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For  a monochromatic  wave beam the moments of the t r ansver se  energy-f lux density d i s t r i -  
bution are  introduced into consideration. It is shown that in a l inear medium a polynomial 
representa t ion in z holds for moments  of any order .  In a medium having cubic nonlinearity 
polynomials in z of corresponding order  can be used to represent  the moments of zero 
and f i r s t  order ,  and the centrifugal moments  of the second order .  Examples  of the applica- 
tion of the average descript ion of wave beams are  considered. 

As is well known, one of the effective methods of solving problems in t ranspor t  theory is the method 
of moments [1, 2]. In this method, the problem of finding a cer ta in  distribution f(t) is replaced by that of 

determining the moments  R n = tnf(t)dt of this distribution. The effectiveness of the method of moments  

in problems of t ranspor t  theory is related to the relat ive simplici ty of the equations for R n. Knowledge of 
all the moments  ~llows known methods to be used to recons t ruc t  the form of the function f(t) [3]. 

However, even in those cases  when it is found to be impossible to determine all the moments of the 
desi red distribution, information on the f i rs t  Several m o m e n t s p r o v e s  useful [4, 5]. This is especial ly  
important  in nonlinear problems in which to find the entire distribution often necess i ta tes  numerical  methods. 
In the present paper we shall speak of the use of the method of moments  in analyzing problems of linear 
and nonlinear quasioptics.  

1 .  T h e  C o n n e c t i o n  b e t w e e n  t h e  A v e r a g e d  D e s c r i p t i o n  

o f  t h e  F i e l d  a n d  t h e  E n e r g y  a n d  M o m e n t u m  

C o n s e r v a t i o n  L a w s  

In three-dimensional  space (xt, x~, x3) let there be a cer tain set of quantities comprising the sca lar  
w(t, r), the vector  S(t, r), and the tensor  Taft(t, r) which sat isfy the relat ions 

where Q is a cer tain vector .  
z e r o - o r d e r  moment 

0--E--w = - -  dIv $; (la) 
Ot 

1 0 S  A 
- dIv T; (lb) 

c = Ot 

3 

Or T== -1 div Q, (1.1c) 

Let us introduce the moments of the quantity w(t, r) into consideration: the 

W (t) = ~f w d v ,  (1.2) 
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t he  f i r s t - o r d e r  m o m e n t  

ro ( 0  = r (t, r )  a v  

V 

(1.3) 

and the c e n t r i f u g a l  s e c o n d - o r d e r  m o m e n t  

1 ~ r=' wdv. I ( t )  --= a~eff = ~ - -  
V 

(1.4) 

In (2)-(4) the  i n t e g r a l  i s  t a k e n  o v e r  the  e n t i r e  in f in i t e  s p a c e .  If the  q u a n t i t y  w i s  g iven  the m e a n i n g  of 
e n e r g y  d e n s i t y ,  then  the  f i r s t  two equa t ions  of (1.1) w i l l  d e s c r i b e  the  l aws  of c o n s e r v a t i o n  of e n e r g y  and 
m o m e n t u m  fo r  the  f i e ld .  Thus ,  in  the  c a s e  of an  e l e c t r o m a g n e t i c  f i e ld  in  vacuo  w = (1/87r)(E 2 + H2); S 

= (c/4rr)[EH] i s  the  d e n s i t y  of the  e n e r g y  flux; T a f  t = TM B_ = (1/470 { E a E  fl + Hall  fl - ( 1 / 2 ) 6 a 3  (E 2 + H2)} 
3 

i s  the  M a x w e l l i a n  t e n s i o n  t e n s o r ;  E T~ = w and Q = S. In a h o m o g e n e o u s  m e d i u m  wi th  p e r m i t t i v i t y  and 

,z=l 

p e r m e a b i l i t y  e, /~: 

w = (ED + BH)/'8r~, 

1 t {E,D~.+ H.Bo 1 
= 7 ;  47, - 

E T~. 1 w, O S 

c__ IEHI, S = 4r. 

1 M ~ (E~ L)~ + t l~B~) -- - -  T.~, 

By v i r t u e  of Eqs .  (1.1) the  fo l lowing  r e l a t i o n s h i p s  a r e  fu l f i l l ed  fo r  the  f i e ld  l o c a l i z e d  in  a c e r t a i n  r e g i o n  
o f  s p a c e :  

W (t) = const = W (0); (1.5a) 

dr l (1.5b) r i te( t )  = c o n s t = - -  ; 
dt dt It=o 

d 2dt -----U-l(t) = const = -d~dV t-o ~~ (1.5c) 

H e r e  f l .5a)  d e r i v e s  f r o m  (1.1a), (1.5a) d e r i v e s  f r o m  (1.1a) and (1.1b), and (1.5c) d e r i v e s  f r o m  (1 .1a) - (1 .1c) .  

Thus ,  the  d i s t r i b u t i o n  m o m e n t s  i n d i c a t e d  above  a r e  r e p r e s e n t e d  in  t b y  p o l y n o m i a l s  of the  a p p r o -  
p r i a t e  o r d e r :  

W =  Wo, 

rc = %o + %t, (1.6) 

l = I o +  Bt + At" 

hav ing  c o e f f i c i e n t s  d e t e r m i n e d  by  the i n i t i a l  cond i t ions  

A 

l t ' s d v l ,  
'~/c "= ~'[/'o , t~o  

V 

3 

T~ dv B --- - -  r S dv 
Wo ' Wo . 

V 1 V 

The r e l a t i o n s  in  Eq.  (6) have  a s i m p l e  p h y s i c a l  mean ing :  the  e n e r g y  W of the f i e ld  i s  c o n s e r v e d ,  the 
" e n e r g y  c e n t e r "  r c m o v e s  a long  a s t r a i g h t  l ine  wi th  a c o n s t a n t  v e l o c i t y  Vc, and the  s q u a r e  of the  e f f ec t i ve  
r a d i u s  of  the  bunch  a2eff v a r i e s  a c c o r d i n g  to a p a r a b o l i c  law ffor t ~ % neff  ~ t) - the  m o t i o n  of the bunch 
i s  s i m i l a r  to  the  m o t i o n  of a c loud of n o n i n t e r a c t i n g  p a r t i c l e s  in  the  a b s e n c e  of e x t e r n a l  f o r c e s  (in th i s  c a s e  
r c i s  de f ined  a s  the  c e n t e r  of m a s s ) .  
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2 .  A v e r a g e d  D e s c r i p t i o n  o f  S t a t i o n a r y  W a v e  

B e a m s  i n  a L i n e a r  M e d i u m  

Le t  us  now c o n s i d e r  a wave  b e a m  $ = Ee  - i k z  tha t  i s  s t a t i o n a r y  in t i m e  and i s  d e s c r i b e d  by  the 
quas iop t i c  equat ion  (in the c o o r d i n a t e s  kr)  

c)E _ l A, E. (2.1) 
dz 2i 

We sha l l  be i n t e r e s t e d  in the dependence  of the m o m e n t s  of the in t ens i ty  [El 2 on z: 

r,,,, = S x" y~ t E t 2 dx  dy. (2.2) 
s 

Since it  fo l lows f r o m  (2.1) that  the r e l a t i o n s h i p s  

- d!E['~ -= - - d l v ~ S  ; (2.3) 
~z 

0$~ ' = div~ 7'; (2.4) 
dz 

2 dr),.X_ T, i=  dlvxO: (2.5, 

i - I  

hold,  w h e r e  
S j, EA• E* - -  c.c. (2.6) 

2i 

1 A~.IEI , 1 (  OE OE* OE* O E )  (2.7)  

1 [Ev~A.LE*-- c.c. }, (2.8) 0=-4-7 

i t  fo l lows tha t  fo r  the quan t i t i e s  

roo  ~ ~vre, 

1 
- -  (rloXo + ro ,yo )  ~ rc~,  
r o  o 

1 (r~o + r0 2) --  a~eff 
FO 0 

equat ions  ana logous  to (1.2)-(1.4) a r e  app l i cab le  with the subs t i tu t ion  of z fo r  t and S f o r  V: 

ro o (z) = ro o (0); 

re ~ (z) ffi r e ~ (0) + az; 

a~eff(z) = a2eff(O) -}- Bz -}- Az ~, 

w h e r e  

(2.9) 

(2.10) 

(2,11) 

a = - -  S~ ds ~ - ~  E~V ~ ~ds ; 
r o  o ro O z ~ O  

s S 

B =  2 Y r ~ S L d s -  - 2 ~ ( r l v • 1 7 6  roo 

A----Lroo f f l v ~ e [  uds=- rool .[[(V~ Eo)U+eo~(Vl~)z] ds!z=o ' 
5" .~' 

E = E o e-iL 

(2.12) 

(2.13) 

(2.14) 
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Thus ,  the tota l  e n e r g y  f lux of the b e a m  is  c o n s e r v e d ,  the in tens i ty  cen te r  l ies  on one s t r a igh t  l ine* (a 
consequence  of the  law of c o n s e r v a t i o n  of t r a n s v e r s e  b e a m  momen tum) ,  and the squa re  of the ef fec t ive  
b e a m  length v a r i e s  a c c o r d i n g  to a pa rabo l i c  law. 

It can  be shown that  the po lynomia l  (in z) r e p r e s e n t a t i o n  of the in tens i ty  m o m e n t s  of the field 
d e s c r i b e d  by Eq. (2.1) a l so  holds fo r  the subsequent  o r d e r s  rmn :  

rmn (z) = Pm+n(z), (2.15) 

where Pm +n (z) is a polynomial of degree (m + n). This can be verified most simply using the integral 
Fresnel transformation equivalent to Eq. (2.1): 

E(r ,  z ) =  2 - ~ z y E ( r ' l ' 0 )  e x p (  - i "  ' r •  ) d ' r ' ' ' ' 2 z  _ (2.16} 

S 

Let  us c o n s i d e r  the focus ing  of a Gauss i an  beam:  E = e 0 exp [ - r 2 / 2 a  2 + i ( r2 /2F) ] .  Fo r  this b e a m  
a e f  f = a ,  and the e x p r e s s i o a  

�9 l z ' + (  _ z ) ~ a ~  (2.17) 

d e s c r i b e s  the v a r i a t i o n  of the r e a l  width a of the beam.  Thus,  the wave b e a m s  in the a v e r a g e  desc r ip t i on  
behave  ana logous ly  to Gauss i an  b e a m s  having a c o r r e s p o n d i n g  width and d ive rgence .  It can  be shown that  
fo r  co l l ima ted  b e a m s  (~(0) = 0) fo r  a s t ipula ted value of a2ff(0) Gauss ian  d i s t r ibu t ions  r e a l i z e  the min ima l  
d i f f r ac t ion  d ive rgence  of the ef fec t ive  c r o s s  sec t ion .  

As our  o the r  example ,  let us cons ide r  the pa s sage  of an a r b i t r a r y  b e a m  through  a quadra t i c  phase  
c o r r e c t o r  r = - r 2 / 2 F -  A s s u m i n g  in (2.9)-(2.14) tha t  (p = (Pi + (P0, where  ~i is the phase  of the inc ident  
beam,  we find that  

(rc ,_).in 
(r c • = (rc.t.)i n, ~tout = ~in [:, , 

(eLeff,)out = (aeff)in, 

2 (a2eff)in Bit ~ (a~ff)In 
Bout = Bin - - F  ' Aout = Ain-----~-  q. _.a_____F ~ 

(2.18) 

The indica ted  r e l a t i onsh i p s ,  t oge the r  with (2.9)-(2.14),  a l low a r b i t r a r y  b e a m s  in the s y s t e m  of quadra t i c  
phase  c o r r e c t o r s  to be cons ide red .  Note tha t  fo r  nonquadra t i c  c o r r e c t o r s  the t r a n s f o r m a t i o n s  of the coe f -  
f ic ien ts  that  d e t e r m i n e  the change in the ef fec t ive  width of the b e a m  and in i ts  d i r ec t i on  will  conta in  the 
inpu t -d i s t r i bu t ion  m o m e n t s  of o r d e r  h igher  than the second.  

3 .  D e s c r i p t i o n  o f  P a r t i a l l y  C o h e r e n t  F i e l d s  a n d  

F i e l d s  i n  S t a t i s t i c a l l y  I n h o m o g e n e o u s  M e d i a  

Let  us indicate  s t i l l  ano ther  way  of obtaining the m o m e n t s  of the in tens i ty  d i s t r ibu t ion  in quas iop t i c s ,  
which  is a l so  sui table  f o r  the de sc r i p t i on  of pa r t i a l ly  cohe ren t  f ie lds .  Le t  us in t roduce  a m u t u a l - c o h e r e n c e  
funct ion [5]: 

2 '  

w h e r e  r{x, y), p(~, ~7) a r e  r a d i u s - v e c t o r s  in  the plane z = const .  The equat ion  fo r  the funct ion B(r ,  p, z) 

O 
iOz B (r, p, z) ~ V, 7pB(r, p, z), (3.2) 

which d e r i v e s  f r o m  (2.1), can  be solved by  a method ana logous  to that  developed in [2]. Fo r  the m o m e n t s  
of the mutua l  c o h e r e n c e  funct ion 

r,,,. (p) = S x ' '  Y" B (r, p, z) d ~ r (3.3) 
S 

* At tent ion  was  a l r e a d y  d i r ec t ed  to this  fac t  in [6]. 
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it  is not difficult to der ive f rom (3.2) r e c u r r e n c e  relations:  

F r o m  (3.4) it follows that 

i Or . . . . .  m 0 O 
Oz 0-~, r~- i .  , ,  - -  n O~ rm, n-l. 

roo(P, z) = too(p, O) = const; 

1 Oro o (~, O) 
ro i (P, z) = ro,  (p, O )  - - -  z 

i 0-~ ' 

1 Oro o (P,.O) . 
rio(P, z) = rio(p, 0 ) - - - -  z 

i O~, ' 

(3.4) 

(3.5) 

(3.6) 

r,,~ (p, z) = ro .~ (p, o) - - -  

r . . , , (~ ,  z ) =  r ~ . ( p ,  o ) : - -  

2 Oro t (P, O) 02ro o (P, O) Z - -  - Z2~ 

i ~'4 O'~ 2 

Or 1~(~, O) 02roo (P, O) zl 2 2 - '  

(3.7) 

etc.  Thus, the polynomial represen ta t ion  for  the intensi ty moments  is a par t icu lar  case  (for p = 0) of the 
polynomial represen ta t ion  for  the moments  of the mutual coherence  function B(r, p, z). The resul ts  (3.4)- 
(3.7) can natural ly  be general ized for  the case  of the propagation of part ia l ly  coherent  wave beams in s ta t i s -  
t ical ly  inhomogeneous media. In the known approximation of [5, 7] this case can be descr ibed  by the equa-  
tion 

OB i 
i 0--7 = V, VpB--  ~ d, ip) S (3.8) 

for  the mutual coherence  function (3.1). In (3.8) 

0 41 

p(:o \ .*- ( R ~ p(z) : ( [ . ( .  )])  o.,,,.>, 

is the s t ruc tura l  function of local ly homogeneous and isotropic  fluctuations of the permit t iv i ty  e (R and p (3) 
a re  r ad ius -vec to r s  in three-d imens ional  space x, y, z: p (3) = 4~-7-~Y). 

F rom (3.8) one can obtain a r e c u r r e n c e  equation which genera l izes  (3.4) and desc r ibes  the var ia t ion 
of the moments  of the mutual -coherence  function B: 

, / 0 ,  ) 0 0 
-Oz- + -~ d, (~) r,,,n= --  m d-';~ r " - I '  n-Tn ~ r . . . . .  I. (3.9) 

Hence it follows that 

(P, roo \ 4 / 

[ 1 Oroo(p,O ) 1 dd~ ~ ]  
r0,(p, z ) =  rot(p, O) i OH z + - - - -  0 H O) exp[- - ( l /4)  d,(p) zl, 

1 Od~ rox(P, O) + 
ro2 (P, z) = (r0~(p, Z))reg+ ~ 0-'--~- -4- ! O~/~ 

) (Od~ '~ " Z ']exp[--(1/4)  d,@zl.  10d~ Oroo (P. O) z3 - 0 ) -~  
Xro o(~, z)+ T 0----~ O~ 0~t- ) r~176 ~?' 

In par t icular ,  

aeff (z) = (a2eff(Z))reg+ 1~ [A~ d~(p)]p=o z3. 

(3.1o) 

(3.11) 

As is evident f rom (3.11), a random i r r egu la r i ty  of the medium introduces an additive contribution to the 
broadening of the effective beam c ross  sect ion [4, 5]. 
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4 .  W a v e  B e a m s  i n  a N o n l i n e a r  M e d i u m  H a v i n g  

a P e r m i t t i v i t y  ~ = s 0 ( 1  + e ' [ E l  ~) 

Le t  us  c o n s i d e r  wave  b e a m s  in  a cub ic  m e d i u m  which  a r e  d e s c r i b e d  b y  the  equa t ion  

OE 1 
= - -  ( A ,  E -t- ~ ' [EI  2) E). (4 .1)  oZ 

By d i r e c t  d i f f e r e n t i a t i o n  of the  i n t e n s i t y  m o m e n t s  wi th  r e s p e c t  to z u s ing  Eq.  (4.1) i t  ean  be  shown tha t  
wave  b e a m s  in  m e d i a  hav ing  a p e r m i t t i v i t y  ~ = ~0(1 + ~,[ El2) m a y  be  d e s c r i b e d  by  Eqs .  (2.3)-(2.5) in  which  

.,L 1 ~ 'IEI;  

Q _ ~ Q t . _  e' 2-~ l e V ( e V ~ e *  - r 1 6 2  ), 

T~k and Q L  a r e  the  c o r r e s p o n d i n g  e x p r e s s i o n s  fo r  the  l i n e a r  m e d i u m .  

As  a r e s u l t  of t h i s  Eqs .  (2.9)-(2.11)  a r e  v a l i d  a s  p r e v i o u s l y ,  the  only  d i f f e r e n c e  be ing  that  

A ~ A NL A L e" S = - -  2r0---~ [El~ds" (4.2) 
S 

Le t  us  c o n s i d e r  c e r t a i n  c o n s e q u e n c e s  which  d e r i v e  f r o m  Eqs .  (2.9)-(2.11) t ak ing  into account  (4.2).* 
In a n o n l i n e a r  m e d i u m  the  i n t e n s i t y  c e n t e r  of the  b e a m  p r o p a g a t e s  a long a s t r a i g h t  l ine;  th i s  s t r a i g h t  l ine  
i s  the  s a m e  a s  in  a l i n e a r  m e d i u m .  Th i s  c o n c l u s i o n  i s  va l id  not  only  f o r  a cubic  m e d i u m  but a l s o  fo r  an 
a r b i t r a r y  d e p e n d e n c e  e ([ E 12). Hence ,  the  t r a n s v e r s e  d i s p l a c e m e n t s  of ~ b e a m  having an a s y m m e t r i c a l  
a m p l i t u d e  p r o f i l e  [8] a r e  l o c a l  in  c h a r a c t e r ,  whi le  a s  a whole  the  b e a m  p r o p a g a t e s  in  a s t r a i g h t  l ine .  

F r o m  (2.11) and (4.2) i t  fo l lows  tha t  any  c o l l i m a t e d  b e a m ,  beg inn ing  wi th  a c e r t a i n  c r i t i c a l  power  
P c r ,  wi l l ,  on the  a v e r a g e ,  " c o l l a p s e  ~ in  a n o n l i n e a r  m e d i u m :  for  A NL < 0, d2a2eff/dz 2 < 0. The  c r i t i c a l  
p o w e r  i s  d e t e r m i n e d  f r o m  the cond i t ion  A NL = 0: 

S 

A s s u m i n g  E = E0f(r•  , we ob ta in  f r o m  (4.3) 

2 2 ~ ( V ~ f ) * d s  
E0 cr = (4.4) 

~" S ? ds  
S 

o r  

p = cn s s , (4.5) 

s 

w h e r e  k 0 = ( w / c ) f ~ 0 .  The  c r i t i c a l  power  (4.5) i s  d e t e r m i n e d  s o l e l y  by  the  p a r a m e t e r s  of the  m e d i u m  and 
the  p r o f i l e  of the  t r a n s v e r s e  d i s t r i b u t i o n  f ( r •  i t  i s  i ndependen t  of i t s  a m p l i t u d e  o r  width.  Thus ,  fo r  a 
G a u s s i a n  b e a m  f ~ exp ( - r  2 / 2a 2): 

_-- cn (4.6) 

2~'k20 

Le t  us d e t e r m i n e  the p r o f i l e  fo r  which  the c r i t i c a l  p o w e r  i s  m i n i m a l .  V a r y i n g  P c r  wi th  r e s p e c t  to 
f ( r •  we f ind tha t  t h i s  p r o f i l e  m u s t  s a t i s f y  the  equa t ion  

* In v i ew  of the  a r b i t r a r i n e s s  of the  o r i g i n  of the  c o o r d i n a t e  z in  (2.11) the  coe f f i c i en t  A i s  the  i n t e g r a l  of 
the  o r i g i n a l  equa t ions .  F o r  a r b i t r a r y  n o n l i n e a r i t y  an ana logous  i n v a r i a n t  was  d e t e r m i n e d  in  [14]. 
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(vD ~ ds ~ (vf) ~ ds 

A •  s p__  s 

S S 

f =  0, 

which by means  of the subs t i tu t ion  

! f)' 
mew = r ~ ~s [' ds 

[new:-:-/(2 j' f~ds/j '  [ 'dS) '/: 
S S 

can  be r educed  to  the f o r m  

A~W~new+ f~ew-- ~new = O. (4.7) 

The  s i m p l e s t  solut ion of this  equat ion c o r r e s p o n d s  to an  a x i s y m m e t r i c  b e a m  which is  a solut ion of 
Eq. (4.1) independent  of z. Thus ,  a b e a m  the prof i le  of  which coinc ides  with the prof i le  of a un i fo rm (with 
r e s p e c t  to z) b e a m  has the l eas t  c r i t i ca l  power:  P c r  rain = Puni- The quant i ty  

cn 5.7637 (4,8) 
Puni = 4~k~ ~' 

was  de t e rmined  in [9] by n u m e r i c a l  in tegra t ion  of Eq. (4.7). However ,  the s t a t i o n a r y  p r o p e r t i e s  of the 
funct ional  Pcr [ f ]  al low Puni to be ca lcula ted  with c o m p a r a t i v e l y  high a c c u r a c y  by s t andard  va r i a t iona l  
methods .  As is evident  f r o m  (4.6), a Gauss i an  b e a m  a l r e a d y  yie lds  an app rox ima t ion  that  is adequate  in 
p r ac t i ce  for  Puni: PcGr = 1.09 Pun i. It should be noted that  the value  obtained fo r  the c r i t i c a l  power  of a 
Gauss ian  b e a m  is somewha t  h igher  than the value d e t e r m i n e d  as a r e su l t  of n u m e r i c a l  ca lcu la t ions  in [10]: 
PcGr = 1.0-15 Puni.  This is p robab ly  because  in the f i r s t  ca se  the c r i t i ca l  power  d e t e r m i n e s  the "co l l apse"  
th resho ld  of the b e a m  as a whole (dZa2eff/dz 2 < 0), while in the second case  it d e t e r m i n e s  the th reshold  
of local  "co l l apse"  when a focal  point having an infinite in tens i ty  is f o r m e d  on the b e a m  axis.  In a 
c e r t a i n  sma l l  power in t e rva l  Puni < p < 1.09 Puni the f o r m a t i o n  of the foca l  point is accompan ied  by an 
i n c r e a s e  in the ef fec t ive  width of the beam.  

Let  us wr i t e  Eq. (2.11) fo r  the ef fec t ive  b e a m  width by in t roduc ing  into it the c r i t i ca l  power  (4.5): 

where  

A0 --- e0), as (4.101 
S S 

is a coeff ic ient  c h a r a c t e r i z i n g  the d i f f rac t ion  d ive rgence  of a co l l imated  b e a m  having the s a m e  ampl i tude  
prof i le  in a l inea r  med ium.  In pa r t i cu l a r ,  fo r  a focused  b e a m  (~p = - r 2 / 2 F )  

Z 

F r o m  (4.11) it is  evident  that  the c r i t i ca l  s e l f - focus ing  power fo r  a focused  b e a m  (F > 0) is the s a m e  as 
tha t  fo r  a co l l imated  beam:  fo r  P = P c r  the wave b e a m  on the ave r age  has the shape of a cone ae f  f = [ 1 - z 
/ F [  aeff(0 ) with i ts  v e r t e x  at the point z = F. This r e s u l t  has  been  noted a l r e a d y  in [11]. It is not  diff icult  
to v e r i f y  the p ropos i t i on  tha t  the effect ive  width of the b e a m  (2.11) sa t i s f i e s  the equat ion 

d~aeff- = Aa2eff(0) --  B~/4 (4.12a) 
3 dz ~ aef f 

In pa r t i cu l a r ,  fo r  a focused  b e a m  

d 'aeff  _ Ao ~(1 --  PIPcr) aeff2 (0) 
d z  ~ a 3 f f  

(4.12b) 
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If E = E0ex p ( - r l /2a2) ,  then aeff(0 ) = a0, A L = 1 / a  2, 

d~aeff 1 - -  PlPcr  

dz  ~ a 3 
eff 

The lat ter  equation is derived in the theory  of so-cal led aberra t ionless  self-focusing [12], understanding 
by aef f the width of the Gaussian beam. The analysis  performed refines the meaning of the aberra t ionless  
approximation: the derived equation descr ibes  the effective width of the self-focusing beam, which may 
differ noticeably f rom the actual width determined f rom some fixed level. At the same time, in (4.12b) 
the idea of cr i t ical  power is also refined: Pcr  = 4 Pc r ,  where P c r  is the cr i t ical  self-focusing power ob- 
tained in the near -ax ia l  approximation [12]. Note that the equation for the width of a Gaussian beam, which 
can be derived f rom the action functional for Eq. (4.1) by the variat ional  method [13], coincides completely 
with (4.12b) and thus descr ibes  the effective beam width ra ther  than the true width. 

F r o m  (4.11), for P > Pcr ,  the self-focusing length may be determined as the distance to the point 
where aef f = 0; for a collimated beam: 

aeff (0) (4.13) 
zsf = [A~'(PIPcr -- l)l w~ 

For  a Gaussian beam 

a~ (4.14) 
zsf = ( P i P e r -  1)'/2 

It is of in teres t  to compare  this express ion  with the value of the self-focusing length determined f rom 
numerical  calculations as the distance to the focal point [10]: 

0.366 a t 

For P >> PG r 
= o.825) o.o3l 

(4.15) 

Zsf-- (P/Pcr)I/2 , Zsf= 2]/g(P/Pcr)II~ , (4.16) 

i .e. ,  Zsf is less  than z~f by almost  a factor  of 3. For  P ~ PGcr, Zsf ~ 0 . 8 5 a 2 / ( P / P c r  - 1) 1/2, which is ve ry  
close to z~f. Thus, the determinat ion of Zsf f rom the averaged descript ion (and likewise f rom the abe r -  
ra t ionless  approximation with a refined cr i t ical  power) yields a negligible e r r o r  only for P ~ Pcr .  With 
increas ing power, Zsf and z~f begin to diverge greatly.  The points Zsf and z~f could be interpreted,  r e -  
spectively,  as the points corresponding to local (partial) and absolute collapse. However, at the local-  
collapse point we are  dealing with a s ingulari ty of the solution, as a consequence of which the averaged 
descript ion is valid only up to this point.$ Under these conditions the quantity z~f charac te r izes  the gener -  
al tendency of beam behavior on the segment  0 < z < Zsf. Substituting z = Zsf f rom (4.16) into the expres -  
sion for the Gaussian beam, it is not difficult to ver i fy  that for p >> Pc r  the effective c ross  section toward 
the point Zsf dec reases  by 12.5~c. Note that for P >> Pcr  the effective broadening of the beam in a l inear 
medium at distances of z ~ Zsf amounts to a quantity of the order  of (1 /8)(PGr/P)  << 1, so that nonlinear 
focusing nar rows the beam only insignificantly in compar ison with its width in a l inear medium. Note that, 
by vir tue of the invariance of Eq. (4.1) relat ive to the focusing t ransformat ion  [11], this conclusion also 
applies to the focused beams:  toward local-col lapse  points the effective beam width var ies  slightly in com-  
par ison with the case of a l inear medium. 

The possibil i t ies of the average descr ipt ion are  not res t r ic ted  to the cases  considered here.  In the 
quasioptics approximation the polynomial representa t ion  of the intensity moments  also holds for  pulses in 
d ispers ive  media. Among the nonlinear problems the descr ipt ion of fields in s tat is t ical ly inhomogeneous 
media having a cubic nonlineari ty should be mentioned. This problem was considered in [15]. 
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