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Analytic calculations (in the aberrationless approximation) are made for the threshold condi- 
tions and changes in width of a light beam with self-focusing (SF) in the isotropic phase of a 
liquid crystal  near the phase transition point. It is shown that the orientationa| and thermal 
mechanisms of spatial dispersion (SD) of the nonlinearity ensure the possibility of quasiwave- 
guide propagation of a powerful beam in the medium. The method of finite elements is used 
to develop a numerical solution program for the SF equations in a medium with SD of nonlinea- 
r i ty,  and the character is t ics  of light beams propagating in the medium are investigated over a 
wide range of parameters .  

w For  a variety of reasons,  there is considerable interest  in investigating self-focusing (SF) of light 
in substances which, in a certain range of thermodynamic parameters ,  have a liquid-crystal s tructure char-  
acterized by macroscopic ordering of the molecular s t ructure .  

1) In many liquid crystals  (LC), the nonlinearity greatly exceeds that of ordinary liquids in magnitude; 
the same is true of the relaxation time Vr of LC nonlinearity, the increase in r r being particularly prominent 
as the temperature approaches the transition point T* "isotropic liquid/nematic LC" [1-4]. "~ The main conse- 
quences of this are  as follows, low threshold of SF [1-4], stability of SF relative to separation of intense beam 
into filaments (something that has been recorded experimentally [1] and has a theoretical explanation based on 
allowance for spatial dispersion (SD) of the nonlinearity [5, 6]). The importance of these features in applica- 
tions is unquestionable. The sensitivity of r r  to temperature changes can also be effectively used in research  
for the purpose of studying generation techniques for short pulses and the general properties of nonstationary 

self-action [7]. 

2) The influence of the structural  properties of LC and of powerful radiation is reciprocal ;  the latter 
can be used to effect controlled rearrangement  of the structure of the medium [6, 8, 9] (see also [10]). This 
makes nonlinear optical effects -- in part icular,  SF effects -- into indicators of thermodynamic changes in 
the LC phase near the phase transition point. Statistical methods of nonlinear optics also provide additional 

possibilities here (see [11]). 

3) The pronounced nature, diversity,  and controllability of nonlinear self-action in LC, on the one hand, 
and the very real possibility of setting up the appropriate experiments over a wide range of parameters ,  on 
the other, make these effects convenient for solving an extensive set of problems in the theory of nonlinear 

waves. 

The aim of this paper is to provide, f i rs t  of all, an analytic calculation (in the aberrationless approxima- 
tion [12]) of the threshold conditions for SF and of changes in intensity and width of the light beam in the iso- 
tropic phase of LC near the phase transition point; second, a numerical analysis of SF effects, in the course 
of which we find the regions of the radiation and medium parameters  that define the qualitative behavior of SF 
(saturation effects,  quasiwaveguide modes, multiple-focusing structure) .  Part icular  emphasis i s  laid on 
thermal and orientational mechanisms of SD of nonlinearity. 

w The initial equations for analyzing SF of radiation in the isotropic phase of LC are the equations 

Self-action effects of light in cholesteric LC have their own specific features,  of course,  and should be 

examined separately.  
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that  link the slow complex  ampli tude E of the l inear ly polar ized e l ec t romagne t i c  wave,  the t e m p e r a t u r e  T, 
and the o rder  p a r a m e t e r  Q that  c h a r a c t e r i z e s  the degree  of or ienta t ion order ing  of the molecu les .  

In the f i r s t  p lace ,  we have the parabol ic  equation of nonlinear  di f f ract ion [12, 2], whose nonlineari ty r e -  
sults  f r o m  the fact  that  Q depends on the field: 

~ + ~ a . + -  +~ z = -  z, Qe. ~) 
v 3n ~ 

Here  z is the propagat ion  coordinate ;  k is the wave number ;  A• = D2/Dx2 + D2/Dy2; V iS the group veloci ty;  
and Xa is the anisot ropy of l inear  suscept ib i l i ty .  We ignore the fact  that  the absorp t ion  coeff icient  6 depends 
on the t e m p e r a t u r e  and the radia t ion  intensity;  according  to e s t i m a t e s ,  it becomes  impor tant  only in the non-  
t r a n s p a r e n c y  reg ion  of LC (T < T*) .  

The Landau expansion of the f r ee  nemat ic  energy  as T ~ T*, taking account  of the ef fec t  of the f ieId,  
has  the f o r m  [13]? 

F = f 0 + (7" -- 7`*) Q*" + (grad Q)z _ "9 z, Q [ E 13. (2) 

Here  F 0 is the energy  of the i sot ropie  phase (T >> T*); a is a constant  that  is independent of t e m p e r a t u r e .  
The constant  b, which depends weakly on t e m p e r a t u r e ,  is re la ted  to the cha r ac t e r i s t i c  co r r e l a t i on  sca le  Lc 
for  the LC as follows: b ; a (T - -  T*)L2e/4; the third t e r m  in (2) de sc r ibe s  the SD of the o rder  p a r a m e t e r .  
The re laxa t ion  equation can be obtained by var ia t ion  of (2) with r e s p e c t  to Q: 

2 
~OQ/Ot + a ( T -  T*)Q = b~x Q + -~'/.a I E [3, (3) 

where  ~ is the v i scos i ty  coeff icient .  Near  T*, the re laxa t ion  t ime  of the p a r a m e t e r ,  of b rde r  r r  = ~ / a ( T  -- 
T*), va r i e s  s t rongly with t e m p e r a t u r e  (whereas 71 is weakly dependent on T [3]), and the re fo re  the effect  of 
l a se r  heating may become dec i s ive .  

The change in t e m p e r a t u r e  of the medium in a radia t ion  field is descr ibed  by the heat  equation 

OT ~cn[E[ 2 
Cp--~- = x~.~ T + 8r. ' (4) 

where  ~ is the coeff icient  of t h e r m a l  conductivi ty.  This equation takes  account of a second (thermal) m e c h -  
an i sm of spat ia l  nonlocainess  of the nonl inear  r e s p o n s e .  According to e s t i m a t e s ,  the t e m p e r a t u r e  dependence 
of the densi ty p of the medium and of the heat  capaci ty  C in the range  of in te res t  to us has little effect  on the 
solution of s y s t e m  (1), (3), (4). 

~ Genera l ly  speaking,  the o rde r  p a r a m e t e r  is a t en so r ,  but SF effects  for  a l inear ly  polar ized wave depend 
only on one s c a l a r  combinat ion of the components  of this t e n s o r .  
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To be spec i f ic ,  we will a s s um e  that  a Gauss ian  b e a m  is incident on the boundary of the medium (z = 0), 

E(r, z = O }  = E 0 e x p  -- (r 2 = x  ~+y2),  (4') 

and let us cons ider  the s t eady- s t a t e  mode of se l f - focus ing  which occurs  if the durat ion of the incident pulse is 
g r e a t e r  than r r  and the set t l ing t ime  of the t e m p e r a t u r e  d is t r ibut ion r T = C p r ~ / 4 n  (the quali tat ive fea tures  
of SF that  mani fes t  t hemse lves  under s t eady - s t a t e  conditions a r e  a lso  maintained under uns teady-s ta te  ones ; 
a detai led invest igat ion of nonsta t ionary  SF in LC will be taken up in a subsequent  paper ) .  

w Following the f ami l i a r  p rocedure  of the abe r r a t i on l e s s  approximat ion  [12], we can der ive  f r o m  s y s -  
t e m  (1), (3), (4) under s t eady - s t a t e  conditions (8/9t = 0) equations that  desc r ibe  the change in the d imens ion-  
less  beam width with the propagat ion  coordinate  (under the assumpt ion  that  the Gauss ian  shape is maintained 
[12], the intensi ty on the beam axis  is inverse ly  propor t iona l  to the square  of the width f). If we allow only for  
the or ientat ional  mechan i sm of SD (5 = 0), we have 

18 d=t = 1 - -  o7 [= [ t + T P Ei ( - -  ./f~) exp (7 P~]- (5) 
d~ ~ 

Here  ~ = z /Ld  (the di f f ract ion length Ld = kr20); El(x) is an in tegral  exponential  function; the p a r a m e t e r  a = 
P/P1 is the ra t io  of the beam power P = cnE~r~/8 to the threshold SF power without allowance for  SD; Pl = 
2 7 v e n 3 a ( T -  T*)/2(S~rkXa)2; the SD p a r a m e t e r  y = (r0/Lc)2. 

Fo r  a purely  t h e r m a l  m e c h a n i s m  (Lc = 0)t 

[sd'_// 1 - -~  I 0,1a~ 1+ (5') 
d e  I ~ ! f '  ] ' 

where {~ = P1/P2, P2 = 27r~ (T O --  T*)/5, T O is the t e m p e r a t u r e  of the t h e r m o s t a t .  

It  follows f r o m  (5) and (5') that  SF of the l a s e r  beam occurs  if its power  exceeds  the threshold value 
P > Pth (a > a th) ,  this being given by the following e x p r e s s i o n s ,  r e spec t ive ly :  

~:th= [7 (7 exp (7) Ei ( - - ' / )+1) ] - ' ;  (6) 

l=~th(1--0,1 q.th~) (1 +0,4 ath~) -*. (6') 

In the absence  of SD resul t ing f r o m  the nonloeal nature  of the oriented r e sponse  (Lc = 0) and of absorp t ion  
(6 = 0), exp re s s ions  (6) and (6') become  the ordinary  condition Pth > Pl [12]. 

F igure  1 shows express ions  (6) and (6'), r ep re sen t ing  the threshold  power as a function of the radia t ion 
p a r a m e t e r s  and the p a r a m e t e r s  of the med ium.  Curve 1 r e p r e s e n t s  C~th(7), while curve  2 r e p r e s e n t s  a th (~) .  
As can be seen  f r o m  the f igures ,  SD effects  make the SF conditions for  a b e a m  with specif ied p a r a m e t e r s  
more  r igid;  the p re sence  of the upper  b ranch  on curve  2 indicates that ,  in the abe r r a t i on l e s s  approximat ion ,  
SF does not occur  ff the b e a m  power  exceeds  some  value {fairly la rge  on an actual  sca le ) .  This is to be e x -  
plained by the fact  that  the t h e r m a l  mechan i sm sa tu ra te s  the nonl ineari ty ,  the sa tu ra t ion  being nonloeal .  The 
se l f - ac t ion  pic ture  can be invest igated in g r e a t e r  detail  through an exac t  numer i ca l  analys is  of s t eady- s t a t e  
conditions (1), (3), (4) (see w 

We can integrate  Eqs .  (5) and (5') once: 

t The va r i a t ion  in intensity as a r e su l t  of absorp t ion  in the isotropic  LC phase can be ignored: 5L << 1, L is 

the length of the LC. 
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(7) 

t' ( ' -  '+  + 2 4  \ d ~ ] 4 fi-" 5[ ']  1-t-- - ~  

The solutions of (7) a re  shown in Fig .  2a~ As 7 ~ ~ (ordinary K e r r  m e c h a n i s m  without sa tura t ion)  the 
b e a m  col lapses  to a point (curve 1). Spatial d i spe r s ion  of the nonlineari ty causes  the beam width to osci l la te  
with r e s p e c t  to z, the period of the osci l la t ions increas ing  as y - I  i nc reases  (curves 1-4 in Fig .  2a a r e  plotted 
for  a = 5 and y equal to ~ ,  10.1, 5.3, and 5.1, r e spec t ive ly ) .  

The t h e r m a l  mechan i sm has a s i m i l a r  effect  on the change in f (Fig. 2b); SF becomes  so f t e r  and is 
a l so  c h a r a c t e r i z e d  by a mult i focaI  s t r u c t u r e .  Curves  1-3 a r e  plotted for  fl = 0.1 and a = 2; 5; 10; curves  4 
and 5 a re  fo r  a = 5 and fi = 0.2; 0.4. The min imum c r o s s  sec t ion  B2min of the beam is given by the following 
equation, allowing only for  SD of Q: 

R~--~=ay Ei(--Ylexp(y)--Ei\ .  r7 ) t ro~ ) j - k t ,  (8) 

and, when only the thermal mechanism is allowed for, by the equation 

, 5 1 

\ 

(8,) 

Figure  3 shows Bmin (Fig. 3a) and the osci l la t ion period zf of the beam width (Fig, 3b) as a function of 
b e a m  power (curves 1 and 2 a r e  for  y = 1 and 2; curves  3 and 4 a re  for  fl = 0.1 and 0.2). The bea t  depth for  
f i nc rea se s  with the power;  the effect  of SD of Q is mani fes t  in the a t tempt  to s tabi l ize  the ampli tude of these  
bea ts  (quasiwaveguide propagat ion);  Brain is a nonmonotonic function of power when the t h e r m a l  m e c h a n i s m  
is allowed for ;  when the K e r r  threshold is sl ightly exceeded (a = 1) the heating of the medium does not yield 
any marked  contr ibution to s tabi l iza t ion of f; for  large power values (a 5 8) the noniocal nature of the heating 
hinders  the cont rac t ion  of the beam and the bea t  depth of f d e c r e a s e s .  

Thus,  compet i t ion  between the K e r r  m e c h a n i s m  of SF and the mechan i sms  of SD of the nonlineari ty  can  
account  for  the exper imen ta l ly  r eco rded  s tabi l iza t ion  of Rmin [7] under se l f - ac t ion  in LC.  

w176 The abe r r a t i on l e s s  approx imat ion  makes  poss ib le  a quali tat ive t r e a t m e n t  of the p roces s  of SF and 
yie lds  e s t ima te s  for  the c r i t i ca l  p a r a m e t e r  va lues .  Success ive  solution of (1), (3), (4) with a r b i t r a r y  boundary 
conditions can be attained only by means  of advanced numer ica l  methods such as the f in i te -d i f ference  method 
(for appl icat ions to SF, see,  e.g.,  [14]) o r t h e  method of finite e lements ,  used  in this study and capable of 
at taining a specif ied accuracy  with less  computat ion (described in detai l  in [15]; regard ing  applicat ions to 
nonl inear  d i f f rac t ion p r o b l e m s ,  see [16]). 
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Let  us now analyze our numer i ca l  r e s u l t s ;  f i r s t  we will cons ider  the effect  on SF of SD of the o rder  
p a r a m e t e r .  F igure  4 shows the normal ized  modulus of the field amplitude IA I on the beam axis as a function 
of c ry s t a l  th ickness  ~ for  d i f ferent  ~ and y va lues ;  these  values  a re  shown in the gaps of the curves  [with (4') 
being used as a boundary condition].  Three  of the curves  were  obtained for  a = 8, this cor responding  to a 
power that  exceeds  the threshold of K e r r  SF by a fac tor  of 2 (as we know [17], the abe r r a t i on i e s s  a p p r o x i m a -  
t ion d e c r e a s e s  the SF threshold by a fac tor  of 4). Curves  3 and 4 in Fig.  1 show ath(Y) and ~th(/3) as obtained 
for  numer i ca l  solution of the initial equations;  the solution method descr ibed  takes account of the a b e r r a t i o n s .  
If the LC cor re la t iona l  sca le  Lc is cons iderably  less  than r 0 (y = 100), a mult ifocus s t ruc tu re  a r i s e s .  With 
increas ing  L c (y = 10) the dis tance between foci i n c r e a s e s ,  while the m a x i m u m  ampli tude value s imul taneously  
d e c r e a s e s .  For  y = 1 we encounter  conditions that r eca l l  s ta t ionary  waveguide propagat ion condit ions.  The 
remain ing  curves  were  obtained near  the threshold  of Ke r r  SF (a = 4). 

If the t h e r m a l  m e c h a n i s m  predomina tes ,  the SF picture  is de te rmined  by three  p r o c e s s e s :  K e r r  SF, 
l inear  di f f ract ion,  and defocusing f r o m  heating of the medium.  In region I of the medium and radia t ion p a r a m -  
e t e r s  (Fig. 1) it is d i f f ract ion that  plays the ma jo r  par t ;  the field ampli tude on the axis  d e c r e a s e s  monotoni-  
cally with inc reas ing  ~. Regions II and III a r e  cha rac t e r i zed  by a mult i focused s t ruc tu r e ;  examples  of such 
s t r u c t u r e s  a re  given in Fig.  5 (fl = 0.1; solid cu rves ,  with the values  of c~ being indicated in the gaps in the 
cu rves ) .  Near  the boundary of regions I and II the mult i focus s t ruc tu re  of SF is of a complex  nature (c~ = 16). 
A m o r e  detailed analys is  of the numer i ca l  r e su l t s  shows that  a prominent  p roces s  here  is that  of rad ia l  r e -  
d is t r ibut ion of the ampli tude over  the c r o s s  sec t ion  of the beam,  with its shape deviat ing f rom the Gauss ian .  
A cha rac t e r i s t i c  of region III is the appearance  of sa tura t ion;  fu r the r  i nc rea se s  in the input power have little 
effect  on the posi t ion of the loci  and the m a x i m u m  ampli tude va lue .  Dec reas ing  fl has a ve ry  marked  effect  
on the SF threshold (dashed curve  in Fig.  5, /3 = 0.075, ~ = 16). 

w Spatial d i spe r s ion  of the order  p a r a m e t e r  becomes  m o r e  and more  prominent  as the t e m p e r a t u r e  
approaches  the c r i t i ca l  value;  the pr incipal  t e r m  in (3) becomes  the t e r m  with the t r a n s v e r s e  Laplac ian .  The 
coefficient  y-1 ~ L2c d iverges  c r i t i ca l ly  at the t r ans i t ion  point, and t he re fo re  detect ion and m e a s u r e m e n t  of the 
p a r a m e t e r s  of the mult ifocus s t ruc tu re  of SF in LC is a r ea l i s t i c  way of invest igat ing Lc - -  one of the mos t  
impor tan t  c h a r a c t e r i s t i c s  of the phase t r ans i t ion .  

The authors  a re  gra tefu l  to S. A.  Akhmanov for  useful d i scuss ions .  
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E F F E C T  OF N O N R E C I P R O C A L  E L E M E N T S  ON I N T E R A C T I O N  

OF ELLIPTICALLY POLARIZED OPPOSING WAVES IN 

RING GAS LASERS 

E o A. Tiunov UDC 621.373o826 

Scalar generat ion equations are  obtained for ell ipticalIy polar ized opposing waves in ring gas 
lasers  with anisotropic resona to rs  when there  are  nonrec iproca l  e lements .  These equations 
are  used as a basis for  computing the difference in generat ion frequencies  for  the opposing 
waves in the case of pract ica l  importance in which thei r  polarizat ions differ  little f rom one 
another and a re  quas i l inear .  The formula  is analyzed for one- and two-isotope composit ion 
of the active medium. 

w Papers  [1,2] examined nonlinear interact ion of el l ipt ical ly polar ized opposing waves in r ing gas 
lasers  with r e sona to r s  having a r b i t r a r y  polar izat ion anisotr0py and not containing nonrec iprocal  e l emen t s .  
It is known that in such r e sona to r s ,  in each of the opposing direct ions  (n = r ,  / ) ,  there  are  two (k = 1, 2) 
eigenstates  of polar izat ion of the t ravel ing wave with different  eigenva[ues.  The f requencies  and losses of 
opposing waves belonging to the same eigenstates  are  the same,  while their  polarizat ions are  d i f ferent .  In 
accordance  with [2], polar izat ion e igenvectors  of opposing waves belonging to different  eigenvalues possess  
the proper ty  of quasiorthogonali ty (see (1.4) of [2]). 

tn this paper we will genera l ize  the resu l t s  of [1, 2] to the case in which there  are  a r b i t r a r y  nonrec ip ro -  
cal e lements  in the r e sona to r  that c rea te  amplitude, f requency,  and polar izat ion nonrec iproc i ty  of the opposing 
waves.  In this case the losses ,  f requencies ,  and polarizat ions of all four natural  oscil lat ions of the r e sona to r  
are  different  and the quasiorthogonali ty conditions are  violated.  Scalar  generat ion equations (2.14) and (2.15) 
of [2] are  maintained in the same form,  whereas  the coefficients of nonlinear in teract ion of the el l ipt ical ly 
polarized waves (2.16) and (2o17) are  modified.  The modified express ions  for these coefficients may be found 
in the appendix. 

We should note the following di f ferences  between coef f ic ien ts  (A.1)-(A.3)andthe corresponding express ions  
in [2]: 

1) Coefficient T o f rom [2], which is independent of the propagation di rec t ion of the wave, is replaced by 
T r  f rom (A.3); 

2) the express ion  for  b r is a l tered;  

3) a new t e r m  proport ional  to a n appears  in the express ion  for  Bnn,~ 

If there  are  no nonrec iprocal  e lements ,  these dif ferences  disappear  and Eqs. (A.1)-(A.3) become the co r -  
responding express ions  of [2]. 
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