
M A P P I N G S  C O N J U G A T E  TO C O N V E X  M A N Y - V A L U E D  M A P P I N G S  

V.  V.  B e r e s n e v  UDC 519.3 

A great  number  of extremal  problems of prac t ica l  importance are  descr ibed in t e rms  of many-valued 
(point-set) mappings. Among problems of such type are  optimal control problems for d iscre te  p rocesses ,  
the problem of finding the minimax for connected sets, on which is based the solution of many nonantagon- 
istic games with information t ransfer ,  a whole ser ies  of problems connected with the investigation of a 
family of mathematical  p rogramming  problems,  etc. Pshenichnyi  [1] introduced the concept of a conjugate 
t ransformat ion  for convex many-valued mappings and pointed out the fruitfulness of using such a t r ans fo r -  
mation for investigating and solving ext remal  problems given by convex many-valued mappings. But in i 
o rde r  for  conjugate mappings to become a convenient and effective mathematical  tool for the investigatiorl 
and solution of convex ext remal  problems,  it is neces sa ry  to develop a technique for computing the con- 
jugate mappings for complex convex many-valued mappings obtained as a result  of operations over  other  
convex many-valued mappings. The creat ion of a cer tain foundation for such a technique for computing the 
conjugate mappings is the f irst  and foremost  aim of the present  paper.  However, it should be noted that 
several  resul ts  of the paper  (Theorems 6, 8, 9) are  of independent interest .  In par t icular ,  by using the 
method of proof  of Theorem 2 of [1], f rom Theorem 8 we easily obtain a general izat ion of the marginal  
value theorem to the case  of a rb i t r a ry  locally convex spaces .  

B a s i c  D e f i n i t i o n s  a n d  N o t a t i o n .  A u x i l i a r y  R e s u l t s  

As in [1] all problems are  investigated in real  local ly-convex separable l inear  topological spaces 
X, Y, Z. 

Let f be some function on X with values f rom [ -  ~, + ~].  It is obvious that for a convex function f 
the set 

dom [ ----- {x : x E X, f (x) <~ + oo} 

is a convex set, while the convexity of the set 

det f = {(x, a) : (x, a) E X • R, a ~ f (x)} 

is equivalent to the convexity of function f .  By a f(x0) we denote the subdifferential of the convex function 
f at point x0; however, if ~o is a convex function of the product of spaces X and Y, then the subdifferential 
of ~o at the point (x0, Y0) is denoted by 0 x, y~(X0, Y0), whereas Ox ~ (x0, Y) is the subdifferential  of function 

~(x, y) at point x 0 with respec t  to the argument x for  a fixed y. 

By M(X, Y) we denote the collection of all many-valued mappings of space X into spsce Y; here,  in 
contras t  to [2], we allow that an empty set can be a value of a many-valued mapping. We stipulate that for 
this case,  for any ~ C Y, hER, 

X~ = ~ .  

Let  aEM(X, Y). We say that mapping a is convex if for  any xl, x2EX 

a (Xx~ + (1 - -  ~.) xz) _~  ~,a (xO + (1 - -  ~,) a (xg ,  
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Two se ts  a r e  c lose ly  r e l a t ed  with each  convex m a n y - v a l u e d  mapping:  

d o m a = { x : x E X ,  a(x) =# ~},  

grafa = { ( x , y ) : ( x , y ) E  X • Y, yEa(x)} ,  

while with each  p a i r  (x0, Y0)E g ra f  a, the cones  of  admis s ib l e  d i rec t ions  

I(~. (a, Xo) = {Y : Y = ~ (y . Vo), Y E a (xo), ~ > 0}, 

K~ (x o, Yo) ={(x,  y) : (x, .q)= X (x - -  x o, y - -  Y0), 

(x, y) ff graf a, X > 0}. 

It is  easy  to see  that  g r a f  a a n d d o m a  a r e  convex se t s  in X •  and X, r e s p e c t i v e l y .  We a lso  note  that  the 
giving of  se t  g r a f  a uniquely defines the mapping  a s ince  if $ is a convex  se t  in X • then the mapping 
a(x) = {y : (x, y ) ~  } is convex and g r a f  a = 4 .  

In what follows we denote by W(X, Y) the co l lec t ion  of  all convex m a n y - v a l u e d  mappings  of space  X 
into Y. Le t  aEW(X,  Y), y * E Y *  We set  

inI { < y, y* > : y E a (x)}, x E dom a; 

wafx, y * ) =  
L+ co, xEdom a. 

The  funct ion Wa(X , y*) is a convex  function and 

dora tea(x , y*) = dora a. 

* y*  
The many-va lued  mapping  a : ~ X*, defined by the ru le  

x0 

a: (V') = 0w (Xo, y'), 

is said to be conjuga te  to a at point  X0o 

* 'E"  *'  if y*EK~0 (a, x0), while x ~ax0(Y ). THEOREM 1. ( - x * ,  y } t~tx0,  Y0) if and only * * * 

THEOREM 2. Le t  ~0 be a cont inuous convex function on X • Y and let t h e r e  ex is t  a point  (xi, Yl) such 
that  cP(xl, Yl) < 0. In addition, let the lower  bound of  <y ,  y* >with r e s p e c t  to y on the  se t  ~o(x0, y) -< 0 be 
achieved at a point  Y0. Then fo r  the mapping  

a(x} = {y : ~(x,  y) ~< 0~ 

a'~. (y') = tx ~ : ( - -  x',  y*) E LJ ? 0 ,~ q~ (x . Yo)}" 

Both t h e o r e m s  a r e  due to P she n i c hny i  [1]. The  f i r s t  one of  t h e m  p e r m i t s  us to r educe  the finding of 
a conjugate  mapping  to d e s c r i b i n g  a cone dual to Ka(x0, Y0), which in many  c a s e s  essen t i a l ly  s impl i f ies  the 
t a s k s .  The second t h e o r e m  d e s c r i b e s  the conjugate  mapping  fo r  a v e r y  impor t an t  c l a s s  of  convex m a n y -  
valued mappings  and is a c o r o l l a r y  of the f i r s t .  

O p e r a t i o n s  o v e r  M a n y - V a l u e d  M a p p i n g s  

Defini t ion 1. A mapping  aEM(X, Y) is cal led the sum of m a p p i n g s  a I +a2EM(X, Y) and is denoted al + 

a 2 if 

a (x) = a~ (x) + a 2 (x). 

By the p roduc t  of  a mapping  bEM(X, Y) on X ER we mean  the mapping  Xb, where  

(~b) (x) ----- X b (x). 

It is  eas i ly  seen  that  r e l a t ive  to the ope ra t ion  o f  addit ion the se t  M(X, Y) is an Abel ian  semig roup ,  
while the ope ra t ion  o f  mul t ip l ica t ion  by a number  f r o m  R is commuta t ive ,  a s soc ia t ive ,  and d i s t r ibu t ive .  We 
note that  
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doma~ + a 2 = doma~ [-1 doma v 

dora ~, b = dora b. 

The set M(X, Y) can be part ial ly ordered.  
If ~ is an a rb i t r a ry  subset of mappings, then by 

Fo r  this it is sufficient to set a > b if for  all xEX, a (x) ~_b(x). 

Aa 
q6! nET-- 

we denote, respect ively,  the upper and the lower bounds of set ~, i.e., the following mappings: 

V = U 
aE~ / aE~ 

a = h a , , , .  

It is obvious that in the complete distributive latt ice M(X, Y) the zero element is the mapping a(x) -~3, while 
the unit element is b (x ) -Y .  

With each mapping a E M(X, Y) there  uniquely cor responds  the mapping a -1E a,  defined inverse  to M (Y, X) 
as follows: 

a -~' (y) = Ix : V E a (x)}. 

It is understood that a - t ( a  (dom a))= dom a and, in addition, (a-1)-I = a. 

Definition 2, If aE M(X, Y), bE M(Y, 
b o aE M(X, Z), where 

Z), then by the product of mappings a and b we mean the mapping 

(boa) (x) = b (a (x)). 

We note that (boa) -I  = a -1 ob-l ,  

Let A be a l inear opera tor  mapping space X into space Y, and let B be a l inear opera tor  mapping 
space Z into space U. Then with every aEM(Y, Z) we can associate  a mapping bEM(X, U) defined as follows: 

b (x) = Ba (A x). (1) 

THEOREM 3~ 1. The set W(X, Y) is closed relat ive to the operations of addition and multiplication 
by an element of R and to the operation of intersect ion of mappings. 

2. If nEW(X, Y), then a-tEW(Y, X). 

3. If  nEW(X, Y), bEW(Y, Z), then boa EW(X, Z). 

4. If a6W(Y, Z), A is a l inear opera tor  f rom X into Y, B is a l inear opera tor  f rom Z into U, then 
the mapping defined by formula  (1) is a convex many-valued mapping of space X into U. 

To prove the theorem it is enough to be convinced that in each of the i tems the graph of the many-  
valued mapping - the resul t  of the operation - is a convex s et. 

C o m p u t a t i o n  o f  C o n j u g a t e  M a p p i n g s  

THEOREM 4. Let aEW(X, Y) and X ER. Then 

(~ a)~. (y') = ] ~la:, (sign ~ V'). 

Proof .  F o r  all xEX and k 6 R  

w~ a ( x , f ) ~ i n f {  < y , y "  > : y C ~ a ( x ) } =  infl)~<y, f f ' > : y C a ( x l }  
Y 

i~i inl / % Y, sign )~ y* > : y E a (x)} = l~,[ w ',x, sign ~ y*). 
y 

The theo rem ' s  validity now follows at once f rom the definition of a conjugate mapping. 
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T H E O R E M  5. L e t  a,  b~W(X, Y). A s s u m e  that  t h e r e  ex i s t s  a point  f r o m  a(~ dom b at which e i t he r  
the funct ion wa(x, y*) o r  the  funct ion Wb(X , y*) is  cont inuous .  Then  

(a + b)~ (v*) = (a~, + b~,,) (y'), 

P r o o f .  F o r  all  x (~ dora a A dora b 

Consequent ly ,  

. + b ( x , y ) = i n i {  ~ " > : J - . . y , y  y E a ( x )  + b(x)} = inf{ ~'-Yi, Y ~ * > +  "- Y2, Y "> : YlEa(x),Y2@(x)}= 
Y Yt,Y2 

= in[ { < Yl, Y* > : Yl C a(x)} +inf  {<Y2, Y*> : Y2 E b (x)}=wo (x, y*) +w~, (x,y*). 
gt Y2 

i w (x, y') + w b (x, Y*), xCdom a dora b; 

w~+b (x' Y*) = i +  co, xE doma dora b. 

By  the  t h e o r e m ' s  hypothes i s  t h e r e  ex i s t s  a point  f r o m  d o m w a ( x , y * )  (3 dom Wb(X , y*) at which one of the 

funct ions ,  say  Wa(X, y*),  is  continuous~ Th i s  a l lows us to t ake  advantage  of T h e o r e m  1 f r o m  [3] and to c o m -  

p le te  the p r o o f  of  the  t h e o r e m .  

T H E O R E M  6. L e t  a EW(X, Y) and Iet  the l ower  bound of  (x, x*) with r e s p e c t  to x on the  se t  a-i(y0) 

be  ach ieved  at point  x 0. Then  

( a ) y ~  ( x )  = - (b~. ) -~(  - -  x') ,  

* is  the  r e s t r i c t i o n  of  the  mapp ing  a ;  to the cone Ky0(a  , x0). w h e r e  bx0 

P r o o f .  The  l ower  bound of <x,  x*>wi th  r e s p e c t  to x on the  se t  a-l(y0) is  ach ieved  at point  x0; t h e r e f o r e ,  
* * , * 

* ( a - l ,  Y0). By T h e o r e m  1 - -y  E (a-1)y0(X) if and only if  ( y ,  x*)f iKa_l(y0,  x0). But s ince  x*~Kx0 

graI a - l =  {(y, x) : x E a-l(y)} = {(y, x) : y E a (x)} = {(y, x) : (x, y) C graf a}, 

then  K.- i  (Yo, Xo) = {(Y, x) : (x, g) C K~(Xo, Y0)} and (x*, y*) E I~(x0,  Y0). Consequent ly ,  

(x*, y') C K: (x o, vo) 

if and only if y*~K~0(a  , Y0), while  - x * E a  L ( y * ) .  T h e r e f o r e ,  (a-~)~. (x*)={--y'  : - - f i e  a~o (y'), Y'E K~,, (a, xo)} = 

- {v '  : - -  x" E b~ IV')) = - -  (b~) -1  ( - -  x )  

T H E O R E M  7. L e t  a ,  b~W(X, Y) and let  t h e r e  ex is t  a point  in g r a f  a U g r a f  b, an i n t e r i o r  point  e i t h e r  
fo r  g r a f  a o r  fo r  g r a f  b. A s s u m e  tha t  the l ower  bound of  <y,  y*> with r e s p e c t  to y on the  se t  a(x0) N b ( x  0) 

is  ach ieved  at point  Y0 and that  t h e r e  ex i s t s  a point  in a (x 0) A b(x0) , an i n t e r i o r  point  e i t h e r  fo r  a (x0) o r  fo r  
b(x0). Then  

(a A b)~,,, (y*) = {x" : x* = x] + x;, x] E a~:. (y~), 

" *,, * 2 K* y* = x2Eb x (Y2),Y]6K;o(a, Xo), Y; C v,(b, xo), Y; + Y2}" (2) 

P r o o f .  ' L e t c = a A b a n d x * ~ c ; ( y * ) .  S i n e e g r a f c = g r a f a N g r a f b a n d t h e r e e x t s t s a p o i n t o f g r a f c  

which is i n t e r i o r  e i t h e r  fo r  g r a f  a o r  f o r  g r a f  b, 

K; (x o, Yo) = K: (x o, Yo) + K; (x o, Y0)" (3) 

T h e  l o w e r  bound of <y,  y*> with r e s p e c t  to y on the  se t  c(x 0) is  ach ieved  at point  Y0; t h e r e f o r e ,  y*6K~0(c,  x 0) 
and by T h e o r e m  1 

( - -  x*, y*) E g ~  (xo, v0). 

Using (3) we obta in  

( - -  x*, v') = ( - -  x*~v;) + ( -  x~, y;) ,  
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w h e r e  (-- x~, y~) E K2 (xo, Yo), (--  x~ ,Y~)EK*b (xo, Yo) �9 But by  the  s a m e  t h e o r e m  

x; E a:o (y;), y; EK;~ (a, x~, 

x~ E b~. (y;), y~ E K~0 (b, xo). 
(4) 

Consequent ly ,  x* = x~l + x~2 , y* = y~ +Y2*, where x~l , x~2 , Yt, Y~ s a t i s f y  (4)~ Thus ,  we have  shown that  c%(y* )  

is  included in the  r i g h t - h a n d  s ide  of  (2). 

Now le t  x~ be long  to the  r i g h t - h a n d  s ide  of  (2), i .e . ,  t h e r e  ex i s t  x ] ,  x~, y t ,  y~ which s a t i s fy  (4) and 

x~+x~2 = x~0 , y ]  + y~ : y*. We note  tha t  y*qK~0  (c, x0) , s ince  by v i r t ue  of the  l a s t  hypo thes i s  of  the  t h e o r e m  

T h e r e f o r e ,  by T h e o r e m  1 

K;~ (~. ~0) = K;~ (~, x0~ + ~; .  (b, ~) .  

(-- xi, v;) ~ i<~ (x o, yo), ( -  x~, v;) E/<; (Xo, Vo), 

c~o (y') = {x': ( - -  x', y*)E K~ (x 0' Y0)}- 

F r o m  equal i ty  (3) we ob ta in  

( - -  xl, y;) + (--  x 2 , @ = (--  x0, v ) E K; (x0, v0) 

Consequen t ly ,  x~0fic ~ (y*). By  the s a m e  token  we have  p r o v e d  the  inc lus ion  of the r i g h t - h a n d  s ide  of (2) in 
J 

c%(y* ) ,  which p r o o f  c o m p l e t e s  the p r o o f  of the whole  t h e o r e m .  

Le t  aEW(X, Z), % be  a r e a l - v a l u e d  convex  cont inuous  funct ion on X•  Z. We se t  

inf {% (x, z):zE a (x)}, xE dora a; 
f (x) = 

+ o o ,  x~ dom a. 
(5) 

It  is  e a s y  to v e r i f y  tha t  f i s  a convex  funct ion.  We c o m p u t e  the subd i f f e r en t i a l  Of(xo) of funct ion f at the 
point  x0, a s s u m i n g  tha t  the l o w e r  bound of  %(x0, z) with r e s p e c t  to z on the  se t  a(x0) is  ach ieved  at a point  
z 0. Le t  Y = Z x R such tha t  y i s  a p a i r  (z, a ) .  We se t  

(x, y) = % (x, z) - -  

and we in t roduce  the  fol lowing convex  m a n y - v a l u e d  mapp ings  into cons ide r a t i on :  

I f  y*(z* ,  ~*) ,  t hen  

b (x) = a (x) • R; 
c(x) = {y:r V) ~< 0}; 

d = b A c .  

w a (x, y*) = ini { <z, z" > + a*cz:z E a (x}, 
(z,(~} 

(pO(X, Z ) ~  ~ } Ii~f{<Zl z*>-~O:*'~)O(X'Z):zEa(X)}'Ch~'O; 
= / - - o o , ~  < 0 .  

In p a r t i c u l a r ,  if  y*  = (0" ,  1), t hen  Wd(X , y~)=  f ( x ) .  Consequen t ly ,  the c o m p u t a t i o n  of  0f(x0) is  r educed  to 
the  c o m p u t a t i o n  of  d~(Y0*). S ince  d = b A c, we m a k e  use  of the  p r e c e d i n g  t h e o r e m .  We conv ince  o u r s e l v e s  

tha t  al l  the  hypo these s  of  T h e o r e m  7 a r e  ful f i l led .  S ince  

we have  tha t  

graf b = gra[ a • R, grafc = det %, 

(x, z, a) E int (graf c) fl graf b 

is  va l id  fo r  any t r i p l e  (x, z)E g r a f a ,  a ~ q~0 (x, z) by v i r t ue  of  the  cont inui ty  of  % .  In exac t ly  the s a m e  way 
we can  p r o v e  tha t  t h e r e  ex i s t s  a point  f r o m  d(x0) which  is  an i n t e r i o r  point  f o r  c(x0). S ince  f(xo)= go0(x0, 
z0) , w h e r e  z0qa (x0) , and Y~0 = (0",  1), the  l o w e r  bound of <y ,  y~ >with  r e s p e c t  to y on the  se t  d(x0) is  ach ieved  
at the poin t  Y0 = (z0, g~ (x0, z0)). Consequen t ly ,  by T h e o r e m  7, 
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0~ (x0) = {x':x ~ = . ;  + x;, xT c b;o (yT), x; E c;~ ty;); yT E G~  Xo), y; E K;, (c,.0), v; = v~ + @ .  (6) 

Let  us compute  the dual cones  and the conjugate  mappings  o c c u r r i n g  in (6). Since the function ~o 0 is con -  
t inuous,  by T h e o r e m  2.9, of [4] 

K;o Co, Xo) = U ,ga~, (x o, yo) = l._JY (a,%(Xo,  z0) • 1 - 1  }). 
'~O '~0 

It is obvious that  

�9 Kvo(b, xo) = K~, (a, x0)x {0}. 

Now let y] = (z], 0), y* = 7o(Z~, -I), and y* = y~ + y*, where 

z* c K* (a, Xo), z 2 E 0 %  (x 0, zo), y0 ~< 0. 1 ~- go 

Then 0* = z~ + Y0z~, 1= - 7 0 .  Consequent ly ,  T0 = - 1 ,  z ~ - z ~  = 0 '~  Since the function qo 0 is continuous 

0,% (x 0, Zo) = prz.0~, ~ % (x 0, Zo). 

T h e r e f o r e ,  by T h e o r e m  2 we obtain 

c;. G )  = ix*: ( -  x'.  @ E - a~.~ ~ (x 0, y0)} = 

= {x' : ( - -  x*,--z~, I) E- -  (a.,.%(Xo, z0) x { - -1  })} = {x*: (x*,z;) E a~,dOo (x0, z0)}. 

b* " ' * '  = a%(z~)  and z r = z~. We obtain  the next  t h e o r e m  f r o m  f o r m u l a  (6) by keeping  in mind that  x0,~ 1 

THEOREM 8. Le t  a~W(X, Z), ~o 0 be a r e a I - v a l u e d  convex  cont inuous funct ion on X x Z. If  fo r  x=  x 0 
the lower  bound in the r i g h t - h a n d  side of  f o r m u l a  (5) is achieved at the point z0, then fo r  the funct ion f 
defined by equal i ty  (5), 

0f (x0) = tx*: x* = x T + x~, x[ E a;o (z*), (x~, z') E 0.,.% Ix 0, z0); z* E K~o (a, x0)}. 

THEOREM 9. Le t  aEW(X, Y), bEW(Y, Z), and let Wb(Y , z*) be a cont inuous funct ion of y on dom b~ 
If the l ower  bound of  Wb(Y , z*) with r e s p e c t  to y on the  se t  a(x 0) is achieved at point  Y0, then 

(b o a);, (z') ---- (d'xo~,b;o) (z*), 

where  dx0* is the r e s t r i c t i o n  of  mapping  a'x0 to the cone Ky0(a , X0)o 

Proof~  Let  c =  b - a .  Then  for  any xE dom c, 

w ~ ( x , z * ) = i n r { < z , z ~ > : z E ( b o a ) ( x J I = i n f [ < z , z * ~ . : z 6  U b(y)}. 
z z ( gfia(xl 

Since set  c(x) is convex,  

W,(x,z*) = inf{ inf ~ z , z * ) >  :yEa(x)}  = inf {Wb(y,z* ) :yEa(x)} .  
y zEb(y) Y 

The t h e o r e m ' s  hypotheses  ensu re  the appl icabi l i ty  of  T h e o r e m  8 in the case  at hand. T h e r e f o r e ,  

c',. (z*) = lx*:x* a . . . . . .  = = . E xo (Y) ,~ t  Ebgo(z) f] I (yo(Ct ,  xo)} {x*:x 'Ed*xo(Y*) ,Y '~b;o(z*)}  (d*xo~ 

THEOREM 10~ Le t  aEW (Y, Z), A "X ~ Y ,  B : Z ~ U be l i nea r  cont inuous o p e r a t o r s .  If  Wa(Y , B ' u * )  

is a continuous function of  y on dom a, then fo r  mapping b, which is defined by f o r m u l a  (1), 

b'~, (u*) = A aAx ~ ( u ). 

P r o o f .  We s e t c = a o A .  Since 

w * = = in f {<z,  B'u*> :zEc(x)} = w~(x, B'u*), o (x ,u )  i n f {<u ,u*> : u E B c ( x ) } = i n I { < B z ,  u*> :zEc(x)} 
tt z 

b~(u*)  = eL(B*Xl*). But by v i r tue  of the t h e o r e m '  s hypothes is  and of  T h e o r e m  9, 

c**. (B'u*) = {x*: x* = A'y*, y" E a*mo (B*u')}, 

which p r o v e s  the t h e o r e m .  

8 1 8  



lu 
2~ 

30 

4~ 

L I T E R A T U R E  C I T E D  

Bo N. Pshenichnyi, "Convex many-valued mappings and their conjugates," Kibernetika, No. 3 (1972). 
Vo Lo Makarov and A. Mo Rubinov, "Superlinear point-set mappings and models of economic dynamics," 
Uspekhi Matem. Nauk, 25, No. 5 (1970). 
Ro To Rockafellar, Convex Functions, Monotone Operators, and Variational Inequalities, "Theory and 
Applications of Monotone Operators, ~ Proceedings of a NATO Advanced Study Institutes (1969). 
B. N. Pshenichnyi, Necessary Conditions for an Extremum [in Russian], Izd. Nauka, Moscow (1969). 

819 


