
and (36). 
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A N A L Y T I C  S T R U C T U R E  OF T H E  S M A T R I X  

F O R  S O M E  C L A S S E S  OF P O T E N T I A L S  

M . V ,  N i k o l a e v  and V . S .  O l ' k h o v s k i i  

The p rope r t i e s  of Jos t  functions and genera l iza t ions  of them introduced in the paper  a re  
used to study the analytic p rope r t i e s  in the complex plane of wave numbers  of the S 
mat r ix  of e las t ic  sca t te r ing  for  local potent ia ls  with hard core ,  nonlocal separable  
potentials ,  complex local potentials ,  and nonlocal separable  potentials  with hard core .  

Among the va r ious  r ep resen ta t ions  of the S mat r ix  S z (k) ,  one frequently uses  a represen ta t ion  in 
the f o r m  of an expansion in an infinite product  with r e spec t  to pole t e rms ;  this enables  one to exp re s s  
explici t ly the dependence of the c r o s s  sect ions of the sca t te r ing  p r o c e s s e s  on the posi t ions and widths of the 
resonances  [1-3]. In the p resen t  paper ,  on the bas i s  of the genera l iza t ion  of the method proposed in [1T, we 
obtain an analogous represen ta t ion  of S L (k)  for  the following c l a s s e s  of quasipotentials:  

[ x ~I~ local potentials  V ( r )  with hard core  (V(r)=% 0~<r~<Ro); 
{II) nonlocal potent ia ls  qz ( r ). qz ( r p ) ; 
(III)complex locaI potent ia ls  W( r )  = V~(r) + iV2(r); 
(IV)nonl0cal potent ia ls  pl ( r ) - P l  ( r ' )  with hard core  (p~(r)=o~, O<~r~R~). 

It is a s sumed  that all these quasipotent ia ls  vanish when r -> R. 

Our resu l t  is of physical  in te res t  and can be used in invest igat ions of the t h r ee -pa r t i c l e  sca t te r ing  
p rob lem and in p rob l ems  using the o rd ina ry  and the genera l ized  optical models  of nuclear  reac t ions .  

We Shail p roceed  f r o m  the following genera l  scheme.  We define Jost  functions f / ( k ) ,  in t e r m s  of 
which the function S t (k) is exp res sed .  If the Jos t  functions that a r e  obtained a re  not ent i re  functions of k, 
we cons t ruc t  equivalent en t i re  functions, which can be expanded in an infinite product  in accordance  with 
H a d a m a r d ' s  theorem,  and the expansion then obtained is used in the express ion  for  the S mat r ix .  

In what follows~ we shall use  this notation. Expres s ions  indicated by the Roman numera l s  I - IV 
cor respond  to the types of quasipotential  l i s ted above.  All o ther  express ions  a r e  common to all the quas i -  
potentials~ 

By the usual method set  forth,  for  example ,  in [1, 4] one can obtain the following expres s ions  for  the 
Jost functions: 

B 

]z~' (k) ---- exp ( --iT)In \ w,+,, (kR,)- I dr'gl (k; Ro, r ') V(r')],§ (k, r ' ) ,  (1. I) 

aT( 21 [k ~ _~_~ 
~(~ r ~ = ~ +  "'z x'~J k- '  exp drtz~(kr)q~(r), (1.II) 
"+ " "  " D(~) (k )  o 
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](~) 
~+ ( k ) = t  + (1.III) 

whe re  

k ~ exp( - i /n )  i w[+) (2l+t)  !! dr (kr) W (r) % (k, r), 
0 

. l~\ (+) N[ ~) (k) i dr'g,(k;Bo, r')p~(r') ]~(+"(k)= exp - t ~ - }  w~ (kBo) D(z'"(k ) -o (1. IV) 

g~(k;Ro, r)=exp(.iln)k-t[a,(kHr +~ (kr)-uz(kr)w[+) (kRo) ], N[Z) (k)=exp (-- i~-)  j drqt(r)w~ +) (kr), 
0 

Nz (4) ( k ) =  exp ( - i  ~ ) I dr pl(r)w~ +) (kr), D, (~' ( k ) = l -  dr q~(r),~ dr'gz(k; r, r')ql(r'), 
P,~ 0 0 

D(~ ~ (k)=l- -~  drpz(r) dr'g,(k;r,r')pz(r'), D[ T M  (k)=D, (2'~ (-k) ,  

]~+(k, r) i s  the solut ion of the r ad ia l  SchrSd inger  equat ion with the boundary  condi t ion 

lira ]z+ (k, r) exp.(-ikr) =t, 

q~z(k, r) is  the r e g u l a r  solut ion of the r ad ia l  SchrSd inger  equat ion def ined by the boundary  condi t ion 

lira r-Z-lq)z (k, r) = t ,  
r--~0 

R e is  the r ad ius  of  the h a r d  c o r e ,  R is  the cutoff  r ad ius  of the po ten t i a l s ,  and u~, v, w} § a r e  the R i c c a t i -  
B e s s e l  func t ions  def ined in [11. 

It fo l lows f r o m  the t r e a t m e n t  g iven in [41 that  the J o s t  funct ion ] }~+)(k) is  ana ly t ic  in the c o m p l e t e  
c o m p l e x  p lane ,  exc luding  the inf in i te ly  d i s t an t  point ,  if  the folIowing condi t ion holds:  

drr-Zlqz (r) l<~. 
O* 

The c o r r e s p o n d i n g  ana ly t i c i ty  of ](a) ~+ (k) fo l lows f r o m  the a r g u m e n t s  in [5], and the ana ly t i c i ty  of  ]!~+,a)(k) f r o m  
the r e s u l t s  of [6]. At the s a m e  t ime ,  the fol lowing condi t ions  mus t  hold: 

I drlp~(r) I<~, ~ IV(r) Idr<oo, ~drr21W(r)[<oo. 
Rz* ~r O* 

The S m a t r i x  is e x p r e s s e d  in t e r m s  of the r educed  J o s t  funct ions  as  fol lows:  

St ( k ) =  exp(iZ~) ]I~" ( - k ) =  ][~'~' (-k). .  (9,) 
/~ ')  (k) r ~,~ (k) 

Note that  the func t ions  112+, a) (k) m a y  have  s i n g u l a r i t i e s  at  the points  whe re  D~ 2,r (k) =0. With a l lowance  fo r  th is ,  
](1 3)Ck~ and a l so  f o r  r e a s o n s  of conven ience  when we s tudy the a s y m p t o t i c  b e h a v i o r  of the funct ions  t~' ~ J, we i n t r o -  

duce the new funct ions  

, k D (2) F~ 3) - -~(~  ( k ) ,  F [  ') " (') F[ ') (k)= exp(-ikRr ) (k) F~ 2) (k)=]l~) (-) ~ (k), (k)--~+ (k) = exp(-~kRo)],+ (k)Dl ') (k). (3) 

Tak ing  into account  the ana ly t i c i ty  with r e s p e c t  to k of the funct ions  gz(k; r, r'), T~(k, r), ]~+(k, r) , and 
w~+~ (k, r), we can r e a d i l y  conclude that  the funct ion F~ ~,2,3,a) (k) is ana ly t ic  in the open c o m p l e x  p lane  k. Con-  
s ide r ing  the b e h a v i o r  of the funct ions  Fli)(k) (]=1, 2, 3, 4) a s  k-+~ (Ira k~>0) and us ing  (1. I ) - (1 .  IV), we 
r e ad i l y  conclude that  

F~ ~) (k) --* l+O(k) ,  ]= I , 2 ,3 ,4 .  (4) 

(Ira h~0) 

Simi l a r ly ,  a s  k-~oo (Im k < ~ )  , a s s u m i n g  that  fo r  r ~ R the quas ipo t en t i a l s  behave  a s  C(R - r )  ~ ,  
whe re  a > 0 and C is  a cons tan t ,  and,  fol lowing the usual  technique [1], we can  show tha t  

F, ~ - ~  Ck -~-zexp(2ikp), (5) 

(Ira h<O) 

where 
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{ R-R~, ] = t ,  4, 
p =  R, ]=2,3.  

Taking into account  this  a sympto t i c  b e h a v i o r  of the funct ions  F~ and us ing a r g u m e n t s  s i m i l a r  to 
t hose  e m p l o y e d  in [1], we conclude  that  the funct ions  F~ 1'2'3'~) (k) a r e  en t i r e  funct ions  of  o r d e r  1 and n o r m a l  
type ,*  if the condi t ions  on the b e h a v i o r  of the quas ipo ten t i a l s  given above a r e  sa t i s f ied .  

Applying H a d a m a r d ' s  t h e o r e m ,  we can expand the funct ion F([) (k) in the infinite p roduc t  

F f  ) (k) =F,  ~ (0) exp (ick) f i  (t-k/k,,) exp (k/k,,), (6) 

where  c is  a c o m p l e x  cons tan t  that  mus t  be found and k n a r e  the z e r o s  of F~i) (k), which in the c a s e  of  a 
comp lex  o r  a nonlocal  quas ipo ten t ia l  m a y  be mult iple  [7]. If this  is so, the mul t ip l ic i ty  of the z e r o s  is 
c o m p l e t e l y  due to the z e r o s  of the funct ions  D~2,a)(k). Without l o s s  of  gene ra l i ty ,  we can  a s s u m e  that  FI~) (0)~:0. 

We turn  to the de t e rmina t i on  of the  cons tan t  c,  fo r  which we r equ i r e  the fol lowing definit ion [8]. 
F u n c t i o n s  F (k)  sa t i s fy ing  the condi t ion 

i dk < oo 
In+IF(k) I 

t+k t 

w h e r e  

THEOREM.  The se t  of  roo t s  {kn} , 
condi t ions :  

1) 

2) 

tn+(k)= lak ,  k~>l, ln+(k)=0,  0~<k<i, be long to the c l a s s  C. 

Obviously  F(j)(k) belongs  to the c l a s s  C. Then [8] 

k n r 0, of the en t i r e  function F ( k )  of the c l a s s  C sa t i s f i e s  the 

• tIm(t/k~)I<~r 
- o o  

f o r  any ~, O<g)~n/2, timn+(r,g))/r=limn_(r,g))/r, where  both l imi t s  exis t ;  h e r e  n+(r, ~) is the 

n u m b e r  of roo t s  of F ( k )  within the s e c t o r  Ik[<r, [argk[<(p, and n_(r, q)) is  the n u m b e r  of roo t s  of  F ( k )  in 
the s e c t o r  ] k[ <r ,  [ arg k---n t <(P; 

3) t he re  ex i s t s  the l imi t  

lira 2 (t/k,,). 
I k n l < : X  

In a c c o r d a n c e  with l : rf luger 's  t h e o r e m  [9], if the condi t ions  1-3 a r e  sa t i s f ied ,  the en t i re  funct ion of 
exponent ia l  type F~) (k) has  the a sympto t i c  b e h a v i o r  

Ik! - ' ln  (k) ~ Re (k.- ')eos ~ -  Im(k,,-')sincp+A[sin~[+O(l) 
exp (ick)FC/) (0) k~| . ~ ' 

(7) 

w h e r e  k =  (k)exp(g<p), 
lira n+ (r, n/2) /r = lira n_ (r, n/2 ) /r-~A/n. 

F r o m  (7), taking into account  the a sympto t i c  behav io r  of F~ j) (k) in the upper  and lower  ha l f -p l anes  
of k, we obtain 

O = -  E I m ( k , - ' ) + A -  Rec+O(l), (p=n/2, k=iJk[, Ik]~oo; 

* We reca l l  that  by definit ion the type of an en t i r e  funct ion F ( k )  is equal to 

If gor  ~ > 0 the inequal i ty  0 < a F  < 
funct ion is by definit ion equal to 

In M (r) 
~-= lira - -  M(r) = max IF(k) l. 

r ~  r v ] h i ~ r  

o~ holds  then F ( k )  is of n o r m a l  type.  

In In M (r) 
v = lira sup - -  

r ~  ln(r) 

The o r d e r  ~ of an en t i r e  
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whence 

Similar ly  

Thus,  p = - i  2k,-~-kc.  There fo re  
n 

2 p = ~  Im(k,~-')+A+Rec-bO(l), ~ = - n / 2 ,  k=--i lkl ,  l k l ~ ;  
n 

p = Z I m ( k ~ - ' )  + Re c. 
n 

I m c = 2 R e ( k ~ - ' ) ,  qD=0, k=lkl, Ik[--,-~. 
m 

(8) 

Fz (~) (k) =F~ r (0) exp (ikp) H (l-k/k,,). (9) 
n e t  

Now, proceeding f rom (9) and (2), we can in the same  way as  in the case  of rea l  local potent ials  
[1, 4, 10] obtain the expansion 

~'~ .4 .  , .  Jv~ r 7  , ~  ~ _ ~  "~u~ ~ ' ~ t ~ - - ~  [k~f2-k2-2ikImk~, (10) 
S, (~) (k) = exp (-2ikp) llu~----~-~'JUlK-~-~ .tJL Ik~,[~-k~§ Im k~ 

where we have separa ted  Ni v i r tua l  s ta tes ,  N 2 bound s ta tes ,  and an infinite number  of resonance  s ta tes  
cor responding  to ze ro s  of the functions Fli) (k), i=~l, 2, 4. The express ion  (10) genera l i zes  the well-known 
resu l t  for  local potent ials  [1]. 

In the case  of complex  potentials ,  the si tuation is much more  compl ica ted .  Let us cons ider  br ie f ly  
the posit ion of the ze ros  of the Jos t  functions ](3)lk~ �9 these a re  s imul taneously  poles  of S (3 (k). As was 1+ ~ ! ' I+  

shown in [5] if the imag ina ry  pa r t  of the potential  W( r )  is negative,  f(3)(k) cannot have ze ros  on the ' J l +  

imag ina ry  k axis ,  and on the posi t ive real  ha l f -ax i s  of k these ze ros  cannot be multiple.  By v i r tue  of the 
asymptot ic  behavior  of (a) k ]~+ ( ) , the sequence of ze ros  of the ent i re  function ~:+r ~ cannot have points of 
accumulat ion in the half-plane Im k -> 0. There fo re ,  the number  of ze ros  is there  finite.  

The ze ros  of ]~s+)(k) in the upper  half -plane of k c h a r a c t e r i z e  metas tab le  s ta tes  with exponential 
damping in t ime of the flux of outgoing waves [5]. The ze ros  of ]~3+)(k) on the posi t ive rea l  ha l f -ax is ,  o r  the 
so-ca l led  spec t ra l  points [11], desc r ibe  maximal  absorpt ion when S~ 3) (k)=0. The ze ros  in the lower  ha l f -  
plane co r respond  to decaying quas i s ta t ionary  s ta tes  (fourth quadrant) and quas i s ta t ionary  s ta tes  descr ib ing 
absorpt ion (third quadrant) [5]. Accordingly,  we separa te  N ze ros  • of mult ipl ici ty O~q ( Im  nq > 0), N t 
z e ro s  k r of mult ipl ici ty /~r (kr  = Re k r < 0), and an infinite (countable)number  of ze ros  k s of mult ipl ici ty 
~/s ( Im k s < 0). We obtain the expansion 

S~ (', (k) = exp (-2ikR) I I  ( • ~ ' ( k,+k ~ | k,+k T, 
\ k ~ - k l  

The expansion (11) is obtained here  for  the f i r s t  t ime.  In the absence of spec t ra l  points and multiple ze ros  k s 
it coincides with the resu l t  of [3] obtained on the bas i s  of genera l  physical  pr inc ip les .  
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