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Robustness of Variograms and Conditioning of
Kriging Matrices'

Phil Diamond® and Margaret Armstrong3

Current ideas of robustness in geostatistics concentrate upon estimation of the experimental
variogram. However, predictive algorithms can be very sensitive to small perturbations in
data or in the variogram model as well. To quantify this notion of robustness, nearness of
variogram models is defined. Closeness of two variogram models is reflected in the sensitivity
of their corresponding kriging estimators, The. condition number of kriging matrices is
shown to play a central role. Various examples are given, The ideas are used to analyze more
complex universal kriging systems,
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INTRODUCTION

The theory of robust statistics is relatively recent (see, for example, Huber,
1977, 1981 and the references therein). Geostatisticians have thus only rather
recently examined robust procedures. Armstrong and Delfiner (1980), and
Cressie and Hawkins (1980) address the problem and provide relevant bibliog-
raphies. Attention has largely been centered upon robust estimation of the
experimental variogram and tended to ignore the possible sensitivity of further
procedures (e.g., kriging) upon the choice of the variogram model v itself and
sensitivity to the configuration of experimental data points. Matheron (1978)
gives an amusing and instructive illustration; data were sent to a number of
geostatisticians, each of whom independently fitted distinet variogram models
from this one data set. Nevertheless, predictive estimates using the diverse
models produced almost equivalent results. In some sense, all the models were
“close” to each other, and in like fashion, so were the kriging estimators,
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There appears to be a gap here: There is no point whatever in robust
estimation of an experimental variogram or generalized covariance if, after such
care, predictive estimation procedures (e.g., kriging) based on these are not
themselves also robust, As Wilkinson (1971) has pointed out, the primary object
of any analysis of such algorithms should be to expose the sources of potential
instabilities, Hampel (1971) has rigorously defined a notion of robustness for
the estimation of statistical parameters, but no one seems to have taken the
further step of examining the robustness of predictive algorithms based upon
the preliminary robust estimates.

This note addresses itself to this and a number of related problems in a
specifically geostatistical context. First, the intuitively appealing notion of
“similar” variogram models is made a little more precise and the closeness of
kriging estimators for such variograms, in some sense near each other, is also
examined. Then, changes in the sampling configuration that affect kriging is
scrutinized. Finally, although some doubts about the usefulness of universal
kriging have been raised (Armstrong, 1982) the method is considered for com-
pleteness.

As might be expected, various error estimates involve condition numbers
of the kriging matrix. It must be emphasized that these estimates are rather
conservative. This is because they must encompass exceptional and nasty cases,
usually contrived, as well as the more common cases. A number of numerical
examples are given to illustrate the principles involved.

8 NEIGHBORHOODS OF VARIOGRAMS AND POINT
ESTIMATION KRIGING

Huber (1977) has observed that the term “robust’ is often used ambiguously
and defines it as signifying insensitivity to small perturbations in data or assump-
tions. This same sense of the word will be used herein,

Definition

Let @ be the class of valid variograms y(¥) in R” expressed in terms of the
isotropic variable r. We say a valid variogram g(r) in @ lies in the 8 neighborhood
N5 (v) of v(r) is

1-8<g(n/y(N<1+6, 0<6<1,0<r<ee 1)
This may be rewritten as

Ns(v)=1{g€@: |g/vy- 1| <8}

where l | is the sup norm on continuous functions from (0, ) to itself.

The § neighborhoods endow @ with a topology which is Hausdorff. This is
unimportant in the present context because we are not interested in taking limits
of sequences of variograms, although such a procedure would well arise in using
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Hampel’s (1971) definition. The point is that the definition gives precise quanti-
fied form to the intuitive notion of variograms which are, in one sense or another,
close together,

The usual intuitive idea (based on visual comparison) of measuring the
difference between y and g by [7(r) - g(r)] is inadequate, For example, if g(r)
is the spherical model and y(r) the Gaussian, then ]7(r) - g(r)l -~ Qasr—>0t
for all possible combinations of parametric values. But the behavior at the origin
is very different, with important consequences for prediction based upon the
variograms, and g(r)/y(r) - e as r = 0+, Although two individual models may
appear very similar in so far as sup, ['y(r) - g(r)l is small, their relative behavior
as measured by ]7(r) - g(r)]/g(r) may be very different, and it is this which
places them in different § neighborhoods.

Suppose we are faced with stationary kriging involving point estimation
with the variogram <. The block estimation case is very similar. Let there be N
samples z; at X;, i =1, 2,..., N. In the notation of Delfiner (1982a,b), the krig-
ing system is '

N
Z)\/Y(xi‘xj)"'ﬂ'—'?(xi, V), i=1,2,...,N

j=1
where ¥(x;, V) = V7' [y v(x; - X) dx. In matrix notation, I'X = B,,, where ' =
[vgl = [y - %)), X7 =\, . Ay, w) and B = [¥(x;, V)], Consider the
corresponding system for g € Ns(v), GXg = B, with G = [g;], Bg = [g(x;, 1.
From (1), integration over V gives, fori=1,...,N
(1-8)7(x;, V) <g(x, V)<(1+8) ¥(x;, V)  whence (2)
(1-8){[By[| <[|Be|| <1 +8)]|B,]] ©)

where ||B|] is some L(p) vector norm, usually with p = 1,2 or % (see Appendix).
Similarly

(1-8) vy <gy<(1+8)vy;
implies that

(a-arfi <ol <a+s|ir]] @)

where ||G[| is the matrix norm consistent with [|Y]|, defined by ||G||=
supyyy=1||GY]| (Wilkinson, 1967). To see that (4) is in fact true, recall that the
variogram values g;; are all of like sign, say g;; 2 O for specificity, as are the v;;.
IfyT= [¥;], then GY = [Zg;; y;] assumes its maximum at vectors whose ele-
ments are all nonnegative. Consequently, for each summand

(1-38) YiiVi <gz‘jyj <(1+8) YijYj
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with equality only if y; =0 and eq. (4) follows. If all £; <0, similar results
follow. Write
X, =X+AX, B;=B,+AB, G=T+Al
From (1) and (2)
[lar]] <s{|r]| ®)
[laB[[<8{|8]] ©)
while the kriging system for ¥ gives
1By < [[]] 11| Q)
The kriging system for g is rewritten as
T+AD(X+AX)=B,+AB
for which
(T + AT) (AX) + (AT) X = AB
AX=[I+T7H(AD)] ' I [AB- (AD) X] (8)

provided the matrix 7+ "' (AI") is nonsingular. This is guaranteed by the fol-
lowing assumption

e [ fjar(f <1 ©)
for then the expansion
+771AD] T =1- 17N AD) + [T AD] 2 - - -
is valid. Note further that
[+ T aD) < t+ [T {lar ]|+ (o] [ar]h? + -
=1/ - [r] {larfh
Substitution in (8) gives
lax[| < (e[ ({|al] + [Jar|[ [[x]p/a - [[r ] lan[h a0

Introducing the usual notation for the condition number of a matrix,
k() = ||T]| ||T™"|| and further substituting the relations (5), (6), and (7) into
(10) produces

[fax|| < |[o [ 1By] + 8] |T(] x| Dra - s{iT{f {0 D
<[l {F@ o] [l + 8 rfl i - sx @)
= 28] X|] K (D)/(1 - 8x(I))
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and so we have
lax||/||x]] <28k (@)/[1 - 8k (I)] (11

Observe that the weaker inequality HF"l(AF)H <1 is sufficient for the
invertibility of 7+ I'"*(AT), but this follows from (9) which, in turn, holds pro-
vided that

k()< 1 (12)

The conclusion to be drawn from this analysis is that, for any valid vario-
gram vy and any € >0, there is a 8 neighborhood Nj () of variograms which
produces a relative error HAX ] ] / [ {X H in kriging that is no greater than e pro-
vided & <min [1/x(T), €/(2 + ¢) k(I)]. Suppose 5 ()Y <1, and put 28« (T")/
(1-8k(I)<e, and certainly [|AX]|/||X|| <e by (11). This estimate for 6
will, on the whole, be extremely conservative, but could almost be attained with
carefully constructed perturbations AB and AT, and thus be theoretically pos-
sible for g € N5 (v) (Wilkinson, 1967, p. 73-75). Consequently the robustness,
with regard to small perturbations of the variogram vy, each perturbed model
viewed as a variogram in Ng(7y) evaluated at the same experimental points x;,
ultimately depends on the condition number k(I") of the kriging matrix I'
corresponding to the original unperturbed variogram 7. Clearly a change in
the configuration of data points x;, while leaving the function y unchanged
will, however, perturb I' and B in the kriging equation. This effect is discussed
below.

Perturbing y to g € Ny () affects the kriging variance. Denote the kriging
variances for v, g, respectively, by 02, o7

o2 =X"B, - ¥V, V)
0r =X By -8V, V)
X7 +AXT)(B, +AB)-3(V, V)
o2 +(aXT) B, + XT(AB)+ AXTAB+5(V, V) - &(V, V)
It follows that
o - 03] < 25|X[| [|By | k(D11 - 5k
+8][|][[B,]| + 207 || [, ]| (D) 1 - 8(D))
+¥(1-2/%)
<28(1+8)||T|} [|X|]? x(D)/[1 - 8x ()]
+8|r]| |[X|[? +57
Jof ~ 03] <83 + ||| | [X|[2 2| [|X[[? 1+ 8) kD1 - 5]}
(13)

i}
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Example 1

Consider the following illustration of instability of the Gaussian model
under perturbation of sill and parameter. In the plane, let sampling points be at
positions (-0.4, 0), (0.4, 0), and (0.39, 0.1). In practice, these last two points
would be combined, but this example, and the next, are contrived to illustrate
the mechanisms at work and to show how bad things can get even in the simplest
of systems.

Take the original variogram v to be Gaussian with sill at I and parameter
a =1, while g is Gaussian with sill at 1 and parameter 2 = 1.1, All computations
krige a 1.0 X 1.0 block. Observe that g and vy are in the same § neighborhood,
and kriging is not especia;lly sensitive to parameter changes in this case. Indeed,
if we write y(r)=1- e, g(F)=c(1 - e /%), then

F() =gy =c(1- e 1)1 - )

only takes on values between ¢ and ¢/a® because F is monotonic in 0 <r<eo,
as can be checked by differentiation F'(r) having the sign of 1 - (1/a). Thus,
with g and 7 as above, the ratio increases from 1/1.1 to 1.1 as # goes from O to
oo and § = 0.1. The corresponding change in the third weight is about 14%.

Example 2

Consider the following comparison between the stability of Gaussian and
spherical models when a small nugget effect is added.

Let the sampling configuration be as in the example above. We take the per-
turbation g to be the original variogram 7y plus the nugget effect of 0.01. The
nugget effect actually takes g out of Nj(y) because lim, 4, g(r)/y(r) is un-
bounded. However, at distances not too far away from the origin, the variograms
appear “close,” with 6 seemingly around 1%. Nonetheless, the Gaussian gives
very unstable behavior whereas the spherical model is relatively robust.

(a) v Gaussian, with sill at 1 and parameter ¢ = 1, while g is Gaussian with
a = 1 but sill at 0.99 with a nugget effect of 0.01.

(b) v is spherical, with sill at 1 and range 3Y/?

corresponding to the effec-

Table 1.

Points ~ kriging weights g kriging weights
(0.4, 0) 0.4982 0.4985
04,0 0.3970 0.4112
0.39,0.1) 0.1048 0.0903

2
Ok 0.0184 0.0146
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Table 2a,

Points v kriging weights g kriging weights
(0.4, 0) 0.4982 0.4954
(0.4, 0) 0.3970 0.3253
(0.39,0.1) 0.1048 0.1793

o2 0.0184 0.0224
Table 2b.

Points v kriging weights £ kriging weights
(-0.4, 0) 0.4824 0.4806
0.4,0) 0.2721 0.2716
(0.39,0.1) 0.2454 0.2478

o2 0.0961 0.0988

tive range of the Gaussian model above being 3/2, whereas g is spherical with

range 3Y/2 but sill 0.99 with nugget effect once more of 0.01.

Observe that the 1% change induces a similar perturbation in the third
weight in the spherical model, but over 70% change in that weight where the
Gaussian model is concerned. The Gaussian model itself is ill-conditioned and
this is exacerbated by the configuration, If y(r)=1- e'"’z, here «k(1") =97,
whereas the spherical model is not too ill-conditioned. Further, the configura-
tion of sampling points is bound to be bad for conditioning. If the obvious is
done and the last two points combined, the respective changes in the combined
weights turns out to be only 0.6% (Gaussian), 0.4% (spherical).

PERTURBED SAMPLING CONFIGURATION

Suppose that the configuration C of experimental points x; ER", i=1, 2,
...,V is perturbed to a configuration C' with positions x; + Ax;, but the under-
lying variogram model remains unchanged. Consider only the case of point esti-
mation kriging: block estimation is very similar. Denote the stationary kriging
system for the unperturbed grid C by

r.X=8,
where I'; = [(7;) = v(x; - X)), B. = [¥(x;, ¥)]; and that of C’ by
(T, +AD) (X +AX)=B,+ AB
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Here, the elements of [, + AL are y(x; - x; + Ax; - Ax;) and those of B, + AB
are y(x; + Ax;, V).

Further assume that vy is everywhere differentiable, except that, at the origin,
the partial derivatives exist from the right and are upper continuous. Several
assumptions concerning approximations will be made as they arise. Note that,
formally, as in the derivation of (10)

lax{[<|[re{[[jasi} + [lar| [[x[Dr - [t [lar]) a4
Now
Y- X+ Ax; - Axp) = vy +(Ax; - Ax]-)T 7'(c,-]~) (15)

where ¢;; lies between x; - x; and its perturbation, all expressed either as vector
arguments or as isotropic variables. In eq. (15), the symbol 7' denotes the n
vector of the partial derivatives (Dyy). Write A; = Ax; - Ax; and use the ap-
proximation (not unreasonable in a geostatistical situation) that

Dk’Y(Ci]')%Dk'Y(xl'_x]')a k=172=-'~,n
It follows that, within the limits of this approximation
AT = [Af7'(x; - x)] = (Afvy) (16)

and note that the diagonal elements are no longer necessarily zero.
As for the elements of B, + AB

y(x;+ Ax;, V)= V! f y(x;+ Ax; - x) dx
v

~iGe )+ | AxT Y G ) d
v
again using the approximation above. So
|7(x; + Ax;, V) - 70, V)| < [ A% || VT J‘ ' (s - x)|| ax
v

Assume that with respect to the configuration C and the volume V'
Y- 0| <L, xev and i=1,2,....N

Since then [y ny'(xi - x)[] dx <LV and, putting Dy, =2 max; ||Ax,~]| it
follows that

||AB|| < LDmax/2 a7
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Note that

|18]|
[lax{l/]x]]

[T Jx]] [lx]] < flrc{] [[B]} - andso
«(Te) (|ABI|/[[2]]
+lari] [fre [/ - k(e [Jar|[/]|re[h (18)

By (16), ||AT|| < Diax | [(vip)|| which is no greater than NLDyy,y in L(1) norm
or N1/2LDmax in L(2) norm. Thus the estimate (18) can be made more explicit,
if somewhat coarsened, as

[AX[|/[|X]] €k(Tc) LDmax/2]|Be]|
+ NLD oy || T2 /(1 = k(T) NLDga | [Te] |71, (19)

VAN

The kriging variance of the configuration C can be written as g2 = X T, -
¥(V, V) and that of the perturbed configuration

o2 =(XT+AXTY (B, +AB) - ¥(V, V)
since the underlying variogram model is assume to remain the same. Hence
|02 - o2 < [[ax|] ||Be][ + [[x]| [|aBl] + ||ax]| [|2B]]

which can be somewhat laboriously expressed in terms of k(I',) and estimates
above involving the kriging matrix and derivatives, as well as the perturbation,
without reference to X. The really important point to note is that again, the
conditioning of the kriging system is the most important factor in the error
estimates. In the case above both the initial configuration and the underlying
varjogram determine the conditioning number.

Example 3

Let the sampling points in the configuration C be at positions (-0.4, 0),
(0.4, 0), (0.41, 0.1), and that of C' b62 at (-0.4, 0), (0.4, 0), (0.39, 0.1). Again
using a Gaussian model y(#) =1 - ¢", the relations depicted in Table 3 hold.

Table 3.
A1 A2 A3 Uﬁ
C
0.4998 0.4757 0.0245 0.0186
c

0.4982 0.3970 0.1048 0.0184
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The condition number of almost 100 goes some way toward explaining why
a perturbation of 2%% in the third coordinate alters the weight A3 by some
328%. Even for the numerically unstable Gaussian model, if the last two posi-
tions are combined the change in the combined weight reduces to about 15%,
corresponding to a configuration change of 1.3%. Moreover, in larger systems
this inherent instability would be compounded by additional points and increas-
ing dimension of the kriging system.

UNIVERSAL KRIGING

Although problems involving indeterminacy of both the drift and the under-
lying variogram arise in universal kriging (Armstrong, 1982), it is nonetheless
theoretically instructive to examine this more complex kriging system for
robustness. We restrict the discussion to point estimation of the random value
Z(x) from sample values z(x;),...,2z(xy), @ a linear combination T A;z(x;)
under the hypothesis that Z(x) is weakly stationary with covariance function
K(x, ¥). Here Z(x) has a decomposition into a deterministic drift m(x) and a
weakly stationary random function Y (x) with zero mean

Z(x)=m(x)+ Y(x)

Drift is expressed as a linear combination X g;f 7(x), where the functions f7(x)
are monomials of degree no greater than p. The kriging equations form an
N+ k(p) degree system, where k(p) is the number of monomials in the space
variables of degree <p. In matrix notation, I'A = B, where

K F AT:[AI,...,RN, dl,...,ak(p)]
FT 0| BT =[K(x;xo),. .., K(xyn,x0), [1(xo), ..., ") (x0)]
F= [ )lnxepy K=K x)lvxn

Two types of sensitivity spring to mind.

=

(i) Robustness associated with & neighborhoods of the covariance K and the
sampling grid. This leads to arguments and estimates essentially of the same
character as those of previous sections;

(i) Robustness associated with the drift; for example, attempting to increase
the degree to p + 1 and adding monomials £¥(PY*1 £k(P+1) Eor def-
initeness it is this precise perturbation which will be considered below.

The new system, with drift now being

l k(p+1) .
my)=m)+ > gf (%)

j=k(p)+1
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is given by
r H |B
HT 0 By
withH = [fiGx)),i=1,... ., Nij=k(p)+1,... k(p+1), hT = [¥P)*1(x,),
. R (x0)] . Recall that '\ = B and it follows at once that
(AN +Ha=0 , (21)
HT(N+ AN =h (22)

A+ AN
(20)

a

Note that in general A is not a square matrix and it is meaningless to speak of
anything but a pseudoinverse. That is, given the system HU =V, where U has
[k(p+1)- k(p)] elements and V is an N vector, the pseudoinverse H" is a
unique matrix satisfying U =H"V such that U is the minimum length sclution
of the least-squares problem: minimize HHU ~ VH (Lawson and Hanson, 1974).
The condition number of H is k (H) = ||H|| ||H"||.
From (21), AX = -T""! Ha, and so
[anff< (e {] ][] {le]] (23)

andsinc [ )] > (5]
[[ax|[/[A ] <k @|H]] [|«]|/]]8]] (24)
From ‘(22),HT()\— I'"!Ha) = h, whence

a=H'TA-HTHTh

[all < 1R[]+ @[T ] (25)
el [/ < [ o]+ e @l [rf] fl]l/]]2]] (26)

Using (23) and (24)
AN[[/[[A]] < o ey o+ [[T]] [le]] {a]]/118]]) QN

Together, (26) and (27) give the relative change in the weights of the uni-
versal kriging estimator for Z(x) introduced by adding a higher degree monomial
set to the expression for the drift m(x). The product of two condition numbers
of the matrices I' and H are essentially involved in the estimates of the perturba-
tions that are introduced with the monomial set. This suggests that the potential
instability of the kriging system is increased whenever a better approximation to
the drift is sought. This practical consideration is possibly a third problem of
universal kriging, to be added to those arising from the indeterminacies men-
tioned above,
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DISCUSSION
We have set out to distinguish between

(i) robust procedures which are used to estimate experimental variograms, and

(if) the overall robustness of prediction algorithms, such as kriging, which use
these variograms.

In regression, the very procedures themselves guarantee that data sets which are
near to each other produce regression predictions (e.g., the experimental vario-
gram) within the span of their design vectors which are also close to each other,
though the regression equations may be very different in form, In stark contrast,
if subsequent kriging is applied to the same raw data but using variograms in
different & neighborhoods, very different kriging weights (and thus markedly
different predictions of block or point grades) will result. This is because “near-
ness” in the regression sense is ultimately based upon a least-squares concept of
distance, no matter what refinements are used to enhance robustness.

On the other hand, nearness of two variograms is defined in terms of the
relative difference between them ](’y - g)/g]. This distance defines the 8 neigh-
borhoods. Resultant kriging will give similar results for near sets of data only if
it proceeds from variograms in the same 8 neighborhood. Even then the robust-
ness of the kriging predictor depends heavily upon the condition number of the
kriging matrix. So, as the above examples have illustrated, circumstances can
arise in which some classes of variograms (e.g., the Gaussian) produce major
differences in subsequent kriging from small variations in the data. This phenom-
enon is produced by high condition numbers.

Unlike ordinary regression, minor perturbations in the data alone may give
rise to major effects in the final kriged values. However apt robust procedures
may be for the estimation of experimental variograms, such procedures cannot
be regarded as guaranteeing the robustness of the entire predictive algorithm,
For this, some such notion of nearness, as expressed by the §-neighborhood
concept, is necessary. Too, close attention must be given to the conditioning
of the kriging matrices which arise from the fitted variogram.

APPENDIX
The following standard formulas and definitions for vector and matrix
norms are included for completeness so as to make this note self-contained.
Definition 1

If x = (x;) is an n vector, the L(1), L(2), and L (=) norms of x are defined
by '

(a) Hle =27 |xf|,theL(1) norm.
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®) []x]]2 =(Ef-s x?)¥?, the L(2) or Buclidean norm.
(c) Hx f |m =max;<;<n [xi i, the L (o), infinity or uniform norm,
Each of these is a special case of the L{p) norm

ip

el =(S k) o>

i=1

Definition 2
A subordinate or induced matrix norm ||4 ||, is defined by

bl = mx el o/, = s (14,

where usually p =1, 2, or o,

Explicit Formulas

Ifd= (a,-/-), then

WAl =max S |
4]} =mx |

Although there is no simple explicit expression for [|4||;, the condition num-
ber k(4) = HAH; HA‘1 H2 in terms of L(2) norm on square matrices may be
expressed as

K(A) = P\max l/l)\minl

where Ay, Amin are the eigenvalues of, respectively, maximum and minimum
modulus,

A concise treatment, with proof, can be found in Broyden (1975), and
many examples can be found in Atkinson (1978).
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