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We study the phase-shif t  co r r ec t ion  to the eikonal of a field on a caust ic .  ~ is shown that,  in 
addition'to the usual  phase loss  on a caus t ic  of - 9 / 2 ,  it is possible to have an anomalous phase 
shift +~/2. We give examples  of spat ial  caust ics  with the anomalous phase shift which a re  
found in anlsotropic  media ,  and of the analogous space - t i m e  caust ics  which ar i se  in the p ropa -  
gation of a pulse in media  with f requency d ispers ion .  We study the uniform Airy  asymptot ic  
behavior,  whiehis  valid fo r  the de terminat ion  of a wave field in the vicinity of a nonsingular  
segment  of a caust ic  with the anomalous phase shift. 

1 .  I n t r o d u c t i o n  

An additional phase shift on a caust ic  mus t  be taken into account in the calculat ion of a wave field i n m a u y -  
ray conditions when 

A.  0 

= 2.J ~ e ~ %  (1)  u (r) = E, A, e"~ V ~  

Here Av and Sv are  the amplitude and eikonal of the wave of r ay  v: j =ndS/n0dS 0, d ivergence of the r ays ;  n = 
n(r), re f rac t ive  index of the medium;  dS, t r a n s v e r s e  c r o s s  sect ion of the ray  tube; and the index ze ro  r e f e r s  to 
the initial point of the ray  r0, i .e. ,  n0-=n(r0), dS 0 -  dS(r0) , and A~ = A v (r0). The summat ion  in (1) is c a r r i e d  out 
over  all rays  that a r r ive  at the observa t ion  point. The phase-shi f t  co r rec t ion  to the eikonal of a ray  which has 
touched the caustic must  the re fo re  be included for  a co r r ec t  descr ip t ion  of the in ter ference  picture of t h e w a v e s .  

Although the nature of the phase-shi f t  co r r ec t i on  is connected with the diffract ion phenomena on the caust ic ,  
it can easi ly  be interpreted in t e r m s  of geome t r i ca l  optics [1]. Indeed, if the divergence j of the rays  on the 
caustic has a zero  of f i rs t  o r d e r  and is negative a f te r  the caust ic  (j < 0), we have for  j < 0, independently of the 
caust ic  g e o m e t r y ,  

i -~I~ =IiI -~/~ er-i(a/2)" (2) 

Usually, fur ther  considerat ions  [J -3] a re  used to select  only the a rgument  - v /2 ,  and to cons ider  caus t i cs  with 
the phase " loss"  cp: cp = k r  However,  it has not been clar i f ied if caus t ics  can occu r  with an e x t r a o r d i n a r y  
(anomalous) phase shift +~r/2. It is shown below that these  caust ics  are  fo rmed under  cer ta in  specif ic  condi t ions .  
These caust ics  will be called caust ics  with an anomalous phase shift.  

It should be emphasized at the beginning that the anomalous phase shift on a caust ic  is not due to the 
geomet ry  of the caustic,  but to the specif ic  physical  p roper t i es  of the mediu~a where the wave propaga tes ,  li 
is important  to note that in the ma jo r i t y  of cases ,  one encounters  caus t ics  with the or idnary  phase shift - ~ / 2 .  
We shall formulate  m o r e  accura te  conditions f o r t h e f o r m a t i o n  of caus t ics  with the anomalous o r  o rd ina ry  phase 
shifts. 

2 .  F o r m a t i o n  o f  C a u s t i c s  w i t h  A n o m a l o u s  P h a s e  

S h i f t s  in  A n i s o t r o p i c  M e d i a  

We consider  the caus t ics  of a plane a m p l i t u d e - p h a s e  s c r e e n  in a one-dimensional  an iso t ropic  med ium 
which cor respond ,  e.g.,  to  the propagat ion of a plane-wave beam.  For  each of the two independent no rma l  waves ,  
the wave field of  the two-dimensional  beam can be wri t ten  in the fo rm the plane-wave expansion 

c o  

E(x, z) = S E0 (x) exp {i [k z (z) z --  xx]} d~, (3a) 
- - c o  

Moscow Energy Institute. Trans la ted  f r o m  Izves t iya  Vysshikh Uchebnykh Zavedenii,  Radiofizika,  Vol. 24 
No. 2, pp. 224-230, February ,  1981. Original  a r t i c le  submitted January  2, 1980. 

154 0033-8443/81/2402-0154507o50 �9 1981 Plenum Publishing Corpora t ion  



whe re o ; 
1 f 1 Ao(Oexp [ i % ( 0  + tx~]a~, (3b) 

t/  

A0(x) and <v0(x) are  the initial  (for z =0) amplitude and phase of the field E0(x)=E(x, z =0), and E0(n) is the 
spatial spec t rum of the initial beam a .e . ,  the d i rec t ional i ty  d iagram of the beam).  The dependence of k z (~r 
in (3a) is de termined by the p roper t i e s  of the medium.  ~n an i so t ropic  medium,  k z (~) = ~ and in an[so-  
t rop ic  media ,  the function k z (~) has been studied in m a n y w o r k s  (e.g., in [4, 5] with the applicat ion to  the mag-  
netoactive plasma),  and has, in genera l ,  a nonmonotonic c h a r a c t e r  with bending points [4]. 

According to (3a) and (3b), we have 

1 _f.I Ao(O exp [i? (x, z, g)] d ~ d ~ ,  (4) e(x, z) = 

where 

(x, z. ~, x) - ~0 (0 + k+ (4) z + ,  (f - -  x).  

The points of s ta t ionary  phase of this  integral  ~s and ~s  a re  given by the conditions 

x = ~ + z d k z - ,  z = - -  ~ ( 0  "~ ~ts, (5) 
dx 

which can be wr i t ten  in the fo rm of the family  of rays  

d k, (~,) =-- x (z, 0, (6) x-----~ + z - ~ -  

where ~s  =-~P~ (~), and ~ is the coordinate  of the exit point of  the r ay  f rom the initial  plane z =0. The angle 
of ti l t  of the l inear  rays  (6) is given by the functions ~p~(~) and dkz/d~t. 

The caust ic  formed by rays  (6) can be found f rom the condition (0/~ ~)x (z, $) =0 and is desc r ibed  by 
the equations 

--I 

-1 (7) 
a k+(-){%(0d'  } 

According to (7), the caust ic  occurs  in the region z > 0 under  the condition r (~)(d2/d~2)k2 (~s) > 0. This  condi-  
t ion imposes r e s t r i c t i ons  on the spatial  modulat ion of the beam ~Po (~), as well as on the p rope r t i e s  of the medium 
k z (~). We note that in the s ingular  d i rec t ion  where  d2kz /d~  2 = 0, the caust ic  (7) asymptot ica l ly  goes to  infinity 
(z k ~ o ,  X k - - ~ ) . *  

The calculat ion of the integral  in (4) by  the two-dimensional  method of s ta t ionary  phase leads,  as usual ,  
to the equations of geomet r ica l  optics which descr ibe  the change of field along the ray  (6): 

I 2 --112 
E ix, z) ----- Ao (~,) 1 -- z - ~ s  ) exp [l ~ (x, z, ~,, "s) + i (~/4) A], (8) 

where 

and }s =}s (x, z) is the root of Eq. (6), which defines the ray  coordinate  of the observa t ion  point (x, y). If t h e r e  
a re  seve ra l  s ta t ionary  points }s we take, as in fl ), a sum of exp res s ions  (8) which cor respond  to different  }u = 
~v(X, z). 

The quantity A in (8) gives a c o r r e c t i o n  to  the phase shift of the field on caust ic  (7). F o r  r  0 
du  2) < 0 when only imaginary caust ic  is r ea l i zed  (z k < 0), the quanti ty A iS equal  to  ze ro ,  which co r r e sponds  to 
the absence of caust ic  phase shift .  Analogously,  A =0 if z k > 0 but z < z  k, i .e . ,  on the segment  of the r ay  p r i o r  
to  its contact with caustic (7). The c o r r e c t i o n  to  the phase shift ~ r  occu r s  only for  z > Zk> 0. Then,  ac -  
cording to (9), 

* h  this s ingular  direct ion,  one obse rves  a s lower  spreading of the beam by di f f ract ion than in the i so t rop ie  
medium [5]. 
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d ~ 
A ~--- 2sgn % (}) = 2 sgn ~ k z (xs), 

and the cor responding  phase  f ac to r  in (8) is equal to 

l=f+ 
The usual  caus t ic  phase shift e-10r/2) t h e r e f o r e  a r i s e s  when the caus t ic  (7) is fo rmed  for  (d2kz/d~t2)<), he re ,  
according to (7), rp ~ (~) < 0.* F o r  example ,  in an i so t rop ic  med ium k z (x) = r r ~ - ~  ~', d~kz/d~r ~ = ~ k~/k~ < O, 
and consequently,  he re  only caus t i cs  with the usual  phase  shift  a r e  posstDle.  It follows f r o m  (10) that  caus t i c s  
with the anomalous  phase  shift e i(v/2) a r e  f o rmed  in an an i so t rop lc  m e d i u m  under  the condition d2kz/d~ 2 ~ 0, 
i .e. ,  in med ia  with convex dependence kz (~) (Fig. lb) .  This  condition is r ea l i zed ,  e .g . ,  in a magne toac t tve  
p l a sma  under  ce r t a in  conditions [5] (see a lso  [4]). We note that  for  the o c c u r r e n c e  of the " a n o m a l o u s "  caus t i c ,  
the beam mus t  be modulated in a spec ia l  way,  viz. ,  so that  the inequali ty (p~'(~) > 0 is sa t i s f ied  (Fig. l a ) .  

3 .  S p a c e -  T i m e  C a u s t i c s  w i t h  a n  A n o m a l o u s  P h a s e  S h i f t  

We shall  consider  now the space  - t i m e  analogue of the p rev ious  p rob l em,  i .e . ,  the p ropaga t ion  of a p lane  
f requency-modula ted  pulse in a homogeneous  med ium with an a r b i t r a r y  f requency  d i spe r s ion  n =n (~). Suppose 
that the field of the pulse for  z =0 is  equal  to 

E(O, t) = Ao(t)exp,[it~o (t)] ~ Eo(t).  (11) 

Then, analogously to (4), we have fo r  z > 0 [6, 7J 

E (z, t) .=~ ~ _ Ao (0 exp [i ~ (z, t, ~, 0)] d } d o~, (12) 

where 

q, (z ,  t ,  ~, +) = ~o (0 + k (| z + ,. (~ - 0 ,  

and k(w) = (w/c)n (0o) is  the wave n u m b e r  in the med ium n(w). 

The method of s t a t ionary  phase  appl ied to  the double in tegra l  (12) leads  to the approx imat ion  of space  - 
t ime  g e o m e t r i c a l  optics [4, 7-9] supplemented  by the equation of the caus t ic  phase  shift  

E (z, t ) - -~- -Ao(~s)[ l -  z - - I - ' / '  zk (~s) exp [i ~ (z, t, ~,, %) + i (~/4) a], (13) 

where  

\ d~  I+.% 

Here ~s  =~s  (z, t) is de te rmined  f r o m  the equat ion of the fami ly  of s p a c e - t i m e  r ays  

z - ~d~,](~-' ]~=:, (t - ~) -_  vgr (%) (t  - 0 - z it, ~) (15) 

and c o r r e s p o n d s  to the init ial  m o m e n t  of exi t  of the r ay  f r o m  the plane z =0; Vgr(W) = (dk/dw) -1 is the loca l  
group veloci ty of the wave in the m ed i um ;  w s = -d r  =COs (}) is a function which d e s c r i b e s  the ini t ial  
f requency modulat ion of the pulse (11); and z k =Zk(}) is the coordinate  of the s p a c e - t i m e  caus t ic  f o r m e d  by 
the fami ly  of r a y s  (15). 

The equations of the caus t ic  of r a y s  (15) can be found f r o m  (15) under  the condition (0/O})z(t, } ) = 0  and 
have the f o r m  

{a d%l-  
(16) 

( ~ J d . . a , , , , ~ - ,  

*The cor responding  law of spa t ia l  modula t ion  of the b e a m  rp0(~) is  the  s a m e  as for  the convergent  ini t ia l  (for 
z = 0) wave f ront .  
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F o r m a t i o n  of an "anomalous"  caus t ic  in an an i so -  
t r o p i c  m e d i u m .  
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Fig. 2. F o r m a t i o n  of the  "anomalous"  s p a c e - t i m e  caus t i c .  

Hence it follows that  a r ea l  caus t ic  (Zk > 0) is f o rmed  only under  the cond i t i on  ~ - ~  d % - -  > 0. In the oppos i te  
d ~  d f  

case ,  the caus t ic  (16) is imag ina ry  (Zk< 0). 

The quanti ty A,which d e t e r m i n e s  the phase  shift  c o r r e c t i o n  on the caus t ic  (16), is ,  accord ing  to (14), equal  
to ze ro  f o r z k < 0 ,  a n d f o r z < z k ,  i f z k > 0 .  F o r z > z k > 0 w e h a v e  

h ~-- - - 2 sgn  d r176 -~- - -2 sgn  d--~ r 
d~ d~  ' 

and hence we find 

z a ~ /  [exp i ~  , d--~- < 0  

]L follows f r o m  (17) that  the space  - t i m e  caus t i c  with an anomalous  phase  shift  exp (ilr/2) i s  f o r m e d  in a d i s -  
p e r s i v e  med ium with a d e c r e a s i n g  d i spe r s ion  c h a r a c t e r i s t i c  Vgr (a~ (Fig. 2a) ** This  p r o p e r t y  is p o s s e s s e d  by, e .g . ,  the 
m a u v e  p l a s m a  in ce r t a in  f requency  in t e rva l s  (Fig. 2b) [4, 9]. In a cold i so t rop ic  p l a s m a  Vgr(w) = 
c41 _-r where  COp is  the p l a s m a  f requency ,  we have dvgr /dw> 0 and accord ing  to (17) one o b s e r v e s  the 
usual caus t ic  phase  shift  exp ( - i~ /2 ) .  

*The n e c e s s a r y  condition for  the f o r m a t i o n  of caus t ic  (16) in the reg ion  z > 0 i s ,  a c c o r d i n g t o ( 1 6 ) , t h a t t h e  
initial pulse has  a d e c r e a s i n g  f requency  modula t ion  o~ s = Ws(~) , dws/d ~ < 0 (for m o r e  detai l ,  see  [7]). 
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Fig. 3. Rays nea r  a nonsingular  caust ic .  

4 .  W a v e  F i e l d  in  t h e  V i c i n i t y  o f  a N o n s i n g u l a r  

C a u s t i c  S e g m e n t  w i t h  a n  A n o m a l o u s  P h a s e  S h i f t  

In the p resence  of a nonsingular  c a u ~ i c ,  the geomet r i ca l  optics fo rmula  (1) has the fo rm 

u (r) = A, exp (ik~,) zc A2 exp (ik92), (18) 

where the index 1 in the i l luminated region r e f e r s  to the ray  which a r r i v e s  at the observat ion  point r a f t e r  the 
contact with the caust ic .  The index 2, on the o ther  hand, r e f e r s  to the ray  which a r r i v e s  at r before  the con-  
tact  with the caust ic  (Fig. 3). The specia l  fea ture  of this  caust ic  is that in the i l luminated region,  A 1 = 
IAI f exp (i7r/2) and r < r (for the usual caustic, A t = IAIIexp(i~/2) and r > r 

The uniform Airy asymptotic expression for the field in the vicinity of a nonsingular caustic has the 
form [10, 11] 

u (r) ~- kZ/6 exp ( lkO -- i 4  ) {Av (k,laSo) -{- ik-lla Bv' (k';a~)} , (]9) 

where the functions ~0, 0, A, andB can be a lgebra ica l ly  exp re s sed  in t e r m s  of amplitudes A1, 2 and eikonals  
r of the two rays  (18). The express ions  for  the functions ~0, O, A, andB take on a different  fo rm in the case  
of a caust ic  with the anomalous phase shift .  This  form can eas i ly  be found by Wsowing toge the r"  asympto t ica l ly  
the caust ic  asymptot ic  exp res s ion  (19) with the r ay  formula  (18).* 

Substituting into (19) the WKB asymptot ic  exp re s s ion  for  the Ai ry  function v(~ ) for  [~ t >>1, we obtain 
f rom (19), fa r  f rom the caust ic  

where 

u ( r )  = A -  eikO - -{-  A +  e ~ * +  , (20) 

A . ~ I  [ ~ ] (21) 
- -  ~ exp - t T (1 ~ 1) IA ( -  ~,,)-,~4 ~ B(--~0),4] 

Putting also r162 r162 A - = A  1, and A+=A~, we find f rom (21) 
A = (-- ~)'r B = (-- 5o)-:/4(iA2--A,), 

r 3 1213 
o = -'2 = - ( 2 2 )  

Taking into account (22), we wr i te  ~tle pr incipal  t e r m  of the uni form asymptot ic  exp res s ion  (19) in the 
following final fo rm:  

u(r)= exp- (,kO--i 4){(--,)'"(iA,+ A,)v (,)+/(--,)-'/4 (/A~_--A,) v' (,)}, (23) 
# 

where 

The obtained caust ic  asymptot ic  behavior  (23) d i f fe rs  f rom the usual one [10, 11] only by the r ep l acemen t s  
A 2 by A1, A 1 by A2, r by r and r follow 

*The Usowing~ procedure  can be just i f ied using the equations of the method of r e f e r en ce  functions [10, 11] 
which follow f rom the subst i tut ion of (19) ir~o the wave equation. 
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Express ions  (23) a r e  conf i rmed by the a sympto t i c  behav io r  of  the exact  solut ions (4) and (12), if  the in te -  
g r a ! s  the re  a re  calcula ted using a modif ica t ion  of the s t a t i ona ry -phase  method valid in the case  of two a r -  
b i t r a r i l y  posit ioned s t a t iona ry  points  [12]. 

In conclusion,  we note that caus t ics  with an anomalous  phase shift  of a m o r e  gene ra l  type than exp (i~r/2) 
can a lso  occur ,  These  c a u ~ i c s  co r r e spond  to  di f ferent  deg ree s  of degene racy  of the d ive rgence  of the ray  
tube j on the caust ic ,  where  j =0. 
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R A D I A T I O N  O F  A C H A R G E D  P A R T I C L E  

A C C E L E R A T E D  A L O N G  A F I N I T E  P A T H  S E G M E N T  

B .  M.  B o l o t o v s k i i  a n d  V .  A .  D a v y d o v  UDC 537.291 

We examine  the s p e c t r u m  of rad ia t ion  f r o m  a charged  pa r t i c l e  which m o v e s  with an initial speed 
vl, a final speed of, and a smooth  change in speed f r o m  v 1 to v 2 along a l imi ted  segment  of the 
path.  

The speed of a charged  pa r t i c l e  changes when it i n t e r ac t s  with ex te rna l  f ie lds  or  s ca t t e r i ng  c e n t e r s .  
This  change in speed often occu r s  in some l imi ted  reg ion  of space  in which the pa r t i c l e  is subject  to ex te rna l  
f o r ce s .  Before  enter ing this  region,  the pa r t i c l e  speed  has  some  init ial  value v i ,  and a f t e r  leaving the reg ion  
in which the fo r ce s  act  it has  the final v 2. The change in pa r t i c l e  speed is accompan ied  by e l e c t r o m a g n e t i c  
radiat ion.  In th is  paper ,  we de t e rmine  the rad ia t ion  s p e c t r u m  for  a c e r t a i n  law of pa r t i c l e  mot ion.  Let  a 
charged point p a n i c l e  move  along the z ax is ,  with the t ime  dependence of i ts  speed desc r ibed  by the e x p r e s s i o n  

v(0 v ,§  + v , - - v j  th(~t).  (1) 
2 2 

Obviously,  fo r  this law of mot ion,  the pa r t i c l e  speed at  t = - ~  is vi, and at t = + ~ it  is v 2. The t r ans i t i on  f r o m  
v t to v 2 takes  p lace  nea r  t =0.  When t = 0  the speed is the a r i t h m e t i c  m e a n  of v i and v 2. The dura t ion  of the 
t rans i t ion  T f rom the initial speed  v I to the final speed  v 2 is of the o r d e r  1 / a .  We will hencefor th  a s s u m e  fo r  
s impl ic i ty  that 

T =~ 1/~. (2) 
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