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ABSTRACT. We consider two different time discretization algorithms for a nonlinear parabolic PDE arising in heat
conduction phenomena with phase changes in two adjoining bodies Q and I', where T" can be considered as the
boundary of 2. Stability, convergence and error estimate results are given for both algorithms.

SOMMARIO. Si studiano due algoritmi di discretizzazione nel tempo di un sistema di equazioni a derivate parziali
non lineari paraboliche che governa la conduzione del calore, in presenza di cambiamento di fase, in due corpi
congiunti Q e I, di cui T possa essere considerato come la frontiera di Q. Vengono dati risultati di stabilita,
convergenza e maggiorazione dell’errore per entrambi gli algoritmi.
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0. INTRODUCTION

The Stefan problems in a concentrated capacity arise in
heat diffusion phenomena involving phase changes in two
adjoining three-dimensional bodies Q and I', when assum-
ing that the thermal conductivity along the direction
normal to the boundary of Q is much greater than in the
others. As far as heat diffusion is concerned, the body I'
then behaves like a manifold of dimension less than 3. The
mathematical formulation of the free boundary problem
for the heat conduction on I has been given in [ 5] (see also
[2], [15] and the references therein). A more general model
including a phase change also in Q has been studied
recently in [11]. The impact of the Stefan problems in a
concentrated capacity in a number of physical applications
{e.g. the phase change in the bulk Q can be used to control
the heat conduction on I') motivates their numerical
analysis.

Let us introduce the mathematical model studied in
[117. Let Q be an open-bounded regular set of R*; T' = 0Q is
the boundary of Q and v is the inward normal to I'. Let
denote the temperature both on I' and in Q, and let u
represent the enthalpy density on I'. Let 6= f{(u) be the
state equation between temperature § and enthalpy dens-
ity u on I', where f:R—R is a nondecreasing Lipschitz
continuous function such that 5(0)=0 and B grows at least
linearly at co. Then, the phase change on I' x (0, T') can be
formally described by the nonlinear parabolic equation

Ju
ot
with the initial condition w(0)=u, on T,

Agﬁ(u)=f+g—f on X=Ix(0,T)
@
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where te(0, T) is the time variable, A, is the Laplace—
Beltrami operator on I" with respect to the Riemannian
structure g related to the tangential conductivity proper-
ties of I', u, is the initial enthalpy on I, f is a heat source
or sink on X, and 96/0v is the thermal flux from Q to I,
which plays the role of an additional heat source on T
Assuming that a phase change takes place also in Q, and
denoting by 6 =y(v) the state equation for the temperature
# and the enthalpy density v in Q, the heat diffusion in
Qx(0, T) can be described by the nonlinear parabolic
equation
v
Frl
(Il ¢ with the boundary condition y(v) = B(u) on

A)=9 inQ=0x(0,T)

and the initial condition v(0) = v, in Q,

where A is the Laplace operator in R", v, is the initial
enthalpy in Q, ¢ is a heat source or sink in Q, and the
constitutive function y bears the same properties of .

An existence and uniqueness result for the problem (I)-
(IT) formulated in suitable Hilbert spaces has been proven
in [11].

In order to deal with the numerical approximation of
problem (I)—(II), it is useful to study first its time discretiza-
tion. Here we shall consider two different time discrete
algorithms: the first algorithm is the classical implicit
Euler finite difference scheme, whereas the second one is a
linear scheme suggested by the so-called nonlinear Cher-
noff formula in nonlinear semigroup theory, first intro-
duced in [3] and next studied in [9], [12], [14], [17] for
the usual parabolic Stefan-like problems. For both
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schemes we prove stability and error estimates for temper-
atures in the natural energy spaces. The full discretization
of ()—(II) is not addressed in this paper and will be the
subject of future investigation.

1. THE CONTINUOUS PROBLEM

1.1. Assumptions and Notation

Let Q be an open-bounded set of R”, n>2, whose
boundary I is an oriented connected C® (n— 1)-manifold,
0=Qx0,T), Z=Tx(0,T), T > 0. We follow the nota-
tion of [7]; in particular we use the L?-Sobolev spaces
HYQ) and HYI), s real, and set H%Q)=L*Q),
HYT)=LXI). Let us denote by v the inward normal to T,
by V and A the gradient vector and the Laplace operator in
R". Moreover we assume that a (proper) C*-Riemannian
structure g is defined on I" and denote by A, the Laplace—
Beltrami operator on I" with respect to g (see, e.g., [4]) and
by (n1,7,), the global scalar product with respect to g,
either for #,, #, € L¥T) or for n; e H™'(T) and n,e HY().
We recall that # — A n is a lincar continuous operator from
HY(I') into H™(T) and that

_(Agrlb ’72)g=(dr’1: dr’Z)g ani r]ZGHl(F)a

where d is the exterior differential on I'. Moreover we shall
use also the spaces H™*, r and s nonnegative real numbers,
defined in [7, Ch. 4, n.2.1] as

H™(Q)=L*0, T; H'(Q)nH0, T; LX),
H™(X)=L*0, T; H'(T)nH0, T; L),
endowed with their natural norms.
Let B and y: R—R satisfy p(0)=0, y(0)=0 and
[B(s) = cylsl —co, [M(s) Zcsls|—ca, VsER,
cslBsy) — B> < (Bls1) — Bls2))s1 —52)s
C,lv(sy) — (s )P <(p(s)—¥(s2))(s1 —52)s Vs, 5,€R (LY
(c1, €3, €3, €4, Cp, €, POsitive numbers).
REMARK 1.1. The functions f and y represent the
constitutive equations 0=p(u) and 6=y(v) relating the
temperature 6 to the enthalpy densities u on I and v in Q,

respectively. The simplest physical case corresponding to
constant thermal coefficients in each phase is given by

Igs if s<0
Bs)={ 0 if 0<s <A,
Ly(s—2o) ifs=4,
Ls if s<Ay
y(8)={ L, if A, <s<4,,

Ls—A)+1A ifs=4,

where 4, >0 and 4, — A, >0 represent the latent heats on I'
and Q, the constants I, Ly, I, L, are the heat capacities,

and the temperature of the phase change is gr=0onI" and
Bo=14,=0in Q. O

The hypotheses on the initial data u,, v, and source
terms f, ¢ are the following:

ug€ LX), Pluo)e HY(T), voeL*(Q), y(v)e HY(Q),  (1.2)
Yvo)=Plug) on T, (L.3)
fel’(X), @eLQ). (1.4)
REMARK 1.2. We stress that (1.2) is a proper assumption
on the initial data of a phase change problem, because it
allows jumps for the enthalpies u, on " and v, in Q and for
the temperature gradients VO, {0, = f(u,) on I, 6, =(v,) in

Q). The condition (1.3) is an obvious compatibility condi-
tion for the temperatures. ]

1.2. Existence and Uniqueness

Let us introduce the definition of the weak solution of
problem (I)—(II).

DEFINITION 1.1. Under the assumptions (1.1)-(1.4),
(u, v) is 2 weak solution of problem (I)—(II) if

ue L®(0, T; LXT)),

Bu)e L0, T; H(T)nHY0, T; LAI)),

ve L2(0, T; LX),

yv)e L°(0, T; H{(Q)HY0, T; LX(Q)), (L.5)
yv)=pBu) onZ, (1.6)

and, for all ze Z; = {ze H"}(Q): zlye HVY(Z), 2(T) = 0}, it
holds that

T oz
-J J u—dadt—f uyz(0) do +
o Jr Ot r

T T oz
+ | (df(w), dz), dr— J f v—dx dt—
0 0o Ja Ot

. T
— | v,2(0) dx+j J Vy(v)- Vz dx dt—
Q Q

0

T T
- -[ fz do dt—f J @z dx dt=0.
o Jr o Jo

o

REMARK 1.3. From (1.5) it follows that y(v)e H**(Q) and,
consequently (cf. [7, Ch. 4, n.2.2]), y(v) has a trace on X
which belongs to H'/21/2(%), whence (1.6) is meaningful in
HI/Z’I/Z(E). 0

In [11] the following existence and uniqueness result has

been proved.

THEOREM 1.1. There exists a unigue weak solution of
problem (I)-(11).
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1.3. Properties of the Weak Solution

Let us introduce the space V defined by
V= {ne H'Q):nlre HYT)}

which, endowed with the norm

Inlly = (i3 + Inlclhay)' 2 s a Hilbert space. The
following property of the weak solution of problem (I)—(1I)
holds [11].

PROPOSITION 1.1. If (u,v) is the weak solution of
(I)—(I1), there exists a subset E of (0, T) with meas(E)=0
such that, for all te(0, T) — E, we have

L (ul(t) —uo)n do+ L[ (dB(u(s)), dn), ds+

+j (t(t)— vy dx+ f t f Vy(1(s))- Vi dx ds—
Q o JQ

—JIJ f(sn do ds——J‘tj o(s)y dx ds=0, VneV.
o Jr 0 Ja
(1.7

Further properties of the weak solution (u, v) of (D)—(I1)
have been proved in [11]. In particular we have that

ve HY0, T; H-YQ) n HY*0, T; H Y4(Q) n
N C[0, T, H™ V(@)
and v satisfies the equation

ov
5 —Myw)=¢ (1.8)

(in the sense of the distributions space 2'(Q)) and the initial
condition

v(0) = v, (in the sense of C°([0, T]; H™*(Q))). (1.9)

Moreover, the normal derivative of y(v) on £ can be
defined in a suitable weak sense, namely,

0y(v)
av

e9'(2), (1.10)

where %'(X) is a distribution space on Z defined as follows.
Let
9(Z) = [H0, T; LAT), L*O, T; LAI)]y2 0
N L*0, T; HYA(I)),
where
H§0, T; LXT)={ze H'(0, T; LXI): z(0) = z(T) = 0}

and [,],, 0<a<1, denotes the usual Hilbert spaces
interpolation method described, e.g., in [7, Ch. 1]. There-
fore 4(X) is a Hilbert space and

YT < Y(T) < HIVYT) c LA(E)

with dense and continuous injections. Then %'(X) is the
dual space of 4(Z) and, denoting by H ~/2:~ 1/2(T) the dual

space of H*/>Y/2(X), we have
[XZ) = H™ V2" 1%(5) ¢ 9(Z) « F'(3).

Further regularity for dy(v)/év can be proved provided y is
nondegenerate; e.g. if y(s) = s for all seR, then [10]

0y(v)
>, € LA(Z).

Finally, u verifies the equation

Ou _ oy(v)
% —~ABw) = f + o

and the initial condition

(in the sense of 2'(X)), (1.11)

#(0) = u, (in the sense of

li ) do=0,¥neV (112
o r(w( — up)do =0,VneV).

REMARK 1.4. Let us stress that (1.8), (1.9), (1.6), (1.11) and
(1.12) give a precise (nonformal) sense to the problem (I)—
(IT) formulated in the Introduction.

2. THE IMPLICIT EULER FINITE DIFFERENCE
ALGORITHM (S1)

2.1. The Algorithm

In order to guarantee the well-posedness of the implicit
Euler finite difference scheme, we need the following
preliminary result.

THEOREM 2.1. Let B and vy satisfy (1.1), let A be a real
positive number, Fe LXT), ®eL*Q); then there exists a
unique solution {U, V} to the following problem:

UeLX), BU)eH'T), VelXQ), y(V)eHY(Q), (2.1)
pU)=yV) onT, (2.2)

ﬁ- Uy do+ A(dB(U), dr])g-i—f W dx+/1f Vo(V) Vndx

=f Fn da+-[ ®n dx, VeV (2.3)
r o

REMARK 2.1. The proof of this theorem can be obtained,
for example, by the same techniques developed in [11] to
prove Theorem 1.1. More precisely, we approximate the
functions f§ and y by strictly increasing functions f, and y,,
we solve (using the Leray—Schauder fixed point method)
the nondegenerate elliptic problem obtained by replacing
pand yin (2.1), (2.2),(2.3) by B, and 7,, and finally we pass
to the limit as ¢ >0 by standard compactness and mono-
tonicity arguments. O

Now we can introduce the implicit Euler algorithm (S1)
which, under the assumptions (1.1)—(1.4), is well posed by
virtue of Theorem 2.1.

Let N be a fixed positive integer and let 7="T/N denote
the time step. Let us introduce the notation: °=0,
2%=2(0), and, for n=1,..., N, t"=nt, I"=(""1,¢t"], and
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2"=2(t"), z"=1"'[z(t)ds, for any continuous or in-
tegrable vector-valued function ¢ —z(t) with values in L*(T')
or L*(Q). Then, the algorithm (S1) reads as follows.

ALGORITHM (S81). Set

U =u, V°=n,, (2.4)
and, for n=1,...,N, let (U", V") be the solution to the
problem

UreL*(T), BUMeHYT), Ve L*(Q), y(V")e HY(Q), (2.5
pU") =9v") onT, (2.6)

J (U~ U™ Yy do +t(dB(U"), dn)g+f V"=V Ypdx+
T Q

‘(J‘ Vy(v")-Vn dx=rf f_"nd6+rf p™ndx, VneV.
Q T Q

2.7)

2.2, Stability

The following stability result holds.

THEOREM 2.2. Under the assumptions (1.1)~(1.4) there
exists a constant C independent of T such that

max ”ﬁ(U")||L2(r)+ max |9V 2+

1<ns<N 1<nsN

N N
T ; IBU ey + ; (V) fr1ey < C- (2.8)

Proof. By virtue of (2.5) and (2.6), we can take n =p(V") in
(2.7). Adding the resulting expressions over n from 1 to i,
for any 1 <i< N, we obtain

ZLH J‘r (U"—=U""HpU"do +1 Zl (dBU™, dBU™), +

1~

+

n

_Tz J U do + 7 ijry(V" 2.9)

f (V= V" OYp(V")dx + 1 Z L [Vy(V™)|? dx
Q

1 n=1

It

Let us introduce the following notation: if A:R—>R is a
Lipschitz continuous function so that A(0)=0 and
0 < A{s) < A for ae. seR, we denote by @, the convex
function

D,(s) = j AMr)dr, VseR,
0
and note that @, satisfies

1 A
Ix 22(s) < Dy(s) < 7 s?, VseR.

Then, from (1.1) and (2.4) we readily obtain

> j U=V YR dr> Y | (@4U7)—0yU" ) do

n=1

= J O, UYdo ——j @ (uo)do

%ﬂ 1BUY 22y~

and, similarly,

1
o |l“o||f2(r)
2¢4

i

Z J;z (vr—vr- I)V(V")dX> Hﬂ(Vl)”Lz(r)

n=1

“’/o”Lz(r)-
2 Cy

Therefore, from (2.9) we deduce the following estimate:

AU+ IV e 3, (@A, AU, +
o 3 Vi
< (It Il + 3 1o+
3 10t X IO+

+ Zl “}’(Vn)”b(n)),

where C is independent of 7. Finally, using the discrete
Gronwall’s lemma, we obtain the estimate (2.8) with C
depending on T, [[uo|l L2y 100l 2@y I/ 2@y and [[@llL2(g)
but independent of 7. O

REMARK 2.2. A straightforward consequence of (2.8) and
the linear growth at oo of § and 7y (see (1.1)) is the stability
also for enthalpies, namely,

max [ U™ 2+ max |V < C. (2.100 O

1<nsN 1<€n<N

2.3. Error Estimates

In order to study the order of convergence for the
algorithm (S1), let us introduce the temperature and
enthalpy errors ¢, and ¢, ¢,, defined by

eg(t) = y((O)—1(V"), e, () = v(t)—
mQxrn=1,...,N

eg(t) = Pu(®))— BU"), e, (t) = u(t)—
onI'xI", n=1,...,N.

Note that, by virtue of (1.6) and (2.6), ¢, defined on X is the
trace of ey defined in Q. We shall prove the following error
estimate.

THEOREM 2.3. Under the assumptions (1.1)—(1.4), there
exists a constant C independent of © such that

.[t ep(s) ds
0

< Cr'l2,
L(0,T:HY(Q)

eollrzo.r 2+ €l L2o. .10 +
lleall 20, .20 + 1l €all L20,7;L7) } J——

@.11)

t
ep(s) ds
0
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Proof. We add Equation (2.7) over nfrom 1 to i, for any
1 <i< N, and use (2.4) to obtain

j (U'—uohn do+7 z (dB(U™), dn),+ f (V! —vo)rdx+
i f Vy(V")-V dx

=f Jf(s)ndads+j f o(sy dx ds, VYneV.
0 r 4] Q

(2.12)

Taking the difference of (2.12) from (1.7), for a.e. tel’ and
any 1 <i< N, we get

J e (tn da+<d jt eq(s) ds, dn) +f e (tn dx +

+ J v f ey(s) ds* Vi dx = (= (U, d), +
Q 0
+(ti~t)f Vy(V')- Vg dx——jtij f(syy do ds—
Q t r

il
—j J o(sy dx ds, YneV. (2.13)
t [9)

For ae. te(0,7), we can take n=r¢y(t) in (2.13); after
integration in time over (0,t), for any te(0, T), we get
I+1I+HI4+1V = V4 VI+4 VII+ VIIL. We estimate each
term  separately. Noting  that  yw(@E)—y(V) =
Bu(t)) — B(UY) on T, from (1.1) it readily follows that

T+ = cgllepl Z20z02my + €5 ll€sll 207020 -

On the other hand, we have

2T +1IV)=

g

d ft eqg(s) ds, d jt €o(5) ds) +
0 0

jt eg(s) ds
0

Next we can write

N
Vi< -—21

2

+|v .
LYY

p "= )dB(U"), deo(1)),|dt

<Cr (Z T”ﬂ(Ui)“fll(r)'f' Hﬁ(”)”%%o,T;Hl(r)))

i=1

and, similarly,

N
VIl < Cr (Zl TIIV(Vi)II§11<Q)+ ”y(v)Hil(O,T;Hl(Q)))s

=

N
VI < Cr <|fff|%2(z)+;1 AU L2y + |fﬁ(u)||f2(z)),

N
VI < Ct (I!collfmﬁ _;1 TV Za + llv(v)llfzaz))

The asserted estimate then follows from (1.4), (1.5) and
(2.8). O

REMARK 2.3. The problem of estimating the enthalpy

errors e, on X and e, in Q seems to be more difficult. As a
simple by-product of the above theorem we obtain a weak
error estimates for enthalpies and the convergence of
scheme (S1), namely,
lew llL=o, 7,1y < CT'12,

. " (2.14)
le,. + Z*e, |l L= ;5 1y < CT77%,

where Z*: (H}(Q)Y — H (') is the adjoint operator of the
harmonic extension operator #: HYI') - H'(Q) defined,
for any e H(T'), by ARy = 0in Q, Z = on I'. In fact,
from the error equation (2.13), for a.e. (0, T) and all y € V
we get

U e, (tn do‘+J e,(tn dx
r Q

<c(

N 1/2
+ /2 <Z T”ﬂ(U")“fn(r)> +Tl/2“f”L2(2)> Iz ey +

n=1
t

+C ( f ey(s) ds +
0 L*(0,T;HY(Q))

N 1/2
+ !/ (21 TI|V(V")||%11(Q)> +Tl/2|l¢i|L2(Q)) il

+
L=(0,T;HYT))

[4
eg(s) ds
0

whence, by virtue of (2.11), (2.8), and (1.4),

< Co'P2nlly,

’J eu(t)nda+J e, () dx
r o}

where C is a constant independent of 7, t, and 5. The weak
convergences ¢, — 0 in L}Q) and e, — 0 in L*Z) then
easily follows from (1.5) and (2.10), whereas the estimates
(2.14) follows taking ne HY(Q) and n = &y (y € H'(I)),
respectively. Note that the estimate on e, agrees with the
regularity ve H(0, T; H~ }(Q)). We conjecture that a more
precise estimate of the enthalpy error ¢, on £ should be
obtained using deep the properties of the weak solution
recalled in Section 1.3, in particular (1.10). |

REMARK 24. Under the further assumptions
feHY0,T;LXT)) and ¢ H'(0, T; L)), the algorithm
(S1) can be defined using f" and ¢" in place of ™ and "
at the right-hand side of (2.7). The stability and error
estimates, Theorems 2.2, 2.3, hold under minor modifica-
tions of the proofs. [

3. THE ALGORITHM BASED ON THE
NONLINEAR CHERNOFF FORMULA (S2)

3.1. The Algorithm
The linear scheme suggested by the nonlinear Chernoff
formula in semigroup theory reads as follows.
ALGORITHM (S2). Set

U=uo, Z°=Plu),

Vo = U, ®0 = ’V(UO)a (31)
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and, for n=1,...,
the problem

N, let (U™, E", V", ®") be the solution to

UreIAT), ZreH'D), V'elXQ), O"cHYQ), (3.2)
n ®" on r’ (33)

[1]

J E"nda+3(d5",dn)g+f@"ndx-l—zj VO Vi dx
r H Q rJo

= J ﬂ(U"’l)nda—l—J (V" Y dx +£j f*ydo +
r Q U Jr

+5 J @™ dx, VneV, (3.4)
H Jjo

Ur=U""'+uE—BU ") onT, (3.5)

Y=y lp (@ — (V" Y)  in Q,

where p is a relaxation parameter which satisfies
0 < ¢ < i=min(cy, C,).

It is easy to see that, under the assumptions (1.1)—(1.4),
the algorithm (S2) is well posed. We stress that problem
(3.3), (3.4) is linear in the unknowns Z" and ®" whereas
Equations (3.5) for U" and V" are just pointwise correc-
tions that require the evaluation of given nonlinear func-
tions. Therefore, the algorithm (S2) is expected to be more
efficient than (S1) from a numerical viewpoint.

3.2. Stability

The following stability resuit holds.

THEOREM 3.1. Under the assumptions (1.1)—~(1.4) and
0 < u < [i fixed, there exists a constant C independent of ©
such that

[Jax IBU L2y + 121ng 1YV L2y +
N N i
+ Z U= U"" " 2y + Zl V"= V"" e+

N N

Z (dE", dB"),+7 2‘1 VO[22 < C. (3.6)
Proof. Let us introduce the functions « and § defined by

als) = s —up(s), VseR, 3.7

which, in view of the stability constraint 0 < u < [i, satisfy

0<¥(s)<1 forae. seR. (3.8)

8(s) = s — uy(s),

0<a(®<1,

Using (3.5) and (3.7), we can split Z” and ®" as follows:

1
= ——ﬁ(U")+—(fX(U") U 1) — ~—Ot(U" 1)+

1 1 1 1
O = —y(V")+— (B(V") = (V" ) —— (V" N+~ V
FHV7) 4 OO =807 )= 604

(3.9)

In addition, still using (3.5), we can reformulate the discrete
equation (3.4) as follows:

J (U"—U"" Yy do*—i—j (VP =v" Yy dx+1(dE", dn), +
r Q

‘L'J vVe"-vy dxzrj f"nda+1j o"ndx, VneV.
Q r Q

(3.10)

By virtue of (3.2) and (3.3) we can take n = ®" in (3.10). We
add the resulting expressions over n from 1 to i, for any
1 <i< N, and proceed to estimate each term separately.
Using (3.9), (3.1), (1.1), (3.8), the convexity of @4, @,, ©,, ©;,
and the elementary identity 2a(a—b) = a*—b*+(a—b)*
for a, beR, we obtain first

2 2 J (U"—U" HE" do > j (@4(U") — Dylu)) do+
n=1 yr r

+% f (@, (1) — D,(UY) do+

1

+ E‘u‘ (” Ut famy— ||u0“%,2(r) + Zl jon—ur* ||1%2(r)>

1 c .
= — ‘!; ||u0”i2(r)+ 313 ||B(U‘)1|f2(1—)+

Z 1u"—

Un—l 22
2//‘ = ”L @)

and, similarly,
2 z J V"=V He"dx
n=1 JQ
1 2 ] a2
- ; ”UOHLZ(Q)'!'? IVl z2e +
T N L T
2,” n=1
In addition, using (3.5), we have
¥ j FErdo
n=1 Q
i _ 1
+Cr Z,l 1BU” 1)i|1%2(r)+_

8u
T J P"®" dx
1 Q

Ce S I et g

<Clf e+

i

21 1U"=U"" 2y
=

-

< Clolfzg +

Z V"=V
Noting that the remaining terms are nothing but
T Z1 (dz", dE", + Zl VO™ 22

using the discrete Gronwall’s lemma, we obtain the
stability estimate (3.6). !

REMARK 3.1. A straightforward consequence of (3.6) and
(3.5) is the estimate
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max || 2" .2q + 112ng 1072y < C, 3.11)

i1<n€EN

whence, using again (3.6), it follows that

N N
T 21 i|-"‘:"||f;1(r>"|'fnZ,l 10" 71 < C. (3.12)

3.3. Error Estimates

Let us define the errors ¢, ¢, and e, by

eg(t) = y (1) —©", e, (1) = v(t)— V"
mQxM*n=1,...,N,

e(t) = Pu(t) —E", e,() = u(®)—U"
onI'xI*n=1,...,N.

Note that, by virtue of (1.6) and (3.3), ¢, defined on X is the
trace of ¢, defined in Q. We shall prove the following error
estimate.

THEOREM 3.2. Under the assumptions (1.1)~(1.4) and
0 < u < [ fixed, there exists a constant C independent of t

such that
t
legll L0, 12y + ll€oll 20, 7502) + j eg(s)ds +
0 L#(0, T:HYT))
t
+ J- e,(s)ds < Crlh4, (3.13)
0 L0, T3 HYQ)

Proof. We closely follow the proof of Theorem 2.3. We
add Equation (3.10) over n from 1 to i, for any 1 <i<N,
and use (3.1) to obtain

j (U“‘uo)ﬂ da+T Z (dEns dn)g+J‘ (Vi_UO)ndx+
r n=1 Q

n=1

+7 ) J VO™ Vn dx
Q

= r j f(sin do ds+fti J o(s)y dx ds, VneV.
0 r 0 Q

(3.14)

Taking the difference of (3.14) from (1.7), for a.e. te I and
any 1 <i< N, we get

J et da-}—(dJ‘t eq(s) ds, dr]) +J‘ ety dx+
r 4] g Q

i
+ j \ j ee(s) ds- Vn dx = (' —t)(dZ’, dn),+
o Jo

+({—1) J VO - Vi dx—r .[ f(sn do ds—
Q r

ti
—J ( o(siy dx ds, VyeV (3.15)
t JQ

For ae. te(0,T), we can take n=e¢y(t) in (3.15); after
integration in time over (0,1), for any te(0, T), we get

I+ + I +1IV=V+VI4+ VIl + VIIL. Noting that
P(v(t)) ~ O° = B(u(t)) —E’ on T, the estimate of terms II, IV,
V, VI, VII, VIII proceeds along the same lines of the
corresponding terms in the proof of Theorem 2.3, thus
leading to

2(II+IV)=<d J‘t ee(s) ds, d J.t eq(s) ds) +

1] o] g

2

b

LAHg)

t
+”VJ ep(s) ds
1]

N

[V+VI+ VII+ VI € Cr <Z T & sy +

i=1

N
+ '21 THQIH%{‘(Q) + ”ﬁ(”)”l%z(o,T;H‘(F)) +

i=

+ H'Y(U)H%Z(O,T;HI(Q))+ “f“lzﬂ(z) + ||(leZ,2(Q)>'

It remains to bound from below terms I and III. We first
decompose I as

I=u |feo||i2(o,?;L2(r)) +
t
+ j J‘ (e, () —peg(eg(t)dodt =1, +1,.
o Jr

Next, we use (3.5) and (3.7) to split e, and e, on ' x I, for
any 1 <i< N, as follows:

eo(t) = Bl — BUT )~ % (U U,

e,(t)— peg(t) = a(u(t) —a(U'™ ),
whence, in view of (1.1) and (3.8), we have
(eu(t) — pey(t))eq (1)

= (ou(t) —o(U* ™~ N(Blu(t) — U 1)~

1 . . i
= U= U elu() — U )

| . .
> (U = U o) — (U ).

Therefore, using again (3.8), we can estimate I, as follows:
N ) ) 1/2
12 > _CT1/2<Z HUL_ UlmIHiZ(r)) X
i=1

N i 12
X1 lull L2, 720y + Z U za .
=1

Similarly, we get
I = ulle, ”fz(o,E;LZ(Q)) -
N o 12
—Ctl/? < z [Vi—pi-t ”%2(9)) X
i=1
N i 1/2
X ”U”LZ(O,T;LZ(Q))'*‘(/_V_:1 | Vl‘l[liz(r)> )

Collecting all previous estimates and using (1.5) and (3.6)
leads to the asserted error bound (3.13). O
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REMARK 3.2. From equation (3.15), one can proceed as
in Remark 2.3 and obtain the convergence of scheme {S2)
as well as error estimates for enthalpy, namely, e, — 0 in
L*(Q), e, — 0 in L*(X), and

1/4
e, =@, 71~ @) < CT%,

le, + #* e, L=, 7.y < CT'/* 0
REMARK 3.3. Remark 2.4 applies also for algorithm
(S2). O

REMARK 3.4. A number of linear approximation schemes
for Stefan-like problems has been proposed during recent
years; see, e.g. [11, [6], [&], [13], [16]. The application of
these methods to the Stefan problems in a concentrated
capacity should be investigated. O
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