
M A N Y - L O O P  C A L C U L A T I O N S :  T H E  U N I Q U E N E S S  M E T H O D  

A N D  F U N C T I O N A L  E Q U A T I O N S  

D . I .  K a z a k o v  

In the f ramework of the calculation of many-loop Feynman integrals - the uniqueness 
method - functional equations are  obtained for the coefficient functions of the 
d iagrams.  Solution of a functional equation leads to calculation of an N-shaped 
diagram, the last  of the 5-1oop diagrams of the g0 4 theory.  The obtained result  
makes it possible to extend by an o rde r  the tables constructed previously for the 
calculation of many-loop integrals .  

1 .  I n t r o d u c t i o n  

In our  ea r l i e r  paper  [1], we developed and applied the uniqueness method, which is directed to the 
calculation of many-loop Feynman integrals .  It was shown that despite the great  possibil i t ies of the method 
there are l imitations associated with the nonfulfillment of the uniqueness conditions simultaneously at all 
s tages of the calculation in the case when the number of loops in the d iagram is large (>-5). 

In the present  paper  we show that functional equations can be obtained for the coefficient functions of 
the d iagrams in which we are  in teres ted.  Solving these equations, we can thus calculate integrals that 
cannot be found any other  way. Augmenting the uniqueness method, the proposed method makes it possible 
to extend the c lass  of exactly calculable d iagrams.  The use of the functional equations is i l lustrated by 
calculation of an N-shaped diagram in the (p4 theory.  

2 .  D e r i v a t i o n  o f  F u n c t i o n a l  E q u a t i o n s  

We recal l  f i rs t  of all the notation and some necessa ry  formulas  of the uniqueness method. All 
calculations are  made in a coordinate space of dimension D = 4 - 2e. Integration is per formed with respect  
to internal ver t ices .  To the lines of the d iagrams there cor respond simple power factors  of the form 
1/ (x  2 )a ;  o~ is called the line index and is writ ten above the line: 

= 3 ' - -  �9 

We shall need the following formulas  [2, 1]: 
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We now consider  the charac te r i s t i c  two-loop diagram 
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to which much attention has be paid in the literature [3,2, 1]. The dependence of the integral on the unique 
dimensional argument can be separated explicitly. Suppose cq=c~z=,~3=a,,=0, ~=a. Then we have 

0 ,,v = (x~) l + 2 e + a "  Fe ( t+a) ,  

where  
format ions  (see [2]) 

F , ( l+a)  is the coefficient  function in which we a re  in te res ted .  We p e r f o r m  on the d i ag ram the t r a n s -  

I "  1 ]~  

" 4"  "---( 

Thus,  we obtain a f i r s t  equation for  F , ( l+a ) :  

F, ( l+a)  =F,  ( l - 3 e - a ) .  

We now apply to the upper  ve r t ex  the in tegrat ion formula  (3). We obtain 

(5) 

- ( a  + , ~ )  . 
(6) 

Applying the s ame  fo rmula  but with a different  distinguished line, we obtain 
- I  

- ' = ~  -t- a - -  l -2a-a  
- -  a (7) 

Combining (6) and (7), we obtain the requi red  second equation: 

7 

7-2~ -4  ! 
tg §  ~+~" 

I 

or ,  analyt ical ly ,  

F, ( t+a)  = ! - -2e ' a .  F~ (a) + 2 !2a -  t+36) F ( - a - e )  F ( a -  t+2e) F2 (1-8) 
a+e (a+e)F(a+t)F(2-3e-a) l~(i)  ' 

where  we have used Eqs.  (1) and (2). 

Equations (5) and (8) a r e  the required  functional equations for  the function Fe(~l+a), and they mus t  
be solved s imul taneously .  

3 .  S o l u t i o n  o f  t h e  F u n c t i o n a l  E q u a t i o n s  

To s impl i fy  the inhomogeneous pa r t  of (8), we make the substi tution 

F~(t+a) 2 F 2 ( l - e ) F ( - a - e ) F ( a + 2 e )  G~(l+a). 
F ~ ( t ) F ( t + a ) F ( l - 3 e - a )  

Then the function Ge sa t i s f i e s  the s y s t e m  of equations 

(s) 

(9) 
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G~ (t+a) =G~ ( t - 3 e - a ) ,  (10) 

G~(l+a) a G~(a)-t-- l ( i § . . . . .  :1 ) (11)  
a - l + 3 s  ( a - l + 3 e )  a+e a - t + 2 e  ' 

To find the solution, we use the analytic p rope r t i e s  of the unknown function. On the bas is  of the o~ r e p r e s e n -  
tation it is known, for  example ,  that [4] 

! 

/D \ i+2~+~  1 
F , ( l + a ) =  F ( l ?a+2e )  ~ ..de58( l--~-aJ Cr a "  - -  

0 ~ i V  ] DZ_~, 
(12)  

where  F , ( t+a)  is a m e r o m o r p h i c  function r egu la r  at the point a=0 and having s imple  poles at the points 
a=_-4-n-2e and a=+__n-e. The fo rm of the inhomogeneous pa r t  of Eq. (11) suggests  the s ame  thing. Additional 
poles  of the function G~(i+a) a r i s e  because  of the separa t ion  of the F functions in the denominator  of Eq. (9). 
We shall  t he re fo re  seek the solution of Eqs .  (10) and (11) in the fo rm of an infinite s e r i e s  of poles:  

G ~ ( t + a ) = Z ] "  n-4-a-4--e t- -4- r +n--  3e ')" (13) ,,=, n--a--2e 

This au tomat ica l ly  sa t i s f i e s  Eq. (10). 

Substituting (13) in (11) and equating the res idues  at the poles,  we obtain equations for  1= and r 

The i r  solution has the f o r m  

n+e n 
]"=--1"+~ r~+t--2e q~=cP~+' n+t- -3e  

/~=(_)n r(n+i-2s) c,(e), q~=(_), r(n~-l-3e) c~(e), 
F(n+e) F(n) 

the inhomogeneous t e r m  in Eq. (11) de te rmin ing  the value of c t (e )=F(e) /F(2-2e) .  We note that the f i r s t  
s e r i e s  in (13) is a pa r t i cu l a r  solution of the inhomogeneous equation, whereas  the second is a solution of the 
homogeneous equation. To find the coefficient  c 2( e ), we compare  the obtained solution with a known solution 
for  a pa r t i cu l a r  value of a .  F o r  this ,  we cons ider  the function F~(l+a). By vir tue  of the uniqueness 
re la t ions ,  this function is known exact ly ,  i . e . ,  in all  o r d e r s  in e, for  a=0, - e ,  -28, -3e .  Compar ing (9), (13), 
and the value of F6(1 ), we obtain 

r(e)ro- )r(l+e) 
= -  r(2-2e r (i-2e)r (i+2E" 

As a resul t ,  we have 

F 2 (J--e) F (--a--e) F (a+2e) F (e) 
F , ( i+a)- -2  P ( ~ ) r ( t + a ) r ( t - a - 3 e ) r ( 2 - 2 e )  X 

{ s  . r (n+t-2e)(  t 1 ) 
~=, (-) Fin+e) n+a+e n-a-2-----~ 

r(i-e)r(i+e) 
F( t -2e )  F(l+2e) 

1 

s  F (n) n+a 

X 

(14) 

To set t le  finally the question of the uniqueness of the solution (14), we must  show that it is not poss ib le  to 
add to it an a r b i t r a r y  solution of the homogeneous equation. Indeed, such a solution h (a) has the following 
p rope r t i e s :  

a) A(0)  = 0 by vi r tue  of the normal iza t ion  on Fs (1);  

b) A(+n) = 0, n --- 1, 2 . . . .  by v i r tue  of Eq.(8);  

c) t5(x+iy)]<]A(x)I, where  x l ies  in an in terva l  between poles .  This follows f rom the boundedness 
of the in tegral  (12) and the pa r t i cu l a r  solution (14). 

d) A(z ) does not have s ingular i t ies ,  s ince they are  all  concentra ted in the solution (14). It then 
follows f rom Car l son ' s  t heo rem  [5] that s --- 0. Thus,  (14) gives us the n e c e s s a r y  solut ion o f  Eqs.  (5) 
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and (8). 

The las t  sum in (14) is equal to - F ( l + a ) F ( i - a - 3 e ) ,  by vir tue of which the function F~(i+a) can be 
r ep resen ted  in the form 

r~ ( l+a )=2  
r2(l-~)r(~) (r(-a-e)r(a+2e) ~ ( _ )  

r-'(i) r(2-2e) t ~ - ( ~ a - - L - ~ )  
r ( n + i - 2 e )  ( i ~- ~ i  ) +  

F(n+e) n+a+e n-a-2e 

r ( - a - e )  F (a+2e) r ( i - e )  r ( t  +e) } (15) 
r ( i - 2 e ) r ( i + 2 e )  

unfor tunate ly ,  we cannot obtain a closed express ion  for  the f i r s t  sum.  F o r  e = 0, we obtain f rom (14) 

--~ ,,=, (n+a)Z (n-a) 2 = - 8 ,=, _ [6' (~+a) - } '  ( J - a )  ], (16) 

where  /~(l+x)='/~[~F ( t + x / 2 ) - W  ('/~+x/2) ] (see [6]). 

4 .  C a l c u l a t i o n  o f  a n  N - S h a p e d  D i a g r a m  

in  t h e  q4 T h e o r y  

In the f ive- loop approximat ion  of the r 4 theory,  one d iag ram has  not yet  been ea!cula ted analyt ical ly:  

F o r  its calculat ion,  it is n e c e s s a r y  to know the N-shaped d iagram 

to accu racy  O(1 ) .  It was  cMeulated numer ica l ly  in [7], and in [1] the resu l t  441/8~ (7) was guessed .  
Fo rmu la  (16) makes  poss ib le  an exact  calculat ion.  

We choose the indices of the l ines in the N-shaped  d i ag ram in the following manner  and apply 
formula  (4) to the lower  t r ip le  ver tex :  

7 ! I 

- - Z e  + - -  

l 

I F(-e) l'(l-e) l'(l§ 7 ~  
Z e  F(Z) ~(0 r(l-Ze) 

I'C-e) F ( z -  ~) FCt+ ~) 
rCZ) r (o  r(t-ze) 

I 
F(-e) F[~-Za)TCT§ z ~  _ 

1"(2 )  1"(1+  e )  I"  ( l - J e )  

T 

Here ,  we have used (1)-(4). Thus,  to ca lcula te  the N-shaped d iag ram to O(1)  it is n e c e s s a r y  to know the 
V-shaped d iagram to accu racy  O(e 2 ) o r  the two-loop d i ag ram (X, a,=a~e) to accu racy  O(e4).  At the s ame  
t ime,  the tables  const ructed in [11 contain expansions to O(e )  and O ( ~ ) ,  r e spec t ive ly .  

To extend the tables ,  we use  the solution (16). To this end, we expand in a s e r i e s  with r e spec t  to e 
the function F , ( l+ae) ,  taking into account  the s y m m e t r y  p rope r ty  (5): 

F~ ( l+as)  =co+c,e+[ c~A + csB ]eZ+ [ c,A +cr, B ]e3+ [c6A +c~B+csAB ]s4+O ( eS) , 
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where we have introduced the notation A~ (a+t) (a+2), 
for a=0, - t ,  -2,  -3, we find the coefficients Co, . . . ,  c< We obtain 

F, (t+a~) = l~12e { 6~ (3)+9~ (4)+ (2tA-6B)~ (5)e~+ (45A - ~ - B  )~ (6)e~-(23A-8B)~-~ (3) e~+ 

45 , , 
(t47A_9B) ~ (7) s~_ ( 1352 A - - ~ - "  )~ (3)~ (4)e +csABe +O(e ~) }. 

B=-a(a+3). Knowing the value of the function F~(i+ae) 

(3_7) 

The coefficient c cannot be determined f rom the known special values.  It is readily seen that it is 
t d~F~(l+a) 

c~ ~ 577 I To find it, we expand the function F0(t+a) (t6) with respect to W. We obtain 
4. eta t o=o 

Fo(,+a)=8 2a~'"(n+l) ( i -  2~i-F+~l ~(2n+3). (18) 

Hence, for c~ we find 
t89 

c8 =---~-- ~(7). (19) 

This number makes it possible to complete formula (17), and also to construct  a ser ies  expansion in e for 
an a rb i t ra ry  2-loop diagram up to O(~4), and for an a rb i t ra ry  V-shaped diagram up to O(~ ~ ), i . e . ,  to 
e~ttend by an o rder  the tables constructed in [1]. They have the form 

= t -2e  {Ao~ (3) +A,[ (4) e+ 

A~; (5) 8~+A~; (6) s~-A,~ ~(3) ~+A~ (7) ~'-A~ (3) ~ (4) ~'+O (~) },. A~ A,=9, 

A2=42+30a+45as+tOa2+t5a~2+15asa+ lO(a,a~+a~a~+aia4+aza3)+5(a,a~+a~a,), A3~ / z (A2-6) ,  

A 4 =46 + 42a + 45a~ + 14a2+ 15as~+ 33a~a + 50 ( ai a3 + a3a, ) + 

3 t.( a,a3 + a2a~ ) + 14 ( a,a~ + a2a3 ) + 6asa2+ 6a~2 a + 24a5 ( a,a~ + a3a~ ) + . t 2 a ~  ( a , a &  a~a, ) + 1 2  ( a,a~a~ + a~a~a~ + aia~a~ + a~tha~ ) + 

t2 ( a~a~+a~a~ +a~a, +a~a~) +6 (a~a~+a~a~ +a~Za~ +a~a~) , 

+ 575 
A~=294+402a + - ~ a ~ + 2 6 0 a  ~ + 31838 a~W516a~a-t- 386(a~a~Wa~a~+a,a~Wa~a~) . - ~  (a,a~+a~a,) + 

+ 567 
84a~ ~ a~+t68(ai~az+a~a~+a~a~+a~a~+a~a~+a~a'+a~a~+a~a~)+ 

_ _  + 945 693 945 44i (a ~a~+a ~a~+a ~a~+a ~a~) --~a~a~+252a~a+ a~(a~a~-t-a~a~+a,a~+a~a~) + ~(a,a3+aza~)a~+ 
4 " 2 

t89 ~ ~ t89 ~ 525 ~ ~+357 
2tO(a~a~a~+a~a~a,+a~a~a~-t-aza~a~)-4-t4a ~ +-- -~a~ + 42a~a +.- -~a~  a +--~---a~ a .--~a~ (a~a~+a~a~+a~a~+a~a~)-I- 

t05 2 a~(a'a~+a3aO+84a~(a~a~+a~ai+a~a'+a~a~+a~a'+a~a~+a~a~+a~a~)+tS~94 a~(a'~a~+a3~a'+a~a~+a~a~)+ 

357 
- - .  as ( a,a~a~ + a~a~a~ + a~a~a~-4-a~a~a~) +28 ( a~ a~ + a~ ai-} - 

4 

a/a~+aOa~+a~a~+a~aa,+a~aa~+a~a~) + t4 (a~a~+a~a~+a~a&a~a~) + 

42 (a,*a~*+a~Za~+a,*a~3+a~aa ~) + t8~98 ( a~a~ +az~a~) + 42 (a,~a~a~+a~a~a~+a~a~a,+a~a,a~+a~ata~+a~a~a,+a~a~a,"t" 

~ ~ ~ ~ 315 
�9 a~ a~a~+a~ a~a~+a~ a~a~+a~ a,a~+a~ a,a~) + ~ a~a~a~a,,, A~=3 (A~-I), (20) 

where for brevity we have denoted . . . . .  +a ~-" . . . . . . .  ~(vt 2 ~3 W tr 
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. . 1 /  

= t - 2 e  

~-L2"--..V----~. s �9 " ~ e  V ' ~  

�9 ~ ~ + 20 (al+a3) +32a.,+ 17 (a, Tas) + 33 (a,+aT) +6 (al~+a~ 2) +Sa~Z+4 (a,2Ta~ ~) +8 (a~+a: 2) + 

8 (ai+a~) a,+2 (ata~+a3a2) +6 (a,as+a3a4) + t0 (ata~+asaT) +6 (ataT+asae) +4a,a,+4 (a,+a~) a~+ 

12 (a~+aT) a2+2a~a,+4 (a~ae+a~a7) +6 (a~aT+a~a6) + lOa~aT+'/, (a~+as+a,+aT) +'/, (a,+a~+ae+a~) 2) + 

F o r m u l a  (21) makes  it poss ib le  to comple te  readi ly  the calculat ion of the N-shaped d i a g r a m .  The resu l t  
has  the f o r m  

t 44i 
= 7 - - g -  ~(7), 

in ag reemen t  with the predic t ion made e a r l i e r  [1]. The const ructed expansions (20) and (21) can be used 
subsequent ly  as tables  for  finding the values  of in tegra l s .  

(2i) 

5.  C o n c l u s i o n s  

We note finally that the functional equations obtained in this p a p e r  can a lso  be obtained in the s ame  
manner  for  m o r e  compl ica ted  d i a g r a m s .  It is poss ib le  that in this way a genera l  f o rm of express ion  for  a 
d i ag ram may be pe rce ived .  Hither to ,  all  exact ly  calculated in tegra ls  have been r ep resen ted  in the f o r m  of 
a product  of F functions and the i r  de r iva t ives ,  and thus could be expanded in a s e r i e s  in ~ functions.  It is 
not c l e a r  whether  this is t rue  in the genera l  case  or  whether  a genera l  fo rmula  for  the resu l t  can be obtained.  
But, solving functional equations for  the coefficient  functions of d i ag rams ,  we can at l eas t  r e p r e s e n t  the 
resu l t  in the fo rm of a single s e r i e s  of the type (14). 

F r o m  the p rac t ica l  point of view, the tables  (20) and (21) a r e  sufficient for  calculat ing the s ingular  
(with r e spec t  to s) pa r t s  of d i ag rams  up to the f ive- loop approximat ion  inclusively .  The p rob l em cons i s t s  
solely of reducing the cons idered  d i ag ram to a tabulated d iagram,  as was done in Sec.40 It is evident that 
the achieved accuracy  will for  a long t ime  be sufficient in actual  calculat ions of r eno rma l t za t i on -g roup  
anomalous  dimensions  of o p e r a t o r s  and o ther  quanti t ies  de te rmined  by the s ingular  contr ibut ions of Feynman  
d i a g r a m s .  

I am gratefuI  to D. V. Shirkov, P .  P .  Kulish, and A. V. Radyushkin for  helpful d i scuss ions  and 
advice.  
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