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ON I N V A R I A N T  R E G U L A R I Z A T I O N  

A . A .  V l a d i m i r o v  

Conditions that ensure universal invariance of the procedure of regularized integration 
with respect  to internal momenta of diagrams are obtained. The only regularization 
scheme satisfying these conditions is dimensional regularization. It is shown that 
despite the invariance of the integration with respect to the momenta in the presence of 
anomalies the regularization scheme as a whole may be noninvariant. 

1. I n t r o d u c t i o n  

The renormalization problem in quantum field theory with a Lagrangian that is invariant under a 
group is simplified considerably by using a regularization that is invariant, i . e . ,  does not destroy the 
symmetry  of the original problem. For  various symmetry groups, such regularizations have frequently been 
proposed. For  a very large group of quantum-field models, dimensional regularization [1] has proved very  
convenient; its gauge invariance was proved by different methods in [2, 3, 4]. 

In the approach developed below, dimensional regularization is invariant by construction. The aim of 
the paper is to investigate the restr ict ions imposed on the regularization by the requirement that it be 
invariant, and to construct a regularization procedure satisfying these restr ict ions for the maximally large 
class of symmetry t ransformations (theories containing anomalies are an exception). The regularization 
scheme then constructed turns out to be identical with dimensional regularization. 

With regard to the renormalization procedure,  it should be noted that on the basis of invariant 
regularization it can be implemented, for example, by the method proposed by 't Hooft [5]. The invariance of 
this method becomes obvious if one uses the background-field formalism developed by 't Hooft as well [6]. 

I thank A. A. Slavnov, D. V. Shirker, O. I. Zav'yalov, and I. T. Todorov for numerous discussions 
and helpful cr i t ic ism. 

2.  I n v a r i a n t  I n t e g r a t i o n  

In quantum field theory, the symmetry propert ies  of the Lagrangian have as a consequence definite 
relations for the Green's  functions, which are called Ward identities. A convenient method for deriving 
these identities, which uses the formalism of generating functionals, was proposed by Slavnov [7]. Formal 
application of this technique ( i .e . ,  one that ignores the problem of divergences) leads to relations that have 
meaning only for the integrands in the corresponding Green's functions, and to give a meaning to the divergent 
integrals one must regularize them. 

We define a universal invariant regularization as a procedure that leaves all the Ward identities 
derived formally by the above method true for the regularized Green's functions as well. Therefore,  the 
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invar iant ly  regu la r i zed  integrat ion p rocedure  must  have p r o p e r t i e s  that ensure  val idi ty  of all the n e c e s s a r y  
t r ans fo rma t ions  in the p r o c e s s  of the der iva t ion  of the Ward identi t ies .  Slavnov 's  pape r s  [7, 8] contain a 
detailed ana lys i s  of manipulat ions of this kind with genera t ing  functionals and indicate that the requi red  
p r o p e r t i e s  of un ive r sa l ly  invar iant  integrat ion in x space  a re :  1) uniqueness (the r e su l t  of the integrat ion 
must  not change under  identity t r ans fo rma t ions  of the integrand),  2) l inear i ty ,  and 3) the poss ib i l i ty  of 
integrat ion by p a r t s  with neglect  of boundary t e r m s .  The third r equ i r emen t  wilI be au tomat ica l ly  sat isf ied if 
all  express ions  in the x r ep resen ta t ion  a r e  unders tood only in the sense  of the F o u r i e r  t rans i t ion f r o m  the 
p represen ta t ion ,  in which we shall  work in the following. 

We shall  a s s u m e  that the in tegrands  cor responding  to the Feynman d i ag rams  a r e  composed  of 
symbols  (p,, g, . . . . .  ) that a r e  Lorentz  covar ian t  as r ega rd s  the i r  f o r m  and p r o p e r t i e s  (p,g~,=p,, p,p~=p2, 
g, ,=n . . . .  ) and a re  a genera l iza t ion  of the four -d imens iona l  Lorentz  a lgebra  (in pa r t i cu la r ,  n is not n e c e s -  
s a r i l y  equal to four) .  The e l l ips is  r e f l ec t s  the poss ibi l i ty  of  using o ther  symbols  as well, for  example ,  
symbols  that genera l i ze  the m a t r i c e s  Tp, 7 5, etc,  f r o m  which we requ i re  only internal  cons is tency  of thei r  
comple te  se t  of p r o p e r t i e s .  One of the poss ib le  va r i an t s  of such a s y s t e m  of symbols  is given in [4]. Func-  
t ions for  which some of the numer ica l  a rgumen t s  a r e  replaced  by symbolic  a rguments  a re  a s sumed  to re ta in  
the i r  o rd ina ry  p r o p e r t i e s  with r e s p e c t  to these a rguments ,  for  example ,  eaP~ef~q~=e:P*+f~q~ , etc.  

We now re fo rmula t e  in the language of the p represen ta t ion  the r e s t r i c t i ons  imposed on the universa l  
invar iant  p rocedure  of r egu la r i zed  integrat ion:  

ap1(p+k, . .  ) = ~  @ l ( p , . . .  ), (1) 

d p t ( - p  . . . .  ) =  ~dp/(p . . . .  ), (2) 

these  re la t ions  guarantee ing that the a r b i t r a r i n e s s  in the choice of the independent internal  momenta  of 
integrat ion in the d i a g r a m s  does not affect  the resul t ;  

d p Z  ad~(p .... )= ~ ai ~ dp]i(p .... ). (4a) 

In this  re la t ion,  which e x p r e s s e s  the l inea r i ty  of the invar iant  integral ,  the sum can a lso  be infinite, which 
g ives  the poss ib i l i ty  of t r a n s f e r r i n g  p a r t  of the f r ee  Lagrangian to the interact ion and vice v e r s a ,  thereby  
ensur ing uniqueness of the r ep resen ta t ion  of the G r e e n ' s  functions in the f o r m  of functional in tegra l s .  Note 
that infinite sums  can a r i s e  only as  a r e su l t  of expansion in power  s e r i e s ;  at the same  t ime,  the equali ty of 
the two sides of (4a) is unders tood in the sense  of equal i ty of the coeff icients  of equal powers  of the expans ion  
p a r a m e t e r .  

Expanding in a s e r i e s  with r e s p e c t  to the p a r a m e t e r  o~ the re la t ion 

and using (4a), we a r r i v e  at 

d p / ( ~ , p  . . . .  ) = g ( ~  . . . .  ) 

@~l(a,p,-)=~-LJ@/(~,p .... ), 

i.e., it is permissible to differentiate with respect to the parameter inside the invariant integral. 
there immediately follows the possibility of the inverse operation -- integration with respect to the parameter: 

The un ive r sa l ly  invar iant  integrat ion p rocedure  must ,  in pa r t i cu la r ,  be Lorentz  invariant ,  i . e . ,  
p r e s e r v e  the t ensor  s t ruc tu re  of the integrand 

@I~,...~(P . . . .  ) =g~,.~ (.. .).  (5) 

Finally,  as  in the x represen ta t ion ,  we mus t  r equ i re  that identity t r ans fo rma t ions  of the integrand do not 
affect  the r e su l t  of the regu la r i zed  in tegra t ion with r e s p e c t  to the momenta .  

(4b) 

From this 
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Thus, we obtain a set  of conditions charac te r iz ing  the integration procedure  that ensure  uniqueness 
of the represen ta t ion  of the Green ' s  functions in t e r m s  of a functional integral  and validity of all the n e c e s s a r y  
manipulations with generat ing functionals in the derivat ion of the Ward identi t ies,  the proof  of the equivalence 
theorem,  etc .  Leaving aside the question of whether  these conditions a re  n e c e s s a r y  fo r  universal  invariant  
integrat ion with r e spec t  to the momenta and of the c lass  of integral  functions for  which an i n t e g r a t i o n  
scheme sat isfying these conditions exis ts ,  we shall show in the following section that for  the integrands 
corresponding to the d iagrams of local Lagrangian field theory the p roper t i e s  l is ted above enable one to 
cons t ruc t  explici t ly (and uniquely) an invariant  integration procedure .  

3 .  D i m e n s i o n a l  R e g u l a r i z a t i o n  

The re la t ion (4c) makes it possible to use the well-known pa rame t r i c  representa t ion  for  the propaga-  
to rs  (the ~ representa t ion) :  

i i -~  
(pZ--ra2-kie.) ~" P(~) d~ . . . .  +'~J" 

0 

The imaginary  co r r ec t i on  is (e>0) he re  plays its usual ro le  of a cutoff at the upper  l imit  since the symbols  
p2 and m: can be regarded  as rea l  quanti t ies.  After  the transi t ion to the a representa t ion,  we face the 
p rob lem of calculating integrals  of the form'  

~ dpp~, . . .p ,  e~(~'~"+2~). (6) 

We begin with the s imp le r  anc i l l a ry  integral  

1(~, ~k) = ~ dpei(~'+z~kp~, (7) 

where a and ~ a re  p a r a m e t e r s  and k is an external  momentum. By a shift p - ~ p - ~ - - k  we obtain in 

accordance  with (1) 

I(a,  ~k)=e-~'~'/c'I((z), [((z) = ~  dpe ' ~ .  

To find I (~) ,  we a r e  justified in using only the p roper t i e s  (1)-(5), but we must not use dimensional a r g u -  
ments [9]. The re fo re ,  we cons ider  the integral  

dpp~p~e ~r (8) 

which must, by the Lorentz  invariance of the integration procedure ,  be equal to A(a)g,~.  We find A(a) ,  
multiplying (8) by g~: 

r hA(o: )=  J dpp e 

There fo re  
i 0 

dpp~p~e'~',"----- --~ g,,-O.~a I (a).  (9) 

Using (9) and the p roper t i e s  (1) and (2), we obtain 

z " 0 
dpkpp,e~<~,+2~hp)_e-~k~,/~k~ [ ~ k z - ~-----~ 1 (a) (10) 

\ a 2 n ~a}  " 

But the integral  (10) can also be calculated different ly  by differentiat ion with respec t  to fl: 

�9 . i O dpp~e~(:~p~+2,hp)_ i O - - - ~ k . I ( ~ z ) -  ~ i --  ( ~ k 2 + ~ - a ) I ( ~ ) .  (11) 

Comparison of the resul ts  (10) and (11) leads to 

0 
-~-- ~ I ( a ) .  (12) 

Solving the equation, we find I(c~), and, the re fore ,  I(~, ilk) as well: 
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I (~z) =Na -'~n, (13) 

I(r ~k) ~ S dpe~(~':+z~r)=Ncz-"ne-~h'~v~" (14) 

where  N is an a r b i t r a r y  constant .  We can show [10] that the lack of uniqueness manifes ted here  in the 
regular iza t ion  procedure  is en t i re ly  due to the a r b i t r a r i n e s s  in the choice of the normal iza t ion  points and is 
therefore  i m m a t e r i a l .  

We now cons ider  in tegra ls  of the f o r m  

dpp , : . ,  p~; e ~':. (15) 

F o r  odd r,  this is zero  in accordance  with (2); for  even r ,  such an integral  is propor t ional  to the c o r r e s p o n -  
ding s y m m e t r i c  combinat ion of symbols  g,,~,; the coeff icient  of propor t ional i ty  can be found by contract ing (15) 
with guv, as we did above to find A ( a ) .  

Finally,  the main integral  (6) is reduced by the shift p-,.p-P---k to the f o r m  (15). Thus,  the 
65 

fo rmu la s  obtained in this sect ion enable us to c a r r y  out all the n e c e s s a r y  in tegrat ions  with r e spec t  to the 
momenta .  

We now cons ider  the in tegra ls  with r e spec t  to the a p a r a m e t e r s .  They may diverge at the lower  
l imit  and must  be regu la r i zed .  We make a t r ans fo rma t ion  

~ ' 7 7  F(L+i) ~ daa~ I dp/(p . . . .  )P~e'"<:+">= F(X+i) 0 O~ " 

The requ i rement  of uniqueness  of the p rocedure  of integrat ion with r e spec t  to the momenta  will be s a t i s f i ed  
only if the boundary  contr ibution f r o m  the lower  l imit  vanishes ,  i . e . ,  under  the condition 

0~=0 for  any X. (16) 

We now integrate  by pa r t s  the re la t ion  that de t e rmines  the F function, taking into account (16): 

The condition (16) in the given ease enables US to continue the F function analytically into th e region of 
negative z. But by appropr ia t e  changes of the v a r i a b l e s  the s ingular i t ies  in the in tegra ls  w{th r e spec t  to the 

c~ p a r a m e t e r s  can be reduced to the f o r m  S d~ There fo re ,  the condition (16) r egu l a r i ze s  the ~ 
o 

in tegra ls  by means  of ana!ytie continuation with r e spec t  to X: 

�9 : - - ~  ~ . t  ~ l%~ .  

0 

(17) 

Hence and f r o m  (14) we conclude that the regular iza t ion  procedure  cons t ruc ted  in this section on the 
bas i s  o f  the r equ i r emen t s  imposed by the invar iance  condition is p r e c i s e l y  dimensional  regular iza t ion .  The 
cons is tency  of the comple te  approach,  i . e . ,  the fulfi l lment in this regular iza t ion  of the or iginal  conditions 
(1)-(5), has been ver i f ied  by Collins [3]. It follows f r o m  all that we have said that the p rocedure  of integrat ion 
in dimensional  regular iza t ion  is un ive r sa l ly  invar iant  by construct ion since the re la t ions  (1)-(5) a re  in rea l i ty  
the definition of it. Despi te  this,  as  we shall  see below, nei ther  dimensional  nor any o ther  regular iza t ion ,  
taken as  a whole, is un ive r sa l ly  invar iant .  

4 .  A n o m a l i e s  

Since the usual four -d imens iona l  integrat ion,  although invariant ,  leads  to d ivergences ,  we must  use 
fo rmulas  of invar iant  (dimensional) integrat ion with n r 4. Thus,  bes ides  the stage cons idered  above 
assoc ia ted  with the in tegra t ions  with r e spec t  to the momenta ,  the regular iza t [on  p rocedure ,  cons idered  as a 
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whole, contains one fu r t he r  stage of no smal l  impor tance  due to the r equ i remen t  that one must  go o v e r  f r o m  
n = 4 in the or ig inal  theory  to n r 4 in the regu la r i zed  theory .  If the regular iza t ion  is to be invariant ,  it 
is the re fo re  n e c e s s a r y  that all  the s y m m e t r y  p rope r t i e s  of the Lagrangian be p r e s e r v e d  in this s tage.  This  
is the case  when the s y m m e t r y  re la t ions  of the or iginal  Lagrangian a r e  valid for  all  n and do not depend 
expl ic i t ly  on n; in the opposi te  (anomalous) case  the original  s y m m e t r y  is lost  on the t ransi t ion to n r 4 [111. 
The s y m m e t r y  re la t ions ,  which a r e  d is tor ted  in the t ransi t ion,  na tura l ly  cannot be recovered in the i r  
previous  f o r m  a f t e r  in tegrat ion p e r f o r m e d  in the invar iant  manner .  The re fo re ,  it is only when anomal ies  a r e  
absent  that  d imensional  regu la r iza t ion  is invar iant .  
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S P O N T A N E O U S  B R E A K I N G  OF C O N F O R M A L  I N V A R I A N C E  

A N D  T H E  H I G G S  M E C H A N I S M  

E . M .  C h u d n o v s k i i  

A poss ibi l i ty  of covar ian t  genera l iza t ion  of the Higgs mechan i sm is pointed out in which 
all the dimensional  cons tants  - m a s s e s  of pa r t i c l e s ,  and the constants  of the gravi ta t ional  
and weak in teract ion - a p p e a r  s imul taneous ly  as  a resu l t  of the spontaneous breaking  of 
confornzal invar iance .  

The s u c c e s s e s  of field theory  models  with spontaneous s y m m e t r y  breaking  suggest  the a t t rac t ive  
idea that the a s y m m e t r y  of the observed  world must  be t r a n s f e r r e d  f r o m  the in teract ion to the ground state  
(vacuum). In the sp i r i t  of this approach,  we demons t r a t e  the possibi l i ty  of introducing dimensional  constants  
into the theory  as  a r e su l t  of spontaneous breaking  of conformal  invar iance .  Let  us make the following 
r e m a r k .  

It is well known that the exis tence  of dimensional  constants  such as the veloci ty  of light and P lanck ' s  
constant  li, c o r r e s p o n d s  in mathemat ica l  language to a pseudo-Eucl idean nature of space  and noncommuta -  
t ivity of the o p e r a t o r s  of physica l  quant i t ies .  In the units c = 1i - 1, the exper imen ta l ly  known dimensional  
cons tants  a r e  the m a s s e s  m i of the e l e m e n t a r y  p a r t i c l e s ,  and the constants  of the weak interact ion G~ and 
gravi ta t ion  G N. Suppose that  in nature  there  ex i s t s  only a s ingle fundamental  length, in t e r m s  of which all 
d imensional  constants  a r e  e x p r e s s e d  and in units of which all physical  quanti t ies a r e  measu red .  Then worlds  
having di f ferent  va lues  of this p a r a m e t e r  can be re la ted  by means of a sca le  t r ans fo rma t ion .  The infini te-  
fold degeneracy  of the vacuum with r e spec t  to the fundamental  length makes  it poss ib le  to introduce this 
quantity as  a resu l t  of spontaneous breaking  of scale  o r  conformal  invar iance .  The la t t e r  may,  as is well 
known (see, fo r  example ,  [1, 2]), be impor tan t  for  the r enormal i zab i l i t y  of field models  that include a 
gravi ta t ional  in teract ion.  

As a concre te  rea l iza t ion  of this scheme,  we can take a general ' izat ion of the Higgs mechan i sm.  The 
Higgs Lagrangian  has  the f o r m  [3] 
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