
Q U A S I P O T E N T I A L  EQUATION FOR A R E L A T I V I S T I C  

HARMONIC OSCILLATOR 

A. D. Donkov ,  V. G. K a d y s h e v s k i i ,  
M. D. M a t e e v ,  and R. M. M i r - K a s i m o v  

In the f ramework  of the quasipotentiaI approach,  a study is made of a re la t iv is t ic  genera l i za -  
tion of the exactly soIvable problem of an harmonic  osc i l la tor .  Quasipotential  wave equations 
are  cons t ruc ted  in the form of expansions with respec t  to the wave functions of the co r respond-  
ing nonrelat ivis t ic  problem.  Relat ivist ic  co r rec t ions  to the energy levels are  obtained. 

i .  I n t r o d u c t i o n  

As the quasipotcntial approach [1-3[ is further devcloped, problems wl~dch can be regarded as relati- 
vistic generalizations of well-known exactly solvable problems of quantum mechanics acquire considcru.ble 
interest. Thus, the quasipotential formalism is used to study the relativistic Coulomb problem in [4-6[ and 
the problem of a relativistic particle in a potential well [5-7]. It is then inevitable to ask how one must 
formulate the harmonic oscillator problem in the quasipotential theory. 

If the answer to this question is known, one could develop, for example, a relativistic quasipotential 
version of the shell model, which could, in turn, perhaps be applied to the quark model. 

In nonrelativistic quantum mechanics, the IIamiltonian of a three-dimensional isotropic oscillator is 
{Sl 

p~ / / to)rr  ~" 

H = .~-~.m - ] - . - - - ~ .  (1.1) 

Because  of the s y m m e t r y  between the momentum and coordinate ope ra to r s  in this express ion  it is 
immate r ia l  whether one seeks the energy  levels and the wave functions of the osc i l la tor  in the r or  p r e -  
presenta t ion.  

If we choose the p representa t ion ,  then the f i rs t  t e rm in (1.I), the kinetic energy of a f ree  nonrela t i -  
vis t ic  par t ic le ,  is a e number  and the second te rm,  which is responsible  for the interact ion,  is proport ional  
to the differential  Laplace ope ra to r  in the p space:  

r ~ ~ ~ h :  ap~ �9 (1.2) 

It should be noted that the express ion  (1.2) is the Cas imi r  ope ra to r  of the group of motions of the th ree -  
dimensional  Euclidean p space.  This c i r cums tance  plays a fundamental role in the re la t ivis t ic  gene ra l i za -  
tion of the tIamiitonian (1.1) which we develop later .  

Let us f i rs t  recall  that in the quasipotential  approach the p space can be regarded  as a Lobachevskii  
space  [31. The cor responding  Laplace opera to r  A L is re la ted  to the square  of the re la t ivis t ic  coordinate 
r 2 by the equation (see [31) 
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E = )m:c" + p:c ~, 

we may s u r m i s e  that the re la t iv i s t i c  analog of (1.1) is 

t l  = fm'c '  + p'c - - ~  & .  

In the spher ica l  coord ina tes  

the Laplace  o p e r a t o r  (1.3) is 

where 

~0 
= mc ch X, 

C 
p = me sh xn, 

n --- (sin 0 cos % sin 0 sin % cos 0), 

(1.4) 

t d . d 
"pg-~p P" dp 

with the boundary  conditions 

(1.5) 

0 .6)  

( A,., 1 0 sh'- .% 4 (1.7) 
AL = sh ~ % 0.% sh: X 

t O t s inO ) t 0 ~ 50., =sin--~" 0-'~" ~ %~n20 0~p"" 

The s ta t ionary  quasipotent ia l  SchrSdirJger equation with the Hamil tonian (1.5) is therefore :  

o,.:[, 0 �88 
rnc2 ~ me----; sh'.% 0.% (sh'  + (1.8) 6h 

Note that in the eoufig'uration represen ta t ion  Eq. (1.8) goes  ove r  into a d i f f e r e n c e - d i f f e r e n t i a l  equa-  
r . . . . .  , ' r  

lion since the f ree  tIamiltoni. 'm H 0 = ~' m~-cV-:-~ p2c ' tn the r space  is [3l 

[ d 2, shl d A,., e ~ ]  (1.9) Ho = 2chi  ~ F r dr r'  ' 

Clea r ly ,  it is p r e f e r a b l e  to work with a different ia l  equation r a the r  than a d i f f e r e n c e - d i f f e r e n t i a l  
equation s ince the techniques for  solving the l a t t e r  have been developed to a much l e s s e r  extent .  In o ther  
words ,  it is m o r e  expedient  to solve the p rob lem of a re la t iv i s t i c  o sc i l l a t o r  desc r ibed  by the t Iamil toniaa  
(1.5) in the p r ep resen ta t ion .  Separa t ing  the va r i ab le s  in Eq. (1.8) in the s tandard  manne r ,  we a r r i v e  at 
a one -d imens iona l  equat2on for  the par t ia l  wave function: 

[ i d d l ( l - f - l )  4m'c' ~ 2me" l 
sh".% d~ sh'.%~-X - '  sh-'--~ ( , ~ , h ~ S h " - ~ - " l - ~ ( E - - m c ' )  _ W,(.%)----- 0. (1.10) 

The invest igat ion of Eq. (1.10) and its solut ions is ,  in fact ,  the main burden of our  pape r .  Only Sections 2 
and 5 a r e  not devoted to this p rob lem.  In Section 2 we expound a modif ied p rocedure  for  solving the non- 
re la t iv i s t i c  equation for the function q,! (p) 

" ) ]  l(l + t) 2 , qr(p) = 0 (1.11) 
p. +m-5  

W,(0) < 0% (1.12a) 

W~(~) = 0. (1.12b) 

This  p roves  helpful for the subsequent  ana lys i s  of the re la t iv i s t i c  case .  [n Section 5 we shall  cons ider  a 
quasipotent ia l  equation with an osc i l l a to r  in terac t ion  that has  a sl ightly different  form f rom (1.8). 

In the p re sen t  pape r  we shall  not cons ider  speci f ic  physica l  appl ica t ions  of re la t iv i s t i c  osc i l l a to r  
equat ions (a s e p a r a t e  pape r  is to be devoted to this question); r a t he r ,  we shall  concent ra te  en t i re ly  on the 
ma themat i ca l  a spec t s .  

2 .  S o l u t i o n  o f  t h e  N o a r e l a t i v i s t i c  P r o b l e m  

in Eq. (1.11) we go o v e r  to the d imens ion less  va r i ab l e s  
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-= p ' /mWi,  ; .  = E/~lt  (2.1) 

and define a new unknown function: 

~g, (p) - -  u, (U/~'~.. 

As a resu l t ,  the function u / (0  s a t i s f i e s  the equation (s -= 21 + 1/4)  

(2.2) 

g ," (U+  - + T + ~  

t 

~t .] u,(~) ~--- 0 (2.3) 

with the boundary  conditions 

~-v.u, (~) 1r = O, (2.4a) 

u;(~) < oo ,for ~ .:# O. (2.4b) 

Equation (2.3) is identical with the Whit taker  equation [9, 101, i .e. ,  i ts genera l  solution can be writ ten in 
the fo rm 

.,(~) = C , M . . ( ; )  + C~Ah._.(~), (2.5) 

o r  

u, CD --  B, rV,., (D -r' B: |V_,. ,(--~), (2.G) 

whe.re MZ, s(D and W ) ,  s({) a r e  V~qlittaker functions. 

Noting a lso  that [9] 

M,,_. (U = ~c--"+'v' e-~' ~ { 
x 4 ;4 - - I , r  

(2.7) 

and taking into aceoun~ the boundary  condition (2..la), we find that C 2 = 0. Consequently [10] 

/ )e-"x . . . . .  :,) F ( / + + )  e -'~' 
"1 

(2.8) 

Now as ~ ~ ao 

w_~ , ( - ; )  ~ ~'~v-'(t + 0(~- ' ) ) ,  (2.9) 

and the boundary condition (2 .4b) i s  t he re fo re  equivalent  to the r equ i r emen t  

t 
(2.10) 

By vir tue  of the wel l -known p r o p e r t y  of the F function [9], Eq. (2.10) yie lds  the qu:mtization rule [or the 
ene rgy  of a nonre la t iv i s t i c  osc i l l a to r :  

E,,  = ~,h(2n + t + %),  (2.11) 
n = O ,  t, 2 , . . .  

The e igen func t ions  c o r r e s p o n d i n g  to the s p e c t r u m  (2.11) have the form 

ut (~) = C., ,W 2,+~ (D = D., vl,[+ ,+.,,<,+.:,,. , , ,+ ,  ( 2 . : 2 )  
�9 4 

where Cn, l and Dn,l  a re  normal iza t ion  constants .  

If we had s t a r t ed  f rom (2.6) and had f i rs t  taken into account the boundary condit[on (2.4bL we would 
have obtained 132 ~.0. Then,  using the represen ta t ion  

W,.,(~) = r ( - -  20 r(2s) 
M,,,(~) -} M,.. ( - -  ~), (2.13) i 
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we would havc obtained the energy spectrum (2.11) as a consequence of the boundary condition (2.4a). Thus, 
in the inves t iga ted  r e p r e s e n t a t i o n  of the o s c i l l a t o r  so lu t ions  (2.5)-(2.6) in t e r m s  of Whi t taker  fanct ions ,  the 
boundary  condi t ioqs  at the o r ig in  and at infinity en t e r  s y m n l c t r i c a i l y  in the der iva t ion  of the c x p r e s s i o n  for  
the e n e r g y  levels .  This  c o n t r a s t s  with the usual  a p p r o a c h  lS], in which the boundary  condi t ions  at the o r i -  
gin and at infinity play a d i f fe ren t  role .  The condi t ion  at infinity leads  to two di f ferent  e n e r g y  quant iza t ion  
ru l e s ,  of which one ,  namely , (2 ,11) ,  is then s e l e c t e d  by m e a n s  of  the condit ion at the or ig in .*  

The so lu t ions  of Eq. (1.11) chat sa t i s fy  the n o r m a l i z a t i o n  condi t ions  

q'.t(p) W.,,(p) p'- dp .---- 5..*, (2.14) 

can be e x p r e s s e d  in t e r m s  of  Whi t t ake r  funct ions as  follows: 

| / 2 (-t)""*h" i 
---- ' W . t I - -  " x e+,(~)- (2.15) 

'V.~ (p) (m~h~),t. .~n! " *  =* ~'* Y / '  - - i -  

3 .  R e l a t i v i s t i c  P r o b l e m  

Let us now turn  to Eq. (1.10). Set t ing 

'I,(X) 
~,(x) = (~r sh x)"':' 

we obta in  an equat ion for  the new d e s i r e d  funct ion ,ll(X) 

rod" . 3 3 
n,"(z ) -  ct~, zr + 2 ~ ( ~ -  - ,,,.:) - .~- + -4- oh: Z -- 

I t  is convenient  to in t roduce  the d i m e n s i o n l e s s  v a r i a b l e  

4n, c: X 
(~}Fg "} 

which  is p , 'opor t iona!  to the r e l a t i v i s t i c  binding ene rgy :  

W = 2 (E -- ,,,,/-)----- ~')/}L 

In the non re l a t i v i s t i c  l imi t  we obv ious ly  have ~ ~ p : / ' m w i i  [cf. (2.1)l. 

F u r t h e r ,  if we in t roduce  the notationS- 

(3.1) 

4,n'c ~ sh. _Z l(l  + l) ] 
~ a  i'' "2 s l j x  ' ~l,(X) -~ 0. (3.2) 

(3.3) 

(3.4) 

Eq. (3.2) is  f inal ly r e p l a c e d  by 

n,"( .~)+[  

2l + i E - -  mc ~ 3 
= s ,  _ _  ~ )., ( 3 . 5 )  

4 2coil 8k 

t ~. 4 
4 ( 1 + ~ / 2 k )  b~(l-F~--/2k) - } ~ ( l + ~ 1 2 k )  ~ r l t (~ )~0 ,  (3.6) 

the boundary  condi t ions  for  r/l(~) taking the f o r m  

~-v'q,(~) !~=~ = o, (3.7a) 

q~(~)< ~ fo~ ~ =~ 0. (3.7b) 

Equation (3.6) has three singular points: two regular points at ~ = 0 and ~ = -2k and one irregular at 
= *% It follows from the general theory of differential equations [11] that the solution of this type cannot 

be cxpressed in terms of elementary functions, If one seeks the solution in the form of expansions with re- 
spect to known special functions: 

n(~) = Z (z.(D~,,(~), (3.8) 

* By itself, fulfilment of the boundary condition at the origin does not yield any expression for the energy 
l eve l s  at all .  
t ln the nonrelativistic Limit ~ ~ 2En.r/Wfi ~n.r. 



then recurs ion  relat ions arc  obtained for the coefficients Cen(k) that contain not less than three te rms.  Such 
a situation obtains, for example,  in the case of the Mathieu equation and the equations for spheroidal func- 
tions. 

The complexity of the result ing recurs ion  relat ions depends largely  on the extent to which a felicitous 
choice of the basis  functions (Pn(0 is made, the solutions ~rn(h) of these relations being such that the ex- 
pansion (3.S) converges  only for cer ta in  (proper:) values of the pa r ame te r  ~. 

In the nonrela t ivis t ic  limit (k ~ ,o) the boundary-value problem (3.6)-(3.7) goes over  into the p rev ious-  
ly considered problem (2.3)-(2.4). In this limit the points ~ = 0 and ~ = ~ remain singular  for the "degener-  
ate" equation. Taking into account this c i rcumstance  in solving the re la t iv is t ic  problem,  we choose the 
Whittaker functions, i.e., the sotutions of the nonrelat ivis t ic  problem,  as the basis  (Pn(,9. In other words,  
the expansion (3.8) takes the form 

ae 

n,g) ;: ~ ~ W  . ~<_~ ~-,+~(U- (3.9) 

Substituting (3.9) into (3.6) and taking into account (2.4), we obtain 

t i :~ 1 
--  ~8k" ~" W,..(~) + T-  ~: W,., (~) ' ~-v~-~ lff:, (~). ] = 0 ,  (3A0) 

whe re 

2/4-3  1 
•  ~ -- r + ~ + - - ~ .  

Now the Whittaker functions sa t i s fy  the recurs ion  relat ions [9, 10] 

.~ w.,.(~)= 2~.....(~)4- .~.,.(.~)+ [ (~. ' :  

. . . .  . ~qt' .  ,(~) 1 ( •  3 : 

T )  - - ' : ] " =  .... ( ' ) +  - - ,  , . - - , 

" ' W "  3 ' 

' '" -"1[ (" ' 
+§ l [  

- ~ 4  b ~ t •  T w . . . .  , (~) 

I i 
+ TCZz + 5) w , ,~ . , ( t )+T  w ..... (~). 

Taking into account (3.Z2), we find the des i red  recurs ion  relat ions for the coefficients ~r :  

{s) _ (,) 1,} d(,~ a a  12a W bZ tt;t 4 -  Ct (,it "3!"- u g,J = O, 

('~ b(O (.) 4 -a lOe ,+  (') a~ u~4" a cta~c., uz e~ uo-~--0, 

( ' }  (';' (.1 ~(#)  _ _  ( , 0  _ _  .(,,) 
a~ a~ t b. u,  + c~ u~ + a~ a..-t- e, u: -l- l ,  n o l O ,  

(3.11) 

(3.t2a) 

(3.12b) 

(3.12c) 

~,t t,I t,~ l 
c r ~ t a , ,  e , - , a , - i  4"/,-:ct .... "4- ~ it,_, ~- t| (r 1> 3), (a.  13) 

w h e r t ~  
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a, ( ' ) - - - t  ( r - -2 ) ( r - -  i } r ( r - -  _"+'~s)(r-- [+qs)(rT_s), '  ")" 
]lik" 

i(.,____ ( r - - l ) r ( r - -  l + 2 s ) ( r + 2 s )  l r--2+S)k 

(,, r ( r + 2 s )  ( ! r ~ + 2 r s + 6 r + 6 s - - i )  
c, ~--- 2k X - -  r - -  s .'~ 8k ' 

( ') ,) , ,  a f ' ~ = ~  - r + ~ ' + - z  Z ~ - ~  ~ + s + -  E - - ~ . O r + 2 ~ ' :  

r A - s +  1/2 
-~- lo ts  + 5r -f- 5s -~- 2) (P + 2sr -~ r + s) ,  

4U 

,,, I (~ 6 - - P - - 2 r s + 4 r + 4 s )  
e, == ~,. . - -  t -} s~. " 

1 r + s A - 3  ( s - -  2l-{-t 
(3.14) 

Equat ions  (3.13) in conjunction with the no rma l i za t ion  condition for the wave function enable one, in p r i nc i -  
ple ,  to d e t e r m i n e  the p r o p e r  va lues  of ?, and the coeff ic ients  ~n(~)  in the expansion (3.9). Let us ca lcula te  

to t e r m s  of o r d e r  1 / k .  Sett ing 

~. ~ ).o + M / k .  (3.15) 

subst i tu t ing (3.15) into (3.13), and c o m p a r i n g  the coeff ic ients  of the s a m e  powers  of k, we obtain 

' ( ,  4) ~-.t ~ --~ n A- s + 1 ~ n A- ~ ~ - ~  , ( 3 . 1 6 )  

, t 1 " 3 = l.)-[8n~ --  4/: 12n -k- 9]. (3.17) = v [ ( ~  
On the other hand. it follows f rom (3.5) in the I imit  k ~ ~ that 

n . r  
E.~ - - r a c  2 3 E.t  + AE'  3 i ( .?  

2~h 2k ~ 2~h 8k k (3.1s) 

! o f rom which we obtain an e x p r e s s i o n  for  the ene rgy  levels  of the re la t iv i s t i c  osc i l l a to r  to t e r m s  ~ 1 /c"  

, f l . r  
E.z ~ me" -{- s -1- AE.~ ~, (3.19) 

where  

~ ( 0 E.t  ~ ~oh 2n + l - ~  3 , 

a E , , , ' = - ( i ; m - - 7 ,  - 2 n + t + y  - 3 t ( t + l ) +  T . (3.20) 

As Eq. (3.20) shows,  the r e l a t iv i s t i c  c o r r e c t i o n  lifts the for tui tous degeneracy  of the energy  levels  in the 
orb i ta l  angular  momen tum.  Equat ions (3.19)-(3.20) can also be deduced in another  manner .  Namely ,  we 
subst i tu te  (3.12) into (3.10) and re ta in  only the t e r m s  W r + 1/~ + s , s ( 0  in the expansion (the remain ing  t e r m s  
can be neglected in the l imi t  k ~ ~). Then,  taking into account (3.17), we obtain 

i [,., + , , _  t4(5x.. 3s~ t _ . ~ ) ] }  W.,(~)--=0. (3.21) s  

Since the functions W~,  s (O a re  independent,  each  of the coeff ic ients  in the expansion (3.21) vanishes ,  which 
again  leads  to Eqs.  (3.19)-(3.20). Th is  method of ca lcula t ing the p r o p e r  values  is equivalent  to per tu rba t ion  
theo ry.  

4 .  E q u a t i o n  f o r  t h e  s W a v e  

It is of in te res t  to cons ide r  Eq. (1.10) for l - 0 (s wave) s epa ra t e ly ,  s ince the ma themat ica l ly  well-  
known modif ied Math[on functions [12] a r e  its solut ions .  We may mention that the solutions of Eq. (12) for 
a r b i t r a r y  1 can be r ega rded  as  a s s o c i a t e d  meal[lied Mathieu functions.* 

* In [13], the : tssociatcd M:tthicu functions a rc  in t roduced on the basks of the equation for spheroid:t[ func- 
t ions.  
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Then 

In Eq. (1.10) for  l = O, we in t roduce  a new des i r e d  function: 

Y(X) ---- 4 ' , ( x ) s h  x. 

d:y (x )  r 2me 2 2rate ' X I y ( x  ) 
a;r + [ E - 1 . . . .  , ,h2 . = O. 

The nonre l a t i v i s t t e  equat ion c o r r e s p o n d i n g  to (4.2) is 

pt 

dp 2 

[it can  be obta ined  f r o m  Eq. (1.11) for I = 0 by the subst i tu t ion y(p) = p~I%(p)l. 
x = X / Z  into (4.2) and se t t ing  

= 4 - 

we obtain  the equat ion 

me z 

" (o/l  ' 

(4.z)  

(4.2) 

( 4 . 3 )  

In t roduc ing  the new va r i ab l e  

(4.4) 

d~y(x) 
dx----~. + (a - -  2k'- ch 2x) y (x) = 0. (4.5) 

The  b o u n d a r y  condi t ions  imposed  on y(• a r e  

y(0) = 0, (4.6) 

y ( x )  .~  co for z =/= O. (4.7) 

Study of  the b o u n d a r y - v M u e  p rob tem (4 .5)- (L7)  showed that a solut ion ex i s t s  only for  the va iues  a 
= a2n § t(k ~) that sa t i s fy  the t r an s cenden t a l  equat ion 

q'. 
= O. ( 4 . 8 )  a - -  I q q~ 

G ~ 9 -  

a - -  2 5 - - . . .  

. . , �9 , o �9 . . , . �9 

a - -  ( 2 r  + i )  q'~ 

The left s ide  of  (4.8) is an infinite cont inued f rac t ion .  F o r  a = a m + l(k 2) the function y(x) can be e x p r e s s e d  
in t e r m s  of  one of the modif ied Mathicu funct ions [9, 12] 

# (x) = GA~,,.~ (x, - -  k ~) =--- ce~.+~ (0, k") -..~+t . .  / K ~ , I  ( 2 k c h  x),  (4.9) :xkA~'~'t(k :) t h z  ,=o~']J(--I)~ (2r}- 1) . t z ' ~ t l ~  

w h e r e  ce m . l(x, k ~) is a Mathieu function of the second  kind and Kzr + t(z) is a MacDonald  function,  The c o -  
e f f i c i en t s  of  the expans ion  (4.9) a r e  d e t e r m i n e d  by the r e c u r s i o n  r e l a t ions  

(a ~ k z -  t)A~ "st ~ kZA3 = O, 

2 Z ~ |  2n4-1 Z~§  
[ a - - ( 2 r + l )  ] A 2 , + , - - k : ( A : ~ + , + A ~ , ~ , ) = 0  ( r ~ > t ) .  (4.10) 

To ca l cu la t e  the r e l a t i v i s t i c  c o r r e c t i o n s  to the e n e r g y  leve ls ,  it is n e c e s s a r y  to find a s y m p t o t i c  e x p r e s s i o n s  
fo r  the p a r a m e t e r s  (4.10) as  k - -  .o. It should  be noted that the a sympto t i c  expans ions  given in the l i t e r a t u r e  
[9, 11, 121 for  the e igenva lues  of  the modif ied  Mathieu equat ion (4.5) a r c  i n c o r r e c t .  This  e r r o r  is due to the 
fact  that  ia the de r iva t ion  of  the expans ions  use  is made  of  s y m m e t r y  p r o p e r t i e s  of  the e igenva lues  that do 
not hold fo r  l a rge  k ~. Apply ing  to Eq. (4.5) the method  developed in [14t, we obtain  

a. (k) -- ~ 2k: -}- 2 (2n -}- t) k -~ 2n: -}- 2n + I (4.11) 
h.-t ,  , a  

Noting a l so  that ,  in a c c o r d a n c e  with (4,4), 

8me: 
a ( k ) - - - - - ~  toih ' (me '  + E n r +  A E ) ,  (4.12) 

where  AE is the c o r r e c t i o n  of  o r d e r  l / k ,  and equat ing (-t . l l)  and (4.12), we find 
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En't=oh(2n + 3 ) ,  

(o'h' 3 ) '  33 1 (4.13) 
AE=i6mc'----7[(2n+ + - -  . 

Obviously,  the relat ions (4.13) are  a special  case  of (3.19) for  l : 0. 

5 .  E x a c t l y  S o l v a b l e  R e l a t i v i s t i c  P r o b l e m  

It is well known that the t tamiltonian (1.1) of the nonrelat ivis t ic  osci l la tor  is invariant under t r ans -  
format ions  of the group U(3). If one requi res  that the re la t iv is t ic  Hamiltonian be U(3)-symmetr ic ,  then 
one can show that the in terac t ion  potential must  have the form (in units for which li = 2m = e = 1) 

i L  
dr 

V = o)' (A~,~ + r(')) e , (5.1) 

where  A~, (p is the angular  par t  of the Laplace opera to r ,  and r (2) is the general ized degree  calculated in 
accordance  with the formula  [3] 

,..O,) = i ~ F ( - -  Jr+ ),) (5.2) 
r (-- ir) 

One can readi ly  show that in the nonrela t iv is t ic  l imit  

V tr) .-~ (o'r'. (5.3) 

The radial part of the relativistic SchrSdinger equation with the potential (5.1) can be expressed as follows: 

[ ,' ] 
' r(~) = ( 5 . 4 )  

By analogy with the problem of the nonrelat ivis t ic  osc i l la tor ,  we shall seek the solution of Eq. (5.4) in the 
form 

Wq,(r) ----- C(--r)e+')M(r)9.t(ta). (5.5) 

The fac tors  ( -  r)(l ~ i) and 

' 
M(r)-~ o ) " r ( i r + T  " . (5.6) 

a re  re la ted  to the behavior  of the solution q~q/(r) at the points r = 0 and r = ~, respec t ive ly ,  and ~qnl(r 2) is 
a polynomial of n-th degree  (n is the radial quantum number) .  

In the nonre la t iv is t ic  l imit  we obviously have 

(r)('+')--~ (-r)"' ,  
M (r) -)- e . . . .  r (5.7) 

Substituting (5.5) into Eq. (5.4), we obtain an equation for the polynomials ~nl(r2): 

{A -'--~ ' ~  2E} Dr. = (5.8) (u) e ar_ i_B(r )  e a , _ C ( r )  (r ~t) O, 

where the coeff icients  A, B, and C a re  given by the express ions  

A(r)-= o'r'--ir'o'[21 + i 4 - ' V  I +-=~-~ ] -  r~[(oq(l + 1)+ a)'(2l 4- 1)V l +  4_~. _{_ i ]  

[ 1/ ' + i r  r + i) I +---= +(2l + 
O l  ~ 

B(r) ~--- --(o"r' - -  2&o'r a + r"[to' - -  ~):l(l + I) -- I] -- ir[l 

C ( r ) = - i r ' ~ ) - o ) ~ [ t + - ~ , - ~  4 t l 

i)+t(t+ i)], 
+ ~)'~l(l + 5)] - -  l ( t +  t) ,  

} irlta f'l/-- 4 t ] 
IV' (5.9) 

Simple,  but r a the r  lengthy calculat ions lead to the following exact formula for the energy  levels  of the r e -  
la t ivis t ic  osci l la tor :  



E , . = ~  2 , , + l + - ~ T ~  ~ t + - 5 7  . (5.10) 

It can be seen f rom (5.10) that the levels  we have found differ  f rom the cor responding  nonrelat ivis t ie  levels 
only by the shift of the " ze ro -po in t "  osci l la t ions  by (r § (411'O). The degeneracy  of the levels ia Eq. 
(5.10) is the same as that of the levels  (2.11) of the nonrelat ivis t ic  osc i l l a to r .  This fact indicates that the r e -  
la t iv is t ic  osc i l l a to r  d e s c r i b e d  by Eq. (5.4) possesses  a hiddcn "dynamical"  U(3) symmct ry .  We note in this 
connection that it would bc in te res t ing  to go over ,  on the basis  of Eq. (5.4), to the fo rmal i sm of infinite- 
component  f ie lds ,  in the s a m e  way as is done in [6] for the Coulomb interaction. 

We shall now wri te  down explici t ly the polynomials Dnl(r ~) for  ! = 0 and a few of the f i r s t  values of n: 

4 
fi0+(r') = l, .%~ = i _ _  :, 

5 + 3 i ( { ~  4/~ ~ 

40(3 -}- )'i n a 4/0'): 
~:~(r:) = 1 -  

2(7 -{- 5}'i + 4/(~:) + 5(5 -~- 3fi  -~ 4/0)') (3 + ]/l -i- 4A0') 
16r ~ 

-} 2(7 + 5]ti + 4/~:) + 5(5 + 3):I + 4!o 2) (3 + ]/i + 4Ir ') (5.11) 
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