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1. Introduction

There has been a considerable mathematical interest in the partial differential equation
div(|Vu[P~%Vu) + f(u) = 0 and itsimmediate generalizations. The so-called p-harmonic
differential operator div(|Vul’~2Vu) also appears in many contexts in physics:
non-Newtonian fluids (dilatant fluids have p > 2, pseudoplastics have 1 < p < 2),
reaction-diffusion problems, non-linear elasticity (for example torsional creep), and
glaceology (p = 4/3), just to mention a few applications. We are interested in an
eigenvalue problem, apparently first studied by F. de Thélin in 1984, cf. [17]. Little
is known about the non-linear cases p # 2 compared to the vast amount of knowledge
for the Laplace operator (p = 2).

The first eigenvalue A, = 1,(C) of the p-harmonic operator is here defined as the
least real number A for which the equation

div((Vul?~2Vu) + AuP " 2u=0 (1.1)

has a nontrivial solution u with zero boundary data in a given bounded domain Q
in the n-dimensional Euclidean space. The first eigenvalue is the minimum of the
Rayleigh quotient

J‘ [Vul? dx
t.2)

J‘ [ul? dx

mf
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Here 1 < p < w0, and in the linear case p = 2 one obtains the principal frequency of
a vibrating membrane, cf. [15]. We shall often use the term principal frequency for
the non-linear cases as well. If u is a solution to Equation (1.1) then the function

o(x, t) = u(x)e” #/@-1
satisfies the evolution equation

P ?v

= di P2 )
5 iv(|Vo]?~2Vo) (1.3)

at least formally. (The function w = [v|P~2v is a solution to the more well-known
parabolic equation dw/dt = (p — 1)* "Pdiv(jw}2~?|Vw}[?"?Vw) describing a kind of
nonlinear diffusion, cf. [3].)

The differential equation (1.1) is interpreted in the weak sense and all functions in
the Sobolev space W, ?(Q) are admissible in (1.2). See Definition 2.1. The solutions
to Equation (1.1) are known to be of class C.*(Q), i.e., their gradients are locally
Hoélder continuous. The first eigenfunctions are essentially unique in any bounded
domain: they are merely constant multiples of each other. Moreover, they have no
zeros in the domain and they are the only eigenfunctions not changing signs. The
uniqueness for arbitrary bounded domains was proved in [8]. The radial case has
been studied by F. de Thélin in [18] and a good reference for C2-domains is ([16]
Theorem A.1).

The main objective of our paper is to study the convergence of the first eigenfunctions
in connection with the inequalities

lim A, <4,= lim A,
s—=p- s—>p+

proved in Theorem 3.5 and Corollary 3.4. In other words, we explore the behaviour
of the positive solution u, € WP (Q) to the equation div(iVu, [P~ 2Vu,) + 4,lu, /P~ ?u, =0,
as p varies continuously.

This is all the more interesting there being some anomaly when p < n (n is the
dimension of the underlying Euclidean space). In very irregular domains the situation
lim, , ,_ 4, < 4, is possible as a consequence of a strange convergence phenomenon.
The eigenfunctions converge to a positive solution of Equation (1.1) having boundary
values zero, yet in a sense that is slightly too poor. The limit function is in the Sobolev
space W12(Q) and in every Wy ¢(Q), € > 0, but not in the required Wy (). It is
not admissible in (1.2). Needless to say, a delicate balance is needed to construct a
domain causing such an effect. Our example in Section 7 is based on a well-known
Cantor set. However, in giving a proof that the above mentioned phenomenon really
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occurs, we have needed the Wiener criterion and the Kellogg property*. Therefore
Section 4 is devoted to these advanced concepts. As a byproduct we mention a result
about uniform convergence in Wiener regular domains (Theorem 6.1).

Some of our results are immediate. For example, the convergence

lim J‘ [Vu, — Vu, Pdx =0
s—p+ JQ
for the gradients of the properly normalized eigenfunctions is proved in Section 3
merely by the aid of Functional Analysis in Sobolev spaces, that is without using the
differential equation in any essential way. Yet we think that such proofs are of some
interest, the fascinating feature being that ‘the ground is cut from under one’s feet’:
as p varies the appropriate L?-space or Sobolev space changes. There is no fixed
convenient energy norm to use, at least not for p growing. Indeed, it is possible that
Vi, ||, +e = oo forevery € > 0.(We have used similar methods before in a simpler case [7].)

Section 6 is about uniform convergence, as p varies. Deep results in regularity
theory (see [2] and [19]) are used to show that the eigenfunctions and even their
gradients converge locally uniformly to a positive solution of Equation (1.1). However,
this can be the ‘wrong’ solution! See Theorem 6.3 for the exact formulation.

Let us finally mention that the best constant in the Poincaré—Friedrichs inequality

Jv lgoldeSCj VolPdx (1 <p < )
o Q

is the reciprocal of the principal frequency: C = 1/4,. Here ¢ eCg (Q), Q being a
bounded domain. (See [4], Eqn (7.44), p. 164.)

2. The Differential Equation

In defining the eigenvalues for the p-harmonic operator in a given bounded domain
Q < R” we shall interpret Equation (1.1) in the weak sense.

2.1. DEFINITION. We say that A is an eigenvalue, if there exists a continuous
function ue Wy'P(Q), u = 0, such that

J [VulP~2Vu-Vnpdx = /lj [ulP ™ %un dx (2.2)
o Q

whenever € Cg (). The function u is called an eigenfunction.

* Note added in proof: The referce has observed that the Kellogg property is not reaily needed here. It can
be replaced by a direct calculation. We take the opportunity to thank him for this remark.
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The Sobolev space W, #(Q) is the completion of CJ () with respect to the norm

i/p
linll = {LW + anf")dx} .

See [227. The continuity of u is a redundant requirement in the definition: the weak
solutions of Equation (2.2) can be made continuous after a redefinition in a set of
measure zero. This is standard elliptic regularity theory. One even has ue C,%(Q) for
some « > 0, cf. [27] and [ 197, but this Holder continuity of the gradient is a deep result.

The eigenvalues are positive and the least of them*, say /,, is obtained as the

minimum of the Rayleigh quotient

Vu|? dx
. ”Vv“f.p(n) N Jﬂ
Ap = inf T = inf j, , (2.3)
v ? [v}? dx
Q

the infimum being taken among all ve W, ?(Q), v # 0. Alternatively, one can further
restrict the class of admissible functions to CJ§(Q2). The minimization problem is
equivalent to Equation (2.2) with A = 4.

To any bounded domain Q there is a first eigenfunction u, > 0 corresponding to
the least cigenvalue 1,. The existence is standard Calculus of Variations, cf. [18], and
the strict positivity follows from the Harnack inequality ([20] Theorem 1.1) applied
to the non-negative minimizing function |u,|. The first eigenfunctions are essentially
unique in any bounded domain: they are merely constant multiples of each other.
The uniqueness for arbitrary bounded domains was proved in [8]. The first
eigenfunctions are the only eigenfunctions not changing signs.

Throughout this paper the first eigenfunction u,, is normalized by

1/p
lu,ll, = {J fu, |” dx} =1 2.4
Q

and required to be positive. By the above mentioned uniqueness this determines an
unambiguous u,.

In very irregular domains the boundary values {zero) are not attained in the classical
sense, when p < n, but one always has u,e Wy P(Q). (This is an essential point in the
situation lim, , ,_ 4, < 4,.)

Note that, if Q; = Q,, then we have 1,(Q,) > 4,(Q,) for the corresponding principal
frequencies. This can be read off from the Rayleigh quotient. Equality is possible,
although Q, # Q,. The elementary bounds

* Note added in proof: In the non-linear cases it does not seem to be known whether all higher eigenvalues
can be obtained through a variational principle.
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1/n
( v, ) < plps(n-kl)mesﬂ 25)

mes Q iy,

are convenient (v, is the volume of the unit ball in R”, i.e. 2n%2/nI"(n/2), and r is the
radius of the largest ball contained in Q), but any estimates of this kind will do for
our purpose.

3. Some Fundamental Properties

Most results in this section are derived in an elementary way. That is, we use only
Functional Analysis in Sobolev spaces but no deep properties of the eigenfunctions
(except their uniqueness). The eigenfunctions are unique when normalized by |lu, |, = 1
and u, > 0 so that

Ay = j |Vu,|” dx. (3.1
Q
The Hélder inequality yields the following monotony for the principal frequency.

3.2. THEOREM. For any bounded domain () we have pl},”’ < s, whenl < p < s < .
Proof. To see this, choose any ¥ e C5(Q), ¥ > 0. Then ¢ = yF is admissible in
the Rayleigh quotient for 1,. Holder’s inequality yields

( f lprI"dx?/w B (fws-f'nwl" d/x)/

o)™+ (e

T s
(o]

( J' [Vtﬁlsdxzsls.

(Jwe)

Taking the infimum over all admissible y > 0, we arrive at the inequality pA,’” < si;”.
(One can avoid the restriction to positive test-functions by choosing ¢ = [y/|¥7 ™1y
from the beginning.) O

1
A{p/}’ ‘S

<

@

s
p
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REMARK. It is intuitively clear that the inequality in the theorem is strict. One way
to establish that p/l},/" < sA}* is to perform the previous calculations with i = u, > 0.
Then an equality pA.”” = si}” with s > p would imply that ¢ = u” is an eigenfunction
Cu,. A direct, but lengthy calculation, shows that this does not agree with the
differential equation: 47" is not a solution. Another way of obtaining a contradiction
is to observe that equality holds in the Holder inequality used in (3.3) only if |u,|®
and |Vu[* are proportional in Q. Such a proportionality between u, and [Vu | is out
of the question.

3.4. COROLLARY. lim A, <4,< lim 4.
s=>p— s—+pt+
Proof. As a monotone function in s the expression sA}”* has one-sided limits. So
does 4. ]

Observe that if lim, _, , 4, exists, then this limit must be equal to 4,. As we will see,
the cases s— p— and s—p+ can be very different. This dichotomy is prevalent in
irregular domains.

3.5. THEOREM. For any bounded domain

lim 4 = A,.
s-op+

Proof. For any @ e Cf (Q) we have

f IVol*dx
Je

J lpl* dx
Q

A <

Thus

Taking the infimum over all admissible ¢ we find that lim,_, ,, 4, < 4,. Now the
result follows by Corollary 3.4. O

Some cautiousness is needed in the next result, since the possibility that

f Vu,[*dx =0 (s> p)
Q
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for every s > p cannot be excluded in very irregular domains.
3.6. THEOREM. The strong convergence

J Vi, — Va, [P dx = 3.7

s*p+

is valid for any bounded domain €.
Proof. By the Hoélder inequality and the normalization fjull, = 1 we have

J [Vu,|P dx < (mes Q1! ~#"* (3.8)
{2

for s > p. This uniform bound for the L¥-norm implies that some sequence u,,u,,,...
converges weakly in W'?(Q) to a function u in W'?(Q). Here s;— p+. The limit
function u is in Wy '?(Q), as every u,, is in this space. By the Rellich-Kondrachov
Compactness Theorem {ju,, — u|, . ,,,— O (the actual convergence is better than this,
but the exponent p + 1/n will do). See [22]. The normalization [jul|, = 1 follows.
Let usidentify u. By the weak lower semicontinuity and the Holder inequality we obtain

j [VulP dx < lim J [Vug [Pdx < lim f [Vu, | dx (3.9)
Q Q Q

jowo J*m

and taking the normalization into account we have

J |Vul? dx
11m A =4,

j |ulP dx i

by Theorem 3.5. But u e W,;*?(Q), that is, u is admissible in the Rayleigh quotient for
Ap- By the uniqueness of first eigenfunctions we have that 4 = u,,. The limit function
is the same for all weakly convergent (sub)sequences. Thus u,—u, at least in L?(Q)
as s—p+.

For the strong convergence (3.7) we use Clarkson’s inequalities related to uniform
convexity, cf. ([1] Theorem 2.28, p. 37). Consider the case p = 2 first. The desired
result follows from Clarkson’s inequality

P
J dx+f
o o

1 1
dx < = ‘( Vu,Pdx + —J‘ Vu |7 dx,
2 Jg 2

Vu, + Vu,
2

Vu, — Vu|?
2

since
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J‘Vup—;Vusf’dx
A, <22 -
J‘u,,+us dx
Q

and

fim J Vu P dx < 4,
Q

s—+p+

by (3.8). Remember that

lim j dx = f [u,lF =1
s=pt JO Q
by the normalization.

In the case 1 < p < 2 one uses Clarkson’s inequality
Vu, + Vu,

e ™ sy

1 1 pil
<<= | Vu,|Pdx +— | [Vu,[Pdx
2)a 7 2 Ja

in a similar way to obtain (3.7). O

14
U, + u,

Vu, — Vu,
2

When s approaches p from below the adjusted version

lim f [Vu, — Vu,[*dx =0 (3.10)
sop— J

of the theorem is false, if p < n. In this case the above method surely produces a
positive solution ue W?(Q) to the differential equation (1.1) with 4 = lim, _, ,_ 4, and
Vu, — Vul|— 0, as s approaches p from below through some subsequence. Moreover,
u is in W, *(Q) for every s < p. The failure is that u need not belong to Wy P(Q). An
example is given in Section 7.

A thorough analysis shows that the defect lim,_, ,_ 4, < 4, must be ruled out in
the proper counterpart to Theorem 3.6. Some care is needed, since the situation that
[Vu,l|, = co for every s < p cannot be excluded. We conjecture that (3.10) holds if
and only if limg_, ,_ A; = 4,. We have not been able to prove the full conjecture.
3.11. THEOREM. For any bounded domain Q, the convergence (3.10) implies that
lim Ay =4,

s—=+p— s
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Suppose that (3.10) is true. Then Vu,—Vu, in LP"4Q), ¢ >0, by the Holder
inequality. Using this fact and again the Holder inequality we have
IVu,ll,— < (mes Q™ 9lim, , ,_ |Vull,. Hence [Vu,|,<lim,,,_[Vull, that is,
AP <limg, ,_ )" by the normalization. Together with Corollary 3.4 this leads to
limg, ,. A, =4,

We conjectured that the assumption about the limit function is superfluous in the
next lemma. The difficulty is to obtain the seemingly plain normalization

lim f
s=p— JQ

3.12. LEMMA. Suppose that lim,_, ,_ A, = A,. Then each sequence of real numbers
tending to p from below contains a subsequence such that

s

u
Upt U =1

2

lim J IVu,, — Vuldx =0 (s;—p—) (3.13)
jo oo JQ
for some function ue W'(Q). If ue Wy *(Q), then u = u,,. In any case Ap = fo|VulP dx

and jjull, = 1.

Proo}"’. The norms [|[Vu{, are uniformly bounded and so are a fortiori the norms
IVugll;_., € > 0. A standard diagonalization procedure enables us to find a function
ue Wy~ (Q) for all ¢ > 0 and to construct indices s, < s, < 53 < **-,lim s; = p, such
that (1) Vu,,— Vu weakly in each fixed L?~(Q) and (2) u,,— u strongly in L(Q) (the
Rellich-Kondrachov Compactness Theorem). In particular,

Vel < lim |V Jl,— < (mes Q)9 lim |Vu, |,
— e/(p—¢€) 11/p
= (mes Q)FTOLP.

Thus Vue L?(Q) and [V, < X;"’. The correct normalization [jul|, = 1 is preserved.
Thus 4, = ||[Vull} and

lim J

joo JQ

So far our assumptions have virtually not been needed, but on the other hand, we
have not shown that ue Wy ?(Q), although ue W?(Q) and ue W?~“(Q), for each
€ > 0. We can identify u as the right eigenfunction u,,, under the additional assumption
that u is in W, ?(Q), thus proving that in this case the limit is independent of the
particular sequence s,,5s,,$;,... converging to p.

Using Clarkson’s inequality

J dx+f
Q Q

8j

L] RPN (3.14)

S
2

Vu + Vu,
2

Vu — Vu,
2

5 1 1
dx << | Vufdx+= | [VulPdx, (3.15)
2 Jo 2 )a



208 PETER LINDQVIST

s = 2, once more and taking the normalization and (3.14)into account, we conclude that

Vu — Vu, %

et

1
. dx < 1A+ » fim 4,

lim 4, + im <
im 4, + 1mJ‘n 24t 5

jo o j=oo

Jj=ow

in the case p > 2. By assumption lim /,, = 4,. Hence |[Vu — Vu [, —O0.
The case p < 2 is similar, the only change being in Clarkson’s inequality. [

4. The Maximum of the Eigenfunctions

It is intuitively clear that the eigenfunction u, is globally bounded in Q and the proof
is evident, if Q possesses some geometric regularity at the boundary. However, there
are continuous functions in Wy ?(Q), 1 < p < n, that are unbounded! Therefore it is
worth mentioning that a proof can be produced by the well-known method given in
([9] Lemma 5.1, p. 71). Unfortunately the knowledge that max [u,| < oo is not enough
for us. We need a bound that is uniform in p, when [|u, |, o < 1. To achieve it we
must keep track of various ‘constants’ and we had better write down a proof.

4.1. LEMMA. The inequality
ol < 4725 4yl 1.0 (4.2)
is valid for the eigenfunction u, in any bounded domain Q) in R".

Proof. The function 7,(x) = max {u,(x) — k, 0} is in the Sobolev space W P(Q) for
any constant k. Hence 7, will do as test-function in (2.2) and so we obtain

j Vu, )P dx = 2, j w2~ Y, — k)dx 43)
Ak Ax

where
A, = {xeQ|u,(x) > k}.

Of course A4, depends on p. Clearly k-mes 4, < |lu,|l; and mes 4;,—0, as k— 0.
By the elementary inequality @~ < 27 }a — k)P ~* + 227 'k”~! we have

J uﬁ"(up — k)dx < 2"’"‘J> (u, — kY dx + 2"‘1k”‘1j (u, — kydx. (44)
Ax A Ay
The Poincaré—Friedrichs inequality yields

pin
j (u, — ky¥dx < <%mes A&) J IVu,|” dx, 4.5)
Ax Ay
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when applied to each component of the open set 4,. See ([4] Eqn (7.44), p. 164),
where the better constant nl'(n/2)2”*r~"? is given instead of 1/2.
Combining (4.3) and (4.5) and then using (4.4) we arrive at

[1 —2r72] (mes 4,)"*] J (u, — kY dx < 277 2k?~ Y(mes Ak)"/"f (u, — k)dx.
Ax Ak

Here 27?1, (mes 4,)7" < 1/2,whenk > k, = 2"¢~YP)%?y ||, Using Holder’s inequality
and dividing out we finally obtain the estimate

j (u, — k)dx < 21;/(”_ Dk (mes Ak)”(p—pl)n‘ (4.6)
Ak

for k > k. This is the inequality needed in ([9] Lemma 5.1, p. 71) to bound ess sup .
Indeed, for

f(k)=J (upmk)dx=jwmesA,dt
As k

we have f'(k) = —mes 4,, and hence (4.6} can be written as
Flk) < 2L D —f ()t oimee= ),
when k 2> k,. If f is positive in the interval [k, k], integration leads to
Eere keli(l +¢) < {2[111,/(1'“ 1)]1,:(1 +€) [f(kl)e/(i +€} _f(k)e/(l +e)]

where € = p/(p — D)n. This clearly bounds k and hence f(k) is zero sooner or later.
The quantitative bound for k is seen to be

k< 21 DIy @7

since f(ky) < f(0) = |lu,ll;. Thus f(k) =0, if (4.7) is not fulfilled, i.e., esssup u, is not
greater than the right-hand side. This is the desired result (4.2). O

5. The Wiener Criterion and the Kellogg Property

The classical Wiener criterion is necessary and sufficient for a solution to the Laplace
equation Au = 0 to attain its prescribed continuous boundary values at a given
boundary point. It is formulated in terms of electrostatic capacity [21]. The sufficiency
of the (appropriately modified) Wiener criterion was proved by Maz’ja [11] for
non-linear equations of the type div(|Vul?~2Vu) =0. This result was further extended
by Gariepy and Ziemer [5] to fairly general equations including our case
div(|Vul["~2Vu) + Aul’~2u = 0. The so called p-capacity plays a central role here.
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Suppose that 4 is any open bounded set in R" and that K < A is compact. Define

cap,(K, A) = inf J Vo|F dx, (5.1)
@ A

the infimum being taken over all functions ¢ € Cg (A) such that ¢ = 1 in K. This is
the p-capacity of the capacitor (K,4). If K, cK, <« A, < A,, then
cap,(K, 4;) < cap,(K,, 4,). The inequality

{capq(K, A)}”q - {capp(K, 4)

i/p
if 1 < s .
mes A mes A } » fl<gsp<w 5-2)

follows from Holder’s inequality. There is a striking difference between the casesp > n
and p < n, namely, the p-capacity is never zero (for a non-empty K), when p > n.
For the capacitor consisting of two concentric spheres the expression

Dy g

R 5 -1
(e

is known, cf. [11] or ([12] p. 106). Here w,_; = 2n"?/T(n/2) is the surface area of
the unit sphere in R". Observe that cap,(B(x,,7), B(x,, R)) is a continuous function
of p and that

(5.3)

Capp(B(xO ,1), Bxg, R)) =

cap,(B(x,,7), B(x,2r) ~ 1" F.
Letting p— 1+ and p— o in (5.3} we obtain the sharp bounds

1 cap,(B(xo,7), B(xo,20) V7 1
7 = { o, 2 } <7 G4

using (5.2).
In order to formulate the Wiener criterion we return to our domain € and fix an
arbitrary boundary point x, e dQ. The auxiliary quantity

= capp(B(xw r)\ Q, B(xo, 2r))
Vp(xo,r) - capp(B(xo,r), B(xo,2r))

is proportional to
rp _ncapp(B(xO ’ 7')\ Q’ B(xO b 27’))

We have 0 < y,(xy,7) < 1. The Wiener integral

1

W,(xo) = j (X0 e~ Dr=tdr

0
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measures how much boundary the domain Q has in a potential theoretic sense near
the point x,,. The boundary point x, is called regular, if W,(x,) = co. At such boundary
points the eigenfunctions take the right boundary value in the classical sense. If
W,(x,) = oo, then

lim u,(x) = 0.

X xg

xe§2

(The divergence of the integral is also known to be necessary* whenp > n— lorp = 2)

5.5. THEOREM. Suppose that u, is the first eigenfunction in Q, u, > 0. If x,€0Q,
then

R

u,(x) <Cexp|l —C, | 7,(x5, )" Ve 1dz ), (5.6)
) »Xo

when x€Q and |x — x4| <r < R. Here C, and C, are positive constants depending
only on n, p and the maximum of u, in Q 0 B(x,, 2R).
If 0 < u, <M for each p in the range [0, 5], 1 < a < f < 0, then

sup C;, <o and inf C,>0.
as<p<p agp<p
Proof. This is essentially ([S] Theorem 2.7, p. 31). The constants in the proof of
Gariepy and Ziemer are easily calculated in our case and they are seen to depend
on p in the desired way. These expressions are not very illuminating themselves. For
example one gets

C; S2RQ + Jw, A V) + max  u,(x).
[x—x0]<2R

The straightforward calculation of C, as in [5] is lengthy and in our special case it
seems likely that the procedure could be shortened. However, such improvements
are not essential. 0

Let us analyze (5.6) in the favourable case p > n. Write B, = B(x,, t). Then

" p—n\P"t
cap,(B\Q, B,,) > cap,({x,}, B,,) = w,_, (p — 1) e

by (5.3). Using (5.3) again we see that
yp(xo,r)ll(p—l) >1-— 2p-mi1-p) c(n,p)
* Note added in proof: T. Kilpeldinen has kindly informed me that the manuscript “The Wiener Test and

Potential Estimates for Quasilinear Elliptic Equations™ by T. Kilpeldinen and J. Maly proves the necessity
for all values of p, 1 < p < 0.
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at each boundary point x,. (Unfortunately, c(n,p) approaches zero, as p—n+.)
Integrating we find that (5.6) becomes

4
1(x) < €, (”‘ = ’) (p>n) (57)
where xeQ and |[x — x,| < R. Here « is the positive number c(x, p)C,. The constants
C, and o do not depend on the boundary point chosen. Needless to say, this uniform
Holder estimate at the boundary can be achieved by simpler tools in this favourable
situation, when p > n.

Essentially the same method yields a similar boundary Hoélder estimate for any
p > 1 in domains satisfying the exterior cone property. A sharper result is given in
the proof of Theorem 6.1.

Those boundary points x, for which the Wiener integral converges, i.e. W,(x,) < 00,
are called irregular. They form the irregular set F,. It may be empty (as is always
the case, when p > n), but it can never be large, according to the Kellogg property
proved by Hedberg and Wolff. See [6] for this deep result. The Kellogg property
means that the Sobolev p-capacity of F, is zero.

It does not seem to be known whether F, is a Borel set or not. Fortunately, a
weaker version of the Kellogg property, avoiding the complications in the structure
of F,, is sufficient for our counter example in Section 7. Namely, every compact set
K in F, has zero capacity: given any ¢ > 0, there is a function ¢ € Cg (Q) such that
0<op<l,o=1inkK, and

f (loP? + [Vo|P)dx < e. (5.8)
R“

The integrand in the Wiener integral, practically speaking, grows with p. Consequently,
W,,c(xo) = 00 for every € > 0 if W,(x,)= co. This is included in the well-known
inequality below.

59. LEMMA. For 1 < g <p < oo we have

1 n 1
Vg0, NTT < 227y, (30, 1)7T. (5.10)

Proof. Denote D, = B(x,,r)\Q and B, = B(x,,r). By (5.2) we have

1 S Y Aol S
{capq(D,, Bz,)}q— o {capp(D,, Bzr)}r T+5E- DD

,_4(2r) w,_,2r)
1 -

< cap,(D,, B,,)|7-1 fcap,(B,, B,) F=DE=D

REATe 0,2 '

Dividing by [cap,(B,, B,,)/®,_ (2r)"]"“~ " we arrive at
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- 1y _4a
cap,(B,, B,,)|7 )71
w,..,(2r)"
R
{Capq(gn BZr)}E

W, 42

1 1
Vq(x()sr)q_l < '})p(xo,r)pwl

after some arithmetic. Now the inequalities (5.4) yield the constant 2@~ 1), |

6. Uniform Convergence

The normalized eigenfunctions u, need not converge uniformly in the whole domain,
not even in the case s— p+, when p < n. A simple counterexample in the case p=n
is provided by the punctured unit ballQ = {xeR"|0 < |x| < 1}. Nowlim,_ ,u(x) =0
for s > n but lim, _, 5 u,{(x) # 0.

In regular domains the situation is better. The analogue of the theorem below for
equations of the type div(|Vu?"2Vu) = 0 is credited to Martio. Actually, a much
simpler version is sufficient for our example in Section 7.

6.1. THEOREM. Suppose that W,(x,) = o at every boundary point x, of Q. Then
u;—u, uniformly in Q as s—p+. The same holds as s—p—, if for some q <p,
W,(x,) = oo at every boundary point x, € 0.

Proof. Suppose first that p <s < p + 1. For xeQ, |x — x,| <r < 1, Theorem 5.5
and Lemma 5.9 yield the estimate

1
u(x) < Cy exp(—Z’”"“”"”C2 j Vp(Xg, )PV dt>, (6.2)

where the positive constants C, and C, depend only on n and p. This shows that the
family {u,|p < s < p + 1} is uniformly equicontinuous in Q. To be more precise, take
¢ > 0. To each boundary point ¢ there is a radius r, such that u(x) < ¢/2, when
x€ B(&,r,) N Q. The open balls B(,r,) cover the boundary 0Q, even their centers do
it. By compactness there is a finite subcover. The construction yields a §, (= the
smallest of the radii) such that u,(x) < ¢/2, when x €Q and dist(x, 0Q) < J,. Restricted
to any compact set in Q (here we have the set dist(x, 9} = §, in mind) the function
family is uniformly equicontinuous according to the local Holder-continuity estimates.
This is standard elliptic regularity theory. Altogether, this proves the desired
equicontinuity. The family is uniformly bounded by Lemma 4.1.

By the theorem of Ascoli the convergence is uniform in Q, at least for a subsequence.
But Theorem 3.6 shows that all subsequences have the same limit, namely u,.

The case s— p— is proved in the same way, but with p replaced by g in (6.2). Note
that this estimate also implies that the limit function ¥ = lim u, of any subsequence
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in Ascoli’s theorem takes the boundary values zero at each boundary point. This
shows that ue WOI’*" {Q). According to Lemma 3.12 u is the right function, that is u,,.
g

It is not difficult to show that the eigenfunctions u, converge locally uniformly,
though they might converge towards the wrong solution of the equation
div([VulP "2 Vu) + Auf’ " 2u = 0, the failure being due to effects near the boundary.
However, much deeper knowledge is needed to establish that also their gradients
converge locally uniformly.

6.3. THEOREM. Given any sequence converging to p, there is a subsequence s, 3, S3,. . -
and a weak solution u to the equation div(|Vul?~>Vu) + AulP "*u = 0, A = lim, , , 4, ,
such that u,,— u and Vu, — Vu locally uniformly in Q. (It is posszble that u is not u,!)

Proof. By an advanccd result in regularity theory u, is in CX(Q). Accordmg to
[197 or ([2] Theorems 1 and 2) we have the following estimates: given any compact
set K in Q, there are constants Ly, My, and x(s) > 0 such that

IVuy ()] < Mg, [V (x) — Vu, ()| < Lglx — y*® (6.4)

when x,ye K. Here Ly, M, and ofs) depend only on s, n, K and the maximum of
u, in Q. But the uniform bound for max|u,| in Section 4 shows that the constants
depend only on s, n, K. The dependence of s for the constants in these estimates is
of a continuous nature: The family {Vu,}, is equicontinuous when s is restricted to
any fixed closed interval [a, b] in ]1, co[. Especially, inf, ., a(s) > 0, when K is fixed.
This requires a thorough analysis of the regularity proofs and some minor adjustments
are necessary especially when neJa,b[. We skip this lengthy routine verification,
here. The resulting local convergence of gradients is not used later.

Choosing an exhaustion of Q with compact sets and using a standard process of
diagonalization we can construct a sequence §,, $,, 3, ... of indices converging to p
and a function ue C'(Q) such that u,,— u and Vu, — Vu locally uniformly in Q. At
cach step of the construction the theorem of Ascoli yields a subsequence. The
normalization prevents the sequence from degenerating: u % 0.

By Equation (2.2)

J Vg, [~ Vu,, - Vi dx J‘ |VulP~2Vu-Vypdx
(6.5)

lim 4y, = lim
iz f lug, 1~ 2ug, n dx j‘ [u? = 2un dx

whenever ne C§ (€2), because of the uniform convergence in the support of the
test-function #. This means that div(|Vu[?~2Vu) + Au/~?u = 0 in the weak sense,
where 4 = lim A,,. Since each u, > 0, we have u > 0 by the construction and hence
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u > 0 by the Harnack inequality. This is a specific property of the first eigenfunctions.
Only the first eigenfunctions are positive [8]. This means that if 1is an eigenvalue, itis 1.

We have come to a delicate point. Although u is the solution to the right equation
it is not always the right eigenfunction u,. The example in Section 7 will explain this
strange phenomenon as one caused by the boundary values: although u belongs to
Wi?(Q) and to every Wy 2 "(Q), ¢ > 0, it may fail to be in W, ?(Q). Neither does
the above construction show that lim,_, , A, would exist, the reason being that u
depends on the particular sequence s,,s,,5;,... . Therefore nothing further comes
out of this proof. |

7. A Domain with limg_,, 4, < 4,

Given any p in the range ]1,n] we shall construct a domain with lim__, ,_ 4, < 4,
and analyse what happens to the corresponding eigenfunctions, as s— p—. To this
end we need a very small set, yet of positive p-capacity. It will be constructed as a
Cantor set according to a precise criterion, originally due to Nevanlinna, cf. [13],
and later extended by Ohtsuka, cf. [14], and others. To be on the safe side we have

included the following lemma.

7.1. LEMMA. Suppose that 1 < p < n. Then there is a compact set F, such that
cap,F, > Oandcap,F, = 0,whens < p. Moreover, F, can be constructed as a Cantor set.

Proof. Suppose that I,,1,,... are positive numbers with 2/, , <. Let us first
construct a set on the real line. Let A, ={0,1,], A, =[0,,Ju[l, — ,,1,],.... The
set A;is the union of 2/~ * disjoint closed intervals of length /;. Delete an open segment
in the middle of each of these 2/~ intervals so that each of the remaining intervals
has length /;, ;. The union of these 2/ closed intervals is A;, ;. The set A = nA, is
compact and of linear measure zero.

To obtain a set in R”, just take the Cartesian product A x A x -+ x A, ie,

F,o=(VA;xA;jx--xA,
j=1

This set is compact. We choose

s

l

i = o L<p<n)
if p<n. Then 2/;,, <I;for j=2,3,.... The construction for the border-line case
p = n is given in ([10] Example 4.7 and Corollary 4.5, p. 116).

By the afore-mentioned extension of Nevanlinna’s criterion cap,F, > 0 if and only
if the series
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o0

¥ [
=1
converges. Here I < s < n. See ([12] §7.2.3, Proposition 5, p. 358). The above sum is

® jn(p—s)

. dnp—s)
26=1n-pn
pn—s)
j=1 JE=Dla—p)
for 1 <s < p. This is clearly divergent, when s < p, but for s =p we have the
convergent sum

This proves the lemma. O

The set F, has Lebesgue measure zero. (Actually, the Hausdorff dimension is n — p.)
The constructed Cantor set F, lies in the open cube 0 < x; < 1,...,0 < x, < L.

Now we are ready for the counter example. Let Q denote the open cube
[x;] < 1,...,|x,] < 1. Then Q = Q\F, is a domain and the Cantor set F, is part of
the boundary of Q. We shall show that lim,,,_ A < A} and that the normalized
eigenfunctions S in Q converge towards the ‘wrong’ function. The idea is very simple.
First, 4 = u2 in Q, when s < p. Second, uf,’ and ug are essentially different functions.
Third, 2 — 42 uniformly in Q, the cube Q being a very regular domain. Combining
these facts we have that uf = u?— u? # uf as s— p—, the convergence being uniform
in Q. Because the eigenfunctions are continuous, [lu? — uj]|; > 0, and so not even in
LY(Q) does u converge to 5!

As far as the eigenvalues are concerned, A% =12, when s<p and so
im /2% = lim A2 = Ag since @ is regular. But Af < lff, as we will see.

To prove these statements, let us first consider the case s < p. Now cap,F, = 0.
We shall first show that 42 is in W;**(Q), which implies that

JtVuQIde J IVu2l*dx
< =22

[era e

Of course A2 < A?. Hence A% = 42 and by the uniqueness of first eigenfunctions
u? = 2. (Remember the normalization IIuQIIs = 1.} Since cap,F, = 0 there is, given

€ > 0, a function ¢ in Cg (Q) such that 0 € ¢ € 1, ¢ = 1 in an open neighbourhood
of F,, and |[Vo|, < e. Now (1 — @)u? is in Wol’s(Q) and it follows that the W!*-norm
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|lu§‘2 — (1 — el = ||l pu2| approaches zero, as ¢ — 0. As a limit of functions in W, *(Q),
u? itself is in W, *(Q).

Next we show that uf # u?. By the Kellogg property* (Section 5) there must exist
regular points in F, with respect to Q. Otherwise the condition cap,F, > 0 cannot
be fulfilled. If zoeF is such that W,(x,) = oo, then lim, , x,(x) 0. But by the
Harnack inequality uQ(xo) > 0, x, being an interior point in Q. By the uniqueness
of first eigenfunctions in any domain, this behaviour clearly prevents uf from being
an eigenfunction also in Q.

It is now evident that 12 < 4. Indeed, one can modify U near x, so that the
Rayleigh quotient decreases while the modified function is in Wy ?(Q). (If m > 0is
the minimum of uQ on the cube max{|x,,...,|x,|} = 3/4, then replace u, by
max {u5,m/2} near F The outer boundary values on 2Q are not affected, but at Ieast
near x, there will be a favourable change for the Rayleigh quotient. Namely, for the
modified function the LP-norm has increased strictly and the LP-norm of the gradient
has decreased.)
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