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Large Charge Fluctuations in Classical
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The typical fluctuation of the net electric charge Q contained in a subregion A
of an infinitely extended equilibrium Coulomb system is expected to grow only
as \/3, where S is the surface area of 4. For some cases it has been previously
shown that Q/\/:S-' has a Gaussian distribution as |A4] — co. Here we study the
probability law for larger charge fluctuations (large-deviation problem). We dis-
cuss the case when both | 4| and @ are large, but now with Q of an order larger
than \/S' For a given value of Q, the dominant microscopic configurations are
assumed to be those associated with the formation of a double electrical layer
along the surface of A. The probability law for Q is then determined by the free
energy of the double electrical layer. In the case of a one-component plasma,
this free energy can be computed, for large enough Q, by macroscopic
electrostatics. There are solvable two-dimensional models for which exact
microscopic calculations can be done, providing more complete results in these
cases. A variety of behaviors of the probability law are exhibited.

KEY WORDS: Coulomb systems; charge fluctuations; large deviations; exact
results.

1. INTRODUCTION

Charge fluctuations in equilibrium Coulomb systems (plasma, elec-
trolyte,...) are known to be “abnormal”."?) Some time ago, Martin and
Yalcin® considered the fluctuations of the net electric charge Q , contained
in some smooth domain A of an infinitely extended equilibrium classical
Coulomb system. They showed that the mean square charge {Q2) grows
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only as the surface area S, (not the volume) of 4 and, under some further

assumptions, that Q ,/./S, has a Gaussian distribution as |4| - co. The
variance was expressed in terms of the first moment of the charge-charge
correlation function s(r); for a three-dimensional system,

y3=|Al‘i_rf1OO —~——<gil>= —j—‘]d% rs(r) (1.1)

The corresponding formula for two dimensions is

ya= ~lj d’ rs(r) (12)
T

Incidentally, (1.1) can be rewritten as

. 1
e

jdf*kf@

3)3 k4

in terms of the experimentally accessible'” charge structure factor
s(k) = (2n) 3 j 4k exp(ik - 1) s(r)

Later Lebowitz® showed, under the same assumptions as in ref. 3,
that, if we consider a cubical lattice LZ7 i.e., we divide space into cubes
(squares) of size L? with centers on the lattice, then the normalized charge
fluctuations in each cell, {g;}, g;=Q /LY~ become, in the limit L — oo,
jointly Gaussian with covariance matrix b, b;=7y,[d,;—(1/2d) 6, ;, ;. This
shows that any deviation from neutrality in cell i is compensated for in the
2d neighboring cells.

The aim of the present paper is to study the probability law for
fluctuations of Q , larger than those of order \/S—,1 . We want to investigate
the asymptotic behavior of the probability of Q , when both A and |Q 4|
become large, but now in such a way that Q A/\/S—A goes to infinity. The
results provide an example of large-deviation behavior which is different
(more suppressed) than for systems with short-range interactions. In fact,
as we shall see, the surface area S plays here a role similar to the volume
in “normal” system fluctuations.

While ordinary Coulomb systems are made up of at least two charged
components, we shall mainly consider the mathematically simpler one-
component plasma (OCP or Jellium). This frequently used model system
consists of charged particles of one sign embedded in a uniform back-
ground of the opposite charge.
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The Gibbs canonical distribution of such a d-dimensional system
(d=2,3) containing N particles of charge ¢ in a ball (disk) A, of radius
R, |r;| < R, with uniform background density — pe, is

Prob(r,,.., ty)=exp[ —BHn(r ... Ty; R)1/ZA{(B; R) (1.3)

where J is the inverse temperature,

N
Hy=e> Y r,—r| '"+3ne’p Y rZ, d=3 (1.4)

i#j i=1

N
Hy=-¢" Y In(r,—r|/L)+35me’p > ri, d=2 (1.5)
i%j i=1
and Z, is a normalization factor.

The OCP has a well-defined thermodynamic limit,® R — oo, N = o0,
for neutral systems, i.e., when the particle density N/(4/3) nR* (N/nR?)
approaches p. In this system charge fluctuations are the same as particle
fluctuations and so the comparison with particle fluctuations in “normal”
particle systems is direct. In fact the two-dimensional OCP at fe’=2
provides an example of a solvable system with explicitly computable
n-particle correlations which have strong clustering properties, in which
our analysis can be carried out fully.

To find the probability distribution of charge fluctuations in a
Coulomb system we shall, for simplicity, consider only spherical (circular)
domains A,. Let us begin with an overall neutral system confined to
a region Ap, R'>R. Let Fp (@) be the free energy of the system
constrained by the requirement that the charge in A, be Q. Then, in the
unconstrained system, the probability that the charge in Az is Q is

Prp(Q)=Cprpexp{ —B[Fra(Q)—Fgr 2(0)]} (1.6)

where Cp » 1s a normalization constant. It is reasonable to assume that the
limit
OFW(Q)= lim [Fp Q)= Frr(0)]

exists, in which case we can define a probability

Pp(Q)= Cre PO (1.7)

Thus, our problem is to evaluate 0F((Q) in the further limit R — oo,
|Q] = 0. More precisely we set @ =&, R%, where « is constant and £, is a
random variable, and wish to study the probability P({,; R) as R— co.
The case a=1, d=3 (2= 1/2, d=2) was studied by Martin and Yalcin.**)
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We are interested in larger deviations, therefore we consider the range
ozl d=3(x=1/2,d=2).

Some information about dF.(Q) can be obtained from physical con-
siderations, based in part on macroscopic electrostatics. Furthermore, for
the two-dimensional OCP at e’ =2, explicit microscopic calculations can
be performed. This will let us check that the microscopic results confirm
the macroscopic ones.

Section 2 is about the one-component plasma, in d=2 and 3. We also
consider there, in some detail, the exactly solvable case d=2, fe’=2.
Section 3 is about the two-component plasma. The main results are
summarized in Section 4.

2. ONE-COMPONENT PLASMA

2.1. Two-Dimensional Case. General Picture

Since the two-dimensional one-component plasma happens to be exactly
solvable® at the temperature such that fe? =2, we first study the two-
dimensional case. We consider a circular subregion of radius R within an
infinite system. For the charge Q in that disk we set Q = ¢, R®, and we want
to study the probability distribution of £, in the limit R — co. Macroscopic
electrostatics of conductors implies that, for a given value of 0, the domi-
nant configurations are such that Q is concentrated in a layer on the inner
side of the boundary of the disk, while a charge —Q accumulates in a layer
on the outer side. Thus, using the language of electrochemists, we can regard
the free energy difference 6Fx(Q) as the free energy of a double electrical
layer formed at the interface between the inside and the outside of the disk,
as if the surface was impermeable to the particles.

In a one-component plasma the net charge density is bounded on one
side: the bound is reached when the particle density is zero, in which case
the net charge density has its minimum value, ie., the background charge
density —ep. Thus, for the large values of both R and |Q| that we are
interested in, two regimes have to be distinguished.

Microscopic Regime. 1/2<a<1, ie, |Q| does not grow faster
than the perimeter of the disk. The thickness of the double electrical layer
(Fig. 1) does not increase as R — o0, and curvature effects can be neglected.
In terms of f(es), the free energy per unit length of a rectilinear double
electrical layer with a line charge density es = Q/2nR=&,R*™ /2% on one
side (and —eo on the other side), the relevant free energy becomes

OFR(Q) ~2nRf(Q/2nR) = 2nRf (¢, R*™ ' /27) (2.1)
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Fig. 1. The double electrical layer in the microscopic regime (one-component or two-
component plasma).

For a=1, the layer free energy density f is some more or less
complicated function of &,/2n, and so is the probability P(¢;; R). But, for
a<1, as R— o0, ¢ —» 0 and f can be replaced by the first nonzero term of
its power expansion, i.e.,

f~ Blea)? (22)

where B is a constant (f must vanish and be minimum at ¢=0). In this
limit, one recovers for (1.7) a Gaussian probability law,

P(&,; R)~exp[ —BB(2m) ' R*~1¢]] (2.3)

and by identification with the variance (1.2) calculated by Martin and
Yalcin® one infers that

K@% _

2nR

(26B)"' = lim jdzr rs(r) (2.4)

where s(r) is the charge—charge correlation function in the infinite
Coulomb system. It is also possible to rederive (2.4) directly by adapting
the approach of ref. 3 to the present plane interface geometry.

Macroscopic Regime. a>1, ie, |Q| grows faster than the
perimeter of the disk. Since the charge density has the lower bound —ep,
on the negative side of the interface the thickness of the electrical layer
becomes macroscopic (Fig. 2). Then, it is reasonable to assume that
6F(Q) should have as its leading term the macroscopic electrostatic
energy of one of the circular arrangements shown in Fig. 2 (this statement

822/72/3-4-24
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(a) (b)

Fig. 2. The double electrical layer in the macroscopic regime (one-component plasma).
Case (a) is when there is an excess of negative background inside the sphere or disk (Q <0).
Case (b) is when there is an excess of positive particles inside the sphere or disk (Q > 0).

is a generalization of what has been proved in the simpler case of one body
carrying a surface charge density(®!?).

The calculation of the electrostatic energy is straightforward. The
electrical field E does not vanish only, in the shaded area shown in Fig. 2;
in this area, E is determined by div E = —2nep with the boundary condi-
tion E(R) =(Q/R) u,, where u, is the radial unit vector. Therefore

E(r)= l:%-k Tep (5;—2— r)] u,

and the relevant free energy is

SFA0)=5- | %) s
Q[ 19 3/Q9YV
Q"IQI[ 10, 8<Qo)
..oy 14
+4<1+Q0> ln(1+Q0>] (2.5)
where O, = nR%ep.

The macroscopic regime o > 1 can be further subdivided.

1 M 1<a<2, Q/Qo=¢E(nep) ' R*2-0 as R— oo, (2.5) behaves
like |Q]3/12Q,, and (1.7) becomes

BloP®

P(,; R)~exp (— 120,

>=exr>[—ﬁ(12nep)“R3“Z\éaP] (26)
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In this regime, the thickness of the double electrical layer is of order
|Ql/R=E,R*™'=0(R), and curvature effects can still be neglected. Indeed,
(2.6) can also be obtained from f(ec), the free energy per unit length of a
rectilinear double electrical layer, in the limit ec — oo, because in that limit
the rectilinear double electrical layer becomes a charged line with a line
charge density e |o| =[Q|/2nR adjacent to a strip of bare background of
width |g|/p. One easily computes the corresponding electrostatic energy per
unit length (n/3) e? |6]°/p, in agreement with the result obtained from (2.5)
for [Q1/Q¢— 0.

2. If a=2, the full expression (2.5), with Q/Q,= (nep) ' &,, must be
used in (1.7).

The special case Q= —Q,, ie., &, = —nep, corresponds to an empty
hole (only the background and no particle within the disk). Then, from
(2.5) and (1.7) one obtains

P(&,= —mep; R) ~exp(—fQ;/8) =exp(—pe’n’p’RY8)  (2.7)

3. If «>2 (this is possible only for Q >0, since Q has the lower
bound — Q,), (2.5) behaves like (1/4) Q* In(Q/Q,) (the dominant contribu-
tion is the self-energy of the bare background), and

B

P(éa;R)~€XP( 0’1 Q)~exp[— g—R"'”éiln(R"‘zéa)] (28)

Qo

2.2. Two-Dimensional Case. Exact Results

The above considerations are supported by the exact microscopic
results which can be obtained at the temperature such that fle” = 2. Then,
an exact expression for f(ec), the free energy per unit length of a rectilinear
double electrical layer, has been obtained by Rosinberg and Blum."'" They
started with a circular interface and considered the large-radius limit.
Therefore, their approach is a check that the large-R limit of §F(Q) is
indeed of the form used in (2.1): 6Fz(Q) ~ 2nRf (Q/2nR).

Ref. 11 deals with the more general case of an interface between two
one-component plasmas of different background densities. Here, there is
only one background density p, ic., the parameter m of ref. 11 must be
taken as m=1. Then, a slight rearrangement of the results in ref. 11 gives
for the free energy density f(eo) the following integral representation
in terms of an auxiliary parameter z: the function f(eos) is implicitly
determined by the relations

1
"z“(“) -uf” [ ~a0) " 1+tv(z)] a  (29)
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and
V2 (.0 —
f=“92<@:p‘n)/ “ jn 2L 20T+ [1-20]
+J~oo lnz[l +<D(t)2]Z+ 1 —(D(t)}——%zo'lnz (2.9b)

where @(¢) is the error function

I L
cp(t)_\/;joe du

Therefore, (2.9), (2.1), and (1.7) give the probability law in the microscopic
regime 1/2<a< L.

For a=1, ec = Q/2nR =¢,/2n, and the full function f(¢,/27) must be
used in (2.1).

The simpler case o < 1, which corresponds to the limit es = Q/2aR =
EL,R* 712w — 0, is obtained when z — 1. Then, by expansions in powers of
z—1,

1

172 o] 2
() 03[ - = -2

8n 2n
and
12 1 poo 2
~_et 2 1y _ 2 g & o —
fr—e (8n) (z—1) 4j0 (1= [e()]*} di-F o(z—1)
~ o2 , &
=~ (z—1) 5 g(z—1)
Thus,
7 ne’s>  m <_Q_)2
202 7 2pM2\ 27R

and (1.7) becomes

= exp (—— 451/2 RZ“’1§§> (2.10)

pr Q2>

P(ia;R)~CXP(— 372 2R

This is the Gaussian law (2.3). Here, the charge-charge correlation
function is known,®

rs(r)= —e*p*r exp(—mnpr?)

and it can be explicitly checked that the variance in (2.10), <Q*>/2nR=
p'?/Bn = e*p'?/2m, is indeed in agreement with the general expression (1.2).
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The macroscopic result (2.6), valid for 1 <a < 2, can also be obtained,
when fe?=2, by a microscopic calculation using (2.9), in the limits
ec - +oo. The limit ec — + o0 is obtained when z — 0 (for a plane interface,
Jis an even function of ¢, and therefore our results apply also to the case
eg - —o0). The behavior of (2.9) as z—> 0 can be obtained by setting
z=exp(—1?) and changing the integration variable ¢ to u=1t/1. Then, as
T — o0, the integrand in (2.9a) goes to 2 for ue[0,1] and to O for

ué¢[0,1], and
172 .1 1/2
P (L2
o (871:) L 21du—(2n> T

After the same change of variable in (2.9b), as © — oo, the integrand of the
first integral goes to zero while the integrand of the second integral goes to
t2(1 —u?) for 0<u <1 and to O for u> 1. One obtains

2

12 .1
_ g2 ﬁ 201 .2 e_ 2
Bf e(8n> foru W)t du+ 5 ot

12 .3 2
= ~e2(£> E—-}-g—m:z
Thus, as ¢ =+ + o0,
f~5lol? (2.11)

and one recovers (2.6). Therefore, in this case, we have checked that
macroscopic electrostatics agrees with the here feasible microscopic
calculation.

Finally, the macroscopic result (2.7), valid for « =2 in the special case
Q= ~0,, ie., for £,= —mnep (bare background within the disk), can be
checked by a microscopic calculation when fe’ = 2. Indeed, the probability
Pr(—Q,) that the disk contains zero particles is related to the particle
density p(R) just outside the disk by

din Py,
= —2nRp(R 2.12
IR nRp(R) (2.12)

[since the probability P, . s is equal to the probability Py times the prob-
ability 1— p(R) 2nR dR that there is no particle between R and R+ dR].
For large R, the microscopic calculation described in the Appendix gives

p(R) ~ 4np’R’ (2.13)

and from (2.12) one recovers (2.7).
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2.3. Three-Dimensional Case

Many results for the two-dimensional one-component plasma could be
obtained in Section 2.1 by arguments based on macroscopic electrostatics.
These arguments can be easily adapted to the three-dimensional case. What
will be missing in the three-dimensional case is an explicit expression for
the free energy of the microscopic double electrical layer pictured on Fig. L.

We now consider a spherical subregion of radius R within an infinite
three-dimensional one-component plasma. For the charge Q in that sphere
we set again O =¢,R* and we study the probability distribution of £, in
the limit R— oo. Again we expect the dominant configurations to be
described by a double electrical layer. The different regimes are now as
foliows.

Microscopic Regime. 1<a<2, ie, |Q| does not grow faster
than the surface of the sphere (Fig. 1). The analog of (2.1), in terms now
of the surface charge density ec = Q/4nR?, is

SFp(Q) ~ 4nR*f(Q/AnR?) = 4nR*f (£, R*~*/An) (2.14)

For a=2, the probability law P(&,; R) is governed by the function
f(&,/4n), for which no exact expression is known. However, for a <2, the
limiting form (2.2) of f'is valid, and we obtain the Gaussian probability law
analog of (2.3):

P(£,; R)~exp[ —BB(4m) =" R*~2¢]] (2.15)

with the variance (1.1).

Macroscopic Regime. «>2, ie, |Q| grows faster than the
surface of the sphere. The analog of (2.5), obtained by similar methods, is

6FR(Q)=§1;_[E2(r) &

ralnen@) 60+6) )
~= | e | ) 1 (2.16)
RIQIL10 20, 2\Q,/ 10 Qo
where Q, = (4nR>/3) ep. The subdivisions of the macroscopic regime now
are as follows:

1. If2<a<3, Q/Qo=3(4nep) 'R* 3¢, - 0as R— oo, (2.16) behaves
like |Q|%/18RQ,, and (1.7) becomes

3
PE R~ exp ( ~ o) —expl —p2énep) ' R* 16T (217)
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In this regime, the curvature effects can be neglected [the thickness of the
double electrical layer is of order |Q|/R?>=¢,R* *=0(R)] and (2.17) can
also be obtained in a plane geometry: a charged plane adjacent to a slab
of bare background.

2. If o =3, the full expression (2.16), with Q/Q, = 3(4mep) ' &5, must
be used in (1.7).

In the special case @ = —Q,, ie., &3 = —4nep/3, corresponding to an
empty hole, one now obtains

P(¢;= —4mep/3; R) ~exp[ — p(87%/45) e*p*R>] (2.18)

3. If >3, ie, if Q/Qq— +oo, (2.16) behaves like Q?/2R (the
dominant contribution now is the self-cnergy of the sphere of radius R),
and

P(&,; R)~exp(—BQ?%/2R) =exp[ —(1/2) pR**~'¢7] (2.19)

Thus, the very tail of the probability law is Gaussian again, as in the
regime 1 <a <2 described by (2.15), but now with another rate of decay.

3. TWO-COMPONENT PLASMA

3.1. General Picture

Another Coulomb system of interest is the two-component plasma,
made up of two species of particles of charges ¢ and —e. We may address
the same problem: study the fluctuations of the charge Q inside a large
spherical (circular) subregion A of radius R. However, for a classical
two-component plasma to be well-behaved, the Coulomb interaction must
be regularized in some way at short distance, and the probability law for
the charge fluctuations, especially the large ones, is expected to depend on
the detail of this regularization.

In the three-dimensional case, in the regime 1 <a <2, Eq. (2.14) and
its limiting form (2.2) for a <2 also apply to the two-component plasma.
In the two-dimensional case, some microscopic results are available, as
follows.

3.2. Two-Dimensional Solvable Model

Equation (2.1) also applies to a two-dimensional two-component
plasma, with a Coulomb interaction +e”In(r/L) between the particles.
This model also is exactly solvable!? at the temperature such that fe’ =2,
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and an exact expression for the free energy density fin (2.1) is available.
Thus, we can describe the following regimes:

a=1. In ref 12, in terms of the bulk fugacity z and of the length
scale L of the logarithmic interaction, a rescaled fugacity m=2xnlz is
defined (m is an inverse length and it turns out that m~' is of the order of
the correlation length). This parameter m controls the bulk density. The
free energy density f(eos) of a double electrical layer with a linear charge
density ec was computed (polarizable interface problem of ref. 12) in terms
of an auxiliary parameter 4¢, the potential difference across the inferface
(it happens that f remains finite even in the limit of no short-distance cutoff
in the Coulomb interaction, and this is the case which is considered here).
The result was for the function f(ec) the parametric representation

Bf=— %(cosh%—l)%—ﬁeozwﬁ

A4
cr=msinh7¢

4

(in the notation of ref 12, our fis Q/A =y + ec A¢). Therefore, more

explicitly,
m 4c\* "2 . 4o
Bfles) = —5{[1 +(E> } - 1}4—26 sinh P (3.1)

Using (3.1) in (2.1) and (1.7) gives the probability law when a =1 for an
arbitrary value of eac = Q/2nR=¢,/2n.

a< 1. In the limit ¢ — 0, i.c., when & < 1, one recovers the Gaussian
law of Martin and Yalcin.®) Indeed, (3.1) gives

and (1.7) becomes

P(éa;R)~eXp(—g’g%ﬁ>=exp[—ﬂ(nm)‘lliz“‘1£§] (3.2)

The charge—charge correlation function is exactly known,!?

2

2
rs(r)= —2¢* (;n—n) r{[Ko(mr)]? + [ K (mr)]?}
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where K, and K, are modified Bessel functions, and it can be checked that
the variance in (3.2) is in agreement with the general formula (1.2).

> 1. In the limit ¢ - oo, (3.1) has the behavior

Bf~2 o] (1n§—’“—‘—1)~ﬁe2[az In |o| (3.3)

m

and (1.7) becomes

P(S.; R)~exp(—fe |Q| In |Q]) ~exp[ — feR* |C,| In(R* |L,])] (3.4)

These results (3.3) and (3.4) for the two-dimensional two-component
plasma are to be compared with the results (2.11) and (2.6) for the two-
dimensional one-component plasma. As |o| increases, the thickness of the
double electrical layer decreases in the two-component case, while it
increases in the one-component case. This is why the free energy is smaller
in the two-component case.

4, CONCLUSION

We have estimated the probability Pg{(Q) that a charge fluctuation Q
occurs in a large spherical (circular) subregion A of radius R in an infinite
three-dimensional (two-dimensional) Coulomb system.

It had been previously proven that when Q and \/3‘ (S is the surface
area of A) both go to infinity with a fixed ratio g = Q/\/E, PR(Q) becomes
a Gaussian function of g, with a variance related to the first moment of the
charge—charge correlation function.

In the present paper, we have shown that the asymptotic behavior of
PR(Q) is given by that same Gaussian as long as Q is of an order smaller
than S. When Q is of the order of S, the asymptotic behavior of P,(Q) is
determined by some function (not simple in general) f(Q/S), which is the
free energy per unit area of a plane double electrical layer with surface
charge densities +Q/S on each side of an interface impermeable to the
particles. Finally, in the special case of a one-component plasma, when Q
is of an order larger than S, the asymptotic behavior of P,(Q) can be
explicitly computed by macroscopic electrostatics.

The above results can be checked in the two-dimensional case by exact
microscopic calculations which are feasible at a special value of the
temperature. It is then possible to compute explicitly the two-dimensional
analog of the free energy density f{Q/S), both for the one-component and
the two-component plasmas. For the one-component plasma, some of the
results obtained by macroscopic electrostatics have been checked by
explicit microscopic calculations.
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APPENDIX

At the temperature such that fe* =2, we consider a two-dimensional
one-component plasma subjected to the constraint that there is no particle
within the disk of radius R centered at the origin. The background,
however, fills the whole plane with a constant charge density —ep. We
want to compute the particle number density p(R) at a point infinitely
close to the circle of radius R, on the external side.

The method used in refs. 9 and 13 gives for the particle number density
p(r), r=R,

KX

p(r)=Y,

_ 2
n=0 | % e " s 2ns ds

e npr2r2n

(A1)

The integrals in (A.1) can be expressed in terms of the incomplete gamma
function

I(n+ 1,N)=J°° et dt (A2)
N

where N =npR? That gives

© 2\n
= (mpr?)
plr)=pe Eo T(n+1, N

and in particular

Nn

P(R)= Nz , T+ 1, N)

(A.3)

For N> 1, the dominant values of # in (A.3) will turn out to be such that
N-—n= (9(/]\7 ). In that case, an asymptotic expression for I'(n+ 1, N) can
be obtained by rewriting (A.2) as

F(n-l— 1,N)=J‘ e-—r+nlntdt
N

expanding the argument of the exponential around its maximum at ¢t =n to
second order in r—n, and performing the integral, with the result

—n+ninn _721_ & n—N
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where @ is the error function. Using (A.4) in (A.3) gives

= 2\ n-N\]""'
— —N nInN+n—nlnn | = A
o(R) = pe ’12210 e <7m) [1 +¢<(2n)1/2):| (A.5)

Expanding the argument of the exponential around its maximum at n=N
to second order in n~ N, discarding terms of order 1/\/]T7, and replacing
the sum on 7 by an integral on = (n — N)/(2N)"?, one finds

12

L—(R)——z-jw di————In 2

o ﬁ —vppz 1+ &(r) 1—d((N/2)'7)
N1
~5—57CPR (A6)

This is (2.13).

One may note that p(R) would be unchanged if the uniform back-
ground inside the disk was replaced by a linear charge density —eo along
its circular boundary, with the same total charge, ie, such that
o2nR = npR* Indeed, p(R) as given by (A.5) is the same as the density at
contact with a charged hard wall carrying —eo, as computed in ref. 9.

ACKNOWLEDGMENTS

This work was undertaken while B.J. and G.M. were visiting the
Department of Mathematics at Rutgers University. This work was
supported by AFOSR grant 92-J-0115.

REFERENCES

1. H. Van Bijeren and B. U. Felderhof, Mol. Phys. 38:1179 (1979).

2. Ch. Gruber, Ch. Lugrin, and Ph. A. Martin, J. Stat. Phys. 22:193 (1980).
3. Ph. A. Martin and T. Yalcin, J. Stat. Phys. 22:435 (1980).

4. W. Kunz, P. Calmettes, G. Jannink, L. Belloni, T. Cartailler, and P. Turq, J. Chem. Phys.
96:7034 (1992).

J. L. Lebowitz, Phys. Rev. A 27:1491 (1983).

E. H. Lieb and H. Narnhofer, J. Stat. Phys. 12:291 (1975).

. A. Alastuey and B. Jancovici, J. Phys. (Paris) 42:1 (1981).

. B. Jancovici, Phys. Rev. Lett. 46:386 (1981).

9. B. Jancovici, J. Phys. Lett. (Paris) 42:1.223 (1981).

10. E. H. Lieb and J. L. Lebowitz, 4dv. Math. 9:316 (1972).

11. M. L. Rosinberg and L. Blum, J. Chem. Phys. 81:3700 (1984).

12. F. Cornu and B. Jancovici, J. Chem. Phys. 90:2444 (1989).

13. B. Jancovici, J. Star. Phys. 28:43 (1982).

© o



