
A S Y M P T O T I C  ESTIMATE OF THE LENGTH 

WORD FOR A F I N I T E  AUTOMATON 

O F  A D I A G N O S T I C  

I .  K .  R y s t s o v  UDC 519.713o4 

By a f in i te  a u t o m a t o n  we u n d e r s t a n d  a f in i te  c o m p l e t e  a u t o m a t o n  wi th  an  output  a s  s t r i c t l y  de f ined  in [1] 
w h e r e  b a s i c  c o n c e p t s  of the t h e o r y  of a u t o m a t a  c a n  be found. Gi l l  [2] h a s  def ined  the c o n c e p t  of a d i a g n o s t i c  
w o r d  for  a n  a u t o m a t o n  and d e r i v e d  the u p p e r  bound for  i t s  l eng th  in  the f o r m  n n, w h e r e  n is  the n u m b e r  of 
s t a t e s  of the au toma ton .  This  u p p e r  bound has  b e e n  s u b s e q u e n t l y  r e p e a t e d l y  r e d u c e d ,  the b e s t  of  a l l  uppe r  
bounds be ing  of the o r d e r  2 n/2 [3]. The l o w e r  bound 2 n/4 has  been  f i r s t  ob ta ined  in  [4]. The p u r p o s e  of this  
w o r k  is to b r i d g e  the gap  b e t w e e n  the l o w e r  and u p p e r  bounds .  

Le t  L(n) denote  the l eng th  of the l o n g e s t  of a l l  s h o r t e s t  d i a g n o s t i c  w o r d s  fo r  a u t o m a t a  having n s t a t e s  
and a t  l e a s t  one d i a g n o s t i c  word .  In  the fo l lowing  we w i l l  show that  for  any pos i t i ve  n u m b e r  e and beg inn ing  
w i t h  l a r g e  enough n the fo l lowing  p r o p e r t i e s  a r e  s a t i s f i e d :  

n n 

3 T ~'-~ < L (n) < 3 "6- (,+~I (i) 

It is easy to see that this gives an asymptotic estimate of the form log 3 L(n) ~ n/6, or more accurately 

iim 6.1ogz L (n) = I.  

F i r s t  l e t  us i n t r o d u c e  the c o n c e p t  of a p a r t i t i o n  t r a n s v e r s a l  which  s o m e w h a t  d i f f e r s  f r o m  the concep t  
of a t r a n s v e r s a l  a s  u s e d  in  [3]. Le t  U denote  a f in i te  nonempty  s e t  of m e l e m e n t s  and ~ a p a r t i t i o n  on this  s e t  

o r ,  w h i c h  is  the s a m e ,  a n  e q u i v a l e n c e  r e l a t i o n  on the s e t  U, 

Def in i t ion  1. The  s u b s e t  U, ~ U is  c a l l e d  a t r a n s v e r s a l  of the p a r t i t i o n  ~ i f  e a c h  c l a s s  of the p a r t i t i o n  

con ta in s  not m o r e  than  one e l e m e n t  of the s u b s e t  Uv 

By t r  (~, j) we  denote  the n u m b e r  of  a l l  t r a n s v e r s a l s  of p a r t i t i o n  ~ of magn i tude  j.  L e t  the r a n k  of p a r -  
t i t i on  ~ be k and l e t  m i ,  1 _< i _< k, be the s i z e  of the i - t h  c l a s s ;  then ,  f r o m  Def in i t i on  1 i t  is  e a s y  to s e e  tha t  

for  j -< k 

tr ('1, ]) -= X m q m i . . ,  m i  i , (2) 
1 ~ i1< iS<...<ij 

w h e r e  the s u m  is t a k e n  o v e r  a l l  c o m b i n a t i o n s  of k s u b s c r i p t s  j a t  a t i m e .  In  p a r t i c u l a r ,  for  j = k we ob ta in  the 

n u m b e r  of  " c o m p l e t e "  t r a n s v e r s a l s :  

tr 01. k) = [1 rnv 

The fo l lowing l e m m a  g ives  a n  u p p e r  bound for  the n u m b e r  of  c o m p l e t e  t r a n s v e r s a l s .  

LEMMA 1. The i nequa l i t y  
m 

tr(0, D ~< 3 3 ,  

is  t rue  fo r  any p a r t i t i o n  ~? having k c l a s s e s  on a s e t  of m e l e m e n t s .  

P roof .  As  can  be e a s i l y  v e r i f i e d ,  the i nequa l i t y  z -< 3 z/3 holds  for  any n a t u r a l  n u m b e r  z -> 1. Denot ing ,  
f u r t h e r ,  by m t, m2, . . . , m k  the s i z e s  of the c l a s s e s  of  p a r t i t i o n  77, we have 

f i  m i m 

tr (~q, k) ~ [-] rni ~ < t l  3 ~-~-- = 3 z 

- -  Translated from Kibernetika, No. 2, pp. 31-35, March-April, 1980. Original article submitted October 

16, 1978. 
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This  p roves  the l e m m a .  

tn  fac t ,  the number  of  comple te  t r a n s v e r s a l s  can  be e s t ima ted  m o r e  p r e c i s e l y  (see [3]) us ing the in te-  
g r a l  funct ion f(m) which  is defined for  all  na tu ra l  m >- 2 as  fol lows:  

I 3 ~, m ~ 3k, 

(m) --~- i 3k--1"4' m ~ 3 k - { -  I, (3) 
I 

3 k. 2, m ~--- 3k -{- 2. 

Since this is i m m a t e r i a l  in our  c a s e ,  we have given the s i m p l e r  proof .  It should be only pointed out that  def t -  
ni t ion (3) makes  it c l e a r  that  fo r  all  na tu ra l  m -> 2 

m w 3  

3 3 ~ f ( m ) .  (4) 

L e m m a  1 p rov ides  an  upper  bound for  the number  of t r a n s v e r s a l s  in pa r t i t ion  wi th  magni tudes  between h 
and k, w h e r e  h -< k. In fac t ,  fo r  any co.mbination of. j s u b s c r i p t s  we have r a i l . . ,  mij -< m~m2. �9 �9 ink. Then, 
f r o m  (2) we have t r  07, j) -< t r  (7, k) .  C~, w h e r e  CJ~ is the b inomia l  coeff ic ient .  Hence and f r o m  L e m m a  1 we 
have 

k k m k 

if(q, ])<~ ~ tr 0l, k)'C~ ~< 3 7 Z C ~ .  
i=h j---a i=h 

Thus ,  a s s u m i n g  that the s u b s c r i p t  i is equal to  k - j ,  we have the inequal i ty  

le m 0 m k - - h  

L a t e r  we sha l l  need ano the r  type of  au tomata :  par t ia l  au tomata .  A par t ia l  au toma ton  is a finite au tom-  
a ton without  an output and def ined by the t r ip le  B = (U, X,  y), w h e r e  U and X a r e  finite nonempty  se t s  of  
s t a t e s  and inputs ,  and the funct ion ~/: U x X ~ U is a funct ion of  t r ans i t i ons ,  gene ra l ly  speaking  not e v e r y -  
w h e r e  defined. An  input w o r d  is defined as a sequence  of input s ignals .  The t r ans i t i on  funct ion is extended in 
the usual  way  to the se t  of input w o r d s  [1]. It  is a s s u m e d  that  the effect  of an empty  w o r d  is to t u rn  any s ta te  
into i tse l f .  An  input w o r d  is sa id  to be a d m i s s i b l e  for  the s ta te  u E U if a t r ans i t i on  f r o m  the s ta te  u under  the 
ac t ion  of  the w o r d  p is defined; in this ca se  the s ta te  ?,(u, p) is denoted by up. An  input w o r d  p is sa id  to be 
a d m i s s i b l e  for  the subse t  of s t a t e s  UI if a t r ans i t i on  is defined fo r  al l  s t a t e s  u ~ U1 under  the ac t ion  of  the word  
p; in  this ca se  U~p denotes  the subse t  { u p l u  e U1}. Words  admis s ib l e  for  the en t i re  se t  of  s t a t e s  a r e  sa id  to be 
a d m i s s i b l e  fo r  the a u t o m a t o n  B o r  s imp ly  admis s ib l e .  (In [3] such  w o r d s  w e r e  ca l l ed  al lowable.)  Note that  an 
empty  w o r d  is admis s ib l e  fo r  any par t i a l  au tomaton .  The number  of s t a t es  i n  the subse t  U1 is denoted by [ U1L 

Fo r  any a d m i s s i b l e  w o r d  p we can  define a pa r t i t ion  on the se t  of s t a t es  of  an  a u t o m a t o n  fol lowing the 
e x p r e s s i o n  

q (p) = ((u,, u~)l? (u,, p) = ? (u~. p)}. 

Let  U1, U2 . . . .  , U k be c l a s s e s  of the pa r t i t i on  ~(p); f r o m  the above def ini t ion it is obvious that  in such  a ca se  
the ef fec t  of the w o r d  p is to t u rn  each  c l a s s  Ui into one s ta te  {UiP } = {vi} , 1 _< i -< k, all  s t a t e s  v i being d i s -  
t inct .  Hence ,  the number  of s t a t es  in the subse t  Up is equal to the r ank  of  the pa r t i t i on  ~?(p). Note that  if Us is 
not a t r a n s v e r s a l  of the pa r t i t ion  V(p), we have the s t r i c t  inequal i ty  I Ulpl < [ U l l .  

Defini t ion 2. An  admis s ib l e  w o r d  p is sa id  to be i r r edundan t  for  the au toma ton  B if  for  any word  q ad-  
mis s ib l e  fo r  the se t  Up we have the equal i ty  IUpqi = I Upl. 

F r o m  this def ini t ion it is c l e a r  that  the number  o f  s t a t e s  in subse t  Up is independent  of the choice  of a 
p a r t i c u l a r  i r r edunda n t  w o r d  p but depends on the au toma ton  B. This number  is ca l led  the deg ree  of c o m p r e s -  
s ib i l i ty  of B and is denoted by g(B). Note a l so  that  i r r edundan t  words  ex is t  in any finite par t ia l  au tomaton ,  so  
that  T(B) wil l  denote the length  of the s h o r t e s t  i r r edundan t  w o r d  in au toma ton  B. Let  us now define the funct ion 
T(m) as  fol lows:  

T (m) = max {T (B)! B E ~,~}, 
B 

where ~ is the set of all partial automata with m states. This definition is correct since the set ~,~ can be 

assumed to be finite if we stipulate that different input signals cause different partial transitions on the set of 

states. 
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The i m p o r t a n c e  of  the func t ion  T(m) b e c o m e s  c l e a r  f r o m  the fo l lowing t h e o r e m  w h i c h  was  p r o v e d  in [ ~  ~O j .  

THEOREM 1. F o r  a l l  n a t u r a l  n u m b e r s  n _> 6 we have  the p r o p e r t y  

w h e r e  [y] deno te s  the i n t e g r a l  p a r t  of the n a t u r a l  n u m b e r  y.  

H o w e v e r ,  the  e s t i m a t e  of  the  func t ion  T(m) i s  a l s o  of s p e c i a l  i n t e r e s t  a s  i t  i s  r e l a t e d  d i r e c t l y  to the 
e s t i m a t e  of  the l eng th  of the  s y n c h r o n i z i n g  w o r d  in  a p a r t i a l  au toma ton .  N a m e l y ,  an  a d m i s s i b l e  w o r d  p is  s a id  
to be s y n c h r o n i z i n g  for  the  a u t o m a t o n  B i f  I Up[ = 1. O bv ious ly ,  of g(B) = 1, any  i r r e d u n d a n t  w o r d  w i l l  be s y n -  
c h r o n i z i n g  fo r  the a u t o m a t o n  B and  v i c e  v e r s a .  I t  c a n  be e a s i l y  shown tha t  the func t ion  T(m) is  m a x i m u m  in an 
a u t o m a t o n  B in wh ich  g(B) = 1. Thus ,  the func t ion  T(m) is  equa l  to the l eng th  of the l a r g e s t  of  a l l  s h o r t e s t  s y n -  
c h r o n i z i n g  w o r d s  for  a u t o m a t a  of  ~m w h i c h  have  a t  l e a s t  one s y n c h r o n i z i n g  word .  

L e t  us now t u r n  d i r e c t l y  to f ind ing  e s t i m a t e s  for  the func t ion  T(m).  Gi l l  ([3], T h e o r e m  2) ob ta ined  the 
i ne qua l i t y  f(m) - T(m) ,  w h e r e  m -> 3 and f(m) is  de f ined  a c c o r d i n g  to e x p r e s s i o n  (3). F r o m  this  and  f r o m  in -  
equa l i t y  (4) we have  tha t  fo r  any  r e a l  n u m b e r  e > 0 and  fo r  l a r g e  enough m the fo l lowing  i n e q u a l i t i e s  wi l t  be 

r e a l i z e d :  
m m - - 3  

3 F  (l-~) ~ 3 T  ~ T(m). (6) 

Tak ing  into  accoun t  the obvious  i nequa l i t y  -~- .~  -~ - -  1 ~ ~ 1 - -  , f r o m  the b o t t o m  inequa l i t y  of T h e o r e m  1 

and f r o m  the p r o p e r t y  (6) we  ob t a in  the l o w e r  bound in  (1) for  the  func t ion  L(n).  

To ob t a in  the u p p e r  b o u n d a r y  one has  to p rove  c e r t a i n  a u x i l i a r y  a s s e r t i o n s .  Le t  l(p) denote  the l eng th  of  
input  w o r d  p, and r e c a l l  tha t  m is  the n u m b e r  of  s t a t e s  of  a u t o m a t o n  B. 

L E M N A  2. L e t  p be a c e r t a i n  a d m i s s i b l e  w o r d  for  a u t o m a t o n  B w h i c h  is  not  i r r e d u n d a n t  and l e t  k = I Upl; 
then ,  fo r  any n a t u r a l  n u m b e r  h, g(B) s h < k,  t h e r e  c a n  be found an  a d m i s s i b l e  w o r d  q such  tha t  I Uql s h and 

the l eng th  of q does  not  e x c e e d  

m / k - - h  

Proo f .  The w o r d  q w i l l  be c o n s t r u c t e d  s t e p  by s t ep .  F i r s t  we app ly  to the a u t o m a t o n  the w o r d  p and then  
ql ,  w h e r e  ql  is  the s h o r t e s t  a d m i s s i b l e  w o r d  for  the s u b s e t  Up such  tha t  e i t h e r  I UpqlJ < k o r  the s u b s e t  Upql i s  
not  a t r a n s v e r s a l  of the p a r t i t i o n  V(p). In any one of t h e s e  c a s e s  we  have  ml  = IUpqlpl  < k = m o. Note tha t  s u c h  
a w o r d  qi  does  n e c e s s a r i l y  e x i s t  a s  p i s  not  i r r e d u n d a n t  and  the l eng th  of qi i s  not  l o g e r  than  t r  (~(p}, rn o) s i n e e  
o t h e r w i s e  i t  w i l l  not be the s h o r t e s t  w o r d  hav ing  th is  p r o p e r t y .  A l s o  note tha t  ql  c a n  be e m p t y  if  the s u b s e t  Up 

is  no l o n g e r  a t r a n s v e r s a l  of the p a r t i t i o n  ~? (p). 

I f  m 1 -< h the c o n s t r u c t i o n  p r o c e s s  ends  and i t s  r e s u l t  i s  the w o r d  q = PqlP. O t h e r w i s e  the s t e p  i s  r e -  
pea ted  but  now wi th  the w o r d  PqlP. N a m e l y ,  l e t  q2 be the s h o r t e s t  a d m i s s i b l e  w o r d  fo r  the s u b s e t  UpqlP such  
tha t  e i t h e r  I Upqlpq21 < m 1 o r  the s u b s e t  UpqlPq2 is  not a t r a n s v e r s a l  of the p a r t i t i o n  ~(p). In  any of t h e s e  c a s e s  
we have m 2 = rUpqtpq2Pl < ml .  As  in  the p r e c e d i n g  c a s e ,  such  a w o r d  q2 does  n e c e s s a r i l y  e x i s t  and i t s  l eng th  
does  not  e x c e e d  t r  (~(p), ml) .  I f  m 2 -< h,  the p r o c e s s  s t o p s  and it~ r e s u l t  is  d e c l a r e d  to be the w o r d  q = PqlPq~.P. 

O t h e r w i s e ,  the c o n s t r u c t i o n  s t e p  is  r e p e a t e d ,  e tc .  

S ince  m 0 > ml > m2 > �9 . �9 > m r ,  the c o n s t r u c t i o n  p r o c e s s  ends  a f t e r  a f in i te  n u m b e r  of s t e p s  r ,  w h e r e  
r _< k -  h, and i t s  r e s u l t  is  a w o r d  q of the f o r m  PqlPq2 �9 �9 . q rP .  I t  is  s e e n  f r o m  the c o n s t r u c t i o n  tha t  I Uql = 
m r  -< h, and the l eng th  of the w o r d  q is  e s t i m a t e d  by 

�9 k 

l (q) ----- ~ l (q,) -}- (r -~ 1). l (p) ~ ~ tr (~l (P), ]) ~- (k - -  h ~- 1). ! (p). 

Hence  and f r o m  the i nequa l i t y  (5) fo l lows the t r u t h  of L e m m a  2. 

Le t  us denote  by ] y [ t h e  s m a l l e s t  i n t e g r a l  n u m b e r  g r e a t e r  than  o r  equa l  to the r e a l  n u m b e r  y and c o n s i d e r  

the fo l lowing  l e m m a .  

LEMMA 3. Le t  B be a p a r t i a l  a u t o m a t o n  w i th  m s t a t e s ;  then ,  fo r  a l l  n a t u r a l  n u m b e r s  r ,  1 _< r -< m,  and 
d, 1 <_ d -< ] m / r [ ,  t h e r e  c a n  be found a n  a d m i s s i b l e  w o r d  q such  tha t  [Uql --< max (g(B), m - d .  r)  and i ts  l eng th  
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does not exceed 

3 ~-. (2 q- r)e-~�9 C �9 

P r o o f .  The l e m m a  is  p r o v e d  by  i nduc t i on  on the n u m b e r  d. L e t  us  fix a c e r t a i n  n u m b e r  r f r o m  the i n t e r -  
va l  [1, m] and l e t  d = 1. I f  a n  e m p t y  w o r d  is i r r e d u n d a n t  for  the a u t o m a t o n  B, the l e m m a  is obv ious ly  s a t i s -  
f i ed .  O t h e r w i s e  the l e m m a  is  a p p l i e d  to an  e m p t y  w o r d  and  to  the n u m b e r  max  (g(B), m - r ) .  We conc lude  then  
tha t  t h e r e  e x i s t s  a n  a d m i s s i b l e  w o r d  q s u c h  tha t  I Uql -< m a x  (g(B), m -  r)  and i t s  l eng th  does  not e x c e e d  

m r e - - ( m - - r }  m r 

3 ' J �9 C m 

i = 0  i = 0  

The l e m m a  is  thus p r o v e d  a l s o  fo r  th is  case �9  

A s s u m e  tha t  L e m m a  3 has  been  p r o v e d  fo r  a l l  n u m b e r s  s m a l l e r  t han  o r  equa l  to d and l e t  us p r o v e  i t  fo r  
d + 1. By a s s u m p t i o n  t h e r e  e x i s t s  a w o r d  p w h o s e  l eng th  does  not  e x c e e d  

/ ( p ) ~ 3 3 . ( 2 q - . ,  . lz .~ " /  (7) 
~i------~ / 

and fo r  w h i c h  I Upl _< m a x  (g(B), m -  d .  r ) .  If  the w o r d  p is  already i r r e d u n d a n t  the  l e m m a  is  obviously t r u e  
also for d + i. 

Let us now assume that the word p is not irredundant. Let k denote the number I Upl and h, max (g(B), 

m - d. r - r}. By choice of p we have the inequalities g(B) < k -< m - d. r, so that the inequality k - h -< m - 

d. r - (m - dr - r) = r is satisfied. Hence, applying Lemma 2 to the word p and number h we conclude that 

there can be found an admissible word q such that I Uql -< h and its length satisfies the inequality 

l (q)~<3 ~" C~ -}-(1 + r ) . l ( p ) .  
i = 0  

(8) 

Then  f r o m  the i n e q u a l i t i e s  (7) and (8) and the cond i t i on  k 

l ( q ) ~ 3  ~ C - ~ ( l q -  

H e n c e ,  c o n s i d e r i n g  the obvious  i n e q u a l i t y  1 _< (2 + r)  d - l ,  

--< m fo l lows  

r).35- (2 -t- r) e-I C . 
~ 0 

we have  

Proof �9  
we have 

l(q) ~.  33 .(2 -~- r) n - I  C t Cm �9 �9 m -}- (1 -4- r ) ' 3  3 "(2 "}- r) d-1 f 

F a c t o r i n g  out  the c o m m o n  t e r m ,  we  o b t a i n  the  r e q u i r e d  c o n s t r a i n t  on the l eng th  of the w o r d  q. This  p r o v e s  
the  l e m m a .  

COROLLARY 1. In any p a r t i a l  a u t o m a t o n  B with m s t a t e s ,  fo r  any  n a t u r a l  n u m b e r  r ,  I -< r -< m t h e r e  

i s  a d e a d - e n d  n u m b e r w h  ose  l eng th  i s  not  g r e a t e r  than  the n u m b e r  

) 35-.(2 -t- 0 7 .  C~ . 

p r o o f .  Make  in L e m m a  3 d equa l  to  ] m / r [ .  Then,  by  v i r t u e  of the  i n e q u a l i t i e s  m -  ] m / r [ .  r - <  
0 < g(B),  we  conc lude  tha t  the w o r d  q,  w h o s e  e x i s t e n c e  is  a s s e r t e d  in  L e m m a 3 ,  i s  i r r e d u n d a n t  fo r  the  a u t o m -  
a ton  B.  To p r o v e  the c o r o l l a r y  i t  i s  now only n e c e s s a r y  to note tha t  ] m / r [  - i ~ m / r � 9  

We c a n  now t u r n  to f inding an  u p p e r  bound fo r  T(m).  

THEOREM 2. F o r  any r e a l  n u m b e r  e > 0 t h e r e  c a n  be found a n a t u r a l  n u m b e r  m 0 such  tha t  fo r  a l l  n a t u r a l  
n u m b e r s  m >- rn 0 we have  the fo l lowing  i nequa l i t y :  

T (m) ~ 3 ~ el+el. 

Le t  t h e r e  be g i v e n  a c e r t a i n  p o s i t i v e  r e a l  n u m b e r  e. F o r  a s u f f i c i e n t l y  l a r g e  n a t u r a l  n u m b e r  r 

_L 
(2_}_r)  r 436 " (9) 
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In fact,  it is only necessa ry  to se lec t  r so that the inequality 

log (2 q- r) ~< 
r 6 ' 

iS satisfied; this is always possible since the left side of the inequality approaches zero  when r tends to in- 
finity. Let us fix a ce r ta in  number r 0 so that the inequality (9) is satisfied. With r 0 fixed, the express ion  

r0 

C~ becomes a polynomial of degree r 0 of the variable m. However,  since a polynomial increases  slower 
i~--O 

than an exponential function, for a sufficiently large m, say m -> ml, where ml depends on e and r0, we have 
the inequality 

ro m,8 

C~ ~.~ 3 -~. (10) 

Let us assume now that m is an a rb i t ra ry  natural number grea te r  than m 0 = max (r0, m0.  Let us take 
an automaton B with m states such that T(m) = T(B). Then, according to Corol lary  1, we have 

T (m) T (b) ~ 3 "~ (2 q- r0) r, m 

Hence and f rom the inequalities (9) and (10) follows the asse r t ion  of Theorem 2. 

This proves the theorem. 

As noted before,  a power function increases  more slowly than an exponential function; this means that 
for any given e > 0 and a sufficiently large n we have the following inequality 

tl-8 

n ~ ~ 3 "g-. 

Hence and f rom Theorems 1 and 2 we obtain the upper bound for the function L(n) in property (1). 

F r o m  Theorem 2 and inequality (6) we get that for any given e > 0 and sufficiently large m the following 
inequalities are  satisfied: 

3~ o-~, ~ T (rn) ~< a ~-(1+~). (11) 

These inequalities indicate that log 3 T(m) is asymptot ical ly  equal to m / 3 .  In fact, taking logari thms for the 
base 3 of both sides of inequality (11) we obtain 

m 
(1 - -  e) ~-~ log3 T (rn) < 3  (1 q-e). 3 

Dividing both sides of these inequalities by m / 3  we have 

1 - -  8 ~< 3-  log 3 T (m) ~ 1 q-  e. 
m 

Hence, in view of the fact that a was a rb i t ra r i ly  selected,  we obtain an asymptotic est imate for the logari thm 

of the function T(m): lira 3-1ogaT(m)= i '  An asymptotic  est imate of the logari thm of the function L(n) can be 
t n ~  m 

obtained s imilar ly .  

1 .  
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