vo (Y) = v0 (y) = ~ • (Y). ( 4 . 1 1 )  

F r o m  the condi t ions  of fixing of the O - b r a c e s  and a - b r a c e s ,  fo r  y = 0, 3, -h_< z _< h, in accord,~nce with 
F ig .  4, we have  ul(~) = 0 ( - -1 -<  r l ;  2-< r <- 4); u2(0) = u2(3) = 0. 

The load q -  in the i n t e r v a l  1 <_ y _< 3 and the  load q+ in the i n t e rva l  0 -< y --< 2 a r e  d i r e c t l y  taken  up by the 
abso lu te ly  r ig id  f ixed a - b r a c e s  (--1 _ ~ _< 1; 2 _< ~ -< 4. T h e r e f o r e ,  as  a r e su l t  of the s i m u l t a n e o u s n e s s  of the 
d e f o r m a t i o n s  of the  b r a c e s  and be l t s ,  t h e r e  a r e  no d i s p l a c e m e n t s  of the v e r t i c a l  b r a c e s  in the i n t e r v a l  1 <_ y <- 
2 (Fig. 4). In the i n t e rva l  1 ___ r _< 2 the d i s p l a c e m e n t s  of the a - b r a c e s  v a  a r e  c a u s e d  by the load q -  in the 
i n t e r v a l  0 _ y -< 1 and by the load q+ in the i n t e r v a l  2 -< y -< 3. B e c a u s e  of the compa t ib i l i t y  of the de fo rma t io n s  
of the  b r a c e s  and bel ts ,  s i m u l t a ne ous l y  with t he se  d e f o r m a t i o n s  t he re  a r e  d e f o r m a t i o n s  of the v e r t i c a l  b r a c e s .  

i. 

2. 

3. 

LITERATURE CITED 

N. Dunford  and J .  T. Schwar tz ,  L i n e a r  O p e r a t o r s ,  W i l e y - I n t e r s c i e n c e .  
G. A. Kamensk i i  and A. D. Myshkis ,  " T h e  fo rmu la t i on  of b0unda ry -va lue  p r o b l e m s  fo r  d i f fe ren t ia l  
equa t ions  with a d i sp l aced  a r g u m e n t  and s e v e r a l  leading t e r m s , "  Dif fe ren ts .  Uravn . ,  1_.0.0, No. 3, 409-  
418 (1974). 
V. P. Mikhai lov,  P a r t i a l  D i f f e r en t i a l  Equat ion~ [in Russ i an ] ,  Nauka,  Moscow (1976). 

397 


