Journal of Dynamics and Differential Equations, Vol. 3, No. 4, 1991

Existence and Stability of Traveling Waves in
Periodic Media Governed by a Bistable Nonlinearity
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We prove the existence of multidimensional traveling wave solutions of the
bistable reaction-diffusion equation with periodic coefficients under the condi-
tion that these coefficients are close to constants. In the case of one space
dimension, we prove their asymptotic stability.
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1. INTRODUCTION

We consider the initial value problem of the bistable reaction-diffusion
equation with periodic coefficients:

=Y (ay(x) u) g+ 3 0i(x) uy + fx, u) (1.1)

The coefficients are assumed to be smooth, and 2r-periodic in each compo-
nent of x, xeR"; a(x)=(a;(x)) is an nxn positive definite matrix
uniformly in x, and f(x,u) is a cubic bistable nonlinearity. Typically,
S, uw)y=u(l—u)(u—p), ue(0,1/2). We are interested in the large time
behavior of solutions of (1.1), in particular, the convergence of these
solutions to a traveling wave solution as time tends to infinity.

An equation like (1.1) with constant coefficients was first studied in
the classic paper by Kolmogorov, Petrovskii, and Piskunov (1937), where
they consider

U =+ fu) (1.2)
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with f(u)=u(l —u), called KPP nonlinearity. In the constant coefficient
problem, a traveling wave is a solution of the form u = @(x — ct), where ¢
satisfies

¢"+co'+ flo)=0

(1.3)
p(—00)=0, @(+o00)=1

and c¢ is a constant. Kolmogorov et al. (1937) established the existence of
traveling waves and the convergence of solutions to a traveling wave solu-
tion with ¢=2 ./f7(0), when the initial condition is the indicator function
of the set (0, + o). Since then, Kanel (1964), Fife and McLeod (1977),
Aronson and Weinberger (1975), and others studied the large time
behavior of solutions of (1.2} and its multidimensional analog for various
nonlinearities f(x) and various initial conditions. More recently, equations
like (1.1) with periodic or random coefficients and KPP nonlinearity were
investigated by Freidlin and Gartner (1979). Their results for the periodic
case are as follows. For any ye R", let

L, =Y (05— 20ay(x)(05 = 2)) + 2, b:(x)(0x—2) + [u(x, 0)  (1.4)

L, is obtained from the right-hand side of Eq. (1.1) by substituting 0, —z,
for 9, and f,(x,0) for f(x,u). L, is a linear strongly elliptic operator on
T”, the n-dimensional torus of size 2x, so L, has a unique principal eigen-
value A =J(z), differentiable in z. It is easy to show that 1 is also convex
in z. Thus it has a convex dual function H = H(y) defined by

H(y)=sup ((y, z) — A(2))

ze R

where y € R". Freidlin and Gartner (1979) showed that if the initial condi-
tion is nonnegative, continuous, compactly supported, but not identically
zero, then for any given y e R", the asymptotic behavior of u is described
by H= H(y) as follows.

{O if H(y)>0

m ult )=y i H(y)<0

t— ©

In the above sense, the set - {yeR"| H(y)=0} can be regarded as the
wave front and the wave speed v in the unit direction e € R” is obtained by
solving the equation H(ve)=0. Their approach is based on applying the
Feynman—Kac formula and limit theorems for large deviation probabilities.
In the KPP case, it turns out that the wave speed can be determined inde-
pendently of the wave shape, and the large deviation method is well suited
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to capturing the wave speed and neglecting the more delicate problem of
the wave profile. In fact, the linearization of f(x, u) at u=0 is enough to
determine the wave speed as seen from the definition of L, where only
fu(x, 0) appears.

In the bistable case, however, the wave speed and the wave profile are
usually coupled and have to be determined at the same time. On the other
hand, the traveling waves, if they exist, are more stable than those in the
KPP case. This is evident in the work of Gartner (1983) and Sattinger
(1976) on related front propagation and stability problems. Their results
imply that traveling waves are in general not stable in the KPP case uniess
stability is considered in a suitably weighted Banach space, whereas in
the bistable case, stability holds without weight. We therefore look for
traveling wave solutions of (1.1) which not only carry the usual features
of traveling wave solutions of constant coefficient semilinear parabolic
equations, but also take into account the effect of the nonuniform but
periodic medium. Without loss of generality, we put b,(x) to zero and
assume that f(x, #) does not depend on x. We find that solutions of the
form u=U(k-x—ct, x) serve our purpose, where ke R", xeR", ¢ is a
constant, and U= U(s, y)is 2zn-periodicin y, U(— o0, y)=0, U(+ o0, y) = 1.
Indeed, substituting it into Eq. (1.1) gives

(V,+kd)a(y)V,+kd)U)+cU,+ f(U)=0

(1.5
U(—o0, y)=0, U(+w, y)=1, U(s, -) 2n — periodic )

This is a degenerate elliptic equation on an infinite cylinder.

In Section 2, we prove the existence of solutions under the condition
that the coefficients are close to constants. The idea is to write (U, c¢) as a
perturbation of (¢, ¢,), which is the solution of (1.3), ic, U=¢ + 6V, c=
co+dcy, and analyzing the equation satisfied by (V, ¢;). It can be recast
into the form L,V = R(V, ¢,, 6), where L, is a linear degenerate elliptic
operator with coefficients homogeneous in y, and R contains (V, +k3,)* V,
0V, V,V, c;, and is nonlinear in V. A priori estimates for L, are obtained
by using Fourier series in y and spectral theory of second-order ODEs on
R'. L, is shown to have a one-dimensional null space and a solvability con-
dition must be satisfied to solve the inhomogeneous problem Lyu= f. To
remove the uncertainty in u due to the one-dimensional null space, a
normalization condition is introduced. When the solvability condition is
satisfied and normalization is done, L, ! gains one derivative in s, y, and
two derivatives of the form (Vy—l—kas)z. Because of the degeneracy of the
second derivative terms of L,, the usual elliptic W?*7 estimates are not
available. Instead we have weaker parabolic-type estimates. This property
is then used to set up the iteration scheme L,V"*'=R(V", ¢?, §), with
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ci=cj(V") given by the solvability condition. The iteration scheme is
shown to converge in a suitable Sobolev space by the contraction mapping
principle. The normalization condition implies that the solution to equa-
tion (L.5) is unique up to a constant shift in the s variable.

In Section 3, we prove the asymptotic stability of traveling waves we
constructed in Section 2, when space dimension is equal to 1. Nonlinear
stability is proved in the sense that if the initial condition is a sufficiently
small H' perturbation of the traveling wave profile, then the solution of
(1.1) converges in H' to a shifted traveling wave as ¢ goes to infinity, and
the decay rate is exponential in time. The idea of the proof is that after
changing to the moving front coordinate &= x— ¢z, the above traveling
wave solution becomes a time periodic solution of (1.1), and the perturba-
tion satisfies v, = L(¢)v + N(v), where L(¢) is linear and periodic in z, and
N(v) is nonlinear. We analyze L(¢) using the Poincaré map and its spec-
trum. By L? integration methods and perturbation theory of the spectrum
of bounded linear operators, we show that 1 is a simple eigenvalue of the
Poincaré map, and the rest of the spectrum stays strictly inside the unit
circle. This spectral property is then used to establish the linearization
principle which implies the nonlinear asymptotic stability.

2. MULTI-DIMENSIONAL EXISTENCE OF TRAVELING WAVES

2.1. Introduction and Statement of Main Theorem

In this section, we consider existence of traveling waves, i.e., solutions
of the following equation:

(V, +kd)a(y)(V, +kd,)U)+co,U+ f(U)=0 (2.1)

satisfying the boundary condition: U(—o0, y)=0, U(+o0, y)=1, and
U(s, -) 2m-periodic in y. Here f(U)=U(1—-U)U—pu), uec(0,1/2), the
typical bistable nonlinearity; a(y) is a positive definite matrix, 2zn-periodic
in y, ye R"; se R' and k is any unit vector in R”.

We are interested in the case when a(y) is not far from a constant
positive definite matrix. We assume that a(y)=1+ da,(y), where a,(y) is
2n-periodic in y and smooth, 7 is the identity matrix in R”, and ¢ is taken
to be small. ,

Let ¢ = ¢(s) be the classical traveling wave solution of

@i+ cops+ flo)=0 (22)

where se(—00, +®), p(—00)=0, ¢(+0c0)=1. It is known that ¢,>0,
and ¢, < 0. Solution of (2.2) is unique up to a constant shift in s. To remove
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this translation invariance, we impose a normalization condition: ¢(0)=106,
0e (0, 1). A similar normalization condition is proposed for (2.1}):

Gy, VO dy=0, 6<0.1) (23)

where T denotes the n-dimensional torus with size 27.
We proceed to show existence as follows. Write U= ¢+ dv,
¢=cy+ 0c,, and substitute these expressions into (2.1):

(V, + k0 )((I+6a,)(V,+kd,) (¢ +ov))
+(co+ ¢y )@ +0v),+ flo+v)=0 (2.4)
which is the same as
oV, +kdWI+6a )V, +kd)v+ (V,+kd I+ da))ke,)
+ f(@)+ (co+cy) @+ 6(co+dcy) v,
+3f"(@)v+ 36%f"(9) V2 —6*0* =0 (2.5)
Simplifying the above equation using (2.2), we get
oV, +kd)I+da )V, +kd)v+0(V,+kd,) ayke,)+dc, o,
+0(co+0¢;) v+ 0f ' (@)v+ 38" (@) v? — 8% =0 (2.6)
Canceling 0 and letting Lo=(V, +k8,)* + ¢, 3, + f'(¢), we arrive at
Loyv= —6(V,+k0,)a;(V,+kd)v—(V,+kd,)a,(ke,)
+ 6% —¢y(@,+ dv,) — 30" () v* (27)

Notice that the normalization condition is now reduced to

J 000, y)dy=0 (28)
Our existence result is the following:

Theorem 2.1. Consider problems (2.1)-(2.3) and (2.7)-(2.8) with
0=1/2. Let

X,={ve H' " \(R!x T7) | (V,+kd,)> ve H(R' x T")}

where k is a unit vector in R", te Z*, and t — [t/2] > (n+ 1)/2. Then 35, =
0o(co, 1, 1), such that if 6 is less than 8, there exist unique ve X, and ¢, € R,
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solutions of the problem (2.7)—(2.8), so that (U, c) given by U= ¢ + v, and
c=co+dc,, solves the problem (2.1) along with its boundary conditions.
Moreover, if (V(s, y), C) is another solution of (2.1), then C=c¢ and
Vis, y)=Ul(s—sqy, y) for some so€ R.

The proof of consists of four steps.
(1) Fourier decompose L, into ODEs on R' (beginning of Sec-
tion 2.2).

(2) Use spectral theorem of second-order ODEs (Henry, 1981,
pp. 136-142) and Fourier transform to study their invertibility in L? and
high-order Sobelev spaces (Lemmas 2.1 to 2.3).

(3) Piece together the results on the ODEs in step 2 to get the inver-
tibility of L, (Proposition 2.1).

(4) Set up the iteration scheme based on step 3 and show its
convergence by the contraction mapping principle (Section 2.3).

2.2. Invertibility of L, and Related Estimates

Let V=L*R,xT}), V,={he V| (h, ¢,) =0}, where (-, -) is the usual
L? inner product. We are going to analyze

Ly=g,  geV (29)
where  satisfies the normalization condition:
J (0. ) dy=0 (2.10)
y

To do this, we expand  and g into Fourier series in y:

Yis, y)= 3 aul(s)e™”

meZ’
&,(s) € L*(R), Y loyl3< +o0
mezt (2.11)
gls, y)=Y g.ls)e™”
meZ"

gnls)e L*(R), Y llgnllz< +oo

meZ"

then Ly = g is equivalent to the following ODEs indexed by m:
oy, + (co+ 20k -m)i) ap, + (f'(9) — Iml*) o, = g, (212)

here prime means d/ds, and |m| =./(m -m).
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When m =0, we have

o5 + cotto + f(@) o= go (2.13)

Let Ny = d, + ¢cod, + f' (@), N,, = d, + (cog + 2(k-m)i)d, +
(f'(¢) — |m|?) for m#0, where d,=d/ds and d, = d?/ds?, and consider
Ny, N,. (m+#0) on L*(R).

Differentiating (2.2), we see at once ¢, € Ker(N,). Notice that f'(¢) —
—1+4+p, as s> +o0; f(@)> —u, as s> —o0. S0 Nyag=10 is asymptotic
to

oy +cootg+ (— 1+ u)ayg=0, §— +0 (2.14)

oy + cooty — o =0, §— —00 (2.15)

In both cases, there are two linearly independent solutions; one is exponen-

tially decaying, and the other is exponentially growing. So Ny, =0 has

at most one nontrivial L? solution, and dim Ker(N,)=1, Ker(N,)=

span{¢,}. It is easy to check that e™¢, is in Ker(Ng), and thus

dim Ker(N§) =1, Ker(N§)=span{e“¢,}. By Fredholm alternative,
(2.13) has L? solution if and only if

(80:€%0,)=0 (2.16)

moreover, if we restrict ourselves to V;, the solution is unique. Let oy, be
such a solution, then

logoll 12 < Mo || goll 2 (2.17)

where M, depends only on ¢.
The normalization condition now becomes

%(0) =0 (2.18)

Since ay(s) =oge(s) +yp,(s), where y is a constant, the normalization
condition gives:

7= —%0(0)/¢(0) (2.19)

By Sobolev inequality, |ag(0)] < M| {lagll #2, which implies, together
with (2.17),

Iyl <M, | goll 2 (2.20)

or:
lotoll s> < M5 || goll 22 (2.21)

where M depends only on .
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Now we turn to the invertibility of N,,. We use spectral theory of
second-order ordinary differential operators. We state a definition of essen-
tial spectrum and a related theorem, proof of which is given by Henry
(1981, pp. 136-142).

Definition 2.1. If L is a linear operator in a Banach space, a normal
point of L is any complex number which is either in the resolvent set or an
isolated eigenvalue of L of finite multiplicity. Any other number is in the
essential spectrum.

Theorem 2.2. Suppose M(x), N(x) are bounded real matrix functions,
and D is a constant positive definite matrix; M(x) - M ., as x > + o, and
N(x)—> N, as x > too. In any spaces LP(R), 1 < p< 0, Co(R), Cypi( R),
define

Lu(x)= —Du,, + M(x)u,+ N(x)u, —w<x< 40

Let S.={A|det(z?D+itM,+N,—Al)=0, for some real t €
(=00, 4+ 00)}, then the essential spectrum of L is contained in P, which is the
union of the regions inside or on the curves S .

Remark 2.1. S, consist of finitely many algebraic curves, and they
are asymptotically parabolas as t becomes-large.

To apply the above theorem, we write N,, into the equivalent real
second-order system. Let «,, = 8,,+ iy,,, then the operator in matrix form

18
(I e R

() ()

S, ={1|det(—*I+itM+ N, — AI)=0 for some real 7}

So

where

_ Co —2(k-m)
M‘<2(k-m) o )

—|m*+ f} 0 >
N, = -
§ ( 0 —lm|*+ £}
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and

Ji=—-l+p fl=—p

It follows that

o [T I S e —2i(k -m) >
2i(k -m)t —t?— A= |m|*+ [, +itcy

which is
(P2 + A+ |m]* = fl, —itcy)? —4(k-m)* * =0
or
2+ A+ m? — [ —itcg—2(k-m)t=0
2+ A+ m|? — f, —itco + 2(k -m)T=0
Thus we get

A= —|mP 4 f =124 2k -m)T +icoT

(2.22)
A

Il

~|m|?+ 7, —12=2(k-m)T+iceT

It is easy to see that both A, and A, live on parabolas. In case of 1,, set
x=—1>—|mP*+2(k-m)t+f, y=co1, then
x= ~p*feg~|m|*+2(k-m)yjeq+ [
= —(y—colk -m))* /e —|m|* + (k-m)*+ f',

This is an equation of a parabola in the left half (x, y) plane, with the
vertex being

Xo= ~|m|?+ (k-m)? + 1
yo=colk -m)

Notice xo < f, <max(u—1, —p)= —u <0, so 4, is strictly inside the left
half plane. Similarly, 4, stays strictly inside the left half plane. Therefore, 0
is not in the essential spectrum of N,,. It is either in the resolvent set or an
isolated eigenvalue of finite multiplicity.

Suppose 0 is an isolated eigenvalue, then there exists » e L? such that

u' + (co+ 2k -m)i)u' + (f (@) — |m|*)u=0
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which is asymptotic to
u" 4+ (co+2(k-m)i)u' + (f. — |m|*)u=0

as s — +oo. At s near —co, u= 0(e"™) where 5 is

n=—co/2— (k-m)i+ 1/2./ct—4af, +d(k-m) coi+4 |m|> —4(k -m)>

Therefore,

Ren= —co/2+ 1/2Re/3—4f + Mk -m)coi+4 |m|”— 4(k -m)’

By the inequality

Re /z|>/Rez, if Rez>0
and the fact that

co—4fL +4|m|* =4k -m)’=cl—4f >c

we see that Re# is dominated by the second term in the sum. So one
characteristic root has negative real part; the other has positive real part.
Then at — oo, u behaves like O(e ®¢"+), where # , is the characteristic root
with positive real part. From the above formula for Re 5, we have Ren | +
co/2>0. Hence, if ue L2, then v =20+ 2k-misy e [2 in view of ¢, being
negative. However, v satisfies

U+ (f(@)—ca/d+ (k-m) coi— [m/* + (k-m)*)v=0 (2.23)
or
"+ (f'(@)—ca/d— |m|* + (k-m))v= —i(k -m) cov (2.24)

Since the operator in the left-hand side is self-adjoint on LZ2(R), its
spectrum is real, so (k-m)=0. This implies that

v+ (f"(@)—c5/4—Im|*)v=0
or equivalently for u
u' +cou + f(@)u=|m*u

from the known fact that operator d, +cod,+ f'(¢) does not have
eigenvalue in the right half-plane, we get a contradiction. Thus 0 is in the
resolvent set of N,,, and N,’s are all invertible on L*(R).
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Lemma 2.1. For any m#0, N,, has a bounded inverse on L*(R).

In order to derive more properties of N,’s, we study their associated
constant coefficient differential operators.

Let N, o= (d?*/ds*) + (co+ 2(k -m)i)(d/ds) — |m|*, m#0, and consider
the problem

N,ou=g on L*R) (2.25)

After transform the above equation becomes
(=& (co+2itk-m)) il — |m|*)a=§,  (eR
which is
(=& =2(k-m)—|m|* +ic,l)i= g
Letting S(&)= —¢&>—2(k-m)¢ — |m|? +icy&, then we have the following.
Lemma 2.2. There exists constant M, = M,(c,), such that
IS(E)1? = My(& + |m|?)

Proof. Since |S(&)|* = |&k+m|*+ c3¢? we only need to show that
[S(&)|? > const - |m|?, where the constant is independent of m.
If [¢] < |m|/2, then

IS(OI? = (Iml = [k + ¢382 > (Iml/2)* + c3&> = |m|*/16

If |&>]m|/2, then |S(&)|>>ciE?>ch|m|*/4. Combining the above
inequalities, we prove the lemma. |

Corollary 2.1. If N,, qu= g, then there exists Ms= M(c,) such that

M
nuansﬁ lgll .2

lull g < Ms | gll L2

Proof. It follows from Lemma 2.2 that

and
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which implies the first inequality. Also,

luall zpr = (L + £2) ”2\|L2< !!gHLz

from which the second inequality follows. |

Lemma 2.3. There exists constant M, depending only on ¢ such that

M,
N gHL2<I |!IgIIL2

IN,, gl w2 < M5 | gll 2
Proof. Let us consider
N,u=g, 1e.,

Noout+ f'(olu=g
or
Noou=g—f'(¢)u

By Corollary 2.1, we have

HuIILz<fW| (gl 2+ 1"z el 22)

If jm| =2M5 | f'|| L=, then

M ||f/||L°°> ||u“L2\‘A:15|

<— gl
|m|

172 l|u||Lz<<1 —
or

M,
“u|lL2< &l 2

However, there are only finitely many m’s that satisfy |m| <2Ms | f'|| 1,
for each of them we have from Lemma 2.1 that

lull 2 < M, |18l 2
where M, is the bound of N,' as given in Lemma 2.1. Let n,=

2M || f']| o> and Mg = Max(Max, < <, (M., |m]), 2M5), then

M
lull 2 <7l gll e
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where M= M(cy). In other words,
M
IN s i?n“éi (2.26)

From N, u=g— f'(¢)u, Corollary 2.1, and the above inequality, we
obtain

< MUl 3+ )
1
<M ot — | L= M 1812
<t (gt o | 1 Mo gl

SM(L+{ [ = M) | 8l 12

therefore, |N_'gly: < M;lgll, where M, = max(M,, Ms(1 +
ISl o M)

Corollary 2.2. If N,u=g, then there exists constant Mg= My(c,)
such that

lull o' < My | 8l 12 (2.27)
(ks + im)ull 2 < Mg || 2] 2 (2.28)
1k, + im)* ul) o< My | gl 12 (2.29)

Proof. The first two inequalities are direct consequences of
Lemma 2.3, while the last one can be seen by writing the equation N, u=g
as

(kds + lm)z u=g-— COus_f'((P)u
and taking the L? norm of both sides. §

Corollary 2.3. If N,u=g, and ge H’, then IMy= M(c,, t) such that

el e < Mg |l g1 1 (2.30)
(ke + im)ull e < My || g1l 4o (2.31)
(ke + im) ull e < M 1| g (2.32)

where te Z*.
Proof. Notice N,u=N,, ou+ f'(¢p)u=g, and that D’/=(d,) com-
mute with N, o, so if we apply D’ to the above equation, we get

NpoDu+ Y CD/7H(f"(0)) Du+ f'(9) D’u=D'g

og/<j—1
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or
N, D'u+ Y CD'"Yf'(9)) D'u=D’g

o<i<j—1
By induction on j, Lemma 2.3 and Corollary 2.2, we see that the expected
inequalities hold. ||

Proposition 2.1. Consider problem
Lyu=g  on L*R!xT})
where Ly=(V,+kd,)* + cod,+ f'(9), and g satisfies

(g e¢;)=0
moreover, u satisfies the normalization condition:

| u0, yyay=0
&

then there exists constant M o= M (cy, t) such that

||u||H’“(R§><T;‘)<M10 “g||H‘(R§xT;') (2.33)
Il (Vy + kas)z ul| H'(Ry < T}) <My ligl H'(R! x 7)) (2.34)
where te Zt.
Proof. Write » and g in terms of Fourier series of y

u= Y u,e"”
meZ"

g= 3 gme™”

meZ"

where u,,, g,,€ LA(R), and ¥, z (42 + g2) < +00.
By analysis in (2.13)-(2.21), we have

ltoll gr+20ry < Mio(co, £) | goll ey
From Corollary 2.3, it follows
Nl e+ 1Ry < M 10(Co5 ) | €l 1)

912 gy < M 10(Cos 1) 1| 8ol 21y

|| (kd, + im(* Ul ey € Mio(Cos 1) 1 € omll 1)

for m#0.
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Combining the above inequalities, we get

||u|]H’+‘(R}xT;‘)< Z Z lm|l ||“,(»:1+1_[)HL2(R)

meZ" 0<<I<<r+1

SMy z gl ey + z Z \mt’liﬁif,“‘”l\ym)

meZ" meZ® 1g<i<r+1
<Mp Y (ng,,,nﬂz(mnu 5 |m|’“nu£;—”1|Lz(R))
meZ? oIt

<M z (“gm“H'(R)+ Z ]m|l”g§,251)“1_2(1z)>

meZ”" R
SMio 8l st < 1)
Similarly, we establish the second inequality. ||
We end this section with a Sobolev imbedding lemma.
Lemma 24. Let ue H(R;xT}), and t — [1/2] > (n+1)/2, then there
exists constant M = M(t) such that
6] o < M || 2
0| 1 < M | tll 3
Assume that te Z.

Proof. Tt suffices to show that || D"’} ;2< M |u||%:, where D is 8, or
d,,. The mixed derivatives can be treated similarly. Since

D'(u*)= Y C.DuD" Dy

[\ EYES

If 1—[#/2]>(n+1)/2, then H'(R;xT}) can be continuously imbedded
into CY21(R} x T7), which is

1DVu Lo < M ]

for 0<I<[#/2]. Now taking the L? norm of both sides of the identity of
differentiation, and using the imbedding inequality, we arrive at our
conclusion. In the same manner, one can show the inequality for #°. §

2.3. Iteration Scheme and Its Convergence

Let us consider equation (2.7), that is

Lov=—8(V,+kd,) a;(V,+kd,)v—~(V, +k8,) a(ko,)
— 8% —cy(@,+ 0v,) — 39/ (9) v*

865/3/4-5
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along with the normalization condition:

[ o0, ) dy=0
Tﬂ

y

The related iteration scheme is

LOUn+l = _5(Vy +kas) al(vy + kas) Uy — (Vy +k6s) al(k(ps)

— " (@, + 60, ,) — 30f (@) v2 + 603 (2.35)
and
= gy F ) (236)
where
Fv)= —6(V,+kd,)a(V,+kd)v—(V, +k0d,) a,(ke,)
— 30/ (9) v* + 6%’ (2.37)
and
Y =e“y, (2.38)
Moreover, v,’s satisfy the normalization condition.
Let

X,={veH'" " R;xT})| (V,+kd,)’ve H(R} x T})}
equipped with norm:
o]l x, = (o]l e + [V, + £0,) 0]l 30)

X, is a Hilbert space with above norm. Notice that in the iteration, ¢ *' =
it v,), and v, =v,, (7', v,)=0,,,(v,). By Proposition2.1 in
Section 2.2, we see that the mapping T:v,—v,,, is a mapping from X,
to X, if t— [#/2] > (n+ 1)/2, since each term in the right-hand side of (2.35)
is in H' and thus v, , , belongs to X,.

Let M be the maximum of all constants in all our previous estimates
(M = M(c,, n, t)), then Proposition 2.1 yields

10n 4+ 1llx, < MO 0]l + 62 vall 3, + 1+ 7+

+ 0 1eT ] loally, + 6 llvall ) (2.39)

M1+ Jlo,ll ,+ 8 lIDall 3, + 87 04013,
(@5 ) =0 104l ,- 11l 2

(2.40)
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Suppose [|v,] y, < R, then (2.39) and (2.40) give

<M(1 + 38R+ 6R* + 6R%)

RS 241
x| 1— MR (241)
1004 1llx, SOMR + OMR* + °MR* + M
M(1+6R+6R? + 6°R?
+ (M +6R) U+0R+OR 40 R) (2.42)

1—6MR

Choose R=2(M?+ M), then there exists a 6, = J,(M), suitably small such
that when & < &, the right-hand side of (2.42) is less than R=2(M?+ M);
and SoM(M?*+ M)<1/4. As a result, the mapping T:v,—> v, is from
By (0, R) to itself, where By (0, R) denotes a ball of radius R with center
at 0 in our iteration space X,. Moreover, (2.41) says that {¢]} is a bounded
sequence. From now on, we use M for all possible positive constants
appearing in our analysis which depend only on ¢q, #, and «.
Consider v, ,  =Tv,, and v, . ,=Tv, ., then

LO(Un+2—vn+1)= —5(Vy+kas) al(vy+kas)(vn+1—vn)
- 5C’11+Zvn+l,s+5crll+1vn,s—(cllz+2—crll+1) @
~ 30" (@i —vi) +0%(v),  — 1))

Taking the H*-norm of both sides and using Schwarz inequalities:

5

|IU;21+1—U3“H‘< Cl(t) |ivn+1 _Un“ H” “Dn+I+ Un”H’

S2RC(1) o4 1 — Ul o
<M“Un+1—"vn“H’ (2'43)
and
3

||Un+l —vi”H’SM ||Un+1_vn“H’

we have

Lot 42—ns M < I3V, +k8) ai(V, +k0,) (0 1 — )]
+ =30/ "(@) 0}, —v3) + 0% .1 — 03l ap
+ | =8¢t 20, 8T, = (TP =) @l
SOM v, = v, e+ M [} 72— |

+ ”56";+ 1(Un+ 1,5 Un,s) + 5(—-0’11+ ! + c'11+2) {7 l,s“H’
(2.44)
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Notice
1 1
itiocitl= Fv,,1)— F(v,)

_((psa l/’)_{‘5(1771+1a ‘p) ((Pu ¢)+5(vn> lp)

1 1
- ((q)s, W) +6(ns o) (@4 ¥)+ 0(v,, 'l’)) Fv, 1)
1
@m0+ o0, 9)

It is easy to see that

(F(Un+l)_F(vn))

|F(v, s )l <M

1
’(qos, D)+ 60, w)’ <M

1
oarEroa

and that

|F(0n11) = F(v,)| SOM |lv, 4 1 — 04l ,
Therefore by the boundedness of {c}} sequence and (2.44), we have

it — el SOM (0,4, — v, x, (2.45)
and thus
ILo(n 42— Vs 1)l e SOM |0, 4 1 — U]l x,

or

10n 42— 0n sl x, SOM v, 45 — 0, x, (2.46)

So if 8<d,=1/M, then T is a contraction mapping, it has a unique
fixed point in X,. When the v, sequence converges, (2.36) shows the
corresponding convergence of ¢} sequence. As a result, we obtain the
unique solution (v, ¢), being limits of the sequence (v,, c}), to the problem
(2.7)-(2.8).

Without loss of generality, we can take # in (2.3) to be 1/2. Suppose
V="V{(s, y) is any other solution of problem (2.1), we can always shift its
s variable by s, such that the normalization condition is satisfied by
V(s + 5o, y), which solves the same (2.1) that V(s, y) satisfies. By the
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uniqueness of contraction mapping, V(s + s4, ) is just the solution we con-
structed by iteration, therefore V(s, y)= U(s — 54, ¥). In other words, if d is
less than d,, the problem (2.1) has a unique solution up to a constant shift
in the s variable; especially the traveling speed ¢ is unique. This completes
the proof of the theorem.

3. ONE-DIMENSIONAL STABILITY OF TRAVELING WAVES

3.1. Introduction and Statement of Main Theorem

In this section, we study the stability of the traveling wave solutions
that we constructed in the last section when space dimension is equal to 1.
Consider the following reaction-diffusion equation:

= (alx) uc)+ fu)

(3.1)
ul,—o=Ulx, x)+ ug(x)

where a(x)=1+da,(x), a;(x) is a smooth 2zr-periodic function, f(u)=
u(l —u)(u—u), with pe(0,1/2), and U= U(s, y) is the solution of the
following equation:

(05 +0,)(a(y)(0,+8,) U)+ U, + f(U)=0

U+, y)=1, U(—o0,y)=0,  U(s, -) 2n-periodic G2)
Writing u = u(t, x) as a perturbation of U= U(x — ct, x):
u=u(x,t)=U(x—ct, x)+v(x, t) (3.3)
and substituting into (3.1) gives
v, = (a(x) v) + f(U+v) - f(U)
(3.4)

v |10 = tto(x)

Changing to moving coordinate (£, )= (x —ct, t), one gets from equation
(3.1):

u,=(a(&+ct)ug): + cus + f(u)

(3.5)
ul,_o=UlC, &) +uy(&)
Equation (3.4) becomes under (¢, ¢):
v,=(a(é+ct)ve)e+ cve+ f(U+v)— f(U)
(3.6)

Urm0=1uo()
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L(tyv=(a(é+ct)vy):+cvs+ f(U)v
R(t, v)=f(U+v)—f(U)— f'(U)v
Equation (3.6) can then be put into
v,=L(t)v+ R(t, v) (3.7)

Notice that L as an operator on v = v(¢, ¢) is time dependent. However, due
to the fact that a=a(¢+ct) and U= U(x—ct, x)=U(&, £+ ct) are all
periodic functions in ¢ with period 2n/c, L= L(¢) is periodic in ¢ with
period being 2n/c.

Applying operator d=c0,—0, to Eq.(3.5), in view of the property
that 0, and J, commute with d, and d(a(¢ + ct)) =0, we have

(du), = (a(S+ ct)(du)e) e + c(du) e+ f(u)(du) (3.8)
Especially if we make u= U(¢, ¢ + ct), then
dU)y=dU(, E+ct))y=cU+cU,—cU,=cU,

or U,=U/¢, &+ ct) is a time periodic solution of
v,=Lv=L(t)v 3.9)

where L(t+ 2n/c) = L(1).

We see that the time evolution of v in (3.9) is governed by the spec-
trum of Poincaré return map and 1 is its eigenvalue. We show that 1 is a
simple eigenvalue and all the other points in the spectrum are bounded
in absolute value by 1. This spectral property is shown to imply the
asymptotic stability of the traveling waves.

Our stability result is

Theorem 3.1. Consider Eq. (3.1) with initial data u(x, 0)= U(x, x) +
euo(x), or equivalently Eq. (3.5) with initial data U(E, &)+ euo(). Assume
that uo(Eye HY(R), U=Uls, y)e C}(R,x T,), U,e H(R;x T,), then if ¢ is
sufficiently small, there exist a function y=y(¢), and a constant K= K(p,),
o€ (0, 1), such that

lu(€, 1) — UE +7(e), E+et)lm <Kpg, V120 (3.10)

where y(e)=¢h(e), h is C' in & and has a finite limit as ¢—-0, ie,
h(0) = (uy, eZ), here e¥ is the initial value of the unigue time periodic solu-
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tion of —v,= L*v, with (v, U(&, E+ct))=1, and L* is the adjoint of L in
L*(R).

Remark 3.1. The assumptions on U and U, in Theorem 3.1 are
satisfied when ¢ in Theorem 2.1 is chosen large enough.

The proof consists of two steps.

(1) Spectral analysis of the Poincaré map of operator L(z) (Sec-
tion 3.2). Using L? integration methods and perturbation theory of the
spectrum of bounded linear operators, we show that the Poincaré map
associated with L has its spectrum strictly inside the unit circle except I,
which is a simple eigenvalue (Lemma 3.1 and Corollary 3.1).

(2) Following Sattinger (1976), we use the spectral properties of the
Poincaré map to establish the nonlinear asymptotic stability (Section 3.3).

3.2. Spectral Properties of Poincaré Return Map
Let p=2n/c, and consider problem (3.9).

Definition 3.1. The Poincaré map is
U:v(¢, 0) = v(<, p)

where v(&, ¢) is the solution of (3.9) with initial condition v(£, 0). It is easy
to see that U is a bounded map from L*(R) to itself by the standard
parabolic estimates. In our problem, U= U(d). We are interested in
analyzing its spectrum when ¢ is small. To do this, let us write (3.9) in
perturbation form adopting the notation of Section 2:

UI:LOU+5L10

(3.11)
v|,mo=vo€L*(R)
where
Lov=vs+covs+ f'(@)v (3.12)
Liv=(a,(+ct)ve)s+civ:+ (f"(0) 0, — 36070 (3.13)

recalling that U= ¢ + d¢p,, ¢ =c,+ 6c,. Here to avoid abuse of notation,
we replace v=uv(s, y) in Theorem 2.1 by ¢,. So in the above equation,

o1=0(C +ct)
Define Bv=(f"(¢) ¢, —35¢3)v, then

Liv=(a,({+ct)vg)e+cqv:+ Br (3.14)

It is clear that B is a bounded operator from L*(R) to itself.
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The spectrum of Lg lies in {1 | Re A< —p} except 0, which is a simple
eigenvalue. This picture of Ly’s spectrum can be obtained by applying
the spectral theory of second-order ordinary differential operators, in
particular, Theorem 2.2 in Section 2.2. As a result, the Poincaré map U,
for the problem

v, = Lyv (3.15)

has spectrum strictly inside the unit circle except 1, which is a simple eigen-
value with the corresponding eigenfunction being ¢,.

Let us consider v; = e~ *v, where v is the solution of (3.15) and 4> 0.
Then v, satisfies (3.15) with L, replaced by L, ;= L,— A. Similarly, if v
solves (3.9), then v, solves (3.9) with L, ; in the place of L,. Let U, and
U, ; be the return maps for L, =L, ;+JL, and L, ,, respectively, then it
is clear that U, =e~?*U, and U, ,=e"*U,.

Define R(6) = U(d)— U,. We have the following.

Lemma 3.1. Consider R(8) as an operator from L*(R) to itself, then

IR(S) ] 2= U(8) = Uyl 2 = O(,/3)
as 6 - 0.

Proof. Let v° be the solution of

v9=Ly0°
e (3.16)
0], _o=voe L’
and
v,=Lov+ 0L v
e ! (3.17)
vli—o=voe L?
Define v)=e~*1°, v; = *°, then v} and v, satisfy
v9 =Ly 00
At 0,AY4 (318)
Ug li1—0="Uo
v,,=Ly,v,+0Lv
At 0,1V 1Y2 (319)

V;l—0=10o

Choose A= f'(¢)l .~ + 1, then multiply (3.18) by v}, and integrate over &.
Integration by parts gives

10, [ 09 = = [ @007+ [ (/1(9) — D))
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By our choice of 4, we have

10, [ @92 < —[ (2.7 | 0 (3.20)
So
8 [ (19 <0
(3.21)
[ <]

for te [0, p1.
Integrating (3.20) from 0 to p over ¢ gives

o 4] fenr- | Ty
therefore
L Joorstfo-4fw?| - "fatr
It follows
ICRESIN
which is
J, Jo802<es ool (3:22)

where ¢, = 1/2, the subscript 2 means L? norm.
Let w=1v,—v9, then w satisfies

w,=Lo ,w+06Lv,;=Lo,;w+3L,w+3L,v} (3.23)
Multiply w to (3.23) and integrate over £. Integrating by parts, we obtain

1/2a,jw2< —jwg—jwz—aj(alwg—sz)Jrafw-Llug (3.24)
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Suppose ¢ is small, and let LHS=1/20, [ w?, we have

LHS < —1/2fw§—1/2fw2+5wa1v2

=—1/2 J w2—1/2 f w?—§ j (wea,v3 ; + c;0:09 — Bwod)

<12 [wi=172 [ w245 layl o [ Iweol. |
5 ey |B| - 6
+ 5 [ 2 09+ =22 [ 0+ 02)
Letting ¢; =max(|B|;«, |a;|,;=, |c1]), we have

LHS< —1/3 [w2—1/3 [ w2+ ¢, 0312+ 6cs [ Iwev?

)
<13 [wi—1/3 [wi+ bes o313+ [ w3+ (02,0)%)

dc
<des o313+ 52 (05.)°

Integrating the above inequality from O to p over ¢, we obtain

1/2jw2

P oCs [P
< 02 3 0 )2
) doc; L ||U,,||z+_2 Jo f(”,{,g)

=

Using (3.21)-(3.22), we get

oc

12 [w?|  <desplali+=52 e, ol
t=p
=0(3) o3
that is,
[@=0D2| =10~ Us,) 00l3<0) lnol 3
t=p
or

1U;,— Us 11, < 0(/3)

Xin

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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which implies

1U(3)— Uoll < 0(/3) (3:30)
this completes the proof of the lemma. §

Covollary 3.1. If & is small, then 3p = p(d) <1 such that the spectrum
of U(8) lies inside B,(0) {the ball of radius p with center at0) except 1,
which is a simple eigenvalue. In other words, o(U(6))\{1} = B,(0).

Proof. We know that a(U,)\{1} is separated from 1 by a circle of
radius less than 1, and 1 is a simple eigenvalue. Lemma 3.1 says U(d) is a
0(\/5) perturbation of U,. By perturbation theory of bounded linear
operators, we see that o(U(8)) has a simple eigenvalue in the neighborhood
of 1 and the rest of the spectrum still lies inside a ball of radius less than
1, which depends on the size of §. From our preliminary analysis, we
observe that 1 is still an eigenvalue of U(J), so it must be the simple eigen-
value predicted by the spectral perturbation theory. f

Remark 3.2. 1In general, the Poincaré return map is defined as
U(s):v(E, 5) > v(E, s+ p)

where v(s, t) is the solution of (3.9). It is well known that U(z+ p)= U(?)
for all ¢, and the nonzero spectrum of U(¢) is independent of ¢.

3.3, Stability of Traveling Wave Solutions

Let X = L*(R,), and decompose X according to the spectral point {1},
ie, X(1)=X,(1)® X,(¢), where X (¢)=span{y(& 1)} for all >0, here
Y(E D=UJLE E+ct), and U= Ul(s, y) is the traveling wave solution
constructed in Section 2. In order to define the projection operator, we
consider the following backward parabolic equation:

—v,=L*v, te [0, p]
(3.31)

Ult=p=vl

where L* is the adjoint of L in terms of L? inner product (-, -) in &, and
L is the time periodic linear operator in (3.9).

Define operator V:u(&, p) — v(&, 0). V is well defined from L? to itself.
Let u be the solution of the problem:

u,=Lu, te |0, pl
' (3.32)

ul,_o=ug
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with which is associated the Poincaré map U:u(¢,0) — u(é, p). Direct
computation shows that

(u, v),=(u,, v)+ (, v,) = (Lu, v)+ (u, — L¥v)=(Lu, v) — (Lu, v) =0
SO
(u(¢, p), v(&, p))=(u(¢, 0), v(, 0))
or

(U(u(¢, 0)), v(&, p)) = (u(&, 0), V(v(E, p)))
Since u(&, 0) and v(¢, p) are arbitrary, we see that
V=U*

therefore o(V)=0o(U*)=a(U).

Let e* =e* be the time periodic solution of (3.31) such that e*(¢, 0)
is the eigenfunction of U* corresponding to {1}. Since {1} is a simple
eigenvalue of U, hence of U*, (e*(&, 0), ¥(&,0))#0. It is clear that the
forward problem:

—v,=L*, t=>0
(3.33)

Ul;—0="0g

has bounded L? solution for all ¢ >0 if and only if v, = ce*(¢, 0), where ¢
is a constant. After normalization, we assume that ¢=1 and
(e*(&, 0), Y (&, 0)) =1, therefore (e*(¢, t), Y (&, 1)) =1, for all 1>0.

Define the projection operator P: X — X,(¢) by

Pu=(u, e*)y

where u=u(¢, t), ue L*(R,), for all 1>0, and (-, -) is L* inner product in
& From P we have another projection Q: X — X,(¢) given by
Qu=u—Pu

It follows that

(Quy e*) = (u‘—Pur e*) = (u’ e*)_ (Pu: e*)

= (u, e*)— (u, e*) (Y, *) = (u, €*) — (, €*)=0,  Vi>0
Definition 3.2. For any pe(0, 1),
1
X, = {ult, Y H, W01l =sup (e ) < +oo

120

0X,={ueX,| (ue*)=0,v1>0}
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Lemma 3.2. Consider the following initial value problem:

u,=Lu+ Qh
' ¢ (3.34)
u |t=0 =0
where h=h(-,t)e H'(R), V¢ = 0.
Let K be the linear map from h to u, then py€ (0, 1) such that K is a
bounded map from X, to QX .

Proof. Let T(z, s) be the evolution operator of equation:
u, = Lu, 0<s<t (3.35)

and
Uis)=T(s+ p, s)

By the periodicity of L(¢), it is well known that a(U(s))\{0} is independent
of 5. Because of the spectrum of U(s) as described in Corollary 3.1 and the
gradient estimates of parabolic equations, there exist constant M, p (0, 1),
such that

[U"(s) @x(s)ll, < p" 1Qx(s)ll2
[U"(s) Qx(s)ll s < Mp™ | Qx(8)]| 11
IT(s+r s m<M
where re[0, p), s=0, neZ*, xe H' and M and p are independent of
r, S, H, X.

Therefore, for any s, 0<s<¢, such that t=s+np+r, re[0, p), we
have

T(t,s)=T(s+np+r,s+np) T(s+np, s) (3.36)
thus,
1T(2, 8) Qx (Yl s < NTAs + 7, 8) g1 - | U™(8) @x ()] e
S M |U™(s) Ox(s)l| g < MPp” | Qx(5)] 11
since

pn= (pl/p)np= (pl/p)tAsfrsp(tA—s)/p——l

let n = p'/?, we obtain

]‘42 ef
I17(z, 8) Ox(s)| 1 < s 0"~ 1Qx() = Myn' = | Ox(s)]| s
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By variation of constant formula, we have for u in (3.34)

u(t)= T(t, ) Qhls) ds (3.37)
[0l < [ 100 ) Q(s) s ds < M4, [ U)o
<, [ = ) ps s, poein, 1)
0 Po

14
<M, Wkl [ 0y ds

f t—s
<M Vil 0 [, (pl) ds
0

<M1 “h“pop(t)m

Let M,=M [1/(In po/n)], we see that

1
N g1 = < M 4]l

Po (3.38)

KRl oo = llull o < M ||F

l oo

Moreover,
(Kh, e*),=(u,, e*) +(u, e¥)
=(Lu+ Qh, e*)+ (u, —L*e*)
=(Lu, e*)+ (u, —L*e*)=0
(Kh, e*)=(Kh, e*) |,_o=(u,e*) |,—0=0

therefore Khe QX, if heX,. |

Consider u(x, ) solution of (3.1) with initial data of the form u(x, 0) =
U(x, x) + gug(x), or equivalently the following equation in the moving
coordinate (&, t):

u,=(a(&+ct)ug)e+cug+ f(u)
ul—o=U( &) +euo(&)

Proof of Theorem 3.1. Write

(3.39)

u=u(é, )=U(E+7y(e), E+ct)+ev(é, t, )
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and
Ur=U({+v(e), +ct)

then v satisfies

LS +eo) = f(UY)

v,=(a(é+ct)vs):+ cv, .

or
v,=(a(+ct)ve), +cv+ f(U)v+eR
where
R=R(, t,v,8)=*{ (U +ev)— f(U")—ef(U")v}
or
v,=(a(l+ct)ve)e+cv:+ f(U)v+eB+eR
where

B=B(v,h)=w

= (1/e)(f(U(& +v(e), &+ ct))— fIU(E, &+ ct)))v)
= (1/e){ f(U(&, &+ ct) +y(e) U(&, & + ct) + O(y%))
—fU E+ct)) o
1
=-{/1OeU.+ o(y*)}v

=h(e){f"(U) U, +0(y) }v

B is a bounded map from X, xR-— X,, and Fréchet differentiable.
While R,

R=¢"2{1/2e%*"(U") — &**} =E:;f”(U")—z-:v3

Since [|0?|| g1 <c l|vll3, |03l m<cllv]3,:, we see that R=R(v, k) is a
bounded map from X, x R — X, 20> and Fréchet differentiable. At =0,

UE+7, 8)+ 80l 0,€) = U(E &)+ eao2)
(& 0,) = (&) ++ (U &)~ U(E+1, )
= (&) — h(e) U(E, )+ 28(5, 7, )
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where

g(& h e)= —h? fl U, (é+eht, E)tdr

g is uniformly bounded as ¢ — 0, and differentiable in A4 For fixed e, A,
ge H'(R;). By assumption, uoe H', so v(, 0, e)e H', then v(&, t)e H' for
all 120, from classical parabolic theory.

Decompose v(&, t) as v=Pv+ Quv=p(t) U,+{, where p(t)= (v, e*),
({, e*)=0. Substitute the above equality into the equation of v:

P Us+p(Us)t+Ct=L(pUs)+LC+8B+8R
=pL(U,)+ L{+eB+¢&R

So
p U+, =L{+eB+eR (3.40)

Form the inner product of both sides of (3.40) with e¥*,

pi+ (L, e*)=(LL, e*)+ e(B+ R, e*) (3.41)
which is
pe+((,, e*)=((, L*e*)+ e(B+ R, e*)
Pt (Cpne*)=—(( ef)+e(B+ R, e*)
since
(L e*)+ (L ef)= (L e*), =0
we have

p:,=¢8(B+ R, e*)
Plug this equality into (3.40)
{,=L{+&B+R)—¢e(B+R,e*) U,
=L{+eQ(B+R)
Summarizing, we have

{,=L{+eQ(B+R)
p,=¢(B+ R, e*)
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Decomposing initial condition yields

p(0) = (uo, §) — h(e) +&(g, ef)
£(0) = Q(uo +eg)

where ef =e*(£, 0).
By Lemma 3.2, the above equations are equivalent to

{(t)=eKQR+eKQB+ T(t,0) Qug+¢g)

(z)—gj (B+ R, e*) ds+ (uy, ) — he) + e(g, )
where the last equation can be rewritten into

(1) = —sf (B+ R, e*)ds+ej (B+ R, e*) ds

+ (ug, e) — h(e) + e(g, ed)

which can be split into the following two equations, recalling that 4 is to
be determined:

p(1)= —s f (B+ R, e*) ds (3.42)

-(uo,e0)+e(g,e0)+gj (B+R, e*) ds (3.43)

These two equations along with the equation for { can be recast into

F(l phe) = {—eKOR—eKQB— T(t,0) Quy+ eg) =0 (3.44)
Fl pohe) & p(l)+8.ro (B+ R, e*)ds=0 (3.45)
Fy(l, py b &) E h—(uo, ) — (g, e) —gf (B+R e*)ds=0  (346)

Define mapping F= (F,, F,, F;), the above equations are the same as

F({, p.he)=0 (3.47)
Define function space
= {p(z)e C(R) | sup fp/f ) < o0, pe(0, 1)}
120
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Then from Lemma 3.2, and properties of R, B, g, it is straightforward to
check that F is a Freéchet differentiable mapping from QX, xR, xR to
itself.

When ¢ =0, Eq. (3.47) has solution in QX, x R, x R:

h=ho= (ug, e) (3.48)
p=0 (3.49)
{=T( 0) Quoe OX,, (3.50)
moreover,
100
F'laommn=|0 I 0
00 1

which is invertible.

Implicit Function Theorem in Banach Space says that if ¢ is suf-
ficiently small, then there exists ({(¢), p(g), A(g)) in QX 20 X R % R, differen-
tiable in ¢ and satisfying

F(C(S)a P(S), h(E)) =0

which then implies (3.10), and thus the asymptotic stability of traveling
wave solution. ||
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