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1. Introduction

Let E be a linear space paired with its dual E’ by the bilinear form (, ),C be a
convex subset of E and F' be a multivalued operator defined on C with values
in B'(§ # F(z) C E' for all z € C). This operator is said to be

monotone on C if
(x5 — 25,20 —x1) 20, whenever z; € C, z} € F(x;), 1 =1,2;
pseudomonotone on C if

(5,20 —x1) > 0, whenever z; € C,
z; € F(z;) i=1,2, and (z,z0 — 1) > 0;

quasimonotone on C if

(x3,22 —xy) 20, whenever z; € C,
z; € F(z;), i1=1,2, and (z,zp—z1) > 0.

It is clear that F' is pseudomonotone when it is monotone, quasimonotone when
it is pseudomonotone.

A strong connection exists between convexity and monotonicity, for instance
the subdifferential of a convex function is a monotone operator. Similar con-
nections exist between generalized convexity and generalized monotonicity, the
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gradient of a pseudoconvex (quasiconvex) function is pseudomonotone (quasi-
monotone). For these connections and the interest of generalized monotonicity,
the reader is referred to [5~9] and [11-17].

This paper addresses the question of the generalized monotonicity of a sepa-
rable product of operators. The operator F is defined on C' = C; x Cy x -+ - x Cy
by

F(zy,22,...,2p) = (Fi(z1), Fa(x2), ..., Fp(zp)),

where C; is a convex set of a linear space F; and F; is a multivalued oper-
ator defined on C; with values in E, the dual of E;. We assume, of course,
p > 2,C; nonempty and F; nonnull on Cj. It is clear that all F; are mono-
tone (pseudomonotone, quasimonotone) when F' is monotone (pseudomonotone,
quasimonotone).

In an earlier paper [2], we analyzed this problem in the very particular case
where for all 4, F; has a finite dimension, F; is univalued and continuous. It was
shown that if F' is quasimonotone on C, then all factors F;, except perhaps one,
are monotone. A necessary and sufficient condition involves the monotonicity
indices of F;, a concept introduced in [2].

We deal now with a quite more general context: E; has not necessarily a finite
dimension, F; is not continuous and multivalued. The topological structures,
when needed, are minimal. The interior of a convex set is taken in a geometrical
sense: z € int(C) if for all d € E, there exists s > 0 so that x + sd € C. The
duality between E and E’ needs only the condition: if z* is a nonnull element
of E', then there exists z € E such that (z,z*) # 0.

Despite this very general context, we obtain the same results as in [2], the
proofs of the main results are essentially different.

The concept of the monotonicity index will be the main tool of this paper,
as it was in our earlier paper. It is derived from the concept of convexity index
introduced by Debreu and Koopmans [4], and revisited by Crouzeix and Lind-
berg [3]. These convexity indices appear in necessary and/or sufficient conditions
for a separable sum of functions to be quasiconvex, a problem of a special inter-
est in economics, in particular in consumer theory. The works of Crouzeix and
Lindberg [3] and Debreu and Koopmans [4] are concerned with the quasicon-
cavity of a utility function which is a separable sum of functions. The present
paper corresponds to the generalized monotonicity of a demand map which is
a separable product of operators, a more general context since the approach of
the behaviour of a consumer by demand maps is more general than the one by
utility functions.

This paper is organized as follows. In Section 2, we list some results on
the continuous and univalued case and the convexity indices of functions. In
Section 3, we define what we call k-monotone operators, then we define the
monotonicity index of an operator. Section 4 establishes the necessary and suffi-
cient conditions for the generalized monotonicity of a separable product of two
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operators. These conditions are generalized to more than two factors in the last
section.
2. The Continuous and Univalued Case

Throughout this section, we give a brief ‘digest’ of the notation and results
contained in our earlier paper [2].

Let C' be an open convex subset of R”, F: C — R"™ be univalued and con-
tinuous on C'. For all a € C, d € R", define

Ing={t€R: a+tdeC},
Fa,d(t) = <F(a + td)7d>, te Ia,da

and

fa,a(t) = /OtFa,d(s) ds.

The continuity of F' ensures the existence of f, 4. Then we define m(F'), the
monotonicity index of F' as

m(F) = ing[m(Fa,d): a € C,deR", (2.1)

where m(F, q) = ¢(fq,4), the convexity index of f, 4, such as that defined in [3]
(see also [4] for an earlier and equivalent definition):

c(fa,a) = Suplp: pu#0, pexp(—pfaq) is concave].

With by convention, the supremum is taken equal to —oo if no p # 0 exists
satisfying the condition.

Let now D be an open convex set of RP, G: D — RP be a univalued and
continuous operator. Define H: C x D — R™*P by

H(z,y) = (F(z),G(y)).
Then ({2, Theorem 4.1])
H is quasimonotone if and only if m(F) +m(G) = 0. (2.2)

In the particular case where F' is the gradient of a function f and G the gradient
of another function g, H is the gradient of the function A:

h(mvy)zf($)+g(y)a (x,y) € C x D.

Then (2.2) is related to a necessary and sufficient condition for the quasiconvexity
of hon C x D [3, 4]

h is quasiconvex if and only if ¢(f) + ¢(g) > 0. (2.3)



354 J. P. CROUZEIX AND A. HASSOUNI

In the next sections, (2.2) will serve as a basis for the extension of the mono-
tonicity index to multivalued operators.
3. K-Monotone Operators
For any k # 0, define

Gi(t) = tel, I=(0o00). 3.1)

?C—t,
Then by relations (2.2) to (2.4)
m(Gy) = m(Gg,a) = —k forany a € I.

Now, let F' be a multivalued operator defined on a convex set C'. Condition
(2.2) suggests thinking for the monotonicity index of F' of a formula like

m(F) = Suplk: Hj is quasimonotone on C' x I}, (3.2)
where H}, is the multivalued operator defined by
Hi(z,t) = (F(2),G(t), z€C,tel

Indeed (3.2) is equivalent to (2.2) when F' is continuous and univalued. Formula
(3.2) leads to the following definition:

We say that F' is k-monotone on C' when Hj, is quasimonotone on C' X 1.

THEOREM 3.1 (Characterization of k-monotone operators). F' is k-monotone on
C if and only if F is pseudomonotone on C and

1
1 — >k whenever x; € C,

(z§, @ — o)  (z}, 71 — To)

z; € F(z;)i =0,1 and (x5,z1 —z0) > 0. (3.3)
Proof. (i) F is k-monotone on C if and only if

(z},z1 — xo) > ““l%'lﬁ(tl —1tp), whenever z; € C, z} € F(x;), G
t;iel fori=0,1 and <.’233,.’1:1 — LC()) > ——kito(tl — to). .

This condition is equivalent to

2

%’ whenever z; € C, ;] € F(z;),

<$T,$1 —.’L‘o) Z
for 1 =0,1

and (zj,z1 —xo) >p and 1—Fku>0. 3.5)
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To prove (3.5), from (3.4), take top = 1 and £; = 1 — ku. To prove (3.4) from
(3.5) take = —1/k(t;/to — 1) (then 1 — kp = ¢/t > 0).

When k is positive, consider the function i+~ (1 — ku)~! on the interval
(—0c0,k™1), when k is negative, take the same function, but on the interval
(k™! 00). This function increases on its domain and condition (3.5) is equivalent
to

(x5, T1 — Z0)
H — >
(@l 2 —20) > 7= k(35,21 — o)

z; € F(z;), 1=0,1, and 1> k{(z}, 21 — z0). (3.6)

, whenever z; € C,

(if) Assume that F' is k-monotone and (zf,z1 — zo) > 0. To prove that
(x],z1 — xo) is positive, it suffices to take y positive small enough in order to
have (zj,z1 — zo) > p and 1 — kp > 0, then apply (3.5). It remains to prove
(3.3). For this, we consider two cases:

(a) k is negative. Then 1 > k(x§, z1 — zo) and by (3.6) we have:

(x1, 21 — w0) — (25, T1 — T0) > k{wp, 21 — o) (21, 21 — T0),

from which (3.3) holds.
(b) k is positive. Notice that k(z],zo — z1) is negative. Hence, by (3.6), we
have,

. (21,0 — 71)
(w20 = 71) > 7 k(zi, 20 — 1)
and (3.3) holds as well.
(iii) Assume that F' is pseudomonotone, (3.3) holds and 1 > k{z{, z; —zo).
(@) If (z§,z1 — zo) <0 and (z],z1 — x¢) > O, then (3.6) is obvious.
(b) If (z§, 1 — wo) is positive, then (3.3) implies (3.6).
(c) If (=}, 21 — zo) <O, then (z},zo — z) > 0. Permute z( and z;, then (3.6)
holds again.

O

COROLLARY 3.2. () If F' is k-monotone on C and k > r, then F is r-monotone
on C.
(i) F is monotone on C if and only if F' is k-monotone on C for all negative k.
Proof. (1) A direct consequence of the theorem.
(i1) Assume that F' is monotone. Then

(x},z1 — x0) = (x5, — 10) for all zy, 29 € C,

from what (3.3) holds for all negative k. Conversely, assume that F' is pseudo-
monotone but not monotone. Then z; € C, z} € F(z;), i = 0,1, are so that

(:L'T,fl,‘l — .CL‘()) < <.’L‘8,.’El — w()).
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If (z§, 1 —xo) is positive, (z], x1—xo) is also positive by pseudomonotonicity
and
1 {
(x5, 21 —m0) (2,71 — Zo)
Hence, F is not k-monotone for some negative k.
If not, (z},x; — xo) is negative and

< 0.

(xF, 20 — 1) < (TF,Zo — T1).

It is the same case as just above. O

We notice that (3.3) gives an equivalent definition of the k-monotonicity of an
operator which can be applied even when k = 0. We can now precise (3.2).

Let F be an operator defined on a convex set C. The monotonicity index of
F on C is given by

(F) —oo, if F' is not pseudomonotone on C,
m(F) =
Sup[k: F is k-monotone on C], otherwise.

We notice that F is m(F) -monotone when m(F') is finite, and m(F) = +o0
when F' is null on C. On the other hand, by Corollary 3.2, F' is monotone if and
only if m(F) > 0.

Expression (2.1) relates the monotonicity index of F' to monotonicity indices
of operators of one variable. We now seek a similar relation for multivalued
operators.

As in Section 2, define

Lag={teR: a+tdeC}
and
Foa(t) = {(z",d): z* € F(a+ td)}, te€lgq.

Clearly, F' is monotone (pseudomonotone, quasimonotone, k-monotone) on C,
if and only if forall a € C, d € E; F, g is so on I 4.

Assume that F' is pseudomonotone on C, then F, 4 is also pseudomonotone
on I, 4. Hence, t ; and t;r’ 4 €xist so that

—00 <ty 4 S tf 4 < +o00,

Foa(t) C (—=00,0) forall ¢t € IqN (—00,t, 4),
Foa(t)=0 for all ¢ € Ina N (gt ),
F, 4(t) C (0,00) for all ¢ € Io.a N (£} 4,00),
Faq(t) € [0,00) forallt € I, 4N (t;d, oo},
Foa(t) C (—o0,0] forallte IpgN (—oo,t;d).
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Before going further, we give an example:
EXAMPLES. E=C=R

R
[-1,10] ift=0.
1 ift< -1,
(-=1,0) ift=—1,
Bt)=<{0 if —1<t<0,
[0,1] if t =0,
L1+v2  ift>0.

Then F} and F5 are pseudomonotone on R.

Next, define

o IgN [t:;d, o) if F(t;d) N (0, 00) # 0,
ad = IoaN (t;d, o0)  otherwise,

and F;; defined on I, by
Ff4(t) = Fua(t) N (0,00).
Then, by Theorem 3.1,
a, ) 1

This relation corresponds to relation (2.1). It suggests the analysis of the positive
operators which are defined on intervals of R.

Thus, we consider a multivalued operator ¢: I — (0,00), where I is any
interval of R. If I is the empty set or a singleton, then m(¢) = +co. Assume
that the interior of I is not empty, then the definition of m(¢) and Theorem 3.1

imply

1 1 1
m(@) =inf | ———— | = — =< |: to, t1 €I, t] € p(t;), to < t(|.(3.8
(¢) [(tl—to) (té tf) 0, t1 P(t:), to <t1|.(3.8)

The introduction of the selections of ¢ simplifies the analysis of its mono-
tonicity index. The map X: I — R is said to be a selection of ¢ if it is a
singlevalued operator such that:

E(t)e ¢(t) foralltel.
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The operator ¢ is k-monotone (quasimonotone, pseudomonotone) if and only if
all its selections are k-monotone (quasimonotone, pseudomonotone).
Let X be a selection of ¢, £y be in the interior of I and ¢ be defined by

t
o(t)= [ Z(s)ds, tel (3.9
ty

when this integral exists.

THEOREM 3.3. (i) Assume that ¢ is k-monotone (k € R), then for any selection
Y of ¢ and any t € I, we have
limsup X(s) < Inf[t*: t* € ¢(t)] < Z(¢)
Tt
< Sup[t*: t* € ¢(t)] < liménfE(s). (3.10)
8.

(When t is a bound of I, only one inequality subsists.)

(11) Assume in addition that ¢ is bounded on any closed interval contained in
the interior of I, then o is well defined and does not depend on the selection %,
o is finite on the interior of I but possibly infinite at the bounds of the interval.

Proof. Let us consider the function

1
—Z—J-(-tj -
Then # is nondecreasing on I and

limsup 0(s) < 0(t) < lirglﬁnf 6(s).

sTt

6(t) = — kt, tel.

Since ¥ is any selection of ¢, we have

listup f(s) < Inf[ - tl* —kt: t' e qé(t)j{ < 6(t)
stt
< Sup[— 1_ kt: t* € qb(t)} < liminf 6(s),
t* st
from which (3.10) follows.

The function @ is a function of finite variation because it is monotone, hence
¥ is also a function of finite variation because it is bounded. Consequently, ¥ can
be expressed as the difference of two nondecreasing functions and is integrable.
It is clear that o does not depend on the selection 3.

The above proof works for all real k. The results are obvious, when k is
nonnegative, since 3 is then nondecreasing. O

The function o can be not defined when ¢ is only k-monotone for & < 0.
Consider for instance I = (0, c0) and cannot be ¢ be defined by

% ifo<t<l,
A ifi<t
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It is easily seen that ¢ is (—1)-monotone, hence by definition of the k-monotonicity,

the operator H = (¢,G_;) is quasimonotone. This shows the limits of the

approach followed in our earlier paper where the proofs were based on the exis-

tence of the function ¢ and the conditions for the quasiconvexity for the separable

sum of functions. In the example, ¢ does not exist, but H is quasimonotone.
When ¢ is well defined we have:

THEOREM 3.4. If (3.10) holds and o is well defined, then
c{o) = m(p).

Proof. (i) If m(¢) = c(o) = —oo, there is nothing to prove.

(11) Assume that m(¢) > —oco and let us prove that m(¢) < c(o). Let &k
be such that —oo < k < m(¢) and let ¥ be any selection of ¢. Then ¥ is
k-monotone. Let ¢t € I and s be small enough so that ‘

t+s€l and 1—ksX(t)>0.

Since ¥ is k-monotone, we have

O
E(t + S) P Tm if s > 0,
O
Xt g ——t if .
(t+s) T ksy ) if s <0

Then by (3.9), in both cases we get
ot +5) > --é In(1 = ks2(t)) + o(t)

and
exp(—ko(t + s)) = exp(~ko(t)) — ksZ(t) exp(—ko(t)) if k<O,
exp(—ko(t + 5)) < exp(—ko(t)) — ks(t) exp(—ko(t)) if k> 0.

When k is negative, —kX(¢) exp(—ko(t)) is a subgradient at ¢ of the function
exp(—ko). This function is convex, since it is locally subdifferentiable at any
point. Similarly, the function is concave when k is positive. Henceforth, k < ¢(o)
for any k < m{¢). '

(i) Assume that —co < c(o) and let us prove that m(¢) > (o). Let k be
such that ~oo < k < ¢(o). Condition (3.10) and relation (3.8) show that the
monotonicity indices of ¢ on I and its interior are the same. Without loss of
generality, we assume in the sequel that I is open. Then condition (2.3) implies
that the function

O(z,u) =o(z) + ;c—lnu

is quasiconvex on I x (0, 00).
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The function exp(—ko) admits derivatives on the right and on the left at any
point (since it is convex or concave). Hence, o admits right and left derivatives
t0o. On the other hand, by construction

o' (z) <z< ol (x) forany zeland z€ ¢(x). (3.11)
Now let any z,y € I and u, v € (0,00). We consider the function

w(t) = 0(z +t(y — z),u + t(v — u)).
Then p is quasiconvex. Hence

@ (1) >0, whenever p/ (0) > 0.

It follows that if y > z, one has

o)y~ 2) + 2w —u) >0

1
whenever o/ (z)(y — z) + k—(v —u) >0,
U
and if y < z, one has

o)y —7) + (v =) >0

i
whenever o’_(z)(y — z) + k—(v —u)>0.
U
Taking into account of (3.11), we deduce that ¢ is k-monotone. O

We close this section in relating the k-monotone operators to the so-called r-
convex functions introduced by Avriel [1].

Let r > 0, f is said to be r-convex if exp(—rf) is convex.

We extend this definition to negative 7 by saying that f is r-convex (r < 0)
if exp(—rf) is concave.

Then it is easily seen that a differentiable function f is r-convex if and only
if V£ is (—r)-monotone.

4, The Case of Two Factors

In this section, C(D) is a nonempty convex subset of a linear space X(Y),
F(z)c X', F(z)# 0 forallz € X(G(y) C Y, G(y) # B forall y € V). We
consider the multivalued operator defined on C x D by

H(z,y) = (F(z),G(y)) forallz€C, y€ D.
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THEOREM 4.1. Assume that —oo < m(F), —o0 < m(G) and m(F) +
m(G) > 0. Then H is pseudomonotone on C x D.

Proof. The assumptions —oo < m(F) and —co < m{G) imply that F and G
are pseudomonotone. If both F' and GG are monotone, then H is monotone and
therefore pseudomonotone. If not, m(F’) and m(G) are nonnull. Take k = m(F),
then m(G) > —k.

Assume, for contradiction, that H is not pseudomonotone. Then z; € C,
yi € D, zf € F(z;) and yf € G(y;), i =0, 1, exist so that

(x5, 1 — zo) + (Y0, Y1 — o) > O 4.1

and

{(x], 21 — zo) + (¥, 11 — yo) <O. 4.2)

At least one of the terms in (4.1) is positive, say for instance, (x, x| — o).
Then (z},x; — xo) is positive, by pseudomonotonicity of F. Then (4.2) implies
that (y}, yo—¥1) is positive and finally, by pseudomonotonicity of G, (y3, yo—y1)
is also positive. (4.1) and (4.2) become

1 1

0> o - , 4.3)
<370>93l —-'L'0> (yoayO"y1>
and
1 1
0> - — : 4.4)
Wi yo—y1) (2,21 — 2o)
On the other hand, since m(F) < k and m(G) < —k
1 1
- >k, 45
(xF,xo — 1) (2§, 20 — Z1) )
and
1 1
N— > k. (4.6)
(Vi o —y1)  (¥5.%0 — y1)
The contradiction is obtained by adding (4.3), (4.4), (4.5) and (4.6). O

Theorem 4.1 gives a sufficient condition for the pseudomonotonicity of H and
therefore for the quasimonotonicity of H. The proof of a necessary condition is
more complex and needs several steps.

PROPOSITION 4.2. Assume that H is quasimonotone on C x D, F and G
nonnull and C, D have nonempty interiors. Then F and G are pseudomonotone.
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Proof. (1) Firstly, we prove that at least one of the operators F or G is pseudo-
monotone. If not, z; € C, y; € D, z} € F(z;) and yf € G(y;), ¢ = 1,2, exist
so that

(z§,21 — o) >0 and (zf,z — z0) =0,

(yi;y0—11) >0 and  (y5,90 —vi) =0
Then

(z§, ©1 — o) + (y5,y1 — yo) >0, and

(@], 21 = zo) + (yi, 1 — yo) <O

which is in contradiction with H quasimonotone.

(i1) Assume now that F' is pseudomonotone and G is not.

F is nonnull on int(C),z; € int(C) and 2} € F(z;) exist so that ] # 0.
Then we take x5 € C such that

((E’f,xo -—331> >0,

and for any ¢t € (0,1), x: = zo + t(z) — z0).
Since F is pseudomonotone, we have

(@, xt — o) <0 if x5 € F(zg)
and
(zf, 2t — o) < 0 if zf € F(xy).

We now express that G is not pseudomonotone. There are y; € D and yf € G(y;)
such that

(Yo,y1 —yo) >0 and (yf,y1 —yo) = 0.
For t positive small enough, we have

(x5, 2t — z0) + (Y5, Y1 — Yo) > O,
but

(zf, ¢ — o) + (Y7, y1 — yo) <O

This is in contradiction with the pseudomonotonicity of H. O

Remark. The assumptions are necessary. For a counter-example consider:
C =R x {0}, D =R,
0 V-y ify <0,
F(z,0) = ( > and G(y) =
( 1 ) 1 (y) { 0 if y > 0.
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Then H is quasimonotone but not pseudomonotone on C' x D, F and G are
non-null, but the interior of C is empty.

In the next four propositions, we consider two real functions 6: I — (0, o)
and p: J — (0,00), where I and J are two nondegenerate intervals of the real
line.

Let £ = (8, 1) be defined

(t,u) = (0(t), ww)),
and fort € I,u e J

=g W=

PROPOSITION 4.3. Assume that £ is quasimonotone. Then for all u,t, A, 6 and
A such that
_ 6s(u)

6>0, A>0, vandu—-AeJ, tandt+déecl, =
Ar(t)

> 1,

one has
sfu—A) _ r{t+96)
s C

4.7)

Proof. Let u,t, A\ and § be such that
>0, A>0, uandu—AeJ; t andt+dcl.
Set:
A=0(t)0 — p(u)A and B=40(t+0) — p(u— A)A.
Then £ quasimonotone implies that
B >0, whenever A > 0.

Notice that A > 0 is equivalent to A > 1, while B > 0 is equivalent to

s{fu—A) _r(t+9)
s{u) Z Ar(t)

0
PROPOSITION 4.4. Assume that the operator £ is quasimonotone. Then for all
t € I and u € J (except the upper bounds of the intervals), one has
lim inf d) <r(t
iminf r(t+6) < (1),
liminf s(u + A) < s(u).
ALO
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Proof. We shall prove the statement for r. It is enough to prove that for any
k > 1, there is a sequence {4, } of positive reals converging to 0 such that

M <k forall n. (4.8)
r(t)

Let a,b € J such that a < b and X € (1,k). There exists ng > 0 such that

(k)”“  5(a)

A s(b)’

For n > ng, set A, = (b—a)/n and for ¢ = 0,1,...,n; 4’ = a+iA,. Then
we have:

ors(uily) _ s(a) k\"
5 =50 < () @9

i=1

We determine @, by the following procedure:

(a) Start with ¢ = n,
(b) If s(u?) > s(ul ), then take @ = u} (then s(in — Ay)/s(%n) < 1). Stop.
e If not, we have s(u}_) > s(u}) > s(b) for j =4,i+1,...,n.
o Ifi>1seti=4—1 and go to (b).
e If not, i = 1 and s(u?) > s(u}) > --- > s(uy) = s(b) .
It results from (4.9) that 7 > 1 exists so that
s(uiy)
s(uf)
Take 4, = u}.
End of the procedure.

P
3

In all cases, we have
Up — A k "

f—(-fza—nj—ﬂ <3 and s(@n) > s(b).
Take 6, = Ar(t)An,/s(@t,). It is clear that {6, } converges to 0. Expression (4.7)
implies that:

B sl =B0) r(t+8,)
A 5(in) Ar(t)
from what (4.8) follows. O

forall n > ng

PROPOSITION 4.5. Assume that the operator £ is quasimonotone. Then for all
t € I and u € J (except the lower bounds of the intervals), one has

o &) >t
hré%nfr(t ) =r(t)



GENERALIZED MONOTONICITY OF A SEPARABLE PRODUCT OF OPERATORS 365

and

. AV S .
hrgjgf s(u— A) > s(u)

Proof. We shall prove the statement for s. Firstly, we prove the existence of
some ¢ € int(I) such that

lim sup 6(¢) < +o0. (4.10)

t—t

Let ¢ € int(I), v and A be such that A > 0 and u,u + A € J. Take § > 0 small
enough in order to have p(u)A > 0(t)6. Let {6,} any sequence of positive
reals converging to §. Since £ is quasimonotone one has for n large enough
u{u+ A)A = 0(t — 6,)0,. Then

limsup 6(¢) < M
t'—(t—6) J

Take t =t — 4.
Assume now for contradiction that

im i —A).
s(u) > lll‘il jélf s(u )
Then there exist k1 € (0,1) and a decreasing sequence {A,} of positive reals
converging to O such that
s(u—Ay)
s(u)

Take A, k and ng such that

< k.

_ AAp, (1)
A>1, k=X <1 d t+—7t——c¢l
ComEAR S A I 1=k
Then for n > ny we construct a sequence {¢}'}; by
n_ T . AApr(tF)
ﬁg:t andforz}O, ’H"l tn+“~;73('-1z>—}—"

The sequence is well defined. Indeed, it can be proved by induction that for all
1 one has

- Mpr()

:\éni@(u-kz—*-“'*@)g”m

s(u)

F(t70) < Rar(E2) < K (D)
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To see this, notice that
n_ Ofs(u)
o Apr(th)
Then by Proposition 4.3, one has
s{u— Ap) S Tt + 67)
s(u) 7 Aar(E?)
From which the result follows.

Now we construct a sequence {t,} by taking t, = ¢j.. Then {¢,} converges
to t and {r(¢,)} to 0 in contradiction to (4.10). O

ki >

Recall that the upper and lower Dini derivatives of a function f at xy following
a direction h € E are defined as

f(zo + Ah) — f(zo)

fi(zo, k) = limsup
0

A
(a0, ) = timint L (2o 4 21) = flon)

The next proposition makes use of the famous Dini theorem.

DINI’S THEOREM (Theorem 7.2, Saks [10)). If f is a finite function defined on
I such that

() llmsupaw f(t—8) < f(t) < limsupg f(t +6) at every t € I.
(ii) f5.(t,1) > O at every point t except at most at those of an enumerable set.

Then [ is monotone nondecreasing.

PROPOSITION 4.6. If £ is quasimonotone on I x J, then m(0) +m{u) > 0.
Proof. Assume for contradiction that £ is quasimonotone and m(6) + m(u) < 0.
Without loss of generality, we assume that m(u) < 0. There exist k; and k; such
that 0 < ky < ki, m(0) < k; — kp and m(p) < —k;.
We consider the functions:
v(t) = —r(t) + (kr — k1)t, forall tel,

x{u) = —s(u) + ku, for all v € J.
We know by Proposition 4.2 that § and p are pseudomonotone. Hence, Theo-
rem 3.1 and the definition of monotonicity indices imply that v and x are not
nondecreasing.
On the other hand, by Propositions 4.4 and 4.5, we have

Hmsupv(t — 8) < v(t) < hm sup v(t+38) atevery ¢ € int(]),
510

limsup x(u — §) < x(u) < limsup x(u + 6) atevery u € int(J).
810 810
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Hence, according to Dini’s theorem, ¢ € int(I) and @ € int(J) exist so that
Vi (£,1) <0 and ¥ (3,1)<O0.

Referring to the definitions of Dini derivatives, we deduce the existence of A
and § positive such thatt+ 6 [La+A € J

r({t+6) —r(t) S

5 ky — Ky forall & € (0,6)

and

s(@+ A) — s(a)
A >

Without loss of generality, we assume that

- s(a)d
A< @)

Let A € (0,A), then

ky forall A€ (0,A).

s{u+ A) > s(a) + k1A > s(u) + kA > s(a).

Take
5= s{i+ A)
s+ A) — kA
and
5= Ar(t)x Ar(t)

Cos(a+ A s(a+A)~ kA’
then A > 1 and § € (0,4). We have
s(a) <1- k1A

s(@+ A) s(@+ A)’
rt+6) _ 1 (kp — k1)d, kA
P R A ( IR A N

On the other hand, by Proposition 4.3 and since A = §s(@ + A)/Ar(f) > 1, we
have

s(@) >r(f+6)
s(@+A) T Ar(t)

We have got a contradiction. 0O
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Now, we can establish the necessary condition for the quasimonotonicity of the
operator H = (F,G).

THEOREM 4.7. Assume that the interior of C(D) is nonempty in X(Y), F(G)
is nonnull on C(D) and H = (F, G) is quasimonotone on C x D. Then m(F) +
m(G) = 0.
Proof. Assume for contradiction that m(F) + m(G) < 0. Since,
m(F) = inf [m (F 4 L #0),

ZE],

m(G) = inf [m( zzdz) 2d2 o],

%2,dy

there exist (z1,d;) € C x X and (z3,dy) € D x Y, such that
( Zq, dl) + m(G&cz dZ) < 0.
Then a selection § of F:l i and a selection pu of G;;m exist so that

m(f) + m(u) < 0.

Consider ¢ = (6, ). Then, by Proposition 4.6, £ is not quasimonotone, in con-
tradiction with H quasimonotone. a

5. More than Two Factors

We consider now the general case
F(mlaa;% e ,ib'p) = (Fl(x1)7 FZ(SL’Q), cee 7FP($I7))

defined on C = C; x Cy x --- x Cp with p > 2 and for i = 1,2,...,p, the set
C; is a convex set of E; and F is a multivalued operator with values in E. We
assume that F; is nonnull on C; and C; has a nonempty interior.

Assume that F' is quasimonotone, Theorem 4.7 implies that when p = 2,
at least one of the operators is monotone. Hence, it is easily obtained that for
p > 2 all the operators except perhaps one are monotone. Necessary and sufficient
conditions for the quasimonotonicity of H would be obtained from Theorems
4.1 and 4.7 by joining together the monotone factors. It remains to compute the
monotonicity index of a product of monotone operators.

PROPOSITION 5.1. Assume that for i = 1,2,...,p (p = 2), F; is monotone.
Then F' is monotone and

S U S S
m(F) — m(F)  m(F) m(Fp)’

with the convention 1/0 = +o0.
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Proof. 1t is clear that F' is monotone. Hence, m(F) is nonnegative. Let us
prove the formula for two factors, then the general formula will be deduced by
induction. Consider the operator F' = (F}, F;) when Fy and F, are monotone.
Then F' is monotone and m(F') > 0. If m(F;) = 0 (m(F;) = 0), then m(F) =0
and the inequality holds. On the other hand, F| and F, are nonnull, so that we
assume henceforth that

0<m(F) <+oo and 0<m(F) < +oo.
Let any

(z,d) € (C} x ) x (Ey x Ep), z=(x1,22), d=(di,da),
and

Fizya)(t) = (Fi(z + tdy),d1), T € 1Lp o,

Fy2y,d) (1) = (Fa(@2 + td2), da), € Iy
Then

Fipa)(t) = (F(z +td),d)

= Fia,a)(®) + Faya)(t), ¢ € Ina=Ioa NIy ay-

Since F(z,d)’Fl(ml,dl) and F3 (g, 4,) are monotone, we can define fi; 4y, f1(z,,4,)
and £z, ,4,)

t
f(z,d) (t) = /0 F(m,d) (u) du, te Iz,da
t
fl(:cl,dl)(t) = A Fl(zl,dl)(u) d'l,L, t E Ifl]1,d1a

t
fz(wzydz)(t) = /() F2(932,d2)(u) du, te Iy ,.

It is clear that f; 4(t) = fl(a:l,dl)(t) + f2(x2,d2)(t)-
By Theorem 3.3, we have

(faa) =mFea)  (fig.a)) =mFie,da)
and
(fo(ay,d)) = MU EF2(ay,dy))-
The same argument as used for the proof of Theorem 5.1 {2] gives the formula:
11 1
m(F) ~ m(F) | m(E)

An immediate induction generalizes the formula to more than two factors. O

Our main theorem which generalizes Theorem 6.1 of [2] is as follows.
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THEOREM 5.2, (1) If F is quasimonotone on C, then one of the following con-
ditions holds:

(a) all F; are monotone.
(b) all F; except one are monotone and
1 1 1
m(F) m(E) T i)
(ii) If one of the conditions (a) or (b) holds, then F is pseudomonotone and

1 1 1 1

m(E)  mF) | mE) T mE)

0.

5.1

Proof. Assertion (i) is a direct consequence of Proposition 5.1 and Theo-
rem 4.7. Conversely, if condition (a) holds, then F is monotone and therefore
pseudomonotone and formula (5.1) follows from Proposition 5.1. Assume that
condition (b) holds. Then the pseudomonotonicity of F' follows from Proposi-
tion 5.1 and Theorem 4.1. It remains to prove formula (5.1) when one of the fac-
tors is not monotone. For k < 0, let the operator Gy, be defined on I = (0, +-00)
by

1
) = —.
Gilt) = ¢
Then Gy, is monotone and m(Gy) = —k.

Define now on C; x C; x -+ x Cp x I the operator
Hk(xl, L2yee-y azp, t) = (Fl (ml), F2($2); N ,Fp(xp), Gk(ﬁ))

Then by the first part of this theorem, H, is quasimonotone (i.e. F' is k-monotone)
if and only if

Lo <o
m(F)  m(F) m(F,) k
Then (5.1) follows from the definition of m(F'). O

Theorem 5.2 suggests an improvement the results obtained by Debreu and Koop-
mans and Crouzeix and Lindberg for the generalized convexity of a separable
sum of functions. But first, we recall the definition of pseudoconvexity for non
differentiable functions. Let C be an open convex set of E, f: C' — R such that
f admits directional derivatives at any a € C. Then f is said to be pseudoconvex
if

f'(a,z —a) <0 wheneverz € C,a € C and f(z) < f(a).

It is easy to see that f is pseudoconvex when ¢(f) > —oo.
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Assume that p > 2 and for ¢« = 1,2,...,p C; is an open convex subset of a
linear space E; and f;: C; — R is not constant. We consider s to be defined on
C’:Cl XCQ_X"'XCpby

S(;l:;}:l?z3 ... ,:L‘p) = f1(:1:1) + fg(xg) + e fp(:!:p).
We have

THEOREM 5.3. (i) If s is quasiconvex on C, then one of the following conditions
holds,

(a) all f; are convex;
(b) all f; except one are convex and

I RN
c(fi)  o(f2) c(fp) =

(i1) If one of the conditions (a) or (b) holds, then s is pseudoconvex and
1 — 1 + 1 + . + __1_.
c(s) elfi)  clf) e(fp)

Proof. This theorem was proved by Crouzeix and Lindberg [3] when E; has
a finite dimension and with quasiconvex instead of the pseudoconvex in (ii).
Actually, the proof does not involve the dimension of the spaces F; so that it
suffices to prove that s is pseudoconvex when (a) or (b) holds.

It suffices to consider two factors. An immediate induction would extend the
result to the general case.

If both functions f; and f, are convex, then s is convex and therefore pseudo-
convex. If one of them is not convex, say f,, the other one, f, is convex and
c(fi) +c(f2) 2 0.

If ¢(f1) + c(f2) > O, then ¢(s) > —oo, s is —c(s)-convex and therefore
pseudoconvex.

We are left with ¢(f1) + ¢(f2) = 0.

Let (z,d) € (C1xCy) x (Ey x Ey) with s(z) > s(z+d) and z+d € (C; xC3).
We must prove that

S,(.’E,d) = f{(xhdl) + fé(m%dz) <0.

The directional derivatives of f; and f, exist since ¢(f)) and c(f,) are finite.
Since c¢(fi) is positive, the function z; —— exp(—c(fi1)fi(z1)) is concave.
Hence,

exp(—c(f1)fi(z1 +d1)) < exp(—c(fi)fi(x1)) fi(zy,dy),

from what we deduce

exp(—c(f1)(filzr +di) — fi(z1))) <1 —c(f1)fi(z1,d1),
—c(fi)(fi(xy 4+ di) = fi(z1)) <In(1 — c(f1) fi(z1,dr)), (5.2)
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and
—1
c(f1)

Since ¢(f2) is negative, the function z; — exp(—c(f2) f2(z2)) is convex. Then
we have:

exp(—c(f2)(fa(z2 + do) — fa(22))) > (1 = c(f2) f3(2, da)),
—c(f2)(fa(22 + da) = fa(22))) > In(1 = e(f2) f3(z2, d2)), (5.3)

filzy +dy) = filzr) 2 In(1 = c(f1) fi(z1,d1)).

and

-1 /
c(f2) In(1 — e(f2) f(z2, d2)).

Recall that ¢(f|) = —c(f>). Add (5.2) and (5.3) then

filzy +dy) + fal@e + da2) — filz1) — falz2)

1 h‘ll e C(f;)fé{xz,dg)

> c(f1) 1—c(fi)fi(zr,dy)

Recall that s(z + dy, 22 + da) < s(x1, 7). Hence,

L1+ cf)fs(z2,da)
c(fi) 1 =c(fi)fi(z1,dr)

from which we deduce that

Si(a’},d) = f;(il)l,dl} + fé(ﬂ:z,dg) < 0.

fa(z2 + d2) — fa(x2) 2

5.4)

<0,
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