
~(x) = (//ql [~ [ ) (x), ~eB, ~ (x) >0, 

then it sa t i s f i es  the conditions (14) and (15) for  k = (q [if [[ )-~. 

(A. 4) 
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MANY-PARTICLE CORRELATIONS OF FERMION CLUSTERS 

IN THE METHOD OF TRANSITION DENSITY OPERATORS 

A . V .  L u z a n o v  

In the exact  wave function of N fe rmions ,  we sepa ra t e  the s -pa r t i c l e  c lu s t e r s  cons t rac ted  
f r o m  the s ing le -pa r t i c l e  s ta tes  of the se l f -cons i s t en t  s ing le -de te rminan t  function. Trans i t ion  
densi ty  ope ra to r s  a r e  introduced; they include all poss ible  v i r tua l  t rans i t ions  betweer~ 
s - p a r t i c l e  and s -hole  c lu s t e r s .  The t rans i t ion ope ra to r s  a re  used to exp res s  the exact  
two-par t ic le  densi ty  ma t r ix  and the equations of motion ffor the s ta t ionary  case) tha~ 
desc r ibe  the co r re l a t ion  in teract ion of the c lu s t e r s .  In pa r t i cu la r ,  the cor re la t ion  of 
pa r t i c l e s  is e s t ima ted  for  an exci ted state in the T a m m - D a n c o f f  approximat ion by means  
of the e x p r e s s i o n  for  the ene rgy  d ispers ion  deduced f r o m  these equations.  

1.  I n t r o d u c t i o n  

The exact  wave function of a s y s t e m  of N identical f e rmions  can be r ep resen ted  by an infinite s e r i e s  
that is a superposi t ion of configurat ions with different  mult ipl ic i ty  of excitation with r e spec t  to some originai  
s ing le -de te rminan t  function ~(1 . . .  N) calculated,  as a rule,  in the se l f -cons i s t en t  field approximat ion [192]. 
The finding of the energy  and other  p r o p e r t i e s  of such a mult iconfiguration function 4,(1 . . .  N) is a v e r y  
compl ica ted  p rob lem,  which in each pa r t i cu l a r  case  of a bounded superposi t ion must  usual ly  be solved f r o m  
the s t a r t  [2-5]. The investigation of exact  N-pa r t i c l e  s ta tes  can however  be based on the so -ca l l ed  c lu s t e r  
descr ipt ion,  in which individual groups  of the above infinite s e r i e s  a re  c lass i f ied  in such a way that the con-  
tr ibutions of the cor responding  configurat ions can be absorbed  into a finite number  of~group functions or  
ope ra to r s  that act  on ~. Then, using them, one can make a fu r the r  investigation in r of many-pa r t i c l e  
effects  (corre la t ions) ,  which a r e  in pr inciple  precluded by the s ing le -de te rminan t  descr ip t ion  of ~. One of 
the f i r s t  invest igat ions in this region was Bren ig ' s  [6], and his work was developed fu r the r  by Coes te r  and 
Kiimmel [7], who a lso  pa r t i cu la r i zed  the two-par t i c le  density ma t r ix  ~2 when t h r e e , p a r t i c l e  and higher  
co r re la t ions  a re  ignored.  The c lu s t e r  expansion was subsequently used in new var ian t s  [8-10]. But because  
of diff icult ies of a combina tor ia l  nature ,  an express ion  for  the energy  of the state ~ with allowance for  all 
c l u s t e r s  was not obtained, and it was only in B ren ig ' s  approximat ion for  the cor responding  c !u s t e r  functions 
that a complete  s y s t e m  of equations was found; however ,  as  r ega rds  par t icu lar iza t ion ,  this was only a slight 

advance on the c lass ica l  Bogolyubov h i e r a r c h y  [11]. 
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In this paper, we propose a cluster variant of the expansion of the exact wave function, which is 
formulated by means of some elementary transition operators Th. These last carry all the necessary infor- 
mation about the k-particle excitations in ~, which are interpreted in terms of virtual transitions between 
clusters of particles and holes. Such an approach permits one to obtain a perspicuous algebraic expression 
(with respect to Tk) for the one- and two-particle density matrices ~i and ~2 that correspond to ~ and are 
the m o s t . i m p o r t a n t ' f o r  caloulat ' ions,  and then,:  fro:m tahe va r i a t iona l  p r inc ip le ,  der ive  a s y s t e m  of coupled  
equa t ions  that d i r e c t l y  d e s c r i b e  m a n y - p a r t i c l e  c o r r e l a t i o n s  of the c l u s t e r s .  In the specia l  ca se  of the exci ted 
s ta te  4 .  in the T a m m - D a n c o f f  approx ima t ion  [12], we use  these equat ions  to e s t ima te  the n o r m  of the 
c o r r e s p o n d i n g  c o r r e l a t i o n  potent ia ls ;  this co inc ides  with the d i spe r s ion  of the e n e r g y  of the s tate  4~. (in the 
p robab i l i ty  t h e o r y  sense) ,  whose  finding by d i r e c t . m e t h o d s  would entai l  the by no means  t r iv ia l  p r o b l e m  of 
ca lcu la t ing  the mean  value of the square  of the Hamil tonian .  

2. Wave Function and Transition Operators 

We represent the wave function ~ of the complete configuration interaction in the form of an expan- 
sion of c l u s t e r  type:  

I~(I'"N)>=(Te+ Z T'(i')+"" + Z Th(i .... iO+...+Tx(t...N))I69(t...N)>, (1) 

where  the c l u s t e r  o p e r a t o r s  T~( 1 . . .  k) r ea l i ze  a t r ans i t i on  f r o m  the s i n g l e - d e t e r m i n a n t  state r . . .  N) to 
the supe rpos i t ion  (b~(1 . . .  N) of k- fo ld  exci ted  conf igura t ions  c o n s t r u c t e d  f r o m  ,b by rep lac ing  the fi l led one-  
pa r t i c l e  s t a t es  [j> by vacan t  s t a t es  [q>:  

�9 j~) ~ T,~(i . i~ . ) l r  (2) t (q~... q~. [ j~ (Pj~_:,~!) ~-.<~,< .. <~-<<-~ l r  j> = ,-<.J,< Z<&.<.,. ~+,..<~,Z, . <% . . . . .  
J L-~q# 

where  he re  and below the indices  i i . . . .  , i k lal~el the n u m b e r s  of the pa r t i c l e s ,  in c o n t r a s t  to the symbo l s  
j~ . . . . .  q#, . . . ,  which label  the s i n g l e - p a r t i c l e  s t a tes .  The o p e r a t o r s  Tk(1 . . .  k) ,  which a r e  Hermi t i an  and 
a n t i s y m m e t r i c  u n d e r  p e r m u t a t i o n s  of the p a r t i c l e s ,  a r e  in t roduced  by ana logy  with the o n e -  and two-pa r t i c l e  
t r ans i t i on  o p e r a t o r s  inves t iga ted  in [4, 5]: 

T~( l . . . k )=  2 Z t ( q , . . . q ~ ]  . . . .  i,,) [q:q,.. q,, ( t . . .  k) >X 

<~j,. j, ( l . . .  k) I§ (q . . . .  q~ lj . . . .  h) I% ~ (~. . .  k) > <%, ~,, ( i . . .  k) I, (3) 

where  1~%... q~(l.. ,  k)>, [q~j,...~:(i... k) > a r e  n o r m a l i z e d  de t e rminan t s  f o r m e d  f r o m  the s i ng l e -pa r t i c l e  vacan t  
s t a t es  and f i l led s ta tes ,  r e s p e c t i v e l y .  In our  in te rp re ta t ion ,  these  k - p a r t i c l e  s t a t es  d e s c r i b e s  f ree  (before 
the in terac t ion)  c l u s t e r s  of p a r t i c l e s  and holes ,  so that  T k spec i fy  all poss ib le  p a r t i c l e - h o l e  t r ans i t ions  of 
c l u s t e r s  with c e r t a i n  t r ans i t i on  ampl i tudes  t(q,.., q~]],... ]h). 

It fol lows d i r e c t l y  f r o m  the defini t ion (3) that  the o p e r a t o r s  T k a r e  c h a r a c t e r i z e d  by the definite 
c o m m u t a t i o n  p r o p e r t i e s  

its, ~]+=T~ (4) 

with k - p a r t i c l e  dens i ty  m a t r i x  of the s i n g l e - d e t e r m i n a n t  function 

p~=Ak9(l) . . .  9(k), (5) 
N 

where  A k is the a n t i s y m m e t r i z e r ,  p---- Z I ] )  <]J is the F o c k - D i r a c  dens i ty  mat r ix ,  and [, ]• denotes  the 
j = i  

a n t i c o m m u t a t o r  o r  c o m m u t a t o r .  Indeed,  the o p e r a t o r  p as  p r o j e c t o r  o n t o a  fi l led shell  annih i la tes  the 
vacan t  s t a t es  I q ) ,  which in (3) o c c u r  in the k - p a r t i c l e  b ra  and ket s ta tes .  A consequence  of this  is the 
van ish ing  of the o p e r a t o r  "projection 

p~T~p~=p (i) T~9 (i) (6) 

and the equiva lence  Tkp( i )  = Tkb([ ) fo r  i, l -< k. This  las t  identi ty enables  us to wr i te  the p roduc t  Tk~ ( i )  
without  speci fy ing  the pa r t i c l e  index in the F o c k - D i r a c  dens i ty  mat r ix .  

We now show that  the o p e r a t o r s  Ta r ea l l y  do have the meaning of a k - p a r t i c l e  t r ans i t ion  dens i ty  
m a t r i x  (more  p r e c i s e l y ,  i ts  He rmi t i an  component)  between the s ing l e -de t e rminan t  s tate  @ and the s u p e r -  
pos i t ion  ek (2). F o r  this ,  we ca lcu la te  the s - p a r t i c l e  t r ans i t ion  mat r ix  ~,([(I)D<(I)I):for s - k (for s <' k, it 

233 



automat ica l ly  vanishes) .  With r ega rd  to the normal iza t ion  of the density m a t r i c e s  and all the n e c e s s a r y  
te rminology,  we follow LSwdin's  ru les ,  which a r e  descr ibed ,  fo r  example;  in [13]. F r o m  the definition o~ 
the reduced t ransi t ion ma t r i x  

and the s ta tes  �9 and r (2), 

(7) 

�9 ~([O~> <@[)= ( N ) <  2 T~(i . . . .  i~)9.v(i...N) > ~ (7 ~) 
�9 S (~+~.,.~) 

where  the const ruct ion of the opera to r  9.,.(t... N)=[O><(I)[ follows in more  detail  f rom (4) a f t e r  ~he identif i -  
cation k = N. As in [5], for  the t r a ce s  of the m a t r i c e s  we he re  use  the abbrevia ted  notation 
S p X ( I . . .  k . . .  m)-~<X(t . . ,  k . . .  rn)>(~, and the par t ic le  indices a re  not specif ied only when the t r ace  with 
(~) 
r e spec t  to all pa r t i c l e s  is calculated.  We decompose  the sum into two: 

V, --~ Y +,.v 

where the second sum contains all the remaining t e r m s  in which at l eas t  one of the indices i~ ([ ~ k} takes 
values  equal to Or g r e a t e r  than s + 1. As a resul t ,  we find that the format ion  of the contract ion (7) for  the 
second sum in (8) gives ze ro  because  of the condition ~2 = p, the invar iance of the contract ion under :cycl ic  
permuta t ion  needed to f o r m  gT}~, and the r equ i remen t  (6). At the same t ime,  the f i r s t  sum gives,  by the 
definition of the type (7) of the reduced densi ty ma t r ix  for  (~, a final resu l t  of the fo rm 

= k, we have ~-k = T~p~, and for  the Hermi t i an  component  "r~ with allowance for  (4) we In the special  case  s 
obtain 

~,+z,+=T,, (10) 

which just i f ies  our  call ing T k an e l emen ta ry  t ransi t ion densi ty opera to r .  This  consequence does ~ot exhaust  
the significance of Eq. (9). In fact ,  it is one of our points of depar tu re  in the fu r the r  calculat ions of the 
densi ty  m a t r i c e s  ~ and ~2 for  the wavefunc t ion  (1). 

3 .  C o n s t r u c t i o n  o f  D e n s i t y  M a t r i c e s  

F o r  an a r b i t r a r y  N-pa r t i c l e  ope ra to r  RN(1 . . .  N) and a r b i t r a r y  k -pa r t i c l e  Vk(1 . . .  k) with the 
usual conditions of permuta t ional  s y m m e t r y ,  we introduce cons t ruc t ions  of the f o r m  of a contract ion of thei~ ~ 

s y m m e t r i z e d  product  to a two-par t i c le  level:  

N(N-l) 

Fur ther ,  we spli t  the sum in (11) into three  par t s :  

,.--~-~' Vk(~ . . . .  i~)= Z Vk(i2it... ik-2) + Z {V~(ii . . . .  i~_,) + V~(2~, ... i~-~) } + 

(i2) vAi,.., i~). 
3 ~  i i'<: ...<:i~:~N 

Then for  the construct ion (11) we find the m o r e  detai led f o r m  

r~[Vh, RN] k(k--t)  <V~(t2 k)R~(12 k))(3 ~)~ k(k+i )  
~ - - - - " ~  . . . . . . . . .  2 

(k+i)  (k+2) 
Rk+~ (t2 . . .  k+l)  >~3...~+,~ § - -  

<{y~(13 kTl) VA23..~§215 

- -  < Vk(3... k+2)R~+2(i2.., k+2)>c3..~+~), " 

where R k ( 1 . . .  k) 

(13) 
2 

is the k -pa r t i c l e  reduced density ope ra to r  genera ted  by RN( 1 . . . .  N) in accordance  with 
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the general  definition of the type (7). 

It is not difficult to show that the required two-par t ic le  density matr ix  ~2( 12 ) of the wave function (1) 
can be expressed  as a sum of construct ions  s imi la r  to (11), namely 

N 

,~(,J2) = ~ ,  ~[T~, T,~(Ir <r (14) 
h l ~ O  

Since the reduced opera tors  ~([Ot><O[) needed to pe r fo rm  the contraction (13) have a l ready been calculated 
in (9), the express ion  (14) for  ~2(12) reduces ,  a f te r  a number  of t ransformat ions ,  to a purely  algebraic  form,  
that contains only the transi t ion opera tors  T k and the Foek -Di rac  density matr ix  p (or the involution opera -  
tor  Y = 2p - I ) .  We note only that our  reduction is based on twofold application of the obvious lowering 
formula  for  an t i symmet r i ze r s :  

k§ 

and the simple ru l e s  of commutat ion of the opera tors  of t ransposi t ion Pi, } with the opera tors  of the fo rm X(k), 
where it is assumed that X(k)  also depends on the arguments  of any other  par t ic le  except for  par t ic le  i: 

P,, ~X(k) =X(0  P,, ,~. (150 

The des i red  resul t  for  the two-par t ic le  density matr ix  can be represen ted  finally as 

-p2(12) = p.~(I2) § p(.1)A(2)+A(t)p(2)§ 

2 k~ <T~(i3... k§ ... k§247 r~=(i2)+[r~Y(i2), T,(i) + T,(2)]_ § Y0T:(t2) § 

He re,  

2 k ( k~  i) <Tk2 ( i . . .  k)+[T~Y(i . . ,  k), T~_, (13... k)§  T~_, (23... k)]_ + T~ ( i . . .  k)Tk-2 (3. . .  k)>r 
3~ht ;~N 

the single-particle quantity A is determined by the expression 

(16) 

A(t)= T~ Ti2Y(I)+ 2 {<Th(i2...k)T~_,(2...k)>(2...~)- <Tk2(i ..k)>(2..~)Y(l)} 
2~h~N 

and it gives the cor re la t ion  cor rec t ion  to the s ing le 'pa r t i c le  Fock -Di r ac  density matrix:  

(17) 

,5,(1) = p  ( l)  +A ( t) .  (18) 

This can be seen e i the r  by a reduction with respec t  to par t ic le  (2) in Eq. (16) or by an independent calculation 
using relat ions s imi la r  to (11)-(13). Equations (16)-(18) hold under  the normalizat ion condition imposed on Th, 

<Tk2> = i. (19) 
2 

i~h~N 

Note also that the product TkY is anti-Hermitian because of (6), and with regard to the unspecified particle 
number for the operator Y there is the same arbitrariness as for the product The. 

The relations (16)-(18), which constitute one of the principal results of this paper, enable us, in 
particular, at sufficiently small A to carry out, instead of a reduction with respect to N - 1 and N - 2 
particles, a contraction with the smaller number k - 1 and k - 2 of particles. As a special case, these 
formulas contain the previously found [5] one- and two-particle density matrices for the superposition of r 
with singly and doubly excited configurations. 

4.  E q u a t i o n  f o r  T r a n s i t i o n  O p e r a t o r s  

We now cons ider  a sys tem of fe rmions  descr ibed  by a Hamiltonian containing only the s ingle-par t ic le  

F~ h(0 and two-par t ic le  ~ g(i]) in teract ions .  Application of the variat ional  pr inciple  to the energy 

functional 
E (T) =<h (l) Pi (t) >+<g (t2) p,_, (i2) >, 
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calcula ted by means  of (16)-(18) with al lowance for  the normal iza t ion  (19), the " t ransi t ion"  conditions (5), and 
the se l f - cons i s t ency  ]9=P], where  /( i)=h(l)+2<~A(12)p(2)>(~ is the Fock ope ra to r  and g ' ( t2 )=A. (12)g( i2 ) ,  
g ives  a s y s t e m  of equations that de te rmine  the opera to r s  T~ and the co r re l a t ion  energy  k = E ( T )  - E ( T  0 ~ 1). 
The equation for  the t rans i t ion ope ra to r  T~ is "coupled" to the equations for  T~}I and T~b~: 2 and can be r e p -  
resen ted  in the explici t  f o r m  

Z ~ , .- 
1]~[T~]+ A~ {Tk_,(i...]...k)u,(i])+ T, ,_~(l . . . i . . .k)w(]i)+w+(i])T-:( i . . .] . . .k)+ 

zv + (J0 L,-, ( t . . .  i . . .  1,.)-~- W'-(i]) T,. ~ ( i . . .  i . . .  i . . .  ~) + 

V~z(i])Tk-2Y('l . . . } . . . ]  . . k ) }+  V ~ @,(i,k+t)T~,+l(l k + t ) + T , + , ( t  k + l ) , v + ( L k +  i)>(,~+i~+ 

(k + i) (k + 2) 
�9 <v (k + 1, k § 2) T~+,. ( 1 . . .  k § 2)  > (k+,~+:, = XT,, ( i . . .  k). (20)  

2 

In (20), we h~rve used the following notation. The s u p e r o p e r a t o r  ~a ac ts  on an a r b i t r a r y  k -pa r t i c l e  t ransi t ion 
ope ra to r  X(1 . . .  k) ,  which  sa t i s f i es  (4), in accordance  with the rule 

Z ,s(,),+ Z (.:ooo(,j)+ 

gee,eo(q)),X(l.. .k) + 2kA~ <a(i,k+ l )X( l . . .~ . ,  ,~'))~.,  
+ 

i<_i~k 

(21) 

where the symbol  A over  an index means  that this index is omitted; for  example ,  X ( i . . .  ~..~ k ) =  
A X ( l . . .  i--i, i §  k). Fu r the r ,  the two-par t i c le  potent ials  a(i]), goo. oo, etc,  a re  different  c a se s  of p a r t i c l e -  

hole in teract ions  in the c lu s t e r s  descr ibed  by the o p e r a t o r s  T k. The symbol o denotes project ion onto filled 
A 

s ta tes ,  and the symbol  e project ion onto vacant  s ta tes  ( p e = I - p ) ;  for  example ,  goe. oo(i2)=p(i)p~(2)g~(12) 
p(l)p(2).  In this notation, the potential  u (12)  is defined as  

"~ 2 A u( t2 )=  go~,Oo(i ) + g  ..... (12) (2.2) 

and it r e f l ec t s  the in teract ion of the f e rmions  and holes  for  c lu s t e r s  of a given par t ic le  number  k (u( i j )  
en t e r s  only in each s u p e r o p e r a t o r  [Ik). The ope ra to r  

w (t2) = ge~,ee (12) - go~,oo (t2) (23) 

desc r ibes  the co r re la t ion  in terac t ion  between c lu s t e r s  that differ  by only one par t ic le ,  and is the re fo re  
ne i ther  Hermi t ian  nor  s y m m e t r i c  with r e spec t  to the operat ion of permuta t ion  P1,2 of pa r t i c l e s .  Finally,  the 
potent ials  v (12)  and z (12)  c h a r a c t e r i z e  the Hermi t i an  and skew-Hermi t i an  components  of the f e r m i o n - h o l e  
in teract ion of c l u s t e r s  that d i f fer  by two par t i c les :  

A A 
,) (12) = goo,ee (12) + gee,oo (t2), (24) 

z (12) ---- gs (12)-  ge~.oo (12). (25) 

In the ca se s  k = 0, 1, 2, Eqs.  (20) go over  into Eqs.  (22)-(24) of = [5] for  the superposi t ion of the 
single--determinant  function with one-  and two-fold exci ted configurat ions (because of (19), it is n e c e s s a r y  to 

make the substitution T O -~ 23?o). 

We cons ide r  the other  special  case  k = 1 ,2 ,  3; which is  cha rad te r i s t i c  of an exci ted s tate  which 
re f lec t s  the in teract ion of s ing le -par t i c le  c l u s t e r s  with two-  and t h r ee -pa r t i c l e  c lu s t e r s .  F o r  convenience,  
we make the renotat ion T l ( i ) = D ( i ) ,  Tz( t2)=T(t2) ,  T~(i23)=X(i23) and, using (20), we wri te  down the s y s t e m  
of equations for  these quantit ies:  

IIl [D] § (i2) T (t2)/~ (t2) w + (i2) > (~)+3:<v (23)X(i23) >~2s)= LD(i ) ,  

112 [ T ] + n  (t) w (12) +D (2) w (2t) +w + (12) D (i) +w + (2!) D (2) § [ w (t3) +w (23) ]X (t23) § 

X(i23) [w + (i3) +w + (23) ] >(3)=~.T (12), (26) 

1=I8 iX] +A~{T (12) [w (i3) +w (23) ] +T (23) [w (2i) +w (3t) ]+  2 (13) [w(t2) +w (32) ] § con. +~/:[ # ({2)D (3) 4- 

u (t3) D (2) +v (23) D (t) +z (12) DY (3) +z (13) DY (2) +z (23) DY (t) ] } =;LX (123). 
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Leaving aside here a discussion of the methods of solution and simplification of the system (26), which are 
similar in spirit to those proposed in [5], we obtain one more helpful consequence of these equations, which is 
associated with the calculation of the energy dispersion of the Tamm-Dancoff excited state (~. as a super- 
position of only singly excited configurations [12]. This means that for such an excited state we proceed from 
a single-particle transition operator D that satisfies corresponding Tamm-Dancoff equations of the form 

l], [D] =uD, (27) 

where ~ is the excitation energy. If the system (26) did not contain other terms with D, Eq. (27) would 
correspond to the exact solution for the total Hamiltonian H N. it is natural to estimate the deviation of the 
Tamm-Dancoff solution (27) from the exact one by means of the square of the norm of the "superfluous" 
terms with D in (26). A more detailed analysis shows that because of the normalization (19) we necessarily 
obtain, to within a coefficient i ~:, an expression for the energy dispersion of the excited state defined by 

(~,2=< @. I HN21r (1), I H~.I (p.>2. (28) 

After a number  of s imple  t r ans fo rma t ions ,  we obtain an explici t  express ion  for  the requi red  d i spers ion  in 
t e r m s  of the co r re la t ion  o p e r a t o r s  v (12)  and w(12):  

2 
~.~ = c~ ~ + 2 <[w(i2) w+(I2) - v2 (t2)]D~(l) + w(12)w+(21)D(~)D(2)>(m + 2 <<v(12)D(2)>(2)>m, (29) 

where ~2='/2<v2> is the d i spers ion  of the s ing le -de te rminan t  function [4, 5]. In the der ivat ion of (29) for  
a r b i t r a r y  two-par t i c le  ope ra to r  B(12) = B( 21 ) and s ing le -pa r t i c l e  ope ra to r  C(1) ,  we have used an identity 
that can be readi ly  es tab l i shed  by means  of (15) and (15'): 

3<B (I2) C (3) Az (i23) >(,2~)= <B> <C>-2<B (i2) C (2) > (,~), 

and the p r o p e r t y  w2(12) = w(12)w(21)  = 0, which follows f r o m  the definition (23). Using the express ion  for  
~2,  we can readi ly  make an indi rec t  e s t ima te  of t~he co r re la t ion  effects  for  excited s ta tes  found in the T a m m -  
Dancoff approximat ion  (27). But if the opera to r  D is found with neglect  of the s e r i e s  of t e r m s  in ~I,  then 
in (29) we must  include with the coeff icient  ~ the squa res  of the n o r m s  of the omitted t e r m s .  In the general  
case ,  quali tative conclusions about the in terac t ions  of c lu s t e r s  containing different  number s  of  pa r t i c l e s  can 
be obtained p r i o r  to the solution of the s y s t e m  (22) by compar ing  the n o r m s  ]juil, IIuH, liw[i of the potentials ,  
which can be readi ly  calcula ted in each concre te  case .  
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