
D I F F E R E N T I A L  G A M E S  O F  P R E S C R I B E D  D U R A T I O N  

B .  N .  P s h e n i c h n y i  a n d  M .  I .  S a g a i d a k  UDC 518.9 

In th is  a r t i c l e  d i f f e r e n t i a l  g a m e s  wi th  p r e s c r i b e d  t i m e s  o f  ending  a r e  c o n s i d e r e d .  T h e s e  g a m e s  con -  
s t i t u t e  a s p e c i a l  c l a s s  which  can  be  i n v e s t i g a t e d  in g r e a t e r  de t a i l .  

A d i f f e r e n t i a l  g a m e  of  p r e s c r i b e d  d u r a t i o n  can  b e  f o r m u l a t e d  a s  fo l l ows .  L e t  a c e r t a i n  c o n t r o l l a b l e  
o b j e c t  be  d e s c r i b e d  b y  the  s y s t e m  of  d i f f e r e n t i a l  equa t ions  

"z = f (zl u, o), (1) 

w h e r e  z = (z 1 . . . . .  z n) i s  a po in t  of  an n - d i m e n s i o n a l  s p a c e  En, u = (u 1 . . . . .  u r )  i s  the c o n t r o l  of p l a y e r  P,  
and v = (v 1 . . . . .  v s) i s  the c o n t r o l  of  p l a y e r  E. At  each  i n s t a n t  t,  the  p l a y e r s  c h o o s e  t h e i r  c o n t r o l s  u and 
v f r o m  c e r t a i n  s e t s  U and V, r e s p e c t i v e l y ,  p r o c e e d i n g  only  f r o m  the  knowledge  of  the  p h a s e  p o s i t i o n  o f  the 
o b j e c t  z(t) a t  the  g iven  i n s t an t .  

Thus,  we can  take  tha t  the c o n t r o l s  of the  p l a y e r s  a r e  func t ions  of the  p h a s e  c o o r d i n a t e s  u = u(z),  
v = v(z), with u(z) e U, v(z)ev. 

If the controls u(z) and v(z) are chosen, the system (1) is seen to be closed, i.e., for each initial point 
z 0 the trajectory z(t) = z(z 0, u, v, t) corresponding to the controls u(z) and v(z) is uniquely determined to- 
gether with the pay-off of the game. The pay-off is given by the functional 

t, 

I (z o, u, v) = ~ fo (z, u, v) dt -k F (z (tl)), (2) 
0 

w h e r e  t l  i s  the i n s t an t  a t  which  the g a m e  ends ,  f0(z ,  u, v) i s  a func t ion  def ined  on E n x U • V, F (z ( t l ) )  i s  
a func t ion  of the  f ina l  s t a t e .  

The g a m e  c o n s i s t s  of  the  opponen t  P e n d e a v o r i n g  a t  e ach  i n s t a n t  of t i m e  to c h o o s e  h i s  c o n t r o l  such  
that  the  v a l u e  of  the  p a y - o f f  would b e  a s  s m a l l  a s  p o s s i b l e ;  the a im  of p l a y e r  E i s  the  o p p o s i t e .  I t  i s  obvious  
tha t  the  ques t ion  about  the  e x i s t e n c e  of a d m i s s i b l e  s t r a t e g i e s  does  no t  a r i s e  f o r  such  g a m e s .  

D i f f e r e n t i a l  g a m e s  of p r e s c r i b e d  d u r a t i o n s  w e r e  c o n s i d e r e d  by  F l e m i n g  [1-3].  He i n v e s t i g a t e d  the  
p r o b l e m  of e x i s t e n c e  of o p t i m a l  s t r a t e g i e s  and the va lue  of a d i f f e r e n t i a l  g a m e  a s  a l i m i t i n g  c a s e  o f  a m u l t i -  
s t ep  g a m e ,  when the  n u m b e r  of  s t e p s  i n c r e a s e s  wi thout  bounds .  F l e m i n g  showed that ,  f o r  f a i r l y  g e n e r a l  
a s s u m p t i o n s ,  t h e r e  e x i s t s  a l i m i t  f o r  the  v a l u e  of  a d i s c r e t e  g a m e  which  a p p r o x i m a t e s  the o r i g i n a l  g a m e .  
However ,  in a g e n e r a l  c a s e  i t  i s  not  c l e a r  how th is  l i m i t  i s  connec ted  wi th  the d i f f e r e n t i a l  g a m e .  A l s o ,  i t  
i s  no t  c l e a r  w h e t h e r  o r  not  the d i s c r e t e  s t r a t e g i e s  in the l i m i t  can g e n e r a t e  a c e r t a i n  s t r a t e g y  f o r  the  o r i g i n a l  
d i f f e r e n t i a l  game .  

We sha l l  c o n s i d e r  a d i f f e r e n t i a l  g a m e  ending  at  the i n s t a n t  t = t l  w h o s e  p a y - o f f  i s  g iven  b y  the f u n c -  
t ional  

l(zo, u,o)=J+oo, if z(t~)~M, (3) 
p (Z (tx)), if Z (tl) E M, 

w h e r e  M is  a c e r t a i n  g iven  se t ,  M C E n, and p(z) i s  a funct ion  de f ined  on a l l  M, z ( t l )  = z(z 0, u, v, t l ) .  The  
ques t ion  h e r e  i s  about  the  e x i s t e n c e  of an a d m i s s i b l e  c o n t r o l  u which i s  such  tha t  z(t  l) E M e x i s t s  fo r  any 
a d m i s s i b l e  c o n t r o l  of  p l a y e r  E.  
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C e r t a i n  su f f i c i en t  cond i t i ons  of  end ing  such  a g a m e  with  a v a l u e  c fo r  a l i n e a r  o b j e c t  w e r e  ob ta ined  in 
[4]. The  so lu t i on  o f  the  p r o b l e m  i s  r e d u c e d  to the  ques t ion :  when can  a g i v e n  s e t  be  r e a c h e d  e x a c t l y  at  
g iven  i n s t a n t  of  t i m e ?  

In the  p r e s e n t  w o r k ,  we i n v e s t i g a t e  f u r t h e r  p r o p e r t i e s  of g a m e s  o f  p r e s c r i b e d  d u r a t i o n  and a p a y - o f f  
g iven  by  the func t ion  (3). F o r  th is  s t r a t e g i e s  of  a s p e c i a l  f o r m  a r e  u s e d .  T h e s e  a r e  s t r a t e g i e s  i n t r o d u c e d  
by  B. N. P h s e n i c h n y i  [5, 6]. 

In the  f i r s t  s e c t i o n  we p r e s e n t  a ful l  d e s c r i p t i o n  and m e t h o d s  of  c o n s t r u c t i n g  a r e g i o n  f r o m  which  the 
g a m e  can  b e  f i n i s h e d  wi th  a va lue  c. 

F o r  c e r t a i n  l i n e a r  g a m e s ,  in v i ew  of  the s p e c i f i c  f e a t u r e s  o f  the  p r o b l e m ,  this  a p p r o a c h  a l lowed  the  
s t r u c t u r e  of  the g a m e  to b e  i n v e s t i g a t e d  f a i r l y  fu l ly .  

a l s o  v(z).  H e r e  ft u and f~v 
t ive ly .  At the  i n s t a n t  t = et  
l a t t e r  c h o o s e s  u(~) ,  e l  -< T 
the g a m e  i s  ended.  

1. T h e  S t r u c t u r e  o f  D i f f e r e n t i a l  G a m e s  o f  F i x e d  D u r a t i o n  

L e t  a g a m e  be  d e s c r i b e d  by  the  s y s t e m  of  d i f f e r e n t i a l  e q u a t i o n s  

z = f l z ,  u, v), (1 .1 )  

zEE n, uEU, vEV; the s e t  U and V a r e  c o m p a c t .  

We a s s u m e  about  the r i g h t  s i d e s  of the s y s t e m  (1.1) that  the fo l lowing  cond i t i ons  a r e  fu l f i l l ed :  

a) f ( z ,  u, v) i s  con t inuous  with r e s p e c t  to z, u and v f o r  zEE n, uEU, v6V,  and i t  i s  con t inuous ly  d i f -  
f e r e n t i a b l e  wi th  r e s p e c t  to z; 

b) [(z: f ( z , u , v ) ) I ~ C ( l + I t z i [  2) f o r  a l l  z e E  '~,ueU, vEV; 

c) the s e t  f ( z ,  U, v), c o v e r e d  by the v e c t o r  f ( z ,  u, v) when u c o v e r s  U, i s  convex f o r  a l l  zEE", v E V .  

The p a y - o f f  of the g a m e  is  s p e c i f i e d  in the f o r m  

l(zo, u. v) = / + c ~  ff z(I~)EM, (1.2) 
[p (Z (Ix)), if z(t~) E M, 

w h e r e  M is  a c l o s e d  se t ,  M C E n, p(z) i s  con t inuous  funct ion  de f ined  on the e n t i r e  M, and z(t  1) = z(z0, u, t 1) 
i s  the  po in t  w h e r e  the t r a j e c t o r y  z(t) = z(z 0, u, v,  t) of the s y s t e m  (1.1), s t a r t i n g  f r o m  the po in t  z(O) = z 0 
and c o r r e s p o n d i n g  to the c o n t r o l s  u and v chosen ,  i s  l o c a t e d  at  the i n s t a n t  t = t l  of  the  f in i sh  of the g a m e .  

In the  u s u a l  f o r m u l a t i o n  of the p r o b l e m  the p l a y e r s  P and E m u s t  a t  e ach  i n s t a n t  t c h o o s e  ~ e i r  c o n -  
t r o l s ,  p r o c e e d i n g  only  f r o m  knowledge  of the p h a s e  c o o r d i n a t e s ,  i . e . ,  as  func t ions  of  the  s t a t e  u = u(z),  
v = v(z),  u(z) ~ U, v(z) E V. Of the func t ions  u(z) and v(z),  we can  say  that  they m u s t  be f a i r l y  smooth ,  so tha t  
a so lu t ion  to s y s t e m  (1.1) would  e x i s t .  T h e i r  c l a s s  m u s t  be  f a i r l y  b r o a d ,  so tha t  o p t i m a l  c o n t r o l s  would  e x i s t .  

We now i n t r o d u c e  a new f o r m  of s t r a t e g i e s .  T h e s e  a r e  e s t r a t e g i e s  which  p r e s u p p o s e  a c e r t a i n  d i s c r i -  
m i n a t i o n  of p l a y e r  E. I t  i s  c l e a r  that  th i s  does  not  enab l e  us to pose  the ques t ion  about  the e x i s t e n c e  of  a 
s add l e  poin t ,  bu t  in  r e t u r n  i t  a l lows  us  to avoid  the  d i f f i c u l t i e s  connec t ed  wi th  a c o r r e c t  cho i ce  of a c l a s s  of 
a d m i s s i b l e  c o n t r o l s .  We s h a l l  i n v e s t i g a t e  the ques t ion :  wha t  can  p l a y e r  P b e  s u r e  of  in th i s  c a s e ?  

L e t  the  g a m e  be  s t a r t e d  at  the  po in t  z(0) = z 0 and a t  the  i n s t a n t  t = 0 p l a y e r  E c h o o s e s  a c e r t a i n  n u m -  
b e r  e l  > 0 and h i s  c o n t r o l  v(~-), 0 _< ~--< e l ,  v(~-) E 9~r and r e p o r t s  i t  to the opponent  P.  On th is  i n t e r v a l ,  P 
c h o o s e s  h i s  c o n t r o l  u(~) ,  0 _< ~-~ e l ,  u(~-) E ~ u ,  s t a r t i n g  a l r e a d y  f r o m  the knowledge  of  not  only  z (v ) ,  but  

a r e  the  s e t s  of  a l l  p o s s i b l e  m e a s u r a b l e  func t ions  with v a l u e s  in  U and V r e s p e c -  
E c h o o s e s  e2 > 0 and v(~) ,  e l  --< ~- -< el + a2, and r e p o r t s  t hem to p l a y e r  P. The  
- aA + ~2, f r o m  z(~-) and the  c o n t r o l  v (~) ,  and so  f o r t h  un t i l  the i n s t a n t  a t  which 

S t r a t e g i e s  i n t r o d u c e d  in th is  way a r e  c a l l e d  e s t r a t e g i e s .  Al though the  c o n t r o l  i s  c h o s e n  by  p l a y e r  P 
not  only  on the b a s i s  of the l o c a l  i n f o r m a t i o n ,  bu t  a l s o  f r o m  the knowledge  of the fu tu re  b e h a v i o r  of  the  
opponent  E, th is  knowledge  can  be  a r b i t r a r i l y  s m a l l ,  in the s e n s e  tha t  the  l eng th  of  the t i m e  i n t e r v a l  on 
which  E r e p o r t s  h i s  f u t u r e  c o n t r o l  can  be  m a d e  a r b i t r a r i l y  s m a l l .  
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We s h a l l  say  tha t  the g a m e  which  s t a r t s  a t  the  p o i n t  z 0 can  be f i n i shed  with a va lue  c, if  f o r  any e -  
s t r a t e g y  v(7)  chosen  by E, p l a y e r  P f inds  an e - s t r a t e g y  u (7 )  which  i s  such  that  

l(z0, u(~), v(~)) < c, 
i . e . ,  

z (t~) --  z (z 0, u (x), v (~), t~) ~ M and p (z (tO) ~< c. 

We want  to f ind out  wha t  p a y - o f f  can  be  s e c u r e d  by P l a y e r  P i f  the g a m e  c o m m e n c e s  a t  the  i n s t a n t  t = 0 at  

the po in t  z 0. 

We now s e t  up de f in i t i ons  and l e m m a s  which wi l l  be  u sed  to p r o v e  a fundamen ta l  t h e o r e m  which g ives  
an a n s w e r  to th i s  ques t ion .  

Def in i t ion  1. The o p e r a t o r  T e, e _ 0, m a t c h e s  e a c h  s e t  X C En by the s e t  of  T e (X) C En of po in t s  
z ~ E n wh ich  a r e  such  tha t  fo r  any c o n t r o l  v(7)  ~ f~u, 0 _< ~ _< e, t h e r e  e x i s t s  u ( r )  ~ ~2u, 0 _< ~- < e, and 
such  tha t  fo r  t h e s e  c o n t r o l s  the t r a j e c t o r y  of the s y s t e m  (1.1) wi th  the  s t a r t  a t  the  p o i n t  z(0) : z 0 f a l l s  into 
the s e t X  e x a c t l y  a t  the  i n s t a n t  t = e (i t  i s  a s s u m e d  tha t  the  c o n t r o l  v(T) ,  0 _< "r _< e i s  known to p l a y e r  P).  
I f X  = 0 ,  then Ta(X) = (5. 

LEMMA 1. The  o p e r a t o r  T e h a s  the p r o p e r t i e s :  

1) T0(X) = X;  

2) T~ (X) ~ T~ (X'), i f  X ~ X'; 

3) T~,T~ (X) ~ Ta,+~, (X); 

4) T~(X)is c losed ,  i f X  i s  a c l o s e d  se t ,  and if  zogT~(X) f o r  any e > e 0, then z 0 ~T~,(X); 

5) fo r  a co l l e c t i on  of s e t s  Xa, a~A, 

6) i f  ~Xi} i s  a s equence  of c l o s e d  s e t s  e n c l o s e d  by one  ano the r ,  X~+~ ~ X ~ ,  then 

f-] T~ (Xr = T Xr . 
i ~ I  

Proo f .  P r o p e r t i e s  1 and 2 fo l low d i r e c t l y  f r o m  the de f in i t i on  of  the  o p e r a t o r  Te.  P r o p e r t y  5 i s  a con -  
s equence  of  p r o p e r t y  2. We s h a l l  p r o v e  3. L e t  z o E Ts,Ts, (X) and l e t  v(7) ,  0 _< 7 -< e 1 + e2 be an a r b i t r a r y  
c o n t r o l  o f  p l a y e r  E. A c c o r d i n g  to the  de f in i t i on  of T e l ,  f o r  any vl  (7),  0 _< ~-<_ e 1 (we take  v l  (7) = v(7) ,  
0 _< 7 _< e l )  t h e r e  e x i s t s  u l ( 7 ) ,  0 _< r_< e~ which is  such  tha t  

z (el) ---- z (z 0, ul (~), vl (~), el) E T~, (X). 

Th i s  m e a n s  that  f o r  any v~ (~), el ~< ~ ~ e~ + % ( we  take  % (~) = v (~), ~ ~ �9 ~< e~ + e~) t h e r e  e x i s t s  u2(r)  
such  tha t  the t r a j e c t o r y  of  the s y s t e m  (1.1), beg inn ing  a t  the i n s t a n t  t -- e~ at  the  po in t  z ( ~ )  and c o r r e s p o n d -  
ing to the c o n t r o l s  u~(~), v~ (~), ~x~< v ~  ex+  e,., f a l l s  into X e x a c t l y  a t  the  i n s t a n t  t = el  + ~2. 

Thus ,  if  z 0 E T~,T~ (X), then f o r  an a r b i t r a r y  c o n t r o l  v (~), 0 ~< �9 ~< ez-4-%, t h e r e  e x i s t s  a c o n t r o l  u(7)  of  

p l a y e r  P which  can  b e  chosen  in the f o r m  

, ~1 < "~ < 81-b  e~, 

so  tha t  z(t) =z (z  0, u(1-) ,v(~-) ,  t) f a l l s  into X e x a c t l y  at  the i n s t a n t  t = e l  + e2. Th i s  h o w e v e r ,  m e a n s  that  
zoETs,+~(X ), P r o p e r t y  3 has  thus been  p r o v e d .  We o m i t  the  p r o o f  o f  p r o p e r t i e s  4 and 6. We only  note  they  
a r e  b a s e d  on the  u s e  of the  p r o p e r t i e s  a l r e a d y  p r o v e d  and T h e o r e m  1 [7 ]. 

Def in i t ion  2. The  r a t i o n a l  p a r t i t i o n  w = ~ ~'i~ of the  i n t e r v a l  [0, t] i s  the t e r m  g iven  to i t s  a r b i t r a r y  
p a r t i t i o n  by  p o i n t s  7i such  that  % = 0 ~  ~1 ~ % ~ . . .  ~< vm-~ ~< t (Tm-1 can  b e  equa l  to  t if  and on ly  i f  t i s  
r a t i ona l ) ,  m is  a r b i t r a r y ,  and a l l  r i  a r e  r a t i o n a l ;  I~o[ = t ,  w h e r e  t i s  the  l eng th  of  the i n t e r v a l  to be  p a r t i t i o n e d .  
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E a c h  r a t i o n a l p a r t i t i o n  co can be ma tched  with the o p e r a t o r  

T ~  (X)  = T e , T e  . . . .  T~ m (X) ,  

where  % --- ~i --'~i--P 8m ~ t - - 'S in- - t"  

Defini t ion 3. We sha l l  s a y  that  the pa r t i t i on  co '=  {~/ of  the in te rva l  [0, t], is  f ine r  than co = {  r i }  (we 
denote  it by  r ~o), if  al l  po in ts  r i  a re  amongs t  r j ,  i .e . ,  r i  = rj(i)" 

LE MMA 2. If  o ' -e  to, then T~, (X) ~ T~o (X). 

Proof .  Le t  to __-- {v~}, to'---- {~} and o ' -e  o. Th i s  m e a n s  that  f o r  each r i  there  ex i s t s  r j  such that r i  = 

$(i) 
= ' Then  e~ ~ '~-- ' r~_~ " --~j~_~) = ~ ~:. rj .  We denote  by j(i) the s m a l l e s t  n u m b e r  j such that  r i r j .  = x~ o 

f=j(t--I )+I 

In v iew of  p r o p e r t y  3 of I . e m m a  1 

Then obvious ly  
Tei (X)  D Te~ti_l}+lT~it l_O+ 2 . . .  Tg< 0 (X)  

To~ (X)  = T~,T~ . . . .  Ts,,, (X)  

T~o)+ ~ " "" T~(~)T~5(O+~ " ' "  T9~2) " �9 �9 T~r " " "~ T~s(++O . . .  T~(~_O+~ . .  �9 Tsj(,~) (X)  = To t  (X ) .  

The 1emma has  been  p roved .  

Definit ion 4. T, (X) = ~l  T~ (X). 
Iml=t 

LEMMA 3. 

1) ~o(X) = x; 

2) Tt (X) c ~, (X'), if  X ~ X'; 

3) i f X  is  a c losed  set ,  then ~t(X) i s  a lso  c losed;  

4) i f X  is c lo sed  and z E ~t(X) f o r  all t > t 0, then z E Tt0(X). The p roo f  of the l e m m a  fol lows d i r ec t l y  
f r o m  the def ini t ions  in t roduced  above and f r o m  the p r o p e r t i e s  of the o p e r a t o r  T e. 

LEMMA 4. If X is  a c losed  set ,  then 

~0,+,, (X)  = ~0 :?,, (20 

f o r  01, 02 > _ 0, 01 + 02 -< t l ,  i .e . ,  the o p e r a t o r s  f o r m  a s e m i - g r o u p .  

P roof .  We a s s u m e  that  01 is a r a t iona l  number .  Each  pa r t i t ion  w of  the in te rva l  [0, 01 + 02] is ma tched  
with the pa r t i t i on  co' obta ined f r o m  co by adding another  pa r t i t i on  poin t  T = 01: 

~' = {~ = 0, % . . . ,  ,,~,_,, ~ = 0,, ~ ,  . , ~,_,}. 

It  i s  obvious  that  o '  -e o. 

I t  is  ea sy  to ve r i fy  that 

[-I T~(X) = ~-] T~, (X). (1.4) 
Bol=0t+0* Ire'l= 0,q-0z 

Indeed,  s ince  the se t  of pa r t i t i ons  co' is  n a r r o w e r  than the se t  o f  al l  p o s s i b l e  pa r t i t i ons  co, we have  

Yl r~ (x) c f-l T~,. (X). (1.5) 
Bol=Ot+8, I~'J=e~+O~ 

Let  Zo~ N T., (X). 
Io'l=O~+o~ 

This  m e a n s  that  z 0 E Tco,(X) f o r  any r and s ince  o~'-e o, we have  z 0 E T J X ) .  F r o m  the fac t  that  f o r  
each  co the re  ex i s t s  a c o r r e s p o n d i n g  co', it  fo l lows that 

z ,~  f-I T . (X) .  
Ir 0~ 
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In v iew of a r b i t r a r i n e s s  of z o, 

El T,o(X)~ ['-I T~, (X). (1.6) 
io)1=~ 1(o'1=~176 

A c o m p a r i s o n  of  (1.5) and (1.6) g ives  Eq. (1.4). Using (1.4) and p r o p e r t y  6 of the o p e r a t o r  T e, we obtain 

T, ,+ , ,  (X) = El  T~ (X) ---- E l  T,~, (X) 
rcol=e,+e, Ico'l=~ 

(1.7) = E l  1"1 T~, ,T~(X)~ El To~, El T~,(X)=.'~e,~e~(X), 
I(o~l=+, Ico+I=++ [c~162 I~+l=e, 

where  wl is a r a t i ona l  pa r t i t i on  o f  the in te rva l  [O, 01 ], and w2 is a pa r t i t i on  of  the i n t e rva l  [ 0 2, 01 + 02 ]. 

We shal l  p rove  a c o n v e r s e  inser t ion .  Since each  pa r t i t ion  

0) 2 = {~*0 2 = e l ,  ,c~ . . . . .  ,~2 z_l } 

is  g iven by  a finite co l lec t ion  of  r a t i ona l  n u m b e r s ,  the se t  o f  such pa r t i t i ons  i s  countable.  They can be r e -  
numbe red :  

We shal l  c o n s t r u c t  the pa r t i t i on  co k. In the r o l e  of  pa r t i t i on  points  we take all pa r t i t ion  points  ~ ,  j ~ k. I t  is 
obvious  that  (0~ -~ ~ ,  j = l, 2 . . . . .  k, I o)~ [ ---- O~ and, in addition, (o~ +1 -~ r We shal l  show that  

T,~ (X) = El T~ (X) = ~1=, T(o~ (X). (1.8) 
co 

Indeed,  ff zoET,~ (X), then zo~ ~lro~(X}: s ince  the se t  of  pa r t i t ions  w k, i s  only a p a r t  o f  the se t  of al l  poss ib le  

par t i t ions .  Le t  now z 0 ~  (X_) for  each  w k, and le t  % ---- % -~ be an a r b i t r a r y  pa r t i t i on  obta ined by e n u m e r a t i o n  
of the n u m b e r s  i. Then (o~-~ ~0~ = %. 

Consequent ly ,  f o r  each r 2, 

With this Eq. (1.8) has  been  proved .  

r  

El To)~ (X) ~ T ~  (X) ~ T ~. (X) 

Using p r o p e r t y  5 of  the o p e r a t o r  T e and (1.8), we obta in  

~o,~,,(x) = El vo, El T...(X) 
I~hl=6z 1o),l=a- 

(5 ) = El T~ To)~(X ) = El  " T , o , T ~ ( X ) ~  El T,~. (X) = Te,+e, (X). 
Icod=e, _ I(o,l=Ol k = l  I co ' !=e ,+o,  

(1.9) 

A c o m p a r i s o n  of  the r e l a t ionsh ips  (1.7) and (1.9) comple t e s  the p roof  of  L e m m a  4 f o r  a ra t iona l  0 2- If  0 1 is 
an i r r a t i ona l  number ,  then it  can  be r e p r e s e n t e d  as a l imi t  of a sequence  o f  r a t iona l  n u m b e r s  {0~} -+ 0~, 
O~ ~ 01, 0~ ~ 0~+1, f o r  which, in v iew of  what  has  been  a l r eady  proved,  

Then by  p r o p e r t y  4 o f  the o p e r a t o r  T e, we have 

:To,to, (X) = fo,~,  (X) 
L e m m a  4 has  been  proved.  

We cons ide r  the s e t  N (c) = {z : zEM, p (z) ~< c}. Let  c* be the s m a l l e s t  va lue  o f  c fo r  which N(c) ~ 0 .  It  
is  obvious  that  N(c) is  c lo sed  and fo r  c~ > - c 2 - c * , w e  have N(c2) C N(cl) ,  i .e . ,  as c i n c r e a s e s ,  the se t  N(c) does  
not con t rac t .  We denote  

C(Zo) = inf c, (1.10) 
zo~tl(N(c)) 
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i . e . ,  a m i n i m u m  c which  i s  such  tha t  zo~Tt , (N(c)). If  zoE-Tt, (N (c)) f o r  any c m c*, then 

c (Zo) = -t- co. 

We s h a l l  show that  the  in f imt tm i s  a t t a ined  on the r i g h t  s ide .  We c o n s i d e r  the  s equence  {q} ~ c {zo} c,+~ < r 

By the de f in i t i on  o f  c(z0) ,  

zoE ~ 'T,, (iV (c,)) = l" l  f-l T~ (N (c,)), 
i=1 [O)l=tt i ~ l  

i . e . ,  zo~ l'-I To, (N(c~)) f o r  any c~. By p r o p e r t y  6 of  the  o p e r a t o r  T e, 
i ~ l  

T (N (q)) --" T N (q) = T~ (N (c (Zo))). 
i ~ l  

Thus,  zo~T~(N(c (zo))) f o r  any co, 

zoET,, (N (c (Zo))). 
We now r e t u r n  to the g a m e  unde r  c o n s i d e r a t i o n .  The  fo l lowing  t h e o r e m  g i v e s  an a n s w e r  to the  q u e s -  

t ion:  wha t  can  p l a y e r  P s e c u r e ,  i f  the  g a m e  b e g i n s  at  a p o i n t  z 0. 

F u n d a m e n t a l  T h e o r e m .  1. If the  po in t  z 0 i s  such  tha t  c(z0) < + r162 and c(z0) < c < + ~ ,  t hen  w h a t e v e r  
s t r a t e g y  i s  c h o s e n  by  p l a y e r  E ,  the  g a m e  c o m m e n c i n g  a t  the  i n s t a n t  t = 0 at  the  po in t  z 0 can  be f i n i s h e d  

wi th  the  p r i c e  c.  If ,  h o w e v e r ,  c* _< c < c (z0), t hen  p l a y e r  E h a s  an ~ s t r a t e g y  which  i s  such  tha t  f o r  any  
a c t i o n  of the  opponen t  P the  g a m e  i s  not  c o m p l e t e d  wi th  the  p r i c e  c .  

2. If  c(z0) = + r t hen  fo r  any  a c t i o n  of  p l a y e r  13, p l a y e r  E h a s  an ~ s t r a t e g y  v (~-), 0 --- ~ -<t l  which  
i s  such  tha t  E ' p r e v e n t s  p l a y e r  P l e a d i n g  the o b j e c t  onto the  s e t  M and c o m p l e t i n g  the  g a m e  with a f in i te  
p r i c e .  

P r o o f .  1. L e t  c(z0) -< c and suppose  tha t  p l a y e r  E a r b i t r a r i l y  c h o s e  e l  > 0 and v(~-), T E [0, el] and 
r e p o r t e d  to  P .  S ince  in  t h i s  c a s e  

Zo~"Tt , (N (c)) ~ ry fl',,_e, (N (c)), 

by the de f in i t i on  o f  the  o p e r a t o r  T e on the i n t e r v a l  [0, e~ ], f o r  any v ( r ) ,  t h e r e  e x i s t s  u(~)  such  tha t  

Z (el) = Z (Z o, U ('r V ('r), el)~'Ft,--e, (N (c)). (1.11) 

L e t  E c h o o s e  e2 > 0 and v ( r ) ,  e~ _< r -  e l  + e2, and r e p o r t  t h e m t o p l a y e r  P .  F r o m E q . ( 1 . 1 1 )  i t  fo l lows  that  
z (e0~T~t , -~ , -~ ,  (N (c)). Th i s ,  h o w e v e r ,  m e a n s  that  t h e r e  e x i s t s  u (x), e~ ~< �9 < e~ q- e2, and z (sx 4- %) = z (%, u (x), 
v (v), e 1 + %) ETt,_r (N (c)), and so for th .  We ob t a in  z (tO --  z (z0, u (~), v (~), ti) ~N (c),, and t hen  z(tl)  ~ M and 
p(z(t~)) _< c.  

L e t  now c* < c < (z0). We sha l l  show that  in th i s  c a s e  p l a y e r  E can  c h o o s e  an e s t r a t e g y  v(z) such  tha t  
the g a m e  wi l l  not  be  f i n i s h e d  wi th  the  v a l u e  c. F r o m  the de f in i t ion  of c(z  0) 

Zo e-~,, (N (c)) = f-I r~ (N (c)), 
lr 

Consequen t ly ,  t h e r e  e x i s t s  a p a r t i t i o n  ~ such  tha t  zoETo~ (N (c))-----T~l_~ ~ T~_% . . .  Ttl_~m_ 1 (N (c))=Tsl T ~ . . .  
r~m(N(c)). Th is  m e a n s  tha t  on the i n t e r v a l  [0, e l ]  t h e r e  e x i s t s  a c o n t r o l  of p l a y e r  E such  tha t  

z (el) = z (z0, u (~), v (~), e0ET~2. . .  T~,, (N (c)), (1.12) 

r e g a r d l e s s  w h a t e v e r  c o n t r o l  u ( r )  w a s  a p p l i e d  by p l a y e r  P .  F r o m  r e l a t i o n  (1.12), i t  fo l lows  that  on the i n t e r -  
va l  [ e l ,  e~ + e2] t h e r e  e x i s t s  v ( r )  such  tha t  f o r  any u ( r )  

z(e1Jr e~) = z(zo, u('r v(x), e 1 q- ez) 'ET~. . .  T~,n(N (c)) 

and so fo r th ,  wi th  z(tl) E" N(c).  Thus,  if  c* _< c < (z0), p l a y e r  E has  an e s t r a t e g y  such  tha t  z ( t l )  E" N(c),  r e -  
g a r d l e s s  how the opponen t  P ac t ed .  

2. S ince  zo~"Tt, (N (c)) f o r  any c, then o b v i o u s l y  f o r  any u ( r )  we have  z ( t l )  E- M and the g a m e  i s  not  
f i n i s h e d  wi th  a f i n i t e  va lue ,  i . e . ,  I(z 0, u, v) = +~.  The  t h e o r e m  h a s  been  p r o v e d .  

77 



We note  tha t  in the p r o o f  of the t h o e r e m  the  cho i ce  of an e s t r a t e g y  i s  po in t e d  out  f o r  p l a y e r  E which 
p r e v e n t s  P c o m p l e t i n g  the  game  with  a va lue  c < c(z0) .  At  the  s a m e  t i m e ,  on each  s t ep  E c h o o s e s  i t s  con -  
t r o l ,  p r o c e e d i n g  f r o m  the  p h a s e  p o s i t i o n  of  the  o b j e c t  a t  the  i n s t a n t  when the  c o n t r o l  i s  be ing  chosen ,  and  
r e p o r t s  i t  to the  opponent  P .  P l a y e r  P knows the c o n t r o l  v ( ' r )  not  on the  e n t i r e  i n t e r v a l  [0, t] ,  but  on ly  in 
the  n e a r e s t  fu tu re ,  i . e . ,  on a c e r t a i n  t i m e  i n t e r v a l  of l eng th  ~. 

COROLLARY. A s e t  of po in t s  f r o m  which  the g a m e  can  b e  f i n i s h e d  wi th  the v a l u e  c c o i n c i d e s  with 
the s e t  ~'t, (N (c)). The  p r o o f  fo l lows  d i r e c t l y  f r o m  the t h e o r e m .  

2 .  L i n e a r  G a m e s  o f  F i x e d  D u r a t i o n  

Le t  a g a m e  be  d e s c r i b e d  by the s y s t e m  of  l i n e a r  d i f f e r e n t i a l  equa t ions  

z = A z +  u + v ,  (2.1) 

w h e r e  z = (z 1 . . . . .  z n) i s  the  v e c t o r  of  p h a s e  c o o r d i n a t e s ,  u = ( u  1 . . . . .  u n) i s  the c o n t r o l  of p l a y e r  P,  v = 
(v ~ . . . . .  v n) i s  the  c o n t r o l  of  p l a y e r  E; u E U, v E V. The  s e t s  U and V a r e  c o m p a c t ,  and U i s  convex.  

I t  i s  obv ious  tha t  a l l  cond i t i ons  f o r m u l a t e d  in See.  1, wh ich  m u s t  b e  s a t i s f i e d  by the r i g h t  s i d e s  of the 
s y s t e m ,  a r e  s a t i s f i e d .  

We a s s u m e  tha t  the  s e t  M i s  c l o s e d  and convex ,  whi l e  p(z) i s  a convex cont inuous  func t ion  s p e c i f i e d  
on the whole  M. In th i s  c a s e  the  s e t  N(c) = { z :  z E M, p(z)  _< c} w i l l  b e  convex  and c lo sed ,  and f o r  c l m  c 2 ~  
c* N(c2) C N(c~). 

The i n s t an t  t l  o f  ending  the g a m e  i s  f ixed.  

In the  p r e v i o u s  s e c t i o n  we r e d u c e d  the  s tudy of the g a m e  to the c o n s t r u c t i o n  o f  o p e r a t o r s  ~ t  which 
m a p  a s e t  of  the  s p a c e  E n in to  o t h e r  s e t s  of  the  s a m e  space .  In the g e n e r a l  c a s e  of a g a m e  wi th  p r e s c r i b e d  
du ra t i on ,  i t  i s  v e r y  d i f f i cu l t  to c o n s t r u c t  t h e s e  o p e r a t o r s  e f f i c i en t ly .  The  p r o b l e m  i s  s i m p l i f i e d ,  ff ~'t c o i n -  
c i d e s  with T t, T h i s  i s  the  c a s e  when the o p e r a t o r  T t i t s e l f  h a s  the p r o p e r t y  

ToiTo2 (X) = T0,+0,(X), 01, 0~ ~ 0, 0, + 0~ ~< t~. 

Indeed,  then fo r  an a r b i t r a r y  r a t i o n a l  p a r t i t i o n  co o f  the  i n t e r v a l  [0, t] 

To, (X) = r s , r e 2 .  . . Tern (x)=rh4- . . .+Sm (X) = r t  (X) 
and 

Io)l=t 

Next  we s h a l l  show that  fo r  c e r t a i n  l i n e a r  g a m e s  the  o p e r a t o r s  T t f o r m  a s e m i g r o u p .  

We know that  i f  the  c o n t r o l s  u(~-), v(T),  0 _< ~ _< t, and the  i n i t i a l  p o i n t  z(0) = z 0, a r e  g iven ,  then the 

c o r r e s p o n d i n g  t r a j e c t o r y  of  the  s y s t e m  (2.1) i s  
t 

z (t) = z (z o, u (~), v (~), t) = ~ (t) z o -b  S @ (t - -  ~) (u (~) + v (~)) dr, ( 2 . 2 )  
0 

w h e r e  #(t)  i s  the so lu t i on  of  the  equa t ion  ~ = A~,  ~(0) = I; I i s  a un i t  m a t r i x .  F r o m  this ,  z 0 can  be  found in 

the f o r m  
t 

z 0 = q) ( - -  t) z (t) - -  S ~ ( -  ~) (u (~} + v (~)) dr. (2.3) 
0 

We sha l l  d e t e r m i n e  the o p e r a t o r  T e fo r  o u r  game .  I t  m a t c h e s  any s e t  X c E n wi th  the  s e t  of  i n i t i a l  c o n d i -  
t i ons  Te (X)  which i s  such  tha t  f o r  any z 0 e T e (X), and f o r  any v(~-), 0 _ ~- _< e, t h e r e  e x i s t s  a c o n t r o l  u(~-) 
of  p l a y e r  P such  tha t  

z(e) = z(zo, u('O, v(~), e)6.X 

(with the cond i t i on  tha t  v(~" ), 0 -< ~'. -< e i s  known to the  opponent  13. M o r e o v e r ,  if  X = ~b, t hen  Tz (X) = 0 .  

I t  i s  obv ious  tha t  the o p e r a t o r  T~ p o s s e s s e s  a l l  t he  p r o p e r t i e s  f o r m u l a t e d  in L e m m a  1 of Sec.  1. 
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We u s e  the  fo l lowing  nota t ion :  

Nx (8, v (~)) = {z o : Zo = q) ( - -  ~) z - -  ~ ~) ( - -  ~) (u (~1 + v (~)) d~; 
0 

zEX, u (~)E~,.}, 

i . e . ,  th i s  i s  the s e t  of s t a r t i n g  p o i n t s  f r o m  which the  s e t  X can  b e  r e a c h e d  e x a c t l y  a t  the  i n s t a n t  t = e f o r  a 
g iven  c o n t r o l  v(~-), 0 _< ~ _< e. 

L E M M A  1. I f X  i s  a convex  c l o s e d  se t ,  then Nx(e ,  v (7)) i s  a l so  c l o s e d  and convex.  

We o m i t  the p roo f ,  no t ing  on ly  that  T h e o r e m  I [7] i s  u sed  f o r  the  p r o o f  of c l o s e d n e s s ,  wh i l e  convexi ty  
f o l l ows  a t  once  f r o m  convex i ty  of  the  s e t  X, U. 

L E M M A  2. 

T~ (X) = fl N x (8, v (-c)). (2 .4)  

Proof .  L e t  z 0 E Te(X) .  Then,  fo r  any v(T) E ghr, O _< r ~ e, t h e r e  e x i s t s  a c o n t r o l  u ( z ) ,  0 _< ~ _< e, of 
p l a y e r  P such  tha t  z(e) = z(z  0, u(~-), v ( r ) ,  e)E X.  

Consequen t ly ,  z 0 i s  r e p r e s e n t a b l e  in the  f o r m  

e 

Zo = r ( - -  8) z (8)- -  ~ ~ ( - -  ~) (u (~) + v (~)) d~ 
0 

f o r  any v(~-) E i2v, w h e r e  z(s) E X ,  u ( ~ )  E ~2u, i . e . ,  

We ob ta in  

z 06 n N x(e,v(x)). 
v(T)E~v 

T e (X )~  U N x(8,v('~)). (2.5) 

We s h a l l  p r o v e  a c o n v e r s e  i n s e r t i o n .  L e t  z 0 E ~ l  N x (e, v (~)). Th is  s i g n i f i e s  tha t  fo r  any v(~-), O ~ T -< e, 

z 0 i s  r e p r e s e n t a b l e  in  the f o r m  

za ~-  (D ( - -  e) z Ca) - -  [ q) ( - -  T) (u ('~) q- v (x)) dr, 
0 

w h e r e  z(e) E X, u(-r) E f~u, i.e.,  f o r  any v(T) E e v  t h e r e  e x i s t s  u ( r )  E ~2u such  that  

8 

z Ca) ~-~ (D (e) z n -t- S �9 (e - -  x) (u (x) + v (x)) d'~ E X. 
0 

By the de f in i t i on  of  the  o p e r a t o r  Te, T, z 0 E T (X), i . e . ,  

T (X)~ l~l Nx(8'v(T))" (2.6) 
v(~)Ee v 

C o m p a r i n g  (2.5) and (2.6), we ob ta in  (2.4). 

COROLLARY.  If the s e t  X i s  convex,  then Te(X)  i s  a l s o  convex.  

Indeed ,  Te (X)  i s  an i n t e r s e c t i o n  of convex  s e t s .  

We sha l l  now u s e  convex i ty  of  the s e t s  Te(X)  f o r  t h e i r  a n a l y t i c a l  d e s c r i p t i o n .  We note  tha t  i f  the  s e t  
X i s  convex  and c lo sed ,  then i t  i s  un ique ly  d e t e r m i n e d  by  i t s  s u p p o r t  func t ion  Wz(~p)---- sup (%z). In fac t ,  the  

zEX  

s e t  X i s  then s p e c i f i e d  by  a s y s t e m  of  l i n e a r  i n e q u a l i t i e s  (r z) _< WX(r f o r  a l l  r E E n. If X = 0 ,  we  pu t  
W x ( r  --- -~o. 

S ince  the s e t s  N(c),  U, V a r e  s p e c i f i e d ,  we can  c o n s i d e r  t h e i r  s u p p o r t  func t ions  IVN(c) 0P). !ITv ($),'W v (~P) 
as known. 
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Let  X be an a r b i t r a r y  convex c losed set.  We calcula te  the suppor t  funct ion for  Nx(e,  v, (r)) :  

[ i W~x~.~,, (,) = sup (% z) ~ sup (q~*(-- ~) ~. z) + (-- q~" (--~)% 
z~N x(e,v('~)) z~X 

u(~)E~ u 0 

u (~) + v (x)) d~ = ~V, ( . "  ( _  8),) + ~ % ( - - . "  (-- ~) , )  dT + I ( -  ** { -  ~) *'  v m)  d~. 
0 0 

Since the se t  T, (X)----- 1"-1 Nx (~.v(~)).. it  is  obvious  that  z E Te(X),  i f  f o r  all  r E E n the s y s t e m  of inequal i t ies  
v(~)E~ a 

(%z)~ inf {Wx ((D*(-- e)*) + i [ W . ( - - ~ * ( - - ~ ) ~ )  - (~*( - -~ )~ ,v  (w))ld~ } 
0 

8 8 

is  sa t i s f ied .  Here  r ~) = !" Wu(- -~ ' ( - - ,O , )d , - - . [Wv(@ ( - - * ) , ) d ,  is bounded fo r  any r E E n in v iew of  c o m -  
0 0 

p a c t n e s s  of the se t s  U and V. 

Thus, we have p roved  that  the se t  Te(X) is  convex and is d e s c r i b e d  by the set  of  l inear  inequal i t ies  

(% z) ~< W x (q)* (--  e) ~) + q~ (e, ,),  (2.7) 

which m u s t  be sa t i s f ied  fo r  all  r 

Unfortunately,  a nonconvex  function s tands  on the r igh t  s ide of (2.7), and t h e r e f o r e  in the gene ra l  
ca se  i t  is  not  the suppor t  funct ion of the se t  Te(X).  We now note that [8] ff we a re  g iven a s y s t e m  of  l i nea r  
inequal i t ies  

(,,z)~< w ( %  v ~ ,  

where  W(r is a pos i t ive ly  homogeneous  funct ion in r  then the suppor t  funct ion of  a convex se t  of  points  z 
defined by this  s y s t e m  is  given by the e x p r e s s i o n  

W ( ~ ) =  inf Y.W(@~), (2.8) 

where  the l o w e r  bound is  taken o v e r  all  f inite expans ions  of the v e c t o r  r into a sum of the v e c t o r s  r  A c -  
cordingly ,  the suppor t  funct ion of the se t  Te(X)  can be wr i t t en  

W x (~) = WT~(x ~ (~) = in[ Y [W x (el)" (-- e) ~r + cp (8, *~)1. 

THEOREM 1. If  X is an a r b i t r a r y  convex c losed  set,  then one of the following condi t ions  holds.  

1. A = 0, i .e . ,  a g a m e  with a s imple  mot ion  is  cons ide red  and T~T% (X) 4= ~ .  

2. The function 

is convex with r e s p e c t  to r f o r  any e; then 

(8, ~) + W x (qr ( - -  8) , )  

T Tez (X) = Ts,+~ ' (X}. 

To p r o v e  the theo rem,  i t  is  suf f ic ien t  to show that  the suppor t  funct ions of the se t s  TeIT%(X) and T81+%(X) 
a re  equal.  

We shal l  f i r s t  cons ide r  t he  c a s e  where  condit ion 2 is sat isf ied.  In this c a s e ,  the e x p r e s s i o n  

�9 W~ ( ~ * t - -  ~)*) + q~ ( e , , )  

is  a convex function, and t h e r e f o r e  i t  fol lows f r o m  (2.8) that  i t  is in fac t  a suppor t  funct ion  f o r  Te(X) .  

We have 

W~ ,+~' (,) ~ Wre,+8r (,) __ W x (qo" (-- e~ - -  e~) ~) + r (81 + e~, ,}. 
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F u r t h e r ,  

W~ '''' (r ~ ~r~ r,,(x) (r = W~'~i(x~ (r 

= Wr~,(xl ~0" ( - -  80 r + ~ (e~, r = Wx (0" (--8~) O* (--8,) ~)+(~ (8~, O* (--80 r + (p (8,,r 

= W~ (O" (--  8, - -  8=) ~) + ~ [Wo (--  O" (--*) r  Wv (0" (--~) ~P)] d~ + S Iw. (--  r  
8, 0 

( - -  *) ~P) - -  W v (~* (--  ~) r d~ = Wx (0" (--  8, - -  8~) r + ~ (8, + 8~, r 

A c o m p a r i s o n  o f  the e x p r e s s i o n  obta ined  shows that  --x~:*+~ (,) = W~ ' '~ (r This  p roves  the r e q u i r e d  resu l t .  

Let  now A = 0. Then @(e) = I (a unit  mat r ix) .  We take into account  this fac t  in the ca lcu la t ions  which 
wil l  be c a r r i e d  out in a gene ra l  f o r m .  Since ~ (8, ~) + W x (q: (--  8) ~) is no longe r  n e c e s s a r i l y  a convex func-  
tion, then 

P]~'+~2 8~) ~ )  + ~ (8, + 8~, ~)1, x ( ~ ) =  inf Y, [W•  

t ~  '~ (~) = inI Z [Wr~,(x)(0" (--  e )r ,*~)l. (2.9) 

Since a c c o r d i n g  to the p r o p e r t i e s  of  the o p e r a t o r  T ~ ( X ) T T  ( X ) ~ T + ~  (X), we have  W~'+~(r  W~:~(r 
However ,  this can eas i ly  be ve r i f i ed  f r o m  Eqs.  (2.8) and the e x p r e s s i o n  

q~ (e,~, (1); (-- e~) ~p) + (p (e~, ~) = r (e~ + %, ~), (2.10) 

which is a l so  ea s i l y  checked.  

We shal l  now show that  W~ '+~ (~p) ~ W~ ' '~ (r F o r  this we m a k e  a few p r e l i m i n a r y  o b s e r v a t i o n s ,  ff Wx(r 
is a suppor t  funct ion of  the s e t X ,  then we denote  

Kx = {~: Wx (r < + ~o}. 

E It  is  e a s y  to see  that  Kx is convex cone.  F r o m  the e x p r e s s i o n s  for  W x (r it i s  not  d i f f icul t  to see  now that  

Kre(X ) = O* (e) K x. 

Exac t ly  in the s a m e  way as (2.9) 

Thus,  the funct ions  e,,~, i~,+~, W x (~) and --x (~) a s s u m e  infinite va lues  f o r  the s a m e  se t s  o f  v e c t o r s  r T h e r e -  
fore ,  in all  the subsequent  d i s c u s s i o n s  all v e c t o r s  r and thei r  expans ions  can be taken f r o m  the se t s  ~*(81 + 
e2)K X, s ince outs ide  these  se t s  ..... W x (~) and W~ +~2 (~) a r e  s imul t aneous ly  equal to infinity. 

Fu r the r ,  the fol lowing p r o p e r t i e s  a r e  valid.  

1. w~  (~) < W x (r + ~ (~, ~). 

This  fo l lows f r o m  the e x p r e s s i o n  f o r  W~ (~). 

2. F o r  any 6 > 0, we can f ind an expans ion  E~, = r such that  

o < ~ [W x ((D* C-- e) ,~) + ~ C8, *~)l - -  W~ (r ~ 8 
and 

(8, , )  ~ Z~ (8, ,~). 

The f i r s t  s t a t e m e n t  fo l lows f r o m  the def ini t ion o f  a lower  bound. The second  fol lows f r o m  the fac t  
that  f r o m  the f i r s t . t~roper ty  we can a lways  find an expansion such that  

and Wx( r ) is  convex.  

[W x (~* 1-- 8) r + q~ (8, r ~< W, (09" (--  8) ~) + ~ (8, $), 
i 
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P r o c e e d i n g  f r o m  (2.9), we now choose  for  a g iven 5 an expansion of the vec to r  r such that  

w~ ''~ (r > ~ [~r~,(x)(~* (-- ~,)r ++ (~,,*~)1--~" 
i 

Let  k be the n u m b e r  of n o n z e r o  v e c t o r s  in the expansion Xr ~ , .  We choose  for  each  r an expan-  
s ion Z~po = ~p~, such that  

W~,v o fro" (-- ~) r > ~ IWx (O* (-- ~) ~" (-- '3 %) + r (~:, O* ( ,  ~i) %)1 
i 

and 

Then 

q) (~2' (~)* ( - -  ~i) ~l~') > Z + (E2' (I)* ( - -  ~1) r (2o 11) 
i 

u77,", (,) > Z {X i~7~ co' ( -  ~, - ,~) % )  + (.:, (i,. ( -  ~,) %)1 + + (~,, ,,)} - 28 
j 

= ~ ~ [w x (0" (-- ~, - -  8~) %.) + + (~, 0 .  ( - -  s,) %) + + (s,, %)1 + ~ [r (~,, r - -  ~ ~ (8,. , , ) 1  - -  2o. 
t t i i 

Taking into account  the f i r s t  e x p r e s s i o n  in (2.9) and (2.10) and the fac t  that  ~, ~ ~Po-~ ~ ~P~ = xp, we obtain 

w~, ''~' (r > w~; +~' ( , )  + ~ t+ (~,, r - ~ + (~,, %~)1 - 28. 

Since we a re  deal ing with a s imp le  mot ion  and hence  5 (t) =I, we obtain  

+ (8, ~p) = .I [IVy ( -  *) - -  Wv (r d~ ----- ~ [W U (-- r - -  Wv (*)1. 
0 

It  now fol lows f r o m  (2.11) that 

8~ [w~ ( -  ,,) - -  ~ v  (*,)1 > ~: X [wv ( -  % ) - -  Wv (%)]  
i 

Multiplying this inequal i ty  by e l / e 2 ,  we obtain  

$ 

It  now fol lows f r o m  (2.12) that 

(2.12) 

Wx (,) ( , ) - -  2& 

Since 6 is a r b i t r a r y ,  we have  Wx ~'e' (~) ~ W~ +~' (~). which was  to be  proved .  

Thus, W~ '~' (,) - w ~'+~' - -  --x 0P), i .e . ,  T,1T~,(X) = Te,+~ ' (X). This  comple t e s  the p r o o f  of  the t h e o r e m .  

We can now f o r m u l a t e  ce r t a in  suff ic ient  condi t ions  fo r  a poss ib i l i ty  of  f in i sh ing  the game.  

THEOREM 2. Le t  a convex c losed  set  be given and one of the condi t ions  of  T h e o r e m  1 be  fulf i l led.  
Then, fo r  p l a y e r  P to be able to lead the t r a j e c t o r y  of  the ob jec t  (2.1) f r o m  a s t a r t ing  poin t  z 0 into N(c) f o r  
any e ' s t r a t e g y  of  p l a y e r  E, it is  n e c e s s a r y  and suff ic ient  to sa t i s fy  the inequali ty 

(r z) < i~cc) (O* (--  fi)r + +(t 1, r 

fo r  all r  

The p r o o f  fol lows f r o m  the fundamenta l  t h e o r e m  of Sec. 1, T h e o r e m  1 of  this sec t ion  and the f ac t  that, 
under  the condi t ions  of  T h e o r e m  2, ~'t (N (c)) = Tt (N (c)). 

C O R O L L A R Y .  I f  U = U  1 - aV, w h e r e  U1 is  a convex c o m p a c t  set,  a _ 1, then the second  condit ion of 
T h e o r e m  1 is  sa t is f ied.  

Indeed,  in this case ,  

Wu (r = Wu, (r + o:W v (--  ~) 
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and the re fo re  
8 

,r (8, , )  = I [wu ( '  ~" C-- "q ~) " ~ ,  (~)" (-- "q ,)] d'~ 
0 

8 

----- ~ [Wu, (--(I)* (-- ~) ~) + (~--  1) Wv (q)" (--~) *)l d~, 
0 

f rom which it  follows that r  r is a function that is convex with r e spec t  to r  

We also note that condition 2 of Theorem 1 is sat isf ied for  games such as " isotropic rocke t s"  [11] 
and "boy and crocodile." For  such games these conditions lead t~ the a l ready known sufficient conditions 
in t :~ ease of a p resc r ibed  completion time, showing at the same t ime that they are  also n ece s sa ry  conditions. 
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