EXCITATION OF UNSTABLE MODES IN A SUPERSONIC BOUNDARY LAYER
BY ACOUSTIC WAVES

A. V. Fedorov and A. P. Khokhlov UDC 532.526.013.4:534.29

The acoustic excitation of the first and second boundary layer modes
in the neighborhood of the sharp leading edge of a plate in a supersonic
gas flow is analyzed.

The results of experimental and theoretical investigations of the sensitivity of
subsonic boundary layers to acoustic disturbances were described in [1—3]. The main
conclusions of these studies were as follows. The sound waves excite instability waves
at spatial inhomogeneities of the main flow. In subsonic flow the wavelength of the
sound is much greater than the characteristic scale of the unstable mode; accordingly,
intense excitation takes place at inhomogeneities whose scale is commensurable with the
length of the instability wave. If a plate is free of irregularities and -other sources
of local nonuniformity, then the excitation is concentrated in the neighborhood of the
leading edge on a scale of several instability wavelengths [4]. However, the oscilla-
tions that develop near the leading edge enter a zone of strong attenuation and arrive
at the instability point with a small amplitude. Accordingly, the mechanism in question
may have to compete with distributed generation due to the nonparallelism of the flow
in the boundary layer [1]. This is much less efficient, but the buildup of the unstable
waves takes place directly in the neighborhood of the lower branch of the neutral curve.

The transition to supersonic flow leads to a qualitative change. The oscillation
damping rates decrease sharply in the region lying upstream from the neutral curve, and
the screening of the leading edge weakens [5]. As the leading edge is approached, the
boundary layer oscillations become synchronized with the sound waves propagating parallel
to the surface of the plate [6]. Consequently, these waves may strongly excite the un-
stable modes. It is reasonable to assume that the neighborhood of the leading edge plays
a dominant role in the excitation of instability of the supersonic boundary layer. This
assumption is confirmed by experiment [7] and also finds support in the strong influence
of leading edge bluntness on the transition point [8].

1. On the steady flow over a semi-infinite plate we superimpose a wave incident
at zero angle to the wall (see Fig. 1)

P=(YM?)~'+£k Relexplice (X—c*1)] }

Here, P is the pressure divided by peolUw, M > 1 is the free-stream Mach number, Yy
is the specific heat ratio, a, is the wave number, c¥ = Uo(l * 1/M) is the phase velocity,
X is the longitudinal coordinate, and 1 is time. It is assumed that the frequency param-
eter F = vow®/UZ « 1 (w* = azc¥ is the frequency) and the amplitude h is small enough
for the linear theory to be applicable.

At a distance from the leading edge of the order of the wavelength, L, ~ az!, Prandtl’s
hierarchical procedure can be employed: in the leading approximation the boundary layer
does not distort the external acoustic wave, the boundary layer solution can be calculated
for the given parameters of the latter, the corrections to the inviscid disturbance are
then found (they are of the order of vF), and so on.

In a region with the characteristic scale L, » oz’ the flow can be represented
in the form of a ccmbination of a steady boundary layer varying slowly with respect to
X and a rapidly oscillating perturbation. The nonparallelism of the main flow results
in wave diffraction which distorts the acoustic field in a wall zone of thickness D.
This scale can easily be estimated using the equation for sound waves in a uniform flow
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Fig. 1

Pry= (Mz" 1 ) pxx+2M2p11+M2pu

Here, p are the pressure fluctuations. The distortion of the wave number of the
monochromatic disturbance ~L;', i.e., pyy = 0(az/L,)p, D = vL,/a,. The changes in wave
amplitude are determined by the behavior of the solution in the boundary layer, whose
displacement thickness 6% = AVvql,/Ue,. From the equation for the longitudinal and
transverse momenta py ~ vy, px ~ uy, and frem the continuity equation vy ~ uy; con-
sequently, py = 0(8%a2)p. The hierarchical scheme breaks down when the amplitude changes
by its own order, i.e., pyFD = O(p) or L, = (AayYF)™'. Thus, in the region X = O
(A" taz'F"¥2), Y = 0(A™H203'F""*) the nonparallelism of the boundary .layer strongly in-
fluences the evolution of the disturbance.

When X ~ L, the viscous sublayer (Stokes layer) has a thickness §g = vVVe/w" and
lies at the bottom of the boundary layer, 8g/8% ~ F*¥*A~V2; ' the bopundary layer lies
at the bottom of the diffraction zone §*/D ~ FY¥24. Moreover, ajl/é% ~ F-U4p~12, azl/D ~
FY4AY2, i.e., the disturbance is shortwave in the metric of the diffraction zone and
longwave in the metric of the boundary layer. These properties considerably facilitate
the construction of the solution.

When the displacement thickness is of the order of the wavelength, the locally
parallel approximation, which describes the acoustic field and the oscillations in the
boundary layer, holds true. The latter include the first and second unstable modes.

In this case the characteristic longitudinal scale L; = 4~ %a3;'F~!. Below it is shown
that in the boundary layer as X/L, + « the asymptotic form of the disturbance can be
divided into two parts, one of which can be matched with the asymptotic form of the
first and second modes as X/L; » 0. The dimensionless displacement thickness A has been
included in the estimates in order to take into account the strong dependence of the
boudnary layer thickness on the Mach number and the temperature factor.

We nondimensionalize the coordinates and time with respect to the length and period
of the incident acoustic wave: x = agX, ¥ = ag¥, t = azUet. We introduce the small
parameter € = FY*AY2. When the above is taken into account, we have the following char-
acteristic scales:

r=(2,, 87222, £7'%5), Y=(Yo, €Y1, £7'Y2, Ys)

The characteristic regions are shown schematically in Fig. 1: 0 denotes the Stokes
.layer, 1 and 3 the boundary layer, and 2 the acoustic wave diffraction zone.

2. In region 1 with the variables x, = 0.(1), y; = 0(1) we represent the solution
in the form:

Us=U(z,, y,) +0(°)+h Re{u, (22, y,) expli(z—cat) ] +0(e)}

Vs=2"V (22, y1)+0 (¢°) +h Refev, (x,, y:)explitz,—cat)] +0(e?)} (2.1)
P=(yM*)""+0 (e*)+h Re{p:(xs, y:)Yexpli(z,—cit)] +0 (&)} '

Ts=T (2, y:)+0(e’) TR Re{0.(2,, y,)exp [i(x,—c.t) ] +O ()}

Here and in what follows, c¢; = 1 * 1/M is the dimensionless phase velocity of the
acoustic wave, Ug, Vg, and Tg are the x and y velocity components and the temperature
divided by U. and T, respectively.
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In the highest approximation with respect to € we obtain the system

(Ulﬁca),'—'i['(‘ﬁ‘_%)‘z‘Mz]Pn pi'=0 (2.2)

vi(xy, 0)=0 (2.3)

The prime denotes differentiation with respect to y;, and the no-flow condition
(2.3) is a consequence of the matching of the solution in the viscous sublayer 0 and
the solution in the inviscid region 1. It follows from (2.2) that the pressure p; is
constant across the boundary layer, and the vertical velocity component

vy =ip () (U—ca) j‘[ 'ZET?(;‘)‘Z“ Mz] dy,

For c; = 1 — 1/M the amplitude v,(y,) has a singularity at the critical point y,.:
U(y,c) = cg. The singular point y,. must be bypassed from below in the complex y, plane
{9]. Considering that the undisturbed flow is self-similar, i.e., depends on the variable
n = y,/Vx,, we obtain the condition at the outer edge of the boundary layer

vi=i(1—cs) p(2:) Ve, y,—~oo (2.4)
® r z
k=‘§{m-—M}d1’] (2.5)

In the region 2 with variables x, = 0(1), y, = 0(1) we represent the solution in
the form:

s=1+0(e°)+h Re{u, (., y.) expli(z,—cut)] +0(e)} _
V=gV (23, y2) +0(e°) +h Re{ev: (7, yo) exp [i(zi—cit) ] +0(e)}
Ps=(yM?*)~'+0(e*) +h Re{p.(x,, y=)exp [i(z,—cit) | TO (&)}
Ts=1+0(e°) +h Re{0: (22, y:)exp [i(zi~cat) [+0(e)}

In the highest approximation with respect to & we obtain the problem for p,

02172 . 0p:
— = 2 M2 (A—c,)—1] 22 (2.6)
rE i M*(1—c.) ]ax2
ap. ,
D2 (&, @) =1, '(‘3‘!/—(37270)=—wz($2,0)(1“‘ca) (2.7)
(0, y2)=1 (2.8)

The initial condition (2.8) is a consequence of the fact that when x = 0(l) Prandtl’s
hierarchical scheme, in accordance with which in the inviscid zone the acoustic wave
has an amplitude p = 1 + 0(e?), is realized. From the continuity conditions v,(y, = 0) =
v,(y, > =), p,(y, > 0) = p; and relations (2.4) and (2.7) we find the boundary condition

ap. oy :
— 2 =(1—c)% = 2.9
. (1—ca)’kVz, poy  y:=0 (2.9)

By direct substitution we find that the solution has the form:
exp{—2iy," [M*(1—c,)—11/4(z,—&)}
V2mi(z,—§) [M*(1—c.)—1]

Here and in what follows arg(v#i) = #w/4. Considering (2.9) and taking into account
the fact that p,(x,, 0) = p;, we obtain the integral equation for the pressure in the
boundary layer

dg+1

9
=] 2z, 0)
0 ay:

pz(xz)=7\rj‘l/'z—%lh(§)d§+1 (2.10)
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=— (1—co) ke {2mi [M? (1—c) —1]} " (2.11)

The solution of Eq. (2.10) is unique and can be represented in the series form:

~ T TG+
= N n/2 = = et 2-12
)2 ;an(mz)n . a=1, a, L +655 ( )
It is easy to obtain the asymptotic form of the solution as %, - = [10]:
Pr=(8n)"A (nhz,?)"s exp (Mx,*n/2) [11+0 (2,72) ] — (mdz,) ' [1+0 (7)1, ( )
‘ 2.13

A =limn g, VT(nt+%/,)=0.935...", Rer>0.
The second term corresponds to the acoustic field in the wall zone. As will be
shown below, the first and second terms are the "seed" for the first boundary layer mode
when ¢y = 1 — 1/M and ¢, = 1 + 1/M, respectively.

3. In order to construct the solution in the region 3 with variables x, = 0(1),
ys = 0(1) we employ the formalism developed in [1, 11]. Since the quantity aj! has been
taken as the characteristic length scale, the Reynolds number is determined from the
expression R = a3'Us/Ve = cz0%e™%. We represent the characteristics of the main flow

and the perturbation vector z in the form:

U=U($3, ys), V=£4V0(I31 yS)v P=P(.’E3), T=T(I31 ys)

_z=[zo (2, ys)Fe'z (s, ys)+ ... ] exp [((S~wt)) (3.1)
du 30 \* “
z=(u,———,u ,9,——) , S=¢*)adz
9Ys P 0Ys 5 ’

[

The perturbation amplitude z, and the eigenvalue o are determined from the boundary-
value problem :

0z )
_0y~o=Aozm Z=z20s=20s=0, Ys=0; |z]|—0, ys;—>o° (3.2)
3 .

The nonzero elements of the 6 x 6 matrix A, are given in [11]; they correspond
to the Lees—Lin system for two-dimensional disturbances. The eigenvalue problem is
usually solved numerically, the eigensolution having the form:

Zo=a(zx)§(ls, Ys) (3.3)

The amplitude function a(x;) is determined from the conditions of solvability of
the following approximation:

.. © 6
da ]
#6522 +a[ (3L §) it p]=0. d o= X herans (3.4)
dz, dxs o -
Here, { and § are eigenfunctions of the direct and adjoint problems; B = —idA,/dq;

the matrix G contains elements proportional to 3U/3x,, 8T/8x,, V,, 8V,/3ys; their ex-
plicit form is given in the Appendix to [11]. We normalize the eigenfunction with re-
spect to the condition {,(x;, 0) = 1; then the amplitude of the pressure perturbation
at the wall is equal to a(x,). The function a is determined correct to a constant mul-
tiplier. In order to obtain a unique solution it is necessary to supplement the equa-
tion (3.4) with initial conditions, i.e., to find the relation between the amplitude

of the external wave and the amplitude of the oscllations of the boundary layer. For
this purpose we will investigate the behavior of this eigensolution as x,; - 0.

We first consider the asymptotic behavior of the eigenvalue a and the eigenfunction
. In the highest approximation with respect to e the system (3.2) reduces to a bound-
ary-value problem for inviscid disturbances which in the self-similar variables n has
the form:

" U0 Ty, [ M . ] , P N 0o
p —'(U-—c“T) Tasa [—T—(U—C) ~1 |p=0,. ' (25, 0)=0; p(zs, n)—0, 7 (3.5)

534



Imot-10

I 2 Re & //, Ima-10°
1,06 A z
V\ . .~

Re e

0 0.7 - J s
Fig. 2 Fig. 3
Here, p is the amplitude of the pressure perturbation normalized with respect to

the condition p(x3, 0) = 1, and a prime denotes differentiation with respect to n. We
represent the eigenvalue in the asymptotic form:

a=1+bx;+..., 2,0 (3.6)
The solution of the problem (3.5) has a two-layered structure n = (n,, x3'n,)
N0 z
U—c, T
7]1=0(1), p=1+Pu.Z'3+ ey, Pu= 5'_(—‘77—)(12 j[m— Mz]ds
° 0 * (3.7)
nz=0(1), DP=PstTspat...
dz 2 d 20 d
Ol M (1) =11 bpu=0, e (0) = P2 (o), pog=>0, Ma=>oo (3.8)
dn;? an: an:

Solving problem (3.8), we find the eigenvalues for Re k < 0

(1~ca) R 1
e ptl, el F— 3.9
M (1—c)—1] ¢ M (3.9)

a‘,2=1

In Fig. 2 we have plotted the functions Re[a;(x;)] and Im[a,(x,)] (curves 1 and
2, respectively) obtained as a result of the numerical integration of Eq. (3.5) for a
boundary layer with parameters: M = 4, surface temperature factor Ty = 1, vy = 1.4, Pr =
0.72, and viscosity coefficient calculated from the Sutherland formula at a stagnation
temperature of 310°K. The broken lines represent the comparison with the asymptotic
form (3.9). Similar data for the second mode are given in Fig. 3 and compared with the
asymptotic form to an enlarged scale in the upper left-hand corner of the figure. There
is good agreement between the exact and asymptotic solutions. Thus, as x; » 0 the first
and second modes are synchronized with the acoustic waves propagated parallel to the
surface of the plate. According to the data of [12], this property exists over a broad
range of values of the Mach number, temperature factor and frequency parameter. Calcula-
tions based on the complete system of linearized Navier—Stokes equations have shown
that taking the viscosity into account does not disturb the synchronization effect.

We will find the asymptotic form of the amplitude function a(x;) by using the form
of expansion (3.6) and analyzing the system (3.2). We represent the eigenfunctions of
the direct and adjoint problems in the form of a linear combination of three vectors
so that as y; » @

3 3
£~ Zgj exp(Ays), E— Z f;exp(Mys), Rei;<<0

j=t je=1
Alt=iaR (1—c) +0 (1) =0 (A%~*), AP=ia PrR(1—c.)+0(1)=0(A%"*)
hot=al—M?(a—0)*+O(R™)=2b[1—M?(1—c.) ) 2,0 (z:*) + O (A~2e*)

Here, X; are the roots of the characteristic equation. The first two vectors de-
crease rapidiy outside the boundary layer, and the third forms the solution in the in-

viscid zone, where Re(A;) » 0 as x; - 0. Therefore the main contribution to the scalar
products entering into (3.4) is made by the asymptotic '"tails" of the terms proportional
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to g; and f;. Taking this property into account and using the self~similarity of the
main flow, we easily obtain

(Bogs, f:*) (Bogs, %)
By, )= —21 B—, __W______1+0 s
(BE,% -l < §> 10

(GL,9=0(z,"), p=2b[1-M*(1—c,)]

Here, B, is the asymptotic form of the matrix B as y,; > =. Substituting (3.10)
in (3.4) and integrating, in the leading approximation we find

a(x:)=Cz,", C=comst (3.11)

From relations (3.1), (3.3), (3.7), (3.9), and (3.11) we find the asymptotic form
for the pressure perturbations in the boundary layer as x; > 0

(3.10)

(1"Ca) e

()R 3.12
YA (=) 1] (3.12)

p=ps(zs)exp [i(z,—cat) ], ps=Cixs" exp {A%e~*z,2], A= —

The first term of (2.13) coincides with the asymptotic form (3.12) correct to a
constant multiplier, i.e., the regions 1 and 3 overlap (shaded zone in Fig. 1). By match-
ing we obtain

C=he~" (8n)" A (A2)» (3.13)

Thus, we have determined the relation between the eigensolution (3.3) describing
the first and second boundary layer modes and the parameters of the external acoustic
wave. The oscillations are excited over a much broader region than in the case of a
subsonic boundary layer [4], which is attributable to the synchronization of the first
and second modes and the sound waves. The quantity C, = h‘1€“2|C[ depends only on the
characteristics of the main flow through the integral parameter k. In Fig. 4 we have
plotted the functions C,(M) for the first mode at three different values of Ts.

There exists a normalization of the eigenfunction { such that the initial condition
for a(x,;) depends only on the amplitude of the incident acoustic wave: {,(x,, 0) =

[2i(S — S3)1%8, where S; = x;¢”! is the eikonal of the acoustic wave. With this nor-
malization the initial value of the amplitude function
a(0)=kK,, K,=(8n)"4=2093 (3.14)

The results can easily be extended to the case in which the acoustic wave impinges
on the plate at a glancing angle ¢, i.e.,

P=(yM*)~*+k Re{exp [i(ctextpz—ot) ]}

Here, z is the transverse coordinate, ¢@=arctg(B/a.), and the phase velocity cg =
1£4/(Mcosq). Calculations showed that the first and second modes are synchronized with
the sound waves as x, » 0 if ¢<arccos(1/M), i.e., ¢,,~1F1/(Mcosq). In this case the in-
itial amplitude of the modes is determined by relation (3.13) if (2.5) is replaced by
the expression
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In Fig. 5 we have plotted the functions C,(M) for the first and second modes (curves
1 and 2, respectively) for M = 4 and Tf = 1. The expression (3.14) aiso holds for the re-
normalized eigenfunction.

We note that for the first mode the parameter A, determined from relation (2.11),
increases with increase in the Mach number and/or the glancing angle ¢. It follows from
Eq. (2.10) that the longitudinal scale of the diffraction zone 2 contracts ~|A|"!. In

this case the asymptotic theory in question is valid under the stronger constraint e <«
')\,~1/2.
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