
CONDITIONS FOR THE REPRESENTABILITY OF THE 

DENSITY MATRIX 

M. M. M e s t e c h k i n  

The neces sa ry  and sufficient condition for  the N-representabi l i ty  of reduced density mat r ices  
is found for functions of l imited rank. 

1. The so-ca l led  N-representabi l i ty  problem is lately at tracting considerable attention [1-5]. We r e -  
call that it consis ts  of developing the neces sa ry  and sufficient conditions for which some function P (xl, x 2. 
� 9  x s Ix1' , x2' , . . . ,  Xs') , an t i symmetr ic  in all groups of arguments  (the argument represents  the set of all 
the one-par t ic le  spatial and spin coordinates) ,  Hermitian,  and which is a kernel of a positive definite nu- 
c lear  operator ,  can be considered an s - t h - o r d e r  reduceddensi ty  matr ix  Ps (N) (x Ix') of a pure or mixed state 
of a sys tem of N par t ic les .  The lower index s (which for wavefunctions will be enclosed in parentheses  in 
the following) indicates the number  of arguments ,  which for simplici ty of notation a re  denoted by the le t ter  
X .  

The solution of this problem for a second-orde r  reduced density matr ix  of a sys tem of par t ic les  in-  
teract ing in pai rs  in conjunction with the variat ional  principle would allow essential ly to remove the many-  
par t ic le  wavefunction ~(N)(X) f rom the t reatment  of the major i ty  of quantum-mechanical  problems.  

At the present  t ime the N-representabi l i ty  problem is still far  f rom a construct ive solution. Its d i s -  
cussion is usually conducted in t e rms  of constraints  imposed by the requirement  of N-representabi l i ty  r e -  
garding the spect ra l  decomposit ion of Ps(N)(x Ix'): 

~ (8) x * z p~(~) (~1 x') ~ J ~ ~(~)~( )~(~)~(x ). (1) 

The following terminology is widely used [1, 2]. The eigenfunctions q~(s)i(x) (corresponding to Aj (s) r 0) 
o f a n s - t h - o r d e r  reduced density matr ix  are  called natural s -par t i c le  states (in an N-par t ic le  system),  and 
the eigenvalues Ai(S) are  called natural occupation numbers  of the corresponding states.  The number of 
t e rms  in the expansion (1) with nonzero Ai(S} is usually designated the s - th  rank of the wavefunction q~(N)(X), 
and the f i rs t  rank is simply rank. The function ~(N)(• itself, for which Ps(N)(xlx ') is an s - t h - o r d e r  r e -  
duced density matr ix  

y 

we shall call the representa t ion function. 

For  a mixed-s ta te  representa t ion the N-representabi l i ty  problem was solved in the case of Pl(N)(x Ix') 
[1], and some p r o g r e s s  has been made for P2(N)(x!x T) [3]. 

For  a pu re - s t a t e  representa t ion the complete solution exists only for the ranks r = N + 1 and r = N 
+ 2 [1, 2] for a f i r s t - o r d e r  reduced density matr ix,  and aIso for a second-orde r  reduced density matr ix  in 
the case of three par t ic les  [4]. A general  condition of N-representabi l i ty  of a f i r s t - o r d e r  reduced density 
matr ix  for a sys tem of many par t ic les  descr ibed by a Hamiltonian invariant under t ime reve r sa l  was found 
in [5], and was general ized to the degenerate case  in [6]. Several resul ts  pertaining to the representat ion 
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by functions of a special type were obtained in [7] for a many-particle system, and they were extended also 
to systems with a small number of particles in [8]. 

The necessary and sufficient condition for the N-representability of a reduced density matrix of ar- 

bitrary s for functions of limited rank ~(N)(X) is formulated in this paper. 

According to the Carlson-Keller theory [2, 9] a function of rank r can be represented in the form 

'F(~) (z) = ~ r (~) 0~,(x~, x~ . . . . .  x~), (3) 
i = l  

w h e r e  ~ol(x l) a r e  na tu ra l  one -pa r t i c l e  s t a t e s ,  and 0 i (x2, x 3 , . . . ,  x N) a r e  na tu ra l  (N - D - p a r t i c l e  s ta tes ,  tt 
can  be shown that i f  an a n t i s y m m e t r i c  funct ion (,(N)(X) is r e p r e s e n t e d  in the f o r m  of Eq. (3) then it is a 
supe rpos i t i on  of (~) de t e rminan t s  c o n s t r u c t e d  f r o m  o n e - p a r t i c l e  funct ions ~i~, q)i2 . . . .  , (PiN taken f r o m  the 
sequence  ~o~, ~o 2 . . . . .  ~ r  [10]: 

T l v ( x ) ~ - - ~  c~,~...~ detn[(~,,(~ . . . . . .  r ](x). (4) 

(i}~v 

Cons ide r  a " l a r g e "  de te rminan t  c o n s t r u c t e d  f r o m  all the bas i s  funct ions 

% (z~) % ( z ~ ) . . .  % (x~)i 

t ~ ( ~ , )  % ( x ~ ) . , .  % (~:~) t o (x~, x~ . . . . .  z~) = det~ [9~, 9~ . . . . .  ~ 1  (x) ___-- V--~, . . . . .  . . . . . . .  " 

(~r (z~j % ( x ~ ) . . .  % (x~) I 

If  by Q~)  we denote  the N - t h - o r d e r  r educed  dens i ty  m a t r i x  for  this de te rminan t  then 

i (r) , Q~ (xix)q%)(x ) =  %~)(x), (6) 
x '  

for ,  as  is evident f r o m  Eq. (4), q,N(r) is the na tura l  N- s t a t e  for  O. In that ca se  acco rd ing  ~o the C a r l s o n -  
K e l l e r  t heo ry  t he re  ex i s t s  a na tura l  r - N  = M - s t a t e  6(M)(Y), a l so  belonging to 1: 

(5) 

(i) N 
(7) 

w h e r e  c~{i} = 1 + 2 + . . .  + N + i 1 + i 2 + . . .  + i N. The mul t ip l i e r  ~/([q) n o r m a l i z e s  @(~D(Y) to unity.  In eva lu -  
at ing the r ight  s ide of Eq. (7) we have used  the ru le  for  in tegra t ing  an a l t e rna t ing  p roduc t  and expanded O(xy) 
by the Lap lace  f o r m u l a  th rough  the f i r s t  N co lumns .  Jl, J2 . . . . .  JM toge the r  with it,  i 2 . . . .  , i N f o r m  a c o m -  
p le te  set  of ind ices  1, 2 . . . .  , r .  We shal l  cal l  the funct ions q,(N)(X) and 6(M)(X) r e c i p r o c a l .  It it e a sy  to 
show that  

�9 = V ( ; , )  f 
Y 

If 'I'(N ) describes a system of N particles, ~(M) describes a system of M holes. A comparison of Eqs. (7) 
and (4) reveals the reason why with a limited rank for every wavefunction ~(N) it is possible to construct 
a reciprocal function q~(M). If the rank is limited, then the coefficients in the expression of the type (4) can 
be counted both as being present in the determinant and as an additional set of indices, which together with 
the indices of the one-electron functions of the determinant form the complete set of indices I, 2,.~ r. 
Therefore, the same set of coefficients can serve as a basis for the construction of the function of N and 
r - N particles. 

We shall now find the relationship between the reduced density matrices Ps(N)(x Ix ~) and Ps(M)(x ix T) 
of the functions ~(N)(X) and ~(M)(Y). By definition of the reduced density matrix (2) and using Eq. (8) 

" ' s r  
y ,  z 

(9) 
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We use for the determinant  in the reduced density mat r ix  the express ion  

Q~)+~ (xg [ x'z) = Axy [p (xl Ix / )  . . . . .  p (xs Ix / ) ,  p (g~ lz~) . . . . .  p (g~ I z~t) ] 

= A ~ [Qf) (x [z'),  p (u, I~,), . . . ,  P (y,~ I ~ ) l ,  (i0) 

where  Axy is an an t i symmetr iz ing  opera tor  in all x -  and y -va r i ab le s ,  and 

r 

p(x~lxO - Q}~) (z~ l x~') = N ~ ( x 0 r  ( x A .  
i = l  

(10'} 

Since according to Eq. (7) ~(M)(Y) is separable  in each var iable  only into the one-e lec t ron  functions which 
appear  in p(x~ Ixt'), it is not changed by the action P(Yl I z0 , . . - ,P (YMIZM),  and 

m (~) (x lx ' )r  ( l i )  
z 

Substituting this express ion  into Eq. (9), using the Sasaki formula [1] for  Axy and the Hermi t ian  p roper ty  of 
the opera tor  Ay, and taking account of the an t i symmet ry  of the corresponding functions, we have (k = min (M, 
s)) 

k 

] ] S r162  . . . . .  xs, y~+~ . . . . .  y ~ ) Q ? ( y ,  . . . .  ,y j ,  zj+, . . . . .  x ~ l x 3 .  
j = t  y 

Bearing in mind the definition of the reduced density matr ix ,  Eq. (2), we obtain 

(12) 

k 

= P~ (xi, x2 . . . . .  x~,y)(~ (y,x~+~ . . . . .  x~Ix' ). 
j = O  ] y 

The integrat ion over  y is accomplished by substituting for  Q~r) an express ion  of the fo rm (10) 

p~m (x]xZ)= '~  ( - -1 ) ' (  s ) A~A~,[P(j m (x,,x2 . . . . .  xjlx, ' ,x~" . . . .  x / )  
j=0 ] ' ' 

! 

p(xj+t l zj+d . . . . .  p (z, l xf)] .  

(13) 

<i4> 

We state this final resul t  as a separa te  theorem (assuming s -< M). 

THEOREM. Let P~M)(xlx') be a reduced density mat r ix  represen tab le  by an an t i symmetr ic  wave-  

_(M)(x[x,)  = ]--~i ~ _(M) function of M = r - N par t i c les  of rank r ,  u, and let Pj M - - ]  [ Pj +1 (xy !x'y) be reduced density 

ma t r i ce s  of lower  o rders  (j < s). The n e c e s s a r y  and sufficient condition for the N-represen tab i l i ty  of the 
function Ps (N) (x Ix ' )by apu re  state  of rank r is that it be express ib le  in the form of Eq. (14) through Ps (M) 
�9 (x Ix') and Ps (M) (x Ix'). 

(N) The ne c e s sa ry  condition follows f rom the fact that if the re  exists  a ~I%.n(x) represen t ing  P~ (x Ix ), 
then the ~(M)(Y) re la ted  to it through Eq. (7) leads to reduced density ma t r i ces  Pi ~ ' (x lx ' )  satisfying Eq. 
(14). If there  exists  a q'(M)(Y) represen t ing  Ps  (M) (xlx') and, consequently pj(M)~xlx') der ived f rom it, then 
q,(N)(X), calculated according to Eq. (8), r ep resen t s  the Ps  (N) (x Ix') on the left side of Eq. (14). 

2. The major i ty  of known conditions for N-represen tab i l i ty  follow from Eq. (14). 

For  a fixed M and r ~ r162 the right side of Eq. (14) (as well as the left) is a kernel  of a pos i t i ve -de f t -  
n i t eope ra to r .  Inpa r t i cu la r ,  with s = 1 and s = 2 the right side of Eq. (14) contains kernels  of the opera tors  
g(x 1 ix1') and Q(xl, x 2 Ix1', x2') of [11], whose posi t ive defini teness,  it is maintained, is a "necessa ry"  p rop -  
e r ty  on which severa l  resu l t s  of the above-mentioned paper  are  based.  Thus,  Eq. (14) contains a gene ra l i za -  
tion of the P e r c us  and Garrod inequali t ies for  a reduced density mat r ix  of higher  o rde r .  

If we calculate the mean value of both sides of Eq. (14) for  s = 2 with the determinant  ~ ~(x~)~(x2)l, 
1/2 ~ (x0 q~j (x2) ! 

the pos i t iveness  of the right side reduces  to one of the n ece s sa ry  conditions for  the N- represen tab i l i ty  f o r -  
mulated in [7]. 
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C a s e  of N -Re p re se n t a b i l i t y  of Pl(N) by a P u r e  State.  We r ewr i t e  Eq. (14) for  s = 1 ~n the f o r m  

P[m (xlx') + P ~  (xlx') = p(x[x'). (i5) 

If  the rank  r = N + 1, i .e . ,  M = 1 and Pl  (M) (xlx ' )  = ~l(x)qh*(xq, the Eq. (15) g ives  the na tura l  P~(N)(xix9 in 
the f o r m  

N-t-i M'+l 

P[m(xlz')= Y, ~,(z)~o;(x')-v~(x)~r Y, r x'). 
i ~ t  i ~ 2  

(16) 

But this  expansion,  cons i s t ing  of N t e r m s ,  is the f i r s t - o r d e r  r educed  dens i ty  m a t r i x  for  the  determinan~ of 
N p a r t i c l e s .  Thus  ~I,(N)(X ) is a de t e rminan t ,  and one of the bas i s  funct ions (~01) is not i ts  na tu ra l  o n e - p a r -  
t i c le  s ta te  in con t rad ic t ion  to the or ig inal  assumpt ion ,  so that  the rank  of ff(N)(X) is N, and for  a s y s t e m  of 
N - p a r t i c l e s  the rank  N + 1 is not poss ib le .  This  t h e o r e m  was  es tab l i shed  by Co leman  [1], and p roved  by 
Ando [2] and Fo ldy  [10]. 

As was  shown in [1], na tura l  occupat ion n u m b e r s  of f i r s t  o r d e r  for  a t w o - p a r t i c l e  s y s t e m  a r e  even 
degenera te .  T h e r e f o r e ,  accord ing  to Eq. (15) and fo r  an a r b i t r a r y  even N and r = N + 2 the f i r s t - o r d e r  na -  
tura l  occupat ion n u m b e r s  a r e  even degene ra t e .  F o r  N (and consequent ly  fo r  r = N + 2) odd in Pl  {N) (x x9  
t he re  is  one na tu ra l  one -pa r t i c l e  s ta te  which is not s imul t aneous ly  the s a m e  for  Pl(2) (x Ix'}. Consequent ly ,  
it be longs  to unity.  Such a s t r u c t u r e  of the s p e c t r u m  of p~(N) (xlx ' )  fo r  r = N + 2 was  fo rmula t ed  by C o l e -  
man [1] as  a n e c e s s a r y  and suff icient  condi t ion for  the N - r e p r e s e n t a b i l i t y  of Pl  (N) ix !x') by a pu re  s tate .  
The  p roo f  of the n e c e s s i t y  which we obtained as a s imple  consequence  of Eq. (14) was  g iven  by Ando [2] by 
a ve ry  tedious  method,  which r equ i r ed  two p r e l i m i n a r y  l e m m a s .  

On the o ther  hand, let a f i r s t - o r d e r  r educed  dens i ty  m a t r i x  be given with the above spec t r a l  s~ruc-  
t u r e  

n+i ( ~ o ( X ) ~ o * ( X  I) for N odd,  

P}~V) (x]x') = ~ u 

Ai[~P'(x)cPt*(x')"I-Zi'(x)xt*(x')]"]"[O ~ for N even, n =  
,=~ L ~ J .  <!7) 

It is easy  on the bas i s  of the s ta ted  t h e o r e m  to cons t ruc t  the wav efunct ion r e p r e s e n t i n g  p~(N) (x !xr). F o r  
this  we compute  Pl(2) (xlx ' )  f r o m  Eq. (15) and cons t ruc t  a t w o - p a r t i c l e  funct ion ff 2 (y) with f i r s t - o r d e r  r educed  
dens i ty  m a t r i x  Pl(2) (x Ix ') ,  a f ter  which 'IJ(N)(X) is d e t e r m i n e d  f r o m  Eq. (8): 

n + t  

W(lv) (x) = ~, ]/t - -  Ai det [r X~ . . . . .  ~i-l, 7,~-i, q~+~, X~+i . . . . .  %+1, X~+i] (x) (1S) 

(N even). F o r  N odd ~I,(N)(X) has  the s a m e  f o r m  of Eq. (18), but each de t e rminan t  mus t  include a l so  ~e. F o r  
supe rpos i t ion  of funct ions of the type 'I'(N)(X) with d i f ferent  mutual ly  or thogonal  ~v0, us ing Eq. (17), it is  ea sy  
to obtain T h e o r e m  3.6 f r o m  [8]. 

Equat ion  (18) not only ver i f i es  the suf f ic iency,  but a lso  shows incidenta l ly  that fo r  a rank  N + 2 the 
min imum n u m b e r  of de t e rminan t s  f r o m  which the wavefunct ion  can be c o n s t r u c t e d  is iN/2] + 1. Thus ,  Eq, 
(18) suppor t s  the solut ion found by Ando [2] fo r  the p r o b l e m  posed  by Foldy  [10]. 

F r o m  Eq. (15) follows one m o r e  wel l -known spec i f ic  c a s e  of the N - r e p r e s e n t a b i t i t y  of Pt  (N) (x Ix!). 
Let  Pl (N) (x Ix') have k na tura l  occupat ion  n u m b e r s  equal to 1: 

k 

I~9) 

Then  the " r e m a i n d e r "  P l  (x i x ' ) r e p r e s e n t s  a f i r s t - o r d e r  r educed  dens i ty  m a t r i x  r e p r e s e n t e d  by a function 
of N -  k p a r t i c l e s ,  s t rong ly  or thogonal  to each of the o n e - e l e c t r o n  funct ions ~l,  ~o2, . . . ,  ~Pk' To show that,  
we subst i tu te  Eq. (19) into Eq. (15): 

h 

~ m C x l x ' ) + P , ( x i x ' ) = p r ( ~ l x ' ) - - F ,  "' ~ ' :~( . / .~i  ( z ) =  pZ-h(zlz3, 
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w h e r e  P r - k  is a "unity" of the ( r -  k ) - d i m e n s i o n a l  subspace  or thogonal  to qh, q~2,-- . ,  ~k. It is  evident that 
~1, (P2, �9 �9 �9 g~ cannot be e igenfunct ions  of PI(M)(x Ix ' ) ,  s ince  fu r the r  appl icat ion of Eq. (15) to Pl(M)(x Ix') 
g ives  

p(M) (XIX,) _]_ pl(r--,--~) (X[X') - -  pr--~(XlX'), (21) 

w h e r e  P l ( r - k - M ) ( x l x  ') - r - k  - M = N is a k - r e p r e s e n t a b l e  r educed  dens i ty  m a t r i x  with na tura l  s t a t e s  o r -  
thogonal  to ~1, gP2 . . . . .  gv k. C o m p a r i n g  Eqs.  (20) and (21), we  have P1(x Ix') = Pl (N-k)(x  Ix ' ) ,  which p roves  
the s t a t ement .  (The t h e o r e m  p r e s e n t e d  in [1] without  p roo f  conta ins  an i m p r o p e r  no rma l i za t i onp~  (N-k) 
�9 ( x  [ x ' ) . )  

3. The main  s ign i f i cance  of Eq. (14) is in the fact  that it allows to cons t ruc t  N - r e p r e s e n t a b l e  r e -  
duced  dens i ty  m a t r i c e s  for  a s y s t e m  with a l a r g e  n u m b e r  of p a r t i c l e s  when r educed  dens i ty  m a t r i c e s  of the 
s a m e  o r d e r  but r e p r e s e n t a b l e  by funct ions of a sma l l  n u m b e r  of p a r t i c l e s  a r e  avai lable .  F o r  s > 1 the s i t -  
ua t ion is subs tan t i a l ly  m o r e  c om pl i c a t e d  in c o m p a r i s o n  with the case  s = 1, s ince  due to the p r e s e n c e  of 
l ower  r educed  dens i ty  m a t r i c e s  on the r ight  s ide  of Eq. (14) it is  not diagonal  in the bas i s  of na tura l  s - p a r -  
t i c le  s ta tes  of the funct ion r However ,  fo r  spec i f i c  values  of the rank  it is pos s ib l e  even h e r e  to d e -  
t e r m i n e  a de ta i led  c o n s t r u c t i o n  of the r educed  dens i ty  ma t r ix .  

Let  us ,  fo r  example ,  find the na tura l  expans ion  of the f i r s t - o r d e r  r educed  dens i ty  m a t r i x  with r ank  
N + 2. In this c a s e  P l (N)(xIx  ') mus t  have the f o r m  of Eq. (17) acco rd ing  to what has  been  proved.  F o r  
simplicity we assume that there is no additional degeneracy among the A i. Then for N even P2(N)(x Ix') has 
n(n + 1)/2 natural occupation numbers A i + Aj - 1 (i ~ j), to each of which belong four linear combinations 
of determinants constructed from one-electron functions taken from two pairs q~iXi and q~j)/j, and (n + I) 
natural occupation numbers }k, which are solutions of the equation 

t - -  A i  i - -  A2 t - -  A,~+~. 

i -k 2A, - -  i - -  ~ -k 2A2 - -  i - -  ~ + " "  -k 2A~+i - -  i - -  ~ --~ 0. (22) 

The na tu ra l  t w o - p a r t i c l e  s t a t es  c o r r e s p o n d i n g  to ~k a r e  l inea r  combina t ions  of the funct ions t I r [ 
}'2 Xi(x,)xi(xz) 

i = 1, 2 . . . .  , n + 1. F o r  N odd, t he re  a r e  in addit ion n + 1 doubly d e g e n e r a t e  na tu ra l  occupat ion  numb e r s  
1 - A i to each  of which be long 

t ~o(x,) qgo(x2) t 

All this is the r e su l t  of ca lcu la t ing  the f i r s t - o r d e r  r educed  dens i ty  m a t r i x  for  the function (18) and of 
d iagona l iz ing  this e x p r e s s i o n .  

tt is i n t e r e s t i ng  to note that  the left s ide of Eq. (22) changes  sign each t ime  ~ goes  th rough  2A i - 1, 
and t h e r e f o r e  the roo t s  a r e  loca ted  in the i n t e rva l s  

2A.+l - -  I < ~,+1 < 2A, - -  i < ~, < . . .  < ~2 < 2AL --  i < ~1. (23) 

Since 2Ai - 1 ~ 1, no na tura l  occupat ion  n u m b e r s  of P2(N)(xlx ') with the poss ib le  except ion  of ~ exceed  unity.  
As was  shown by us [12], this poss ib i l i t y  of one of the occupat ion n u m b e r s  i nc r ea s ing  leads  a l so  for  e x t r e -  
real funct ions  of h ighe r  r ank  to ~1 ~ N / 2 ,  which impl ies  a "nondiagonal  l o n g - r a n g e  o r d e r "  and s u p e r -  
conduc t iv i ty  [13]. 

In conc lus ion  the au thor  e x p r e s s e s  his g ra t i t ude  to M. G. Vese lov  and to the pa r t i c ipan t s  of a s e m i n a r  
in the T h e o r e t i c a l  P h y s i c s  D e p a r t m e n t  of Len ing rad  State Un ive r s i t y  for  many  valuable  obse rva t i ons .  
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