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Darling—Erdos Theorems for Martingales
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This paper considers Darlin—-Erdds theorems for sums of martingale differences.
Our main theorem provides an optimal result for the case of bounded mar-
tingale difference sequences. A number of other results are presented, which deal
with the unbounded case and which specialize to the case of independent sum-
mands. Previous related work on this problem has been based on deep strong
approximation theorems. One of the novel features of our approach is that our
methods rely on the more easily accessible Skorokhod-type embeddings.

KEY WORDS: Martingale difference sequences; Darling-Erdds theorems; law
of the iterated logarithm.

1. INTRODUCTION

Let {X,, %, n=>0} be a martingale difference sequence with finite second
moments where X,=0 and %, = {{J, Q} is the trivial o-field such that

"

sai=Y EX]|%_))-> as n— 00 as. (1.1)

n
j=1

Set S,=X;+ -+ +X,for n=1 and §,=0. Define the partial sum process
on [0, co) based on these random variables to be

S(ty=S,  where si<t<s2,,, nx=0 (1.2)

where s :=0. We introduce the notation for 7> 0,

LT=1log(Tve), a(T)=QLLT)”
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and
OD(T)=2LLT+2 'LLLT—2""L(4n)

Darling and Erdds‘® proved that if X, X,,..., are independent random
variables with mean zero, common finite positive variance, and uniformly
bounded finite absolute third moments, then

a(T) sup ﬂ’—)—b(T)—@»E as T— oo (1.3)
1$I<T\/;
and
a1y sup By L EVE s Tow (14

11T \/;

where E and E’ are independent random variables with common extreme
value distribution function exp[ —exp(—1)], — o0 <1< 0.

Oodaira® and Shorack®? noticed that since (1.3) and (1.4) hold
when S is replaced by a standard Wiener process W on [0, o), one can
obtain the same results for any right continuous process S defined on
[0, oo) for which a suitable probability space can be constructed on which
one has for some 0<d<1/2

IS(t)— W)/ /t=0("%) as 11— (1.5)

A slight refinement of their methods shows that to obtain the Darling—
Erdds theorem, that is (1.3) and (1.4), from the corresponding theorem for
W one only needs that on a suitable probability space

1S(t) = W(t)l//t =o((LLt)™"?)  as 11— oo (1.6)

This approach, however, does not always lead to optimal results.
Einmahl® has established that when S is the partial sum process formed
from a sequence of ii.d. random variables, one has (1.6) if and only if
E(X?LL|X,|)< co. On the other hand, Einmahl® has proved by means of
a truncation technique of Feller® that (1.3) and (1.4) hold in the ii.d. case
if and only if

LLtE{X1(|X,|>1)} -0 as t—ow
The main purpose of the present paper is to derive an‘ optimal condi-
tion under which the Darling-Frdés theorem holds when X, X,,..., form a

bounded martingale difference sequence. Philipp and Stout"® have
obtained (1.6) for martingale difference sequence satisfying

|X,| <e,s,/(LLs,)>? as. (1.7)
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where ¢, is a sequence of positive constants with ¢, N 0. Moreover, under
the more restrictive assumption that X,, X,,.., are independent random
variables, it follows from a strong approximation result announced by
Sakhanenko™" that (1.6) is true when in (1.7) one replaces 5/2 by 3/2.
His proof 1s based on a refinement of the delicate approximation method
of Komlos, Major, and Tusnady.® Thus we see by the above remarks that
the Darling-Erd6s theorem is true for martingale difference sequences
satisfying (1.7} and for independent sequences of random variables under
Sakhanenko’s weaker bounding condition. We will show more generally
that the Darling-Erdos theorem holds for martingale difference sequences
when

|X,|<e,s,/(LLs,)** as. (1.8)

where ¢, € %#,_, and ¢, \ 0 a.s. To obtain our result we shall use a method
of proof that avoids the need of a direct approximation of type (1.6) for the
process S. Furthermore, we shall demonstrate by example that our condi-
tion is close to being optimal in the sense that if the exponent 3/2 in (1.8)
is replaced by any 1 < p < 3/2 then the Darling-Erdds theorem can fail. By
Kolmogorov’s law of the iterated logarithm or by the Stout**) extension of
it to martingale difference sequences this says that even in the bounded
situation there are cases when the law of the iterated logarithm holds but
not the Darling-Erdés theorem.

Our main theorem for bounded martingale difference sequence is
proved in Section 2. Our example is detailed in Section 3. In Section 4 we
provide some sufficient conditions for the Darling-Erdds theorem to be
valid in the unbounded case. An appendix contains the proof of a technical
result required in Section 2.

2. THE MAIN RESULT
Theorem 1. Whenever
s25 00 as. as n— oo (2.1)

and there exists a positive sequence ¢, .%, _; with ¢, \ 0 a.s. such that

|X,| <e,s,/(LLs,)** as. (2.2)
then as T — o
a(T) sup S(t)/t'»—b(T)-L> E (2.3)
1T s
and
a(T) sup |S()/1V*—b(T)—2HEV E’ (2.4)

I1<s:<T
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Proof. As in Philipp and Stout,""” we can assume without loss of
generality that there exists a standard Wiener process  and a sequence of
nonnegative random variables t,e %,, n> 1, such that

S,.=W(T,), nzl (2.5)

where T,=1,+ --- +1,, n=1, and T,=0,

E(t,| Z_ 1) =E(X | Z,_), n=] (26)

Sr—l
E(r;lgﬁ_l)<2<—5> AEXT|Z_), =2, nxl (27)
T

and moreover for all 7, <t< 7T, ., n=0,

[W(t) = W(T,)| S ey 15,5 1/(LLs, 1) (28)

For (2.5), (2.6), and (2.7) see Hall and Heyde® page 269 and for (2.8) refer
to Skorokhod® page 163, noticing that the proof given there is also valid
for martingale differences.

By a refinement of the proof of Lemma 2.3 of Philipp and Stout, % see
Lemma a of the Appendix, under (2.1) and (2.2) one has

T,—s2=o0(s}/LLs,) as. (2.9)

Observe that by (2.2) we also have
st —s*=o(s>,,/LLs,, ) as. (2.10)

Set

S(1y=S,  whenever T,<t<T,,,, nz0

Lemma 1. As 71— co we have
S(t) = W(t)+ o(¢t"?/(LL1)'?) as. (2.11)
Proof. First note that by (2.9) and (2.10) we have
Tpo1—T,=o0(s>, JLLs,, ) as. {2.12)

and

T,/s:—1 as. as n— o (2.13)



Darling—Erdés Theorems 441

Now for T,<t<T,,,, we have by (2.5) and (2.8)
15(2) = W(t)| <&y 18n 1 (LLs, 1) (2.14)

The lemma is now an easy consequence of (2.12), (2.13), and (2.14). O

Lemma 2.

lim sup |S(¢)|/(2tLLt)* =1 as. (2.15)
t—

and
lim sup |S(¢)|/(2tLLH)"* =1 as. (2.16)
Proof. Assertion (2.15) is immediate from (2.11). From (2.15) it is
straightforward to show that

lim sup |S,|/(2T,LLT,)*=1 as.

This combined with (2.13) yields

lim sup |S,|/(2s2LLs,)"*=1 as.

from which (2.16) easily follows. O
Let
U(s)=e *W(e¥), s=0 (2.17)

be the Ornstein-Uhlenbeck process. It is known, cf. Darling and Erdés®
and Shorack"® that

a(T) sup  U(s)—HT)-E (2.18)

Oxs<2-llog T

Lemma 3. Forall O<a<b< oo and T=1/a

Wi(t) 2
sup —= = sup U(s) (2.19)
aT<t<bT \/7 0 <s <2 og(b/a)

and as T — «©

sup SONEN sup Uls) (2.20)

al<:<bT t 0<s<2 !log(b/a)
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Proof. Assertion (2.19) follows from the transformation (2.17) and
stationarity of U and from (2.11) we get (2.20). O

For any T2 1 let
h(T)=exp[(log T)'”]
also for any T>1 and 4> 1 define the random sets of indices
A T)={k: A7'W(T) K T < AT}

and
B,(T)={k: 27'"h(T) <5} < AT}

Lemma 4. Forall A>0,as T— o

S(t S
a(T) sup SO ey S =0,(1) (2.21)
rlh(T)szgn\/; keduT) /Ty
and
S(t S
s 5@ _ “l=0,(1) (2.22)
2Ty <1< AT \/; keBy(T) Sk

Proof. First consider (2.21). Notice that the left side of (2.21) is less
than or equal to

a7y max ST =T o IS T T
ke Ay(T) */Tk+1f ke d;(T) \/—\/Fk_l

Assertion (2.21) now follows easily from (2.12), (2.13), and (2.15). The
second part of the lemma is proved in the same way. 0

A simple argument based on (2.18) and (2.11) combined with the
convergence of types theorem shows that for all A>1, as T'— o0

a(T)  sup me_ HT) -2 (2.23)
ATy < < AT [
and
a(T)  sup S WT)-L E S (2.24)

27T <t < AT t

For any A>1 set

CiT)=A,T)n B(T)
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Lemma 5. For all A>1,
P(C(T)=B{(T) -1 as T—-w
Proof. The proof follows from (2.13).

Lemma 6. Forall A>1

S
a(T)| max —2=— max =% =0,(1)
kecuT) /T, *keCuT) Sy

Proof. The left side of (2.26) is less than or equal to

oT) max —2E | /T s,

ke C(T) Tksk

which 1s equal to o,(1) by (2.15), (2.13), and (2.9).

Lemma 7. Forall A>1,as T— w

S
a(T) max L _bp)-5H -
ke A(T)-CuT) /T,

Proof. Setfor T>1 and A>1
DAT) = {k: A"'h(T) < T, < Ah(T)}
and
ET)={k: 27" T< T, <AT}
Notice that by (2.13)

P(A(T)—CAT)=D,(T)VE(T)»1 as T—oo

Also for large T

a(T) max . b(T)<a(T) sup —=-—b(1)

ke DA /T L<igann) \/ ¢

and

S S(1)
a(T) max —b(<a(T) sup —=—5b(T)
Ji

ke E;(T) Tk AT <rgaT

443
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(2.28)

(2.29)

(2.30)
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Now from (2.15) it is easy to argue that the right side of expression (2.29)
converges in probability to —oo as T— oo and from (2.20) that the same
is true for the right side of expression (2.30). Therefore from (2.28) we have
(2.27). O

We are now prepared to finish the proof of (2.3). From (2.22) we
conclude

S(t S
a(T){ sup S ax —k}=op(1) (2.31)
h(T)sng\/; keB\(T) S
and for any 4> 1 we obtain from (2.21) and (2.24) that
a(T) max S -T2 E (2.32)
kedym) /T

k

which when combined with (2.25) and (2.27) yields

a(T) max S

keB(T) /T,

-T2 E (2.33)

Hence from (2.31), (2.26), and (2.25) in combination with (2.33) we get

a(T) sup M—b(T)—@—»E (2.34)

MTy<t<T t

From (2.16) one easily obtains as 7 — o

a(T) sup M~b(T)—’i—>—oo (2.35)

1<t<h(T) t
Assertion (2.3) is now an obvious consequence of (2.34) and (2.35).

The proof of assertion (2.4) is essentially the same, so the details are
omitted. This completes the proof of Theorem 1. &

Remark 1. Theorem 1 remains true if one were to replace the
assumption that ¢, \ 0 as. by ¢, » 0 as. This, however, makes the proof
much more technical, thus obscuring the main ideas. For the proof of this
refinement, Lemma a is required with arbitrary 0 <& <1 combined with a
truncation argument.

3. EXAMPLE

Here we construct the example mentioned in the Introduction, which
shows that our Theorem 1 provides a sharp result.
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Proposition. For each 1 < p < 3/2 there exists a sequence X, X5,..., of
independent mean zero random variables such that

sp=Y EX;—>o  as n—o© (3.1)

i=1
| X, <s,/(LLs,)?, nzl, as. (3.2)
and at the same time the Darling—Erdds theorem does not hold.

Proof. We require the following exponential inequality.

Lemma 8. Let X, X,,.., be a sequence of independent mean zero
random variables satisfying (3.1) and (3.2). Then we have for all 0 < x <
3(LLs,)"*, n>1,

2 3 =n
P(S, > x5,) <A exp (— %+—— y EXf) (33)

where A is a universal constant.

Proof. For any t =0, we have

P(Sn>xsn)<exp|: L,(t)—- txs,,:l (34)

where
Li(t)=log R,(t) and R,(tf)=Eexp(tX,), 1<i<n

A Taylor expansion yields
2 n 4 n

" 3 n
Y L0=5 ¥ LR+ L T LP0)+ 2 ¥ L@ (5)

i=1

i=

where 0 <7< . Notice that for each 1<i<n, L,(0)=L{"(0) =0. Further-
more, it is easily checked that

LP0)=EX? and L®0)=EX?, 1<i<n

After some calculation and then applying Holder’s inequality, it is not
difficult to see that

ILW() <AE{X*exp(t]X])}, - 1<i<n (3.6)

where 4 is a universal constant.
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Now let 0<x<3(LLs,)"* be fixed and set t =x/s,. Then it is
immediate from (3.2) that

E{X?exp(1,1X))} <eX(EX?)s*/(LLs,)%, 1<i<n (3.7)

Using (3.6) and (3.7) we get for an appropriate universal constant A

R

oYL USIES (3.8)

Assertion (3.3) now follows from (3.4), {3.5), and (3.8) with r=1¢,. 0

To construct our example let ¥ be a random variable such that

Y] <2 as. (3.9)
and
EY=0, EY?*=1, and EY’= —a<0 (3.10)

Let Y|, Y,,.., be independent copies of Y. Choose 1 < p<3/2 and set
by=exp[H/(LN* /(L) j=1
with 4> 0 to be determined later. Define

X,=bY, j=1 (3.11)

gt
Then we have

n

_ Z z exp[ 247/(Lj)?/(Lj)*

From an integral approximation of this sum we obtain
~ (24) Y exp[24in/(Ln)*] as n->m (3.12)

from which we get
LLs,~Ln as n— o (3.13)

By choosing A >0 small enough we have immediately
|X,| <2b,<s,/(LLs,)? as. (3.14)

Moreover, it follows from the definition of the sequence X, X,,..., that

_ z EX?=a z b= a(Ln)~" Y, expl3H/LN»I(L)>

Jj=1

~a(Ln) P(32. ) " exp[3An/(Ln)*]
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which for some positive constant ¢, is

~cysY(LLs,)? as n— o (3.15)
We will now show that

P(S,>(25s2LLs,)"*,1.0.)=0 (3.16)

Notice that (3.16) implies that for the partial sum process formed by
Xl’ X2 geers

a(T) sup S(1)/\/t —b(T) > —0 as.

11T

from which it is obvious that the Darling-Erdés theorem does not hold for
this process.

We shall now establish (3.16). Let n, be a subsequence of N such that
for large enough k&

exp(k/Lk) <s,, <exp[(k+ 1)/Lk] (3.17)

The existence of such a subsequence can be inferred from (3.1) and (3.2).
To prove (3.16) it suffices to show that

Y P( max S,>(2s%LLs,)") < (3.18)
1

o= A <n<fgy

Using the following Lévy type inequality for l <m<n and x>0

n 1/2
p( max §,2x)<2P (S,,;x—(Z > EXf) )
J=m

ms<jsn

and the definition of the subsequence n, we get for all large &

P( max S,>(2s; LLs,)")

M <A NE 4L
<2P(S,,.,>(2s; LLs,)"*~ [2(sﬁkH —-s2)]1 172y
S2P(S,,.,, 225, [(LLs,)"? = cx(LLs,,) 1)
where ¢,>0 is a constant [use (3.17)]. Taking into account (3.13) and

(3.15) we infer from Lemma 8 that for all large enough &, this last expres-
sion is

<cyexp[ —LLs,, — c4(LLs, ) 7]
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where ¢3, ¢,>0 are constants. By our construction of the sequence n,
we see immediately that (3.18) holds. This completes the proof of the
proposition. ]

4. RESULTS FOR UNBOUNDED SEQUENCES

In this section we present some sufficient conditions for the Darling-
Erdés theorem to hold for unbounded martingale difference sequence. Qur
first theorem considers independent sequences.

Theorem 2. Let X, X, .., be a sequence of independent mean zero
random variables with finite variances. Set ¢2=EX? and s2=3"_, o7,
nz= 1. Assume that

§29 0 as n— o (4.1)
Suppose further that for some 6 >0 and all ¢>0

i P(|X,| > ds,(LLs,)"*) < o0 (4.2)
n=1
i s HLLs,) ' E{X*1[es,/(LLs,)** < |X,| <8s,(LLs,)"*]} <0 (4.3)
and as n > ©
Lls,
. Z E{Xizl[lXil >85i/(LLSi)3/2]} -0 (4.4)
i=1

2
S

Then the conclusions (2.3) and (2.4) of Theorem 1 hold.

Proof. We first note that by Theorem 3, page 345 of Chow and
Teicher, ! any sequence X, X,,..., as above satisfies the law of the iterated
logarithm. Thus, by arguing as in the proof of Theorem 1, it suffices to
show that as T'— o

a(T) max S./s,—&(T)—> E (4.5)
ke B|(T)
and
a(T) max |S.l/s,—b(T)-2> Ev E' (4.6)
ke BI(T)

We will only show (4.5); the proof of (4.6) is similar. It is clear that (4.5)
would follow if we were to establish

a(s?) max S,/s;, — b(s?) 2 E as H-— oo (4.7)
ke kK,
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where K, = B,(s2) = {k: s; = h(s2), 1 <k <n} with & defined as in the proof
of Theorem 1.

From the above assumptions it is easily seen that one can find two
sequences of real numbers 6,7 co and ¢, 70 such that (4.3) and (4.4) remain
valid when é and ¢ are replaced by 6, and ¢, respectively, so that

Y sy A(LLs,) ' E{X?1[¢,s,/(LLs,)** <|X,| <d,5,(LLs,)"*1} <

n=1

(4.8)
and as n— ©

LLS

S E(X21[1X, > £2/(LLs)2T} >0 (4.9)

Sh i=1
We set for n= 1,
X, =X, 1[IX,| <e,s,/(LLs,)?),  X,=X,—EX,
X =X,1[1X,|>é,s,(LLs,)"*], X!=X)—EX,
X/ =X,-X,— X, X!=X!—-EX)
Denote the corresponding sums by S,, S,, S, S, S, and S,.

We now apply a truncation argument of Feller’® in a similar way as
was done by Einmahl.

Lemma 9. Under the above assumptions we have

P({I5,| > s5,/LLs,} " {|S,| > s,(LLs,)"*},1.0.) =0

Proof. The proof is very similar to that of Lemma 1 of Einmahl,“ so
it will be enough to only indicate the main arguments.
First note that (4.8) and Kronecker’s lemma immediately imply that

Sy =o(s,(LLs,)"?) as. (4.10)

Next, without loss of generality we may assume that the sequence &, “ 0
has been chosen so that ¢, > (LLs,) % which in combination with (4.8)
gives

o ElX)| & EX))
3 s,(LLs, )3\ D s2LLs,

n~1 n=1"%n

(4.11)
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This when combined with Kronecker’s lemma yields
ES)=o(s,(LLs,)’) as n— o (4.12)

Furthermore, using the same argument as in Lemma 3 of Einmahl,* one
gets from (4.11)

i a2p, <
-2 <o
= syLLs,)

where

B.=Y EIX/, n>1

Jj=1
Define two subsequence m, and n, of N as follows:
my =min{n: s> >25~%/(Lk)®}

n=min{n:s2>2%}, k=1

Note that because of (4.1) both subsequences are well defined. We define
the sets

np—1
Fo= U {IS/1>s/LLs,} 0 {15 >s,(LLs,)'"}
n=ng_|
ne—1
Ge= | {X)#0}
n=my
ne—1 _
Hk = U {'Sr/zl >Sn(LLsn)l/2}
n=ng_1

for k= k,, where k, is a positive integer such that n, >n, _, for all k = k,.
Such a k, exists since by (4.4) 52, ,/s2—1 as n - oo.
Notice that for w ¢ G,

ISy (@) =Sy (@),  nme_ <n<n (4.13)

which by (4.10), (4.12), and the definition of m, implies that for any
w ¢ G, U N, where N is a null set, with k >k, (w) one has

|Sy(w)| < %s,/LLs,, R <n<n, (4.14)
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Using (4.14) it is easy to see that to complete the proof of Lemma 8 it is
sufficient to show

y= Y P(GynH)<oo (4.15)
keNj
and
Yy = Z P(H,)< 0 (4.16)
keNjy

where N, := {k: |ES,/| <1is,/LLs, for all n,_ <n<n,} and N, =N - N/,
since

Y, P(F)<y:+7,

k=1

This can be accomplished by a straightforward modification of the proof of
the corresponding relations (15) and (16) of Einmahl. O

Lemma 10. Under the above assumptions, we have
P({|S)| > s,/LLs,} N {|S.| > 3s,(LLs,)"*},1.0)=0

Proof. On account of Lemma 9 and (4.10), we only have to show
that

S =o0(s,/(LLs,)'"?) as. (4.17)

First, by (4.2) and the Borel-Cantelli lemma we have

Sy =0(1) as.
Next
|ES)| < Y E{|X;| 1[|X;| > 8;s,(LLs,)"*1}
=1
<Y 6;'e}/[s,(LLs)"*]
j=1
=o(s,/(LLs,)"?) as n—o0o
This finishes the proof of Lemma 10. |

860/2/4-4
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We are now prepared to complete the proof of Theorem 2. Observing
that (4.17) implies

lim su 1S, = 5| =
ey s(LLs,) 2~

0 as.
where N(-) is the random set of indices
N(-)={neN:|S;|<s,/LLs,}

we obtain from Lemmas 9 and 10 exactly as in the proof of Theorem 1 of
Einmahl® [from (31) to (35)] that (4.7) is equivalent to

a(s,) max S;/s, — b(s;) Z,E  as now (4.18)
e K,

Set

2=Y EX!)? nx1

i=1

Noticing that Kolmogorov’s law of the iterated logarithm applies to the
sequence X, X),.., and using (4.4) we get

a(s})Imax S;/s, — max S;/5,] = 0,(1) (4.19)
ke K, ke K,

This last statement combined with the convergence of types theorem shows
that (4.18) is equivalent to

a(?) max §;/5, —b(52) = E  as n- oo (4.20)
ke Kk,

which in turn follows from Theorem 1 and its proof. Therefore we have
established (4.7). , J

Corollary 1. Let X}, X,,.., be an ii.d. sequence of mean zero random
variables with variance one. Suppose that

LLIE{X?1(|X,|>1)} >0 as t—ow

Then we have as n —»

a(n) max Sk —b(n)—Z> E
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and

a(n) max |S,|/\/k—b(n)—Z> Ev E’

l<k=n

Proof. We apply Theorem 2. Conditions (4.1) and (4.2) are trivial to
verify in this case. For the proof of (4.3) see Lemma 4 of Feller.® Finally
(4.4) is an easy consequence of the above assumption. O

Corollary 2. Let X, X,..., be independent mean zero random
variables with finite variances. Suppose that s2 — oo and for some #>0

lim sup E{X2L|X,|(LLL|X,)! *"}/EX? < o0

Then the conclusions of Theorem 1 hold.
Proof. From Markov’s inequality we obtain

EX2
s2LLs,Ls,(LLLs,)' ™"

S P(X,| > 8s,(LLs,)") <C T <

n=1 n=1

Hence (4.2) holds. Similarly, one can verify (4.3) and (4.4). Thus the asser-
tion is implied by Theorem 2. [

We now return to the martingale case. Since the Feller truncation
method has not yet been extended to the martingale situation, we must
apply somewhat different methods to obtain good results in this general
setting.

Theorem 3. Whenever
st as n-» 00 as. (4.21)

and there exists a sequence ¢, %, _, with ¢, — 0 a.s. such that

Z P(1X,| >e,s,/(LLs,)"?|F,_ )< as. (4.22)

n=1

(LL v,,)z

B(XA[|X,| <e,5,/(LLs,)"?1|Z, )< oo as. (4.23)

and

X

JILIX > es/(LLs)' 211 #_1) > 0 as. (4.24)

then the conclusions of Theorem 1 hold.
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Proof. Since the arguments are very similar to those employed in
Theorems 1 and 2, we shall only give a brief sketch of the proof.

Wer first note that the proof can be reduced to a problem for bounded
martingale difference sequences. Set for n> 1

X, =X, 101X, <e,s5,/(LLs,)"*]
ynzyn—E(Ynl%—l)

Then using (4.22) and (4.24) it follows by standard arguments that

=

X,—Y X,=o0(s,/(LLs,)"?) as. as n—
1 i=1

l

Thus, it is enough to show that the Darling—Erdés theorem holds for the
process S,(z), t>0, defined to be

k
S(n=Y %, si<t<si., k>0
i=1
Setting

k
F=Y ERF.,). k=1 5=0
=1

i=

it i1s straightforward to deduce from condition (4.24) that
S,()—S(t)=o((t/LLt)"*) as. as t— (4.25)
where S(¢), =0 is the “natural” partial sum process defined by
~ k ~
S(=) X, Se << k=0
i=1
On account of (4.25) to complete the proof, we need only establish the

Darling-Erdds theorem for the process S(z), £>>0. As in Section 2, let 7, be
stopping times such that for an appropriate Wiener process W

where
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Combining (2.7) with (4.23) yields

i (iji)z E([r,~ E(t| Z_)]|F D<o as.

i=1 i

which by Theorem 3.3.9, page 156 of Stout® gives
T,—352=o0(s?/LLs,)=o(5*/LLs,) as. (4.26)

The bounds on the martingale difference sequence ¥, X,,.., combined
with (4.26) now allows us to repeat the proof of Theorem 1, nearly
verbatim, thus establishing the Darling-Erdés theorem for the process S(z),
t=0. O

Remark 2. Specializing to the case when X, X,,.., are i.i.d. mean
zero random variables with variance one, it can be readily verified that the
conditions of Theorem 3 hold if and only if E(X?LL|X,|)< co. So in this
situation Theorem 3 is not as sharp as Theorem 2; however, it still gives the
best result that can be obtained by the direct strong approximation
approach described in the Introduction.

Remark 3. Theorem 3 should be compared with Theorem 3.1 of Jain
et al.”’ When 1 <« <2 in their theorem the conditions there imply (4.22),
(4.23), and (4.24). In this case they obtain the rate of approximation

1S(t) = W)/ /1t =0((LL)"~?)  as (>0

Therefore it is not possible to infer our Theorem 3 from their result.
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APPENDIX

Lemma a. Let {X,, %, n>0} with X,=0 and #={J, Q) be a
martingale difference sequence with finite second moments. Assume that for
some O0<e<1 there exist sequences ¢,e%, ; with ¢, N ¢ as. and
Vie#,_ , with V2 # oo as. such that for n =1

si—s2 (KVZI-V:_| as. (5.1)
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where V¢ =s5{=0, and for some p> 1,2
\X,| <&, V,J(LLV,)" as. (52)

Then for any sequence of nonnegative random variables 1, e &, satisfying
fornzl

E(r,| F_ )= E(X;1Z,_1) (5.3)
and for r =2
8 r—1
B 7= (5] B0z ) (54)
we have
2
lim sup —— 123k <35 5 (5.5)

neet VE(LLV,)

where 7,=3"7_, 1, n>1, and T,=0.

Proof. Define the stopping times z,, k = 1, by the following recursion:
fy=max{m:¢e,>1) v max{m V2 <1}
where max (% =0, and

ty o =max{m: V2 <2V2 k=1

e+ 1

Further, for each fixed integer k=1 construct the sequence of stopping
times

=t +J) A tesr, 20
Also for k=1 set
ZP =0, VASES Z (10— E(1,0| Fw )], j=1
i=1

and
kY k k .
Y_}’—Z})—ZJ‘._’I, j=1

Obviously we have for k> 1

E(YP|Z Fn)=0,  j=1
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Notice that since ¥*) =0 when o) =a{*),, we have for all r 22, k> 1, and
j=1
ey —1
E(lY](-k)|'|9’Z;k_>1)= Y e =) E(lt — E(tia | B F) (5.6)

i=0

Tt easily follows from (5.2) and the definition of the stopping time 7,
that
X, <ep for t,.<n<t,y, (5.7)

where
—2/81k+1Vtk+1/(LLVtk+1)p (k)

For any k> 1 and 6 e Z,0 set M{? =1 and for j>1, let

2802

M{P(0)=exp(OZ) exp § — “25 AV 5~ Vip) 1, <1, )}

From now on for notational convenience we shall suppress the superscript (k).

Lemma b. For any k>1 and 0 e %, such that

2
16c16] _1
T

(5.8)

{M;(0), #,, j=0} is a nonnegative supermartingale.

Proof. Notice that for r=2, k=1, and j=1, by (5.6), the
¢,-inequality, and (5.3) we have

1 —1
E(0Y)|"1Z,_)<02]" Y Wa_,=1i)E(z,, | F)

i=0

8 r—1
<\02|r(?> 2AEXY|F, V1o <iyp.,) as.

which by application of (5.1) and (5.7) is ass.

TC2 6C2 r
< B ) 16 <0 )

Hence by (54) and 1 + x<e”, —0 <x< 0,

2yr
E(exp(0Y))| F, )<1+ 4 Z{'elléck} EXC\Z, ) Uoy_ i1 <tipy)

{——92 2B |7, ) 1o 1<tk+1)}
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Using this last inequality it is now easily checked that
E(Mj(6)|§§,~_l)<Mj~1(9)a j=z1 U

For later use we record that under the assumptions of Lemma c for all
A>0

P(sup M,(0)> i) < i~ (5.9)

j=0

cf. Corollary 5.4.1, page 299 of Stout.t>
Set for k=1

P A (LLV, . )"
=
64V72 , ey

and
2 —172
ak=3tk+1Vzk+1/(LLVtk+1)p /
Since ¢, < 1 for n>¢,, we have

160, c;

7[2

1
S_
2

We also have

7Z2

64 LLV!k+1

0ra,=

and by the construction of the stopping times

128 72
P‘@iCiVi+1<§LLV,k+I
Lemma c.
P( max |T,—s.—(T,—s})|>16a,,i0)=0 (5.10)

hh<n<itgi)

Proof. Now for k=1

P(sup exp(+0,Z;) > exp(160,a,))

j=0

128
<P (sup M, (1+6,)>exp (169kak - 0%ci kaH))

j=0
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which by the above calculations and ¥, , >2% 1?2 s
TCZ
<P (sup M;(£6,)=exp {-8— [LL2%~ 1>/2]}>
j=0

Inequality (5.9) combined with the Borel-Cantelli lemma lemma shows
that the probability in (5.10) is equal to zero. a

Recalling the definition of the stopping times ¢,, we easily obtain from
Lemma c that for all § >0 and almost every w e Q

\T (@) — 57 (0)| < c(a, 6) + i 16(e +8) V3 (1) 4 (@) [LLY ) 1 (@) 17172

k=1

<c(w, 6) + 32(e +6) Vtzm((u)+ (o) LLLV, ()4 1(@)]7 ™ 12
<c(w, 8)+32(e+0) Vi(w)/[LLV (w)]7~'7

for 1, (w)<j<t, , (w). Thus, we have shown that for all 6 >0

lim sup 12— %l <32(e+0) as
ol VI(LLY, iR S R ol as
which obviously implies (5.5). O
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