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DRAG OF POROUS CYLINDERS IN A VISCOUS FLUID AT 

LOW REYNOLDS NUMBERS 

I .  B. S t e c h k i n a  UDC 532.  516 

The  p r o b l e m  o f  f l o w  p a s t  a p e r m e a b l e  c y l i n d e r  a t  low R e y n o l d s  n u m b e r s  i s  
o f  i n t e r e s t  f o r  t h e  s o l u t i o n  o f  a n u m b e r  o f  p r o b l e m s  i n  c h e m i c a l  t e c h n o l -  
ogy i n ,  f o r  e x a m p l e ,  t h e  d e s i g n  o f  p o r o u s  e l e c t r o d e s  a nd  p o r o u s  c a t a l y s t s  
and  i n  t h e  c a l c u l a t i o n  o f  n o n s t a t i o n a r y  f i l t r a t i o n  o f  a e r o s o l s  by f i b r o u s  
f i l t e r s .  I n  t h e  p r e s e n t  p a p e r ,  we s o l v e  t h e  p r o b l e m  o f  t r a n s v e r s e  f l o w  
o f  a v i s c o u s  f l u i d  p a s t  a c o n t i n u o u s  c y l i n d e r  i n  a p o r o u s  s h e l l  a n d ,  i n  
p a r t i c u l a r ,  i n  t h e  c a s e  o f  a p o r o u s  c y l i n d e r  u n d e r  c o n d i t i o n s  o f  c o n -  
s t r a i n e d  f l o w  ( s y s t e m  o f  c y l i n d e r s )  a nd  an  i s o l a t e d  c y l i n d e r  a t  a r b i t r a r y  
p e r m e a b i l i t y .  The  a n a l o g o u s  p r o b l e m  o f  S t o k e s  f l o w  p a s t  p e r m e a b l e  s p h e r e s  
h a s  b e e n  s o l v e d  i n  a n u m b e r  o f  p a p e r s  [ 1 - 3 ] .  

1 .  F o r m u l a t i o n  o f  t h e  P r o b l e m  

We c o n s i d e r  s t a t i o n a r y  f l o w  o f  a v i s c o u s  i n c o m p r e s s i b l e  f l u i d  p a s t  a s y s t e m  o f  
c y l i n d e r s  w i t h  p o r o u s  s h e l l s  p l a c e d  a t  r i g h t  a n g l e s  t o  t h e  f l o w  a t  s m a l l  R e y n o l d s  n u m b e r s .  
To d e s c r i b e  s u c h  a s y s t e m ,  we u s e  t h e  c e l l  h y d r o d y n a m i c  m o d e l  o f  [ 4 ] :  we c o n s i d e r  p l a n e  
m o t i o n  o f  f l u i d  p a s t  a c y l i n d e r  o n l y  i n  a r e g i o n  b o u n d e d  by  a c i r c l e  o f  r a d i u s  p~ = aa  - 1 / 2 ,  
w h e r e  a i s  t h e  c y l i n d e r  r a d i u s  a n d  ~ i s  t h e  f r a c t i o n  o f  t h e  v o l u m e  ( a r e a )  o c c u p i e d  by  
t h e  s o l i d  c y l i n d e r s  ( F i g .  1 ) .  The  c y l i n d e r  i s  s u r r o u n d e d  by  a p o r o u s  p e r m e a b l e  c y l i n d r i c a l  
s h e l l  o f  r a d i u s  p~ = aD 1. The a s t e r i s k  d e n o t e s  t h e  d i m e n s i o n a l  q u a n t i t i e s .  

I n  t h e  r e g i o n  o u t s i d e  t h e  p o r o u s  c y l i n d e r  ( r e g i o n  I ) ,  t h e  m o t i o n  o f  t h e  f l u i d  i s  
d e s c r i b e d  by  t h e  e q u a t i o n s  o f  h y d r o d y n a m i c s  i n  t h e  S t o k e s  a p p r o x i m a t i o n ,  a nd  i n  t h e  r e g i o n  
o f  t h e  p o r o u s  s h e l l  ( r e g i o n  I I )  by  t h e  g e n e r a l i z e d  D a r c y  e q u a t i o n  [2 ,  5 ] :  

grad p,=Av,, d~ vi=O ( i. i) 

grad pz=Av~-sZvz, div ~=0 ( I. 2) 

v2p=O, v2e=O f o r  p = t  ( 1 . 3 )  

vW=v2p, vlo=v2o, Xtpo=~oo, pi=P2 for P=91 (1.4) 

H e r e ,  v = v * / v  0 i s  t h e  d i m e n s i o n l e s s  f l o w  v e l o c i t y ,  v 0 i s  t h e  f l o w  v e l o c i t y  a t  
i n f i n i t y ,  p = p*a/~vn i s  t h e  d i m e n s i o n l e s s  p r e s s u r e ,  p i s  t h e  d y n a m i c  v i s c o s i t y ,  e and  
p = p*/a a r e  d i m e n s i o n l e s s  p o l a r  c o o r d i n a t e s ,  s~=aZ/~,~ i s  t h e  p e r m e a b i l i t y  o f  t h e  p o r o u s  
s h e l l ,  and  Tp6 a r e  t h e  t a n g e n t i a l  c o m p o n e n t s  o f  t h e  v i s c o u s  s t r e s s  t e n s o r .  The s u b s c r i p t s  
1 and  2 a r e  a p p e n d e d  t o  t h e  v a r i a b l e s  i n  r e g i o n s  I and  I I ,  r e s p e c t i v e l y .  

2 .  S o l u t i o n  i n  R e g i o n  I 

O u t s i d e  t h e  p o r o u s  c y l i n d e r ,  w h e r e  E q s .  ( 1 . 1 )  h o l d ,  t h e  f l o w  f u n c t i o n  P1 s a t i s f i e s  
t h e  f o l l o w i n g  e q u a t i o n  a n d  b o u n d a r y  c o n d i t i o n s  f o r  p = a - 1 / 2 :  

Moscow. T r a n s l a t e d  f r o m  I z v e s t i y a  A k a d e m i i  Nauk SSSR, M e k h a n i k a  Z h i d k o s t i  i Gaza ,  No. 
6 ,  p p .  1 2 2 - 1 2 4 ,  N o v e m b e r - D e c e m b e r ,  1 9 7 9 .  O r i g i n a l  a r t i c l e  s u b m i t t e d  A u g u s t  8 ,  1978 .  
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Fig. 2 

0 ' ~  i a~F i 02~F i a ~  
~ u Z , = O ,  - -  + - - - -  + O, cos O ( 2 . 1 )  

Op 2" p Op p~ 002 p aO 

As t h e  c o n d i t i o n s  on t h e  c e l l  b o u n d a r y ,  we h a v e  c h o s e n  K u w a b a r a ' s  c o n d i t i o n s  [ 6 ] ~  
The g e n e r a l  s o l u t i o n  o f  Eq. ( 2 . 1 )  c a n  be  w r i t t e n ,  u s i n g  t h e  b o u n d a r y  c o n d i t i o n s ,  i n  t h e  
fo rm 

} ~ t ( p ,  O) = ~ i ( p ) s i n  O =  + Bip+Cip In 9+Dlp 3 sin O 

C~ ( 2 . 2 )  (-;) Bi=I-Ai~+ Ciln~+ Ci Di=--- , Pi=-2Ci ~p+ cos0 
2 4 ' 4 

3. Solution in ReEi0n II 

In the region of the porous shell, the flow function ~2 satisfies the equation 

AAV2-s2A~2=0 ( 3 . 1 )  

Solving Eq. (3.1) by separating the variables (~2(p, @) = ~2(Q)sin @) and using the 
boundary conditions (1.3), we obtain 

A~l(sp) B~Ki(sp) C~p Ds AJo(s) C~s 
~ 2 ( p ) = -  s ~ - s: + + - -  , B: . . . .  + , 2 p Ko (s) Ko (s) 

An K~(8) i P2 = - s  2 ' cos 0 D2 s'Ko(s) {lt(s)KoCs)- l o ( s ) K ! ( s ) } +  C~ sKo(s) 2 ' 2 p 

H e r e ,  I 0 ( s )  , I i ( s ) ,  K 0 ( s ) ,  and  K l ( S  ) a r e  m o d i f i e d  B e s s e l  f u n c t i o n s  o f  i m a g i n a r y  
a r g u m e n t .  The c o e f f i c i e n t s  A1, C1, A2, a nd  C 2 c a n  be  f o u n d  f r o m  t h e  c o n d i t i o n s  ( 1 . 4 )  o f  
m a t c h i n g  o f  t h e  s o l u t i o n s  on  t h e  b o u n d a r y  o f  r e g i o n s  I a nd  I I .  The e q u a t i o n s  f o r  d e -  
t e r m i n i n g  t h e s e  c o e f f i c i e n t s  a r e  n o t  g i v e n  h e r e  b e c a u s e  o f  t h e i r  l e n g t h ,  b u t  t h e i r  v a l u e s  
c a n  be  f o u n d  f o r  e a c h  p a r t i c u l a r  v a l u e  o f  t h e  p a r a m e t e r s  s and  a .  The f o r c e  a c t i n g  on  
u n i t  l e n g t h  o f  t h e  c y l i n d e r  w i t h  t h e  p o r o u s  s h e l l  i s  d e t e r m i n e d  by t h e  v a l u e  o f  t h e  c o -  
e f f i c i e n t  CI :  

F=4n~voCi ( 3 ~  

4.  P o r o u s  C y l i n d e r  

We now c o n s i d e r  t h e  s i m p l e r  c a s e  when t h e  c y l i n d e r s  a r e  c o m p l e t e l y  p o r o u s  (a  = 0) 
and  h a v e  p a c k i n g  d e n s i t y  B = P ~ / P ~ .  As c h a r a c t e r i s t i c  l e n g t h ,  we now c h o o s e  P l '  a nd  
d i v i d e  a l l  l i n e a r  d i m e n s i o n s  by  t h i s  r a d i u s .  The f l o w  f u n c t i o n  i n  r e g i o n  I I  h a s  t h e  fo rm 

{ C2P A~i(sP) }sin8 (4 I) 
~2(p,O)= 2 s2 

913 



The coefficients B 2 and D 2 are zero, since the function #2(p) must be bounded at the 
origin. The function ~l(p) is determined, as before, by (2.2). From the conditions (1.4) 
of matching of the solutions on the surface of the porous cylinder, all the unknown co- 

efficients can be determined: 

A t=+{i 2 ~ 2(t-~)s 2 lz(s) } C t ' I s ( s )  A2= --2(1-~) C~, l~(s)  C2 --4(l+~),C~s 2 

{ _~ 3 ---+~z (t_~)Zlz(s) + 4 } - t  
c ,  = - ]n ~ - - ? -  + ~ 4 ~z, (~) S ?  

(4.2) 

The p a r a m e t e r  s i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  p e r m e a b i l i t y  o f  t h e  p o r o u s  c y l i n d e r ,  
and  a m o d e l  o f  t h e  s t r u c t u r e  o f  t h e  p o r o u s  c y l i n d e r  m u s t  be  s p e c i f i e d  i f  i t  i s  t o  be  
p a r t i c u l a r i z e d .  

The  f o r c e  a c t i n g  on  u n i t  l e n g t h  o f  t h e  p o r o u s  c y l i n d e r  i s  

F { | 3 ~z (i-~)Zlz(s) 4 } - t  

= 4~ - 4 sI, Cs) --~ ~ 0  T i n  ~ - ~ -  + p - - -  + + ( 4 . 3 )  

I n  t h e  l i m i t  s § ~ ,  t h i s  g o e s  o v e r  i n t o  K u w a b a r a ' s  f o r m u l a  f o r  an  i m p e r m e a b l e  
c y l i n d e r  [ 6 ] .  I n  F i g .  2 ,  we h a v e  p l o t t e d  F / p v  0 a s  a f u n c t i o n  o f  s f o r  B = 0 . 0 5 ,  0 . 1 ,  and  
0 . 1 5  ( c u r v e s  1 ,  2 ,  and  3 ,  r e s p e c t i v e l y ) .  

5. I s o l a t e d  C y l i n d e r  

We c a n  s o l v e  t h e  p r o b l e m  f o r  an  i s o l a t e d  p o r o u s  c y l i n d e r  s i m i l a r l y .  
i n  r e g i o n  I t h e  f l o w  f u n c t i o n  n e a r  t h e  c y l i n d e r  t a k e s  t h e  f o r m  

~ ( p ,  8 )={-a0plnp+aip+azp- l}s in8  

The  v e l o c i t y  c o m p o n e n t s  f a r  f r o m  t h e  c y l i n d e r  a r e  

In this case, 

(5.1) 

OP=COS8+C{ p ~ e - - e x P  ( ~ P C ~  [g0 (~ -~eP)c~  ( ~ P ) ] }  

{ (~ ) (Re)} 2aoo 
v0= - i + c e x p  pcosO K0 -~ -p  sin0, R e =  v 

(5 .2 )  

Here, D is the kinematic viscosity. 

From the conditions of matching of the flow fields near and far from the cylinder, 
the expression (4.1) for the flow function in region II, and from the conditions (1.4), 

we obtain 

8 8 C~ A211 (s) c=ao, ai=l+ao+ao In , l+a0+a0 In + a2 = - -  + 
Re ~ Re 2 s z 

A212 (s) A2 s~C~ 
a0+2az = - - ,  4 a z = -  - -  {I, (s) + I~(s)}, 2a0 

s 2 2 

(5 .3)  

H e r e ,  y = 0 . 5 7 7 2  i s  E u l e r ' s  c o n s t a n t .  

s o l v i n g  t h i s  s y s t e m  f o r  a O, we o b t a i n  t h e  d r a g  

F t t 8 12(s) 
�9 = 4 ~  / - -  + In + i~vo 2 ~ Re sI, (s) 

( 5 . 4 )  

In the limit s § ~, this expression goes over into the well-known expression for 
the resistance of a cylinder to a viscous flow [7]. Note that the result (5.4) differs 
from the result of [2], in which the expression for F was obtained for a cylinder with 
small permeability (s >> I), by numerical factors, which is due to errors in the formula- 

tion of the boundary conditions in [2]. 
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PULSATING FLOW OF A NEWTONIAN FLUID THROUGH AN 

AXISY~ETRIC TUBE WITH A LOCAL DILATATION 

S. G. M i r o l y u b o v  UDC 5 3 2 . 5 1 6 . 5 . 0 1 3 . 3  

INTRODUCTION 

In recent years, numerical simulations of the flow of blood through large blood 
vessels as a viscous Newtonian fluid have been made. Among the most frequent pathological 

alterations of the vessels we can mention local constrictions and dilatations, which are 
due primarily to atherosclerosic disease of the vessel wall. Such constrictions and 
dilatations, which are called stenoses and aneurysms, respectively, can have a significant 

influence on the flow of blood in their neighborhood, cause changes in the pressure gra- 
dient, and also facilitate thrombosis. 

In [1], the author made a numerical analysis of the pulsating flow of blood, regarded 
as a Newtonian fluid, through an axisymmetric vessel with a stenosis. The paper [1] also 
contains a brief bibliography of papers devoted to the solution of problems of the flow 
of a viscous fluid in the region of a local constriction of the flow region. A calcula~ 
tion of the oscillating flow in a plane channel with a local dilatation was made in [2]. 
Experimental investigations into the flow of fluid through glass models of aneurysms are 
r e p o r t e d  i n  [3 ,  4 ] .  

I n  t h e  p r e s e n t  p a p e r ,  we g i v e  t h e  r e s u l t s  o f  n u m e r i c a l  s o l u t i o n  t o  t h e  p r o b l e m  o f  
t h e  p u l s a t i n g  f l o w  o f  b l o o d ,  t r e a t e d  a s  a N e w t o n i a n  f l u i d ,  t h r o u g h  a r i g i d  a x i s y m m e t r i c  
d i l a t a t i o n  o f  t h e  v e s s e l  ( a n e u r y s m )  w i t h  an  a r b i t r a r y ,  c o n t i n u o u s l y  d i f f e r e n t i a b l e  u n i q u e  
d e p e n d e n c e  o f  t h e  w a l l  r a d i u s  R w on t h e  l o n g i t u d i n a l  c o o r d i n a t e  Z.  

1 .  The  m o t i o n  o f  b l o o d  i n  l a r g e  v e s s e l s  c a n  b e  w e l l  d e s c r i b e d  by  t h e  N a v i e r - - S t o k e s  
e q u a t i o n s  w i t h  t h e  c o n d i t i o n s  o f  no p e n e t r a t i o n  and  no s l i p  o f  t h e  f l u i d  on t h e  w a l l .  I n  
t h e  c a s e  o f  an  a x i s y m m e t r i c  c o n f i g u r a t i o n  o f  t h e  v e s s e l  w a l l ,  and a l s o  a x i a l  s y m m e t r y  o f  
t h e  b o u n d a r y  c o n d i t i o n s  a t  t h e  e n t r a n c e  and  e x i t  t o  t h e  c o n s i d e r e d  r e g i o n ,  t h e  p r o b l e m  
c a n  be  c o n v e n i e n t l y  s o l v e d  i n  c y l i n d r i c a l  c o o r d i n a t e s  i n  t h e  d i m e n s i o n l e s s  v a r i a b l e s  o f  
t h e  f l o w  f u n c t i o n  ~ a n d  v o r t i e i t y  f u n c t i o n  ~ .  

As was  shown i n  [ 1 ] ,  i t  i s  e x p e d i e n t  t o  s o l v e  t h e  d e t e r m i n i n g  e q u a t i o n s  n u m e r i c a l l y  
i n  a s y s t e m  o f  c o o r d i n a t e s  made d i m e n s i o n l e s s  as  f o l l o w s :  

~ = ~ ( z ) ,  ~=z, ~=0, x = t ,  r=R/Ro, z=Z/Ro, t=TUo/Ro, ~=R~/Ro 

where Z and R are the dimensional axial and radial coordinates, T is the time, and R 0 and 
U 0 are the characteristic values of the length and the velocity. 

This makes it possible to reduce a region with arbitrary curvilinear boundaries to 
a rectangle, which is very advantageous if one is using algorithms for the solution based 
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