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E X A C T  S O L U T I O N S  OF  T H E  N O N L I N E A R  B O L T Z M A N N  

E Q U A T I O N  AND T H E  T H E O R Y  OF R E L A X A T I O N  OF 

A M A X W E L L I A N  GAS 

A . V .  B o b y l e v  

Results  obtained in recent  years  in the theory of the nonlinear Boltzmann equation 
for Maxwellian molecules are  reviewed. The general  theory of spatially homogeneous 
relaxation based on Four i e r  t ransformat ion  with respect  to the velocity is presented.  
The behavior of the distribution function f (v ,  t) is studied in the limit ]vr -> ~o 
(the formation of the MaxwelIian tails) and t ~ oo (relaxation rate).  An analytic 
t ransformat ion relating the nonlinear and l inearized equations is constructed.  It is 
shown that the nonlinear equation has a countable set of invariants ,  families of 
par t icu lar  solutions of special form are constructed,  and an analogy with equations 
of Kor teweg-de  Vries type is noted. 

1.  I n t r o d u c t i o n  

Derived for the f i rs t  thne on the basis of phenomenoIogical arguments  in 1872, the Boltzmann 
equation [1] immediately became the source of many prob lems  of both a fundamental nature (reconciliation 
of time revers ib i l i ty  of the equations of c lass ical  mechanics with the i r revers ib le  behavior of the solution of 
the Boltzmann equation) and pract ical  nature (solution of the equation). In the question of the foundation of 
the Boltzmann equation the monograph [2] of Bogolyubov has played a pioneering role; in it, he also des-  
cribed systemat ic  methods for deriving general ized kinetic equations f rom the Liouville equation. The 
development of Bogolyubov's ideas and methods led subsequently to the construct ion of new, more complicated 
kinetic equations, but the solution of even the "s implest"  of them - the Boltzmann equation - still remains  
a ra ther  difficult problem. The comparat ively  res t r i c ted  group of questions with which the present  paper  is 
concerned relates  to this problem.  For  brevity,  it is convenient here simply to postulate the Boltzmann 
equation, regard  it as a mathematical  model of a raref ied gas,  and not return to its sys temat ic  derivation. 

In the c lass ical  kinetic theory of raref ied monatomic gases ,  the state of the gas at the time t >- 0 
is charac te r ized  by the (single-particle) distribution function /(x, v, t) of its molecules with respect  to the 
spatial coordinates x ~ R 3 and the velocit ies v ~ R 3, where R ~ denotes the real three-dimensional  Euclidean 
space.  The function ](x, v, t) is, roughly speaking, the number of par t ic les  in unit volume of the phase 
space R s X R 3 at the time t, and its time evolution is descr ibed by the Boltzmann equation 

0_] v f~- = I[7, I], + (1. 1) 
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on the right of which we have the so-cal led coll ision integral - a nonlinear integral opera to r  that acts on 
f(x, v, t) only with respect  to the variable v. Omitting here and in what follows the unimportant  arguments  • 
and t, we can represent  the right-hand side of (1.1) in the form 

I[f,!]= dwdng a,---u- {f(v')f(w')-f(v)!(w)}, (1.2) 

where w ~ R 3, dw is the volume element of R 3, n 6 R 3 is a unit vector ,  i . e . ,  Inl = 1, dn is the element 
of a rea  of the surface of the unit sphere ~ in R3; the integration is over  the complete f ive-dimensional  
space R ~ X ~.  We also use the notation 

u=v-w, u=[u[, g(u, g)=~(u ,  ~), v'=V2(v+w+un), w'=l/2(v+w-un). (1.3) 

It is assumed that the collisions of the molecules take place in accordance with the laws of c lass ical  
mechanics  of par t ic les  interacting with two-body potential U( r ) ,  where r is the distance between the 
par t ic les .  The function ~(u, p) in (1.3) is the differential c ross  section of scat ter ing through angle 0 < e 
_< ~r in the center-of-mass system of the colliding particles expressed as a function of the arguments u > 0 
and .u = cos 0. In the theory of the Boltzmann equation, g(u, p) in (1.2) is usually assumed simply to be 
a given non-negative function subject to restrictions dictated by physical considerations. For example, for 
hard-sphere molecules of radius r 0 we obtain g(u, p ) = ur~ and for point-particle molecules interacting 
in accordance  with the power law U(r)=w/r ~ (a>0, n~2), g(u, ~) =u'-~/~g~(~), where g~(~) (t- .a) ~/~ is a bounded 
function. 

It is the nonlinearity and complicated s t ruc ture  of the collision integral (1.2) that are the main 
obstacles  in the attempt to solve the Boltzmann equation. For  this equation, one can consider  problems with 
both initial conditions and boundary conditions. The simplest  problem, which c lear ly  reveals  all the 
difficulties associated with the collision integral,  is the spalLially homogeneous Cauchy problem 

0! 
- - I [ / , f ] ,  ]l,=o=]o(v), (1.4) Ot 

or  the problem of relaxation (approach to equilibrium) of a spatially homogeneous gas .  This problem is of 
independent in teres t  and, in addition, its solution is a neces sa ry  intermediate step in the solution of the 
complete,  i . e . ,  spatially inhomogeneous, equation (1.1). 

Many but by no means all of the general  mathematical  problems relating to the existence and 
uniqueness of solutions of the Cauchy problem and boundary-value problems have been solved for the 
Boltzmann equation, and approximate approaches general izing the well-known Hilbert, Chapman-Enskog,  
and Grad methods [3], have been developed. However, even comparat ively  recently studies on the nonlinear 
Boltzmann equation could be charac te r ized  by the a lmost  complete absence of exact analytic resul ts ;  for 
example, the f i rs t  nontrivial exact solution of this equation was constructed only in 1975 [4, 5] (see also [6, 7J). 
In this connection, the resul ts  reviewed in the present  paper  may have some interest .  The resul ts  apply 
mainly to a special case of the ]3oltzmann equation - the so-cal led model of Maxwellian molecules - but 
in the f ramework of this model, which is fair ly typical f rom the physical point of view, one can obtain 
detailed analytic information about the behavior of the solutions of the spatially homogeneous equation and 
essent ial ly  const ruct  an exact theory of the relaxation of such a gas.  

Maxwellian molecules are  par t ic les  that interact  with a repulsive potential U( r )  = G/r 4. In this 
case,  the c ross  section r ~) is inversely  proportional  to the modulus of the relative velocity u, and the 
function g(u, p) in (1.2) does not depend on u, which leads to some simplifications of the calculations 
related to the collision integral .  These simplifications have long been known (see, for example, Chap. 3 of 
Bol tzmann 's  book /I J) and were used by prac t ica l ly  everyone who worked with the ]3oltzmann equation. 
However, it was only in 1975 that it was found [4, 8] that one can here achieve a much more significant 
simplification of the nonlinear opera tor  (1.2) than was assumed ear l ie r ;  this simplification is achieved by 
means of an ordinary  Four i e r  t ransformat ion with respect  to the velocity.  It was Four i e r  t ransformat ion  
that made it possible to const ruct  an exact solution for the f i rs t  time [4] and served as the key method for 
obtaining the majori ty  of the resul ts  described below. 

The idea of the approach is as follows. In (1.1), we go over  to the Four i e r  representat ion,  setting 

(x, k, t) = ~ dve-ikv] (x, v, t), 

and as a result  we obtain an equation for ~(x, k, t): 

(1.5) 
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~qo+. 02qD _ j ~  
Ot 'O-k-O~x-- tq)'q~]=~ dve-`k'l[]'[]" (1.6) 

Now in the exceptional case of Maxwellian molecules (or ra ther ,  for any u-independent function 
g(u,  p ) in (1.2)) the opera tor  Jig0, ~0] simplifies s trongly compared with the opera tor  [if, ]] (see Sec.2),  
as a result  of which it becomes much eas ie r  to work with the t ransformed equation. Unfortunately, the 
appearance of the mixed derivative in (1.6) makes it impossible to use this proper ty  effectively to solve 
spatially inhomogeneous problems.  However, for the relaxation problem (1.4), which has in the Four ie r  
representat ion the form 

0(p 
0---/- = J[% (p]' r Its0=% (k), (1.7) 

this difficulty is absent, and the simplification is decisive.  These are the reasons  why we shall in what 
follows basical ly r e s t r i c t  ourse lves  to Maxwellian molecules and the spatially inhomogeneous problem. 

Four ie r  t ransformat ion  made it possible to obtain a number of new results  [4, 5, 8-18] and ultimately 
construct  a comparat ively  complete theory of the spatially homogeneous ]3oltzmann equation for Maxwellian 
molecules,  including general izat ions of previously known facts.  The main aim of this paper  is to give a 
brief  exposition of this theory.  After the f i rs t  papers [4-9] published in 1975-1977 there followed rapidly 
quite a large number of publications on the theme that one may call "exact solutions of nonlinear models of 
the t3oltzmann equation." Many of them are very  interesting but do not direct ly  relate to the aims of the 
present  paper.  Therefore ,  we quote only individual papers ,  especial ly since there are  fair ly complete 
reviews devoted basical ly  to model equations [16, 17]. 

The material  is a r ranged as follows. In See. 2, which can be regarded as the "elementary theory"  
of the Boitzmann equation for Maxwelliau molecules,  we per fo rm the Four ie r  t ransformat ion and describe 
new facts (symmetry,  proper t ies  of the l inearized equation, moment system, se l f - s imi l a r  solutions) 
obtained compara t ive ly  easi ly af ter  the transit ion to the Four ie r  representat ion.  These results  can be 
expressed by explicit express ions ,  but they have a somewhat special nature.  More general  questions such 
as the solvability of the Cauchy problem for the nonlinear Boltzmann equation and the asymptotic behaviors 
of the solution as Ivl -o ~ and as t --+ ~ are  considered in Sec.3 .  In Sec.4,  we construct  an analytic 
t ransformat ion relating the nonlinear and l inearized equations in the Four i e r  representat ion,  we establish 
the equivalence of these equations in a cer ta in  c lass  of functions, and we descr ibe the consequences of this 
equivalence. 

2. F o u r i e r  T r a n s f o r m a t i o n  and C o n s e q u e n c e s  

Four ie r  Transformat ion.  [n accordance  with its physical meaning, the distribution function f(v) 
must  be non-negative and possess  finite moments  up to the second order :  

~dvI(v),(l+yz)<r (2.1) 

Assuming at the start for brevity that all the additional conditions needed for convergence of 
integrals, etc., are satisfied, we make a Fourier transformation of a collision integral of general form, 
i .e. ,  we simplify the right-hand side of Eq. (1.6). For this, we use the standard identity 

u n  

in which the notation (1.3) is used. For  h(v)=exp (--ikv), the r ight-hand side has the form 

(2.2) 

- - t k  V ~ W  

f dv dwf(v) f(w)e 
- - i k  u n  "k u 

We consider  here  the inner integral and show that 

(2.3) 

l fu u n t i e -  - 7  S .2 dng~ , u ] - -e  ] =  dug a, [e .2 __e ]. (2.4) 

Indeed, the left-hand side of (2.4) is an isotropic sca la r  function of the two vectors  k and u and, 
therefore ,  depends only on their  absolute magnitudes k = Ik 1 and u = lul and the sca la r  product k .u .  
Such a function is obviously unaffected by interchanging the directions of the vectors  k and u (but not their  
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absolute magnitudes) ,  and the r ight-hand side of (2.4) is the resu l t  of such an interchange.  

Substituting (2.4) in (2.3) and changing the o r d e r  of integrat ion,  we obtain 

~ dn ~ dv dw/(v) ] (w) g( ~,-~--) [ exp (-iv k-t:kn 2 " -  ~w ~ - )  -exP (- ikv)  ] " (2.5) 

It is c l e a r  f rom this that F o u r i e r  t r ans fo rma t ion  leads to a definite s implif icat ion of the coll ision 
integral  for  molecules  in terac t ing  in accordance  with a power law and for  hard spheres  (see, for  example ,  
[19]), the g r ea t e s t  s impl i f ica t ion being achieved for  Maxwellian molecules ,  for  which g(u,  g) -: g(p) .  In this 
case ,  the inner  (six-fold) integral  in (2.5) reduces  s imply  to the difference,  multiplied by g ( k n / k ) ,  of 
products  of the F o u r i e r  t r a n s f o r m s  of the distr ibution function, i . e . ,  the final resu l t  - the r ight-hand side 
of (1.6) - has the fo rm 

where  /(v) and ~(k) a re  re la ted  by the F o u r i e r  t r ans fo rma t ion  (1.5) (the a rguments  x and t a re  not 
impor tant ) .  

Thus,  for  the cons idered  model the t rans i t ion to the Fou r i e r  r ep resen ta t ion  has led to two impor tant  
s impl i f ica t ions :  1) instead o~ the f ive-fold in tegral  (1.2) the two-fold integral  (2.6) has been obtained and 2) 
the integrand has also been signif icant ly s impl i f ied.  These  advantages  a re  most  s t rongly manifes ted  for  
distr ibution functions i so t ropie  with r e spec t  to v: ]=/ ( [v l ) .  Then in (2.6) we can set  (p=,(p(k'/2i and, 
i " . 2 ntroducmg the notahon x = k / 2 ,  reduce (2.6) to the ve ry  s imple  fo rm 

11%~p]=i dsp(s) {r (i-s)x]-~(O)(p(x)}, x>~O, p(s)=4ug(t-2s), (2.7) 
0 

f rom which one can c l ea r ly  see the advance achieved compared  with (1.2). 

It is readi ly  ver i f ied  that for  g =- g(p) the condition (2.1) and the inequality 

0~g (~t) ~const (t--~) -'/'+', e>0, (2.8) 

guarantee  validi ty of all the t r ans fo rma t ions  (change in the o rde r  of integrat ion,  e tc . )  made above in the 
t rans i t ion f rom (2.2) to (2.6). in all that follows we shall ,  when special  r equ i r emen t s  a re  not st ipulated,  
a s sume  that the conditions (2. i)  and (2.8) a r e  sa t i s f ied .  The inequality (2.8) is valid, in pa r t i cu la r ,  for  
t rue Maxwellian molecules ,  i . e . ,  for  the potential  U(r)~r -~, for  all 0<e<V,.  

Relaxation P r o b l e m .  
equation in the notation (1.3): 

We shall  cons ider  the Cauehy p rob lem for  the spat ia l ly  homogeneous ~ol tzmann 

where  the subsc r ip t  denotes the der iva t ive  with r e spec t  to t; without loss  of genera l i ty ,  we can a s sume  that 
the initial condition sa t i s f i es  the normal iza t ion  conditions 

By vir tue  of the conserva t ion  laws for  the par t i c le  number ,  the momentum,  and the energy,  the 
solution /(v, t) of the p rob lem (2.9)-(2.10) wilt sa t i s fy  the s ame  r equ i r emen t s  for  alI t > 0: 

(2.10) 

 av1(v,t)=l,  avvi(v,t)=0, awv( ,t)=3, 
and the cor responding  Maxwellian distr ibution has the fo rm 

fM (v) = (23) -~/: exp (-v~/2). (2.12) 

The formal  approach to the solution of the p rob lem,  and also to any o ther  p rob lem assoc ia ted  with 
Eq. (2.9), is r a t h e r  obvious.  Going over  to the F o u r i e r  r ep resen ta t ion  

(p(k, t) = f  dv/(v, t) exp(--ikv), (2.13) 
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we obtain instead of (2.9) the s i m p l e r  equation 

S ) } 
with initial condition 

q)l,=o=%(k)----Sdv/o(v)exp(--tkv): q~oik=o=l, OqDo[ Oaq~~ ] Ok I k=0 =0, - - ~  I k-0 = - 3 ,  (2.15) 

a f t e r  which we study the solution r (k, t )  of the p rob lem (2.14)-(2.15) and, finally, formula te  the final 
r esu l t s  for  the distr ibution function ](v, t), using, for  example ,  the invers ion formula  

(v, t) = (2~) -2 ~ dvq) (k, t) exp (gkv) (2.16) ! 

under  the assumpt ion  that this integral  converges .  F o r  the purposes  of this section this formal  scheme is 
en t i re ly  adequate,  and r igorous  definitions of the concepts  of the dis tr ibut ion function and the solution of 
the Cauchy p rob lem (2.9)-(2.10) will be given in See. 3. 

The Fou r i e r  analogs of Eqs.  (2.11)-(2.12) have the fo rm 

r t) =1, 0cp(k, t) =0, ~ - 3 ;  r =exp ----~ (2.17) 
Ok k=o Ok ~ k=o 

R e m a r k .  F o r  brevi ty ,  we shall  not dwell he re  on the solution to the re laxat ion p rob lem for  smal l  
deviations f rom equi l ibr ium, for  which the l inear ized  equation can be used.  We m e r e l y  mention that 
F o u r i e r  t r ans fo rma t ion  made it poss ib le  to genera l i ze  signif icantly the c lass ica l  r e su l t s  [3] for  this equation, 
i . e . ,  to give a complete  solution to the eigenvalue p rob lem for  the l inear ized  col l is ion ope ra to r  [4, 8] and 
cons t ruc t  in explicit  f o rm a solution to the l inear  p rob lem of re laxat ion in a maximal ly  l a rge  (from the 
physical  point of view) c lass  of initial conditions [11]. 

We now descr ibe  some p rope r t i e s  of the nonl inear  equation (2.9); the i r  proof  in the F o u r i e r  
r ep resen ta t ion  is ve ry  s imple .  

Symmet ry  P r o p e r t y .  Equation (2.9) is invar iant  with r e spec t  to the o n e - p a r a m e t e r  semigroup  of 
t r ans fo rma t ions  

r 0 02 1 . -~i~ ~ d w J ( w , t ) e x p  Td=exp [ '2"~v2 J / = (2n~ [ (v-w)2 ] ' 20 0t>0, (2.18) 

which leave the distr ibution function non-negat ive .  

F o r  the proof,  it is sufficient to note that the cor responding  t r ans fo rma t ions  q~ (k, t)  have the fo rm 

F0q~=exp (-'0kV2),q~ (k, t), 01>0, (2.19) 

and, obviously,  do not change Eqs.  (2.14). 

This p roper ty ,  which is pecul ia r  to Maxwellian molecules ,  has a number  of in teres t ing consequences .  
The s imples t  of them is that be~ides the c l a s s i ca l  H function of Boltzmann one can find a o n e - p a r a m e t e r  
family  of functionals H0[/] on the solution ?(v, t) of Eq. (2.9), 

Ho[f]=Idvfo(v,t)lnlo(v,t), /0=T0f, 0>0, (2.20) 

which have the same  proper ty ,  i . e . ,  they do not i nc rease  with increas ing  t. An advantage of these functionals 
is that, in con t ras t  to the usual H function, they are  also defined on genera l ized  solutions of the Boltzmann 
equation (see Sec. 3). This  resu l t  cannot be genera l ized  to the spat ia l ly  inhomogeneous equation (1.1), for  
which the c lass ica l  H function is the only nonincreas ing functional [20]. 

Another t r iv ia l  consequence of this s y m m e t r y ,  on which we shall dwell below, is that the equation 
for  the moments  (normalized in a special  manner)  of the function /(v, t) is identical to the equation for  
the coeff icients  of its expansion in Hermi te  polynomials  (Laguerre  polynomials  in the case  i sot ropic  with 
r e spec t  to v). 

Finally,  combining (2.19) with the scale  t r ans fo rma t ion  k ~ c~k and the shift t -~ t + T, which 
also leave Eq. (2.14) unchanged, we can readi ly  cons t ruc t  a t w o - p a r a m e t e r  family  of t r ans fo rma t ions  that 
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leave not only Eq. (2.14) i tself  but also the normal iza t ion  conditions (2.17) invar iant .  In exponential  form,  
these t r ans fo rma t ions  a re  

_ -  U,~q) exp tx  

and for  [(v, t) they co r respond  to the o p e r a t o r s  

) _~0 + 02 

We descr ibe  in this section invar iant  solutions of the Boltzmann equation, these being fixed points 
of the t r ans fo rma t ions  (2.22). 

The invar iance  of the nonlinear  equation (2.9) with r e spec t  to the t r ans fo rma t ions  (2.18) was 
es tabl ished for  the f i r s t  t ime in [4, 81, but the analog of this p rope r ty  for  the l inear  equation was known much 
e a r l i e r  [21]. 

Moment Equations.  In what follows, we shall mainly cons ider  isot ropic  solutions /(Ivl, t) of the 
Cauehy p rob lem (2.9)-(2.10).  

[n the F o u r i e r  r epresen ta t ion ,  it is convenient to introduce the var iab le  x = k2/2, set  r - ~v(x, t ) ,  
and rewr i te  (2.14)-(2.15) in the fo rm 

t 

ep, = ~ ds p(s) {tp(sx)qD[ ( t - - s ) x ] -  q~ (0)r p(s) = 4~g(l--2s) ; (2. 23) 
0 

'r (p0(0)=I, (po' (O) =- - l ,  (2.24) 

where  the p r ime  denotes the der iva t ive  with r e spec t  to x. 

We now formula te  two p rope r t i e s  of i so t ropic  solutions of the ]3oltzmann equation (2.9); the 
Fou r i e r  r ep resen ta t ion  (2.23) makes  these p rope r t i e s  obvious.  

A. We set  

z . ( t ) =  t Idv/(Ivl,t)vZ", n = O , l ,  " (2 25) 
(2n+t) H . . . . .  

then the equations for  z.z(t) have the fo rm 
n - - i  

s ~n=EH~,.-~(z~z.-~-zoz.), n=2,3 . . . . .  (2.26) 

where  the dot denotes the der iva t ive  with r e spec t  to t, 

H~,~=H(k,l)= ( k; l)  i dsp(s)sh(l-s)~; k , / = l , 2 , . . . .  (2.27) 
0 

/3. Let  /(]v[, t) be r ep re sen ted  by a Fou r i e r  s e r i e s  in Lague r r e  polynomials :  

l(Ivl, t) = (2n)-'/' e-§ E a~ ( t )~ ' I ' (vV2) ,  (2.28) 
n ~ O  

this being convergent  with r e spec t  to the me t r i c  of the Hi lber t  space  L 2 with norm 

11/11~=(2~),~, idve.~/2l/(v ) i z = ~  ' (2n+l)!!  1~1~< ~; (2 29) 
(2n) !t 

n ~ 0  

then the s y s t e m  of equations for  the coeff icients  u (t)  can be obtained f rom the moment  s y s t e m  (2.26) by 
the s imple  r ep lacemen t  in (2.26) of z ( t )  by u,z(t), n = 0, 1 . . . . .  

To prove p rope r t i e s  A and ]3, it is sufficient to note that the cor responding  solution r (• t )  of 
Eq. (2.23) can be r ep resen ted  in the fo rm of the power  s e r i e s  

;Z:n ~ x n  

q~(x, t) = (--l)~z~(t)~=e-~Zu~(t)-~. , (2.30) 
n ~ 0  n ~ o  
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s u b s t i t u t i o n  of which  in (2.23) i m m e d i a t e l y  l e a d s  to equa t ions  of the f o r m  (2.26) .  The i den t i t y  of the 
equa t ions  fo r  z ( t )  and u,z(t)  is  an obv ious  c o n s e q u e n c e  of the i n v a r i a n e e  of (2.23) wi th  r e s p e c t  to m u l t i -  
p l i c a t i o n  of (p (x, t )  by e x p ( - x  ) and r e p l a c e m e n t  of  x by - x .  

I t  fo l lows f r o m  the cond i t i ons  (2.24) and the f i r s t  equa t ions  in (2.26) tha t  z 0 
T h e r e f o r e ,  the equa t ions  fo r  u ( t )  when n ~ 2 . . . .  r e d u c e  to the  f o r m  

a~ ~+X~ ~u~.~=0, ~ + ~ u ~  = Z II~,~-kUk~-k, n = 4  . . . . .  

w h e r e  we have  used  the no ta t ion  (2.27) and 

f o r m  

= z 1 = 1 ,  u o : O, u l  : O.  

The so lu t ion  to the Cauchy  p r o b l e m  fo r  the s y s t e m  (2.31) can o b v i o u s l y  be g iven  in the r e c u r s i v e  

a~,~ (t) = as,, (0) exp (--~,2,,t), a= (t) = u~ (0) exp (--~,~t) + 

(2.31) 

(2.27a) 

n- -2  t 

EH;,~-~dxak(~)a , -h(x)exp[-~ , , ( t -~)  ], n = 4  . . . . .  (2.32) 
h ~ 2  0 

S i m i l a r  e x p r e s s i o n s  can  be w r i t t e n  down fo r  z n ( t ) ,  n = 2 . . . . .  

Thus ,  we have  at  o u r  d i s p o s a l  now s i m p l e  e x p r e s s i o n s  mak ing  i t  p o s s i b l e  in p r i n c i p l e  to w r i t e  down 
in the f o r m  of a f in i te  s u m  of e x p o n e n t i a l s  an e x p r e s s i o n  fo r  the m o m e n t  z ( t )  (or the c o e f f i c i e n t  u ( t )  of 
the s e r i e s  (2.28)) of a r b i t r a r y  o r d e r  n = 0, 1 . . . . .  In r e a l i t y ,  such  a p r o c e d u r e  i s  e f f ec t ive  only  for  
c o m p a r a t i v e l y  s m a l l  n ~ 10, s i n c e  the n u m b e r  of  t e r m s  in t h e s e  s u m s  i n c r e a s e s  v e r y  r a p i d l y  wi th  i n c r e a s i n g  
n. T h e r e f o r e ,  in Sec .  4 we wi l l  d e s c r i b e  a d i f f e r e n t  a p p r o a c h  to the so lu t ion  of the  s y s t e m  (2.31) .  

The  method  of  so lv ing  the n o n l i n e a r  ]3ol tzmann equa t ion  by e x p a n s i o n  in s e r i e s  of the  type  (2.28),  
wh ich  in the g e n e r a l  c a s e  con ta in  t e n s o r  H e r m i t e  p o l y n o m i a l s  

a" 
Ur (v) = ( - 1 )  ~ exp (v~/2) 0- ~ -  exp (-v~/2) 

o r  t h e i r  i r r e d u c i b l e  r e p r e s e n t a t i o n s  

F,,,,m(v) = v x ,  (v~/2) Y,~,(v/v), 

was  f i r s t  p r o p o s e d  in 1949 by G r a d  [22]. in p a r t i c u l a r ,  fo r  M a x w e l l i a n  m o l e c u l e s ,  fo r  which  the l a s t  
e x p r e s s i o n  d e t e r m i n e s  the  e igen func t i ons  of  the  l i n e a r i z e d  c o l l i s i o n  o p e r a t o r ,  G r a d  [22] e s t a b l i s h e d  the 
s t r u c t u r e  of the equa t ions  fo r  the e x p a n s i o n  c o e f f i c i e n t s  and showed tha t  the s p a t i a l l y  h o m o g e n e o u s  p r o b l e m  
can  be so lved  by a r e c u r s i v e  s c h e m e  ana logous  to (2 .32) .  The  c o r r e s p o n d i n g  e x p r e s s i o n s  fo r  the  so lu t ion  
/(v, t) of the Cauchy  p r o b l e m  (2 .9 ) - (2 .10 )  w e r e  a p p a r e n t l y  g iven  e x p l i c i t l y  fo r  the f i r s t  t i m e  in [23] (see a l s o  
the e a r l i e r  p a p e r  [24] of Kac  on the o n e - d i m e n s i o n a l  mode l  tha t  he p r o p o s e d ) .  H o w e v e r ,  i n v e s t i g a t i o n s  of 
th i s  k ind  w e r e  long f o r m a l  in n a t u r e ,  s i n c e  the  c o n s t a n t  c o e f f i c i e n t s  in m o m e n t  s y s t e m s  of the type  (2.21) 
w e r e  e x p r e s s e d  in t e r m s  of c u m b e r s o m e  m u l t i p l e  i n t e g r a l s  d i f f icu l t  to e s t i m a t e .  In th i s  r e s p e c t ,  the use  of  
F o u r i e r  t r a n s f o r m a t i o n  changed  the s i t u a t i o n  g r e a t l y  and made  i t  p o s s i b l e  to ob ta in  the f ina l ,  i . e . ,  not 
a d m i t t i n g  f u r t h e r  s i m p l i f i c a t i o n s ,  f o r m  of the  equa t ions  fo r  the c o e f f i c i e n t s  of expans ion  in s e r i e s  of the 
type  (2.28) .  F o r  the i s o t r o p i c  c a s e ,  the r e s u l t  - the s y s t e m  (2.31) - is  obv ious  and was  g iven  fo r  the f i r s t  
t i m e  in [4] (see  a l so  [10l); f o r  the a n i s o t r o p i c  c a s e ,  the ana logous  p r o b l e m  was  so lved  in [25] (see a l so  [26]). 
Equa t ions  (2.26) fo r  the n o r m a l i z e d  m o m e n t s  (2.25) in the s p e c i a l  c a s e  D( s )  = 1 w e r e  so lved  e x p l i c i t l y  
fo r  the f i r s t  t i m e  in [6, 7], in which  F o u r i e r  t r a n s f o r m a t i o n  was  not u s e d .  The  obvious  d e r i v a t i o n  of 
Eqs .  (2.26) d e s c r i b e d  h e r e  was  g iven  in the g e n e r a l  c a s e  in [10], in which  the iden t i ty  of the s y s t e m s  fo r  
z ( t )  and u~ ( t )  due to the s y m m e t r y  p r o p e r t i e s  was  no ted .  

I t  wi l l  be shown f u r t h e r  tha t  fo r  many  p r a c t i c a l l y  i n t e r e s t i n g  in i t i a l  cond i t ions  r e p r e s e n t a b l e  in the 
f o r m  of the s e r i e s  (2.28) fo r  t = 0 the  c o r r e s p o n d i n g  s e r i e s  fo r  the funct ion / ( Ivl ,  t) c o n v e r g e s  only  o v e r  
a v e r y  s h o r t  t i m e  i n t e r v a l  0 -< t < t o << 1. F o r  th i s  r e a s o n ,  the u se  of the  s p a c e  L 2 wi th  the  n o r m  (2.29) 
i s  i nconven ien t  fo r  so lv ing  the n o n l i n e a r  p r o b l e m  (2 .9 ) - (2 .10 ) ,  and we r e p l a c e  i t  in Sec .  3 by  a l a r g e r  c l a s s  
of func t ions .  

Thus ,  F o u r i e r  t r a n s f o r m a t i o n  s i g n i f i c a n t l y  s i m p l i f i e d  the p r o c e d u r e  fo r  c a l c u l a t i n g  any f in i te  n u m b e r  
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of m o m e n t s  of  the so lu t i on  J(v, t) of the B o l t z m a n n  equa t ion  (2.9) but  did not make  t r i v i a l  the c o n s t r u c t i o n  
of  the  a c t u a l  funct ion ](v, t), which  depends  on an in f in i t e  n u m b e r  of m o m e n t s .  To i n v e s t i g a t e  the p r o p e r t i e s  
of  th is  funct ion,  i t  is  n e c e s s a r y  (in the e a s e  i s o t r o p i c  wi th  r e s p e c t  to v) to be ab l e  to d e s c r i b e  s i m u l t a n e o u s l y  

the p r o p e r t i e s  of  the  c o m p l e t e  s e t  of  q u a n t i t i e s  u n ( t )  o r  z ( t )  fo r  n = 0, 1, . . . .  We do th i s  now in a s p e c i a l  
c a s e  a s s o c i a t e d  with  s y m m e t r y  p r o p e r t i e s .  

S e l f - S i m i l a r  So lu t i ons .  The s i m p l e s t  s c h e m e  fo r  c o n s t r u c t i n g  such  s o l u t i o n s  of  Eq.  (2.14) is  a s  
fo l l ows .  It is  n a t u r a l  to s e e k  a so lu t ion  in the f o r m  q~(k, t)=~[kO(t)], f r o m  which  a f t e r  s u b s t i t u t i o n  in (2.14) 
we find that  ~t(t)----exp(--l~t), w h e r e  p is  a c o n s t a n t .  We a r e  i n t e r e s t e d  on ly  in so lu t i ons  tha t  have  p h y s i c a l  
m e a n i n g  and d e s c r i b e  the r e l a x a t i o n  p r o c e s s ,  i . e . ,  tend in the l i m i t  t ~ ~ to the e q u i l i b r i u m  funct ion q~(k) 
and s a t i s f y  the c o n s e r v a t i o n  l aws  (2 .17) .  T h e s e  cond i t i ons  a r e  not e x p l i c i t l y  s a t i s f i e d  by the s e l f - s i m i l a r  
funct ion ~j[k e x p ( - t t t ) ] ,  but  th i s  de f ec t  can  be r e a d i l y  c o r r e c t e d  by us ing  the s y m m e t r y  p r o p e r t y  (2.19) .  
The  f inal  f o r m  in which  we sha l l  s e e k  the so lu t ion  of  (2.14) can  be c o n v e n i e n t l y  e x p r e s s e d  in t e r m s  of  the 
c o r r e s p o n d i n g  in i t i a l  cond i t ion  go 0(k):  

k2" 

w h e r e  the funct ion go0(k) and the c o n s t a n t  p a r e  a s  ye t  unknown.  Subs t i tu t ing  (2.33) in (2.14) ,  
equa t ion  fo r  t h e i r  d e t e r m i n a t i o n :  

%1=0 (2 34t 

The func t ions  (2.33) a r e  o b v i o u s l y  f ixed po in t s  of  the g r o u p  t r a n s f o r m a t i o n s  (2.21).  

We r e s t r i c t  o u r s e l v e s  to the c a s e  i s o t r o p i c  wi th  r e s p e c t  to k,  i . e . ,  we c o n s i d e r  Eq.  (2.23) and 
d e s c r i b e  i t s  s o l u t i o n s  of  the  f o r m  (2.33) 

~(x, t)=g(xe-~')exp[-x(l-e-~')], x=kV2, ~=21x. (2.35) 

F o r  y ( x ) ,  we ob ta in  f r o m  (2.23) the  equa t ion  
I 

~x[ y" (x) + y (z) 1 + ~ ds 0 (s) {y (sx) y [ ( i - s )  x ] - y  (0) y (z) } =0 .  (2.3 6) 
0 

i t  i s  n a t u r a l  to s e e k  a so lu t i on  in the f o r m  of  the s e r i e s  

f ,  y ( x ) =  ( - - t ) "  g, ~ . t ,  g 0 = y , = l ,  (2.37) 
n = = o  

i t  be ing  a s s u m e d  fo r  the s a k e  of  d e f i n i t e n e s s  that  the c ond i t i ons  (2.24) a r e  s a t i s f i e d .  

Subs t i tu t ion  of  (2.37) in (2.36) l e a d s  to the s i m p l e  a l g e b r a i c  s y s t e m  
n - !  

= ~ng,-, -- Ell,,.-kg,!l.-,, g,=l, (2.38) y,, (~n--~,) 

w h e r e  n = 2, 3 . . . .  and we have  u sed  the no ta t ion  of the s y s t e m  (2.31) .  The t r i v i a l  so lu t ion  of  the s y s t e m  
(2.38) has  the f o r m  y~ = 1 fo r  a l l  n = 2, 3, . . . .  I t  is  r e a d i l y  conc luded  a f t e r  an e l e m e n t a r y  i n v e s t i g a t i o n  
of  (2.38) that  n o n t r i v i a l  s o l u t i o n s  can  e x i s t  only  fo r  de f in i t e  va lue s  of  the p a r a m e t e r  fi: 

t 
t 

~=~, Idsp(s)[l-sP--(l--s)~], p = 2 , 3  . . . . .  (2.39) 
P P 

0 

which  a r e  a s s o c i a t e d  wi th  e i g e n v a l u e s  of the l i n e a r i z e d  o p e r a t o r .  

F o r  p >- 4, the so lu t i on  of the  s y s t e m  (2.38),  in which  fi = 3h'  is  c o n s t r u c t e d  as  fo l lows :  y~ - 1 
fo r  2 -< n -< p - 1, Yh can  be c h o s e n  a r b i t r a r i l y ,  and y~ fo r  n -> p + 1 a r e  d e t e r m i n e d  in a c c o r d a n c e  
wi th  r e c u r s i o n  r e l a t i o n s  ob t a ined  f r o m  (2.38) by d iv id ing  th i s  equa t ion  t e r m  by t e r m  by the f a c t o r  n ( ~ - ~ ) ,  
wh ich  o c c u r s  on the l e f t - h a n d  s ide  of (2.38) and is  p o s i t i v e  fo r  n >- p + ! .  

The c a s e  p = 2, 3 r e q u i r e s  s p e c i a l  s tudy ,  s i n c e  f12 = f13" In th is  c a s e ,  not one but  two quan t i t i e s  
can  be c h o s e n  a r b i t r a r i l y ,  Y2 and Y3 in (2.38),  and y~ fo r  n -> 4 is  c a l c u l a t e d  in the s a m e  way  as  d e s c r i b e d  
above ,  in p a r t i c u l a r ,  one can s e t  Y2 = Y~ = 0 and c o n c l u d e  tha t  then  Yn - 0 fo r  a l l  n = 2, 3 . . . . .  Th i s  is  

(2.33) 

we ob ta in  an 
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the only case  fo r  which the s e r i e s  (2.37) t e r m i n a t e s ,  and we obtain the s imp le s t  solut ion of Eq. (2.23), 
r e p r e s e n t e d  in the f o r m  (2.35): 

l 

t) = (l--Oxe-~)exp[--x(t--Oe -~') ], ~.=D2.~ = I ds p(s)s(i-s) ,  (2.40) ~(x, 
o 

w h e r e  the cons tan t  ~0=exp(-Xt0) takes  into account  the poss ib i l i ty  of a r b i t r a r y  choice  of the o r ig in  of t ime .  
F o r  x=k2/2, p(s )=4ug( l - -2s )  , Eq.  (2.40) d e t e r m i n e s  the solut ion of Eq. (2.14), and inver t ing  the F o u r i e r  
t r a n s f o r m a t i o n  in a c c o r d a n c e  with (2.16) we obtain the solut ion of the or ig ina l  Bo l tzmann  equation (2.9): 

( ] (v, t) = (2n~) -'/' exp - - ~  l + 

(2.41) 
! 

~=~( t )= l - -Oe  -~', )~=(~/2) ~d~g(~t)(t--l~2), t>~O, 
. l  

where  f (v ,  t)>~O for  0~<0~<2/5, but in what  fol lows nonposi t ive  solut ions  c o r r e s p o n d i n g  to 2/5<0<i will a lso  
be helpful .  

This is the first and as yet unique nontrivial (i. e . ,  non-Maxwellian) solution of the nonlinear 
Boltzmann equation that can be expressed in closed form in terms of elementary and special functions. 
We give here also exact solutions of the moment equations (2.26) and (2.31) corresponding to the series 
expansion (2.30) of the function (2.40) : 

z s = z , = l ,  z~ (t) = ( l - - 0 e  - ~ )  ~-~ [l+ ( n - - i )  0e -~'] ; u~ (t) = ( l - n ) ' 0 ~ e - " ~ ;  )~=)~2/2-----)~3/3, n = 2 ,  3 . . . . .  ( 2 . 4 2 )  

The solut ion (2.41) was  c o n s t r u c t e d  for  the f i r s t  t ime  in [4] by the method d e s c r i b e d  h e r e ,  and then 
in [5] an en t i r e ly  e l e m e n t a r y  der iva t ion  of (2.41) without  use of F o u r i e r  t r a n s f o r m a t i o n  was  g iven .  Somewhat  
l a t e r ,  the same  solut ion for  the spec ia l  case  o ( s )  - 1 was  c o n s t r u c t e d  independent ly  in [6] on the bas i s  of  
the m o m e n t  s y s t e m  (2.26) obta ined in [6] fo r  p ( s )  = 1; it was  then g e n e r a l i z e d  in [7] to a r b i t r a r y  funct ions 
p ( s ) .  S e l f - s i m i l a r  solut ions  w e r e  a lso  f i r s t  c o n s t r u c t e d  in [4], and then in [9] the g roup  p r o p e r t i e s  of the 
c o r r e s p o n d i n g  solut ions  ](Ivl, t) of the Bo l t zmann  equat ion w e r e  s tudied in m o r e  detai l .  These  r e su l t s  w e r e  
r epea ted  l a t e r  in [27, 28]. The exac t  solut ion in e l e m e n t a r y  funct ions and the s e l f - s i m i l a r  solut ions  have 
been much  d i s c u s s e d  in the l i t e r a t u r e  [16], and t h e r e f o r e  we shal l  not dwell on them but tu rn  to m o r e  
gene ra l  ques t ions .  

3 .  G e n e r a l  R e l a x a t i o n  T h e o r y  

We make m o r e  p r e c i s e  the concep t s  of the d i s t r ibu t ion  funct ion and solut ion of the Cauchy p rob l e m 
(2 .9) - (2 .10) .  Note that  f r o m  Eq. (2.9), us ing Eq.  (2.2), we can der ive  the wel l -known equat ion fo r  the 
evolut ion of the mean  value of  the function h ( v ) ,  

dt 

where 

<h(v)> = fdv](v,t)h(v), <<H(v,w) >> = ~dvdw](v,t)](w,t)H(v,w). 

Equation (3. I) has a clear physical (probability) interpretation: The change in the mean value of 
h(v) in unit time is equal to the mean change in h(v) in one collision, averaged then over the number of 
collisions. On the basis of this interpretation, it is possible to give a phenomenological derivation of (3.1) 
without recourse to the Boltzmann equation (2.9), using however in the calculation of the number of collisions 
the same hypotheses as in the derivation of Eq. (2.9). Regarding v ~ R 3 as a random variable, we note 
further that the main tool for calculating the mean values of functions of such a variable is the probability 
measure w(v; t) in R 3, this depending in the present case parametrically on the time t >- 0. Then the mean 
value of the function h(v) is determined as an integral with respect to the measure, 

(3.1) 

<h (v) > = ~d0) (v; t) h (v), 

and we define the mean  value <<H(v, w)>> on the r igh t -hand  side of (3.1) as  an in tegra l  with r e s p e c t  to a 
p roduc t  of m e a s u r e s ,  

(3.2) 
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((H (v, w) )) = i do) (v; t) do) (w; t) H (v, w), (3.3) 

r e g a r d i n g  v and w as  i ndependen t  r a n d o m  v a r i a b l e s  wi th  the  s a m e  d i s t r i b u t i o n .  Such a ru l e  fo r  c a l c u l a t i n g  
((H(v, w) )) in (3.1) is  o b v i o u s l y  equ iva l en t  to B o l t z m a n n ' s  m a i n  h y p o t h e s i s  that  the c o l l i d i n g  p a r t i c l e s  can  
be a s s u m e d  to be independen t .  

Equa t ion  (3.1) in the no ta t ion  (3 .2 ) - (3 .3 )  can  be t aken  as  the b a s i s  wi th  the  r e q u i r e m e n t  that  i t  be 
s a t i s f i e d  on any c o n t i n u o u s l y  d i f f e r e a t i a b l e  funct ion  h ( v )  of  c o m p a c t  s u p p o r t ;  d i f f e r e n t i a b i l i t y  of  h ( v )  
i s  needed  on ly  when one c o n s i d e r s  t r u e  M a x w e l l i a n  m o l e c u l e s ,  fo r  which  g( t '  ) has  a n o n i n t e g r a b l e  s i n g u l a r i t y  
at  p = 1. The dependence  of the  m e a s u r e  a,(v; t )  on the p a r a m e t e r  t >- 0 m u s t  be such  as  to e n s u r e  
con t inuous  d i f f e r e n t i a b i l i t y  wi th  r e s p e c t  to t of  ( h ( v ) ~ .  The  in i t i a l  cond i t ion  can  a l so  be a s s u m e d  to be 
g iven  in the f o r m  of  the m e a s u r e  o)(v; 0)=o)0(v).  

In such  a f o r m u l a t i o n ,  the  ma in  o b j e c t  of the  i n v e s t i g a t i o n  is  the  p r o b a b i l i t y  m e a s u r e  co(v; t ) ,  
which  d e s c r i b e s  the  v e l o c i t y  d i s t r i b u t i o n  of a r a n d o m l y  c h o s e n  m o l e c u l e  of the g a s .  H o w e v e r ,  i t  i s  l e s s  
c onven i en t  to w o r k  with  the  m e a s u r e ,  which  is  a funct ion of a se t ,  than with  an o r d i n a r y  funct ion of a po in t .  
Th i s  can  be done in two w a y s .  F i r s t ,  i t  can  be a s s u m e d  that  the m e a s u r e  w(v; t )  has  a d e n s i t y  ] (v , t )  - 
c a l l e d  in k ine t i c  t h e o r y  a d i s t r i b u t i o n  funct ion - tha t  is  i n t e g r a b l e  wi th  r e s p e c t  to v and d i f f e r e n t i a b l e  
wi th  r e s p e c t  to t.  We then n a t u r a l l y  r e t u r n  to the o r i g i n a l  B o l t z m a n n  equa t ion  (2.9) .  A n o t h e r  - m o r e  
g e n e r a l  - me thod  is to c o n s i d e r  the c h a r a c t e r i s t i c  funct ion of the m e a s u r e  w(v; t ) ,  i . e . ,  i t s  F o u r i e r  
t r a n s f o r m  

t) = <e-'~> = I do) (v; t) e-~k~; (3.4)  (k, q9 

th i s  way  o b v i o u s l y  l e a d s  to the s i m p l e r  equa t ion  (2.14) and does  not r e q u i r e  any add i t i ona l  r e s t r i c t i o n s  on the 
l oca l  p r o p e r t i e s  of w(v; t ) .  In o r d e r  not to have  to g ive  up the u sua l  e x p r e s s i o n  of the B o l t z m a n n  equa t ion ,  
we i n t r o d u c e  in the n e c e s s a r y  m a n n e r  the conc e p t  of a g e n e r a l i z e d  so lu t ion  of i t .  

DEFINITION I .  Le t  w(v)  be a p r o b a b i l i t y  m e a s u r e  in R 3, We sha l l  ca l l  the l i n e a r  func t iona l  f 
de f ined  on func t ions  h ( v )  tha t  a r e  i n t e g r a b l e  wi th  r e s p e c t  to the m e a s u r e  co(v) by the equa t ion  

(1, h) = (h(v) > = ; do) (v)h(v) (3.5) 

the d i s t r i b u t i o n  funct ion o r  g e n e r a l i z e d  d e n s i t y  of the m e a s u r e  w(v) ;  we sha l l  c a l l  the F o u r i e r  t r a n s f o r m  of  
the m e a s u r e  w(v) the c h a r a c t e r i s t i c  funct ion r (k ) ,  i . e . ,  q ) (k)=(exp ( - l k v ) ) .  

We sha l l  use  the no ta t ion  ](v) fo r  the d i s t r i b u t i o n  funct ion f and w r i t e  (3.5) in the f o r m  

(h(v)  > = ; d v / ( v ) h ( v ) ,  ( / , h ) =  

i r r e s p e c t i v e  of  w h e t h e r  the g e n e r a l i z e d  funct ion f is  r e g u l a r ,  i . e . ,  [(v)~L(R3), o r  not .  

We now c o n s i d e r  the  Cauehy  p r o b l e m  (2 .9 ) - (2 .10 ) ,  mak ing  the a s s u m p t i o n  tha t  f0(v)  is  a d i s t r i b u t i o n  
funct ion .  

DEFINITION 2. We sha l l  s a y  tha t  the d i s t r i b u t i o n  funct ion {(v, t), which  depends  p a r a m e t r i c a l l y  on 
t >- 0, is  a ( g e n e r a l i z e d  pos i t ive}  so lu t ion  of  the  Cauehy  p r o b l e m  (2 .9 ) - (2 .  I0)  if the  c o r r e s p o n d i n g  c h a r a c -  
t e r i s t i c  funct ion r  t )  for  a l l  k 6 R 3, t >- 0, s a t i s f i e s  Eq.  ( 2 . 1 4 ) a n d  fo r  any  k ~ R ~ 

lira (p(k, t) ----- % (k) = (/o, e-'""). 
t~+0 

It is  obv ious  that  in o r d e r  to c o n s t r u c t  in th i s  m a n n e r  a de f in i t e  so lu t ion  /(v, t) to the p r o b l e m  (2 .9 ) -  
(2.10) i t  i s  su f f i c i en t  to 1) c o n s t r u c t  a c l a s s i c a l  so lu t ion  r (k, t )  to the p r o b l e m  ( 2 . 1 4 ) - ( 2 . 1 5 ) ,  2) show 
that  qT(k, t )  is  a c h a r a c t e r i s t i c  funct ion for  any  t > 0, and 3) use  the w e l l - k n o w n  fact  of the o n e - t o - o n e  
c o r r e s p o n d e n c e  be tween  a p r o b a b i l i t y  m e a s u r e  (d i s t r i bu t i on  funct ion)  and i t s  c h a r a c t e r i s t i c  funct ion [291. 
Such an a p p r o a c h  m a k e s  i t  p o s s i b l e ,  exp lo i t i ng  the s i m p l i c i t y  of  Eq.  (2.14) and the w e l l - k n o w n  p r o p e r t i e s  
of  c h a r a c t e r i s t i c  func t ions ,  to p r o v e  f a i r l y  e a s i l y  an e x i s t e n c e  and u n i q u e n e s s  t h e o r e m  for  a g e n e r a l i z e d  
p o s i t i v e  so lu t ion  to the  Cauchy  p r o b l e m  ( 2 . 9 ) - ( 2 . 1 0 )  and a t h e o r e m  of  s t a b i l i z a t i o n  as  t --~ ~ of th is  so lu t ion  
to the Maxwel l  d i s t r i b u t i o n  (2.12) .  We sha l l  not do th is  h e r e  in the  g e n e r a l  c a s e ,  s i n c e  the a i m  of  the p a p e r  
i s  to d e s c r i b e  m o r e  sub t l e  p r o p e r t i e s  of  the s o l u t i o n s  fo r  at  l e a s t  a c o m p a r a t i v e l y  s m a l l  c l a s s  of  d i s t r i b u t i o n  
func t ions .  R e s t r i c t i n g  ourse l~res  to i s o t r o p i c  func t ions  / ~ / ( l v l ) ,  we i n t r o d u c e  th i s  c l a s s  ]3, as  fo l lows  [15]. 
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R a p i d l y  D e c r e a s i n g  D i s t r i b u t i o n  F u n c t i o n s .  By ]3, we denote  the s e t  of i s o t r o p i c  d i s t r i b u t i o n  
func t ions  / ( Iv[)  fo r  which  fo r  s o m e  r > 0 t h e r e  is  c o n v e r g e n c e  of the i n t e g r a l  

dv ] ( Iv I ) exp (r vV2) < oo (r) 

and the two fol lowing n o r m a l i z a t i o n  cond i t i ons  a r e  s a t i s f i e d :  

~ dvl(Ivl)=~, ~ dvl(Ivl)~=3. (3.6) 

The funct ion ]O.B, has  a n a t u r a l  c h a r a c t e r i s t i c  a s y m p t o t i c  b e h a v i o r  a s  I v l  --) ~ ,  which  we sha l l  
ca l l  the t a i l  t e m p e r a t u r e  ~- and d e t e r m i n e  by  the equa t ion  

�9 ~, (3, 7) 

w h e r e  the u p p e r  bound is  t aken  o v e r  the r > 0 for  which  , I , ( r )  < oo. 

In p a r t i c u l a r ,  the  c l a s s  B ,  c o n t a i n s  a l l  n o n - n e g a t i v e  func t ions  of  the  H i l b e r t  s p a c e  L 2 wi th  the  
n o r m  (2.29) fo r  which  the cond i t i ons  (3.6) a r e  s a t i s f i e d .  Such func t ions  c o r r e s p o n d  to T -< 2. 

We now c o n s i d e r  the Cauchy  p r o b l e m  fo r  the B o l t z m a n n  equa t ion  (2.9) wi th  the in i t i a l  condi t ion  
]0(Ivl)~B,  (2.i0),  mak ing  the a s s u m p t i o n  tha t  the  i n e q u a l i t y  (2.8) is  s a t i s f i e d .  

P R O P O S i T i O N  1. A so lu t ion  ] ( iv  h t) to the  p r o b l e m  (2 .9 ) - (2 .10 )  e x i s t s  and / ( M ,  t)~B, fo r  a l l  
t -> 0. In the  l i m i t  t - )  ~ ,  the so lu t i on  ](Ivl ,  t) c o n v e r g e s  w e a k l y  to the Maxwel l  d i s t r i b u t i o n  /M(Iv]) (2.i2), 
i . e . ,  (], h)-+ (h,, h) a s  t -* ~ for  any  bounded con t inuous  funct ion h ( v ) .  

The  ma in  s t a g e s  of the p r o o f  wi l l  be b r i e f l y  d e s c r i b e d  be low in the  p r o c e s s  of c o n s t r u c t i n g  a so lu t ion  
of the c o r r e s p o n d i n g  Cauchy  p r o b l e m  in the F o u r i e r  r e p r e s e n t a t i o n .  We note f i r s t  s o m e  p r o p e r t i e s  of 
c h a r a c t e r i s t i c  func t ions  c o r r e s p o n d i n g  to r a p i d l y  d e c r e a s i n g  d i s t r i b u t i o n  func t ions .  

We denote  by  A ,  the  s e t  of func t ions  ~ ( x )  de f ined  fo r  x >- 0 by the equa t ion  

~(z)--  4~ S dv v~i(v) sin v ~  , I e B,. (3. S) 
0 

An i m p o r t a n t  p r o p e r t y  of the  fune t ions  ~0 (x)  ~ A ,  is  tha t  ~ (x)  ean  be a n a l y t i e a l l y  con t inued  to the  
c o m p l e t e  p lane  of the  c o m p l e x  v a r i a b l e  x and is an e n t i r e  funct ion of exponen t i a l  type  [29], the type  (r of 
th is  funct ion be ing  equal  to the  t a i l  t e m p e r a t u r e  -r of the c o r r e s p o n d i n g  d i s t r i b u t i o n  funct ion J([vl)~B. .  If  
cp~A, and ]EB, a r e  r e l a t e d  by  the t r a n s f o r m a t i o n  (3.8),  then 

(p(x)= (-- i)~z~ . , z ~  (2n+l)'~.. dv](v)v2('~+')' 

In (-x) (p 
= lira sup --  lira sup Tz. = ~ < ~ .  

: c .~  oo X n - - * ~  

n=O, i . . . . .  

(3.9) 

We also define a natural extension of the class A, ,  denoting by A the set of functions that can be 
represented in the form 

n a - -  

~ ( x ) = ~ . ( - t ) ~ ,  z0=~,=t, sup~lzol<~. (3.10) 
n :  

n ~ 0  

I t  is  obv ious  tha t  A ,  c A c o n s i s t s  of func t ions  of the  c l a s s  A that  a r e  c h a r a c t e r i s t i c  (with a l l o w a n c e  
fo r  the r e p l a c e m e n t  of x by  k2/2) .  

To s o l v e  the  B o l t z m a n n  equa t ion  (2.9) wi th  the in i t i a l  cond i t ion  (2.10) [oeB,, i t  i s  n e c e s s a r y  to 
c o n s i d e r  the  fo l lowing Cauchy p r o b l e m  for  the funct ion • (x, t ): 

l 

(p,= ~dsp(s) {~(sx)cp[ (i--s)xl-q~(O)cp(x)}, (p[t=0----cp0(x)~A,, (3.11) 
0 

w h e r e  q~0(x) and /0(tvl) a r e  r e l a t e d  by the t r a n s f o r m a t i o n  (3.8) .  I t  i s  n a t u r a l  to s e e k  the so lu t ion  of (3.11) 
in the  f o r m  of the  s e r i e s  
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q)(x,t)= ( - t )  ; z . ( O ) = z =  , 
n ~ o  

n=O, t . . . . .  (3.12) 

Subs t i t u t ing  th i s  s e r i e s  in (3.11),  we ob ta in  the  s y s t e m  (2.26),  wh ich  it is  h e r e  conven ien t  to 
r e w r i t e  in the no ta t ion  (2.27) and (2.27a)  in the f o r m  

n - - t  

i0=i,=0, z~+)~,~zoz,,= ~ Hh,,~-hZ~Z~-k, n=2,.. .  . (3.13) 

The solution of these equations corresponding to the initial conditions (3.12) can be written down 
i m m e d i a t e l y :  

n - I  ! 

z~ ( t )  = z , (~ -~' '  + 2 H,..-, j" ax e -x~(t-~) z, (-~) z~_~ (x), n = 2  . . . . .  (3.14) 
h ~ t  0 

The ser ies  (3.12) with coefficients (3.14) obviously determines a formal solution r (x, t) of the 
Cauehy problem (3.11), and it remains for us to estimate the growth of Izn(t)l  and Ig~(t)I as n ~ co (it 
is convenient not to make use yet of the fact that zu(t) > 0 for #n 0 6 A,  but consider the more general 
case (00 E A in (3.11)). Such an estimate leads to the inequalities 

I 

Iz~(t)[<a ~, l~(t)l<25na'~; a =  sup ~/ lz~) [, 5----- I dsp(s)s, (3.15) 
0 

which  hold fo r  a l l  t ~- 0, n = 2 . . . . .  The p r o o f  of (3.15) is  b a s e d  on e l e m e n t a r y  a p p l i c a t i o n  of induct ion  to 
(3.14) u s ing  the connec t ion  (2.27a)  be tween  ~n and Hk.z and the s i m p l e  e s t i m a t e  )~<n5 fo r  n = 2 . . . . .  

Thus ,  we have  c o n s t r u c t e d  the so lu t ion  r  t )  to the  Cauehy  p r o b l e m  ( 3 . 1 1 ) f o r  ~0 r A and 
showed  that  r (x, t )  ~ A fo r  a l l  t > 0. The  c o n s t r u c t e d  so lu t i on  is  o b v i o u s l y  unique in the  c l a s s  of  func t ions  
tha t  can be r e p r e s e n t e d  by  c o n v e r g e n t  p o w e r  s e r i e s .  It r e m a i n s  to p r o v e  that  r t )  ~ A ,  for  a l l  t > 0 
p r o v i d e d  r ~ A , .  In o t h e r  w o r d s ,  i t  is  n e c e s s a r y  to show tha t  the c o n s t r u c t e d  funct ion (Z (x, t )  wi l l  be 
the  c h a r a c t e r i s t i c  funct ion (3.8) fo r  a l l  t if i t  was  such  at  t = 0. If o ( s )  -> 0 in (3 .1 i )  is  a funct ion 
i n t e g r a b l e  on [0, 1] ,  then fo r  the p r o o f  one can  use  r e p r e s e n t a t i o n  of ~ (x, t )  in the f o r m  of the W i l d ' s  
s u m  [301 

cO(x,t)=e -~o~ 2(i-e-~ot)"r~.(x),  9o= ~ dsp(s), (3.16) 
n ~ o  o 

w h e r e  go0(x) i s  the i n i t i a l  cond i t ion  f r o m  (3.11),  and 
n t 

(n+t)p0 
h~0 0 

(3.17) 

The convergence of the ser ies  (3.16) for 0 -< x < ~ and the identity of (3.16), (3.17) to the solution 
(3.12), (3.14) constructed above is readily verified, it follows from the well-known properties of charac-  
terist ic  functions [29] that for all n = 0, 1 . . . .  the functions ~n (x) are characterist ic functions and, 
therefore, so is the sum of the ser ies  (3.16) for any t -> 0; this is what we had to prove. To prove #n (x, t) 6 
A ,  in the case of a nonintegrable function p (s) (see the condition (2.8)), it is sufficient to consider a 
sequence of solutions ~0 (x, t; e )  of problems (3.11) in which the lower limit in the integral is replaced by 
s=~,  0<~.<1, n=0, { . . . . .  Going then to the limit ~'n -~ 0 and using the fact that the limit of a sequence of 
characteris t ic  functions that is continuous at x = 0 is also a characteristic function, we can readily show 
tha t  cp(x, t)=cp(x, t; +0)~A.. 

To investigate the behavior of ~(x, t) as t -> ~, we can use the representation of this function in 

the form of the series (2.30) with coefficients u (t), n = 0, 1 ..... From the recursion relations (2.32) 

we readily conclude that u n -~ 0 as t -~ co for any fixed n = 2, . ... On the other hand, an estimate 

analogous to (3.15) shows that lu~(t)I~(a+1) ~, n=0, I ..... It follows that ~p(x, t) --> exp(-x) as t -~ ~, 

the convergence being uniform on any finite interval [0, XJ (or in any disk Wxf < R if x is regarded as 

a complex variable). 

To complete the proof of Proposition I, it is now sufficient to take into account the well-known 
connection between the convergence of characteris t ic  functions and the convergence of the corresponding 
probability measures [29]. 
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Thus ,  we have  e s t a b l i s h e d  above  unique s o l v a b i l i t y  (in the  l a r g e )  of the  Cauchy  p r o b l e m  (2 .9 ) - (2 . 10 )  
on funct ions  of the  c l a s s  B .  and weak  c o m r e r g e n e e  in the  l i m i t  t ~ ~ of i t s  so lu t ion  / ( Ivl ,  t) to the 
Maxwel l  d i s t r i b u t i o n  (2.12) .  F o r  the p h y s i c s  a p p l i c a t i o n s  of the  B o l t z m a n n  equa t ion ,  the ma in  i n t e r e s t  
a t t a c h e s  to the a s y m p t o t i c  p r o p e r t i e s  of the d i s t r i b u t i o n  funct ion /(Iv[ ,  t) as  Ivl -+ ~o (the f o r m a t i o n  of 
M a x w e l l i a n  t a i l s )  and a s  t ~ ~ ( r e l a x a t i o n  r a t e ) .  We tu rn  to the  i n v e s t i g a t i o n  of t h e s e  p r o p e r t i e s .  

A s y m p t o t i c  B e h a v i o r  a s  Ivl --> co. The  a s y m p t o t i c  b e h a v i o r  a s  Ivl -~ oo of the so lu t ion  /(1% t)~B, 
to the  p r o b l e m  (2 .9 ) - (2 .10 )  can be f o r m u l a t e d  as  fo l lows :  What  can  be s a id  about  the t a i l  t e m p e r a t u r e  r ( t )  
d e t e r m i n e d  by the equa t ion  

�9 - '  = sup r: ~ d v / ( l v l ,  t) exp(r  vV2)< - ,  r>O, (3.18) 

fo r  g iven  in i t i a l  cond i t ion  /0( Iv l )eB.?  We d e s c r i b e  h e r e  the s i m p l e s t  me thod  of c o n s t r u c t i n g  u p p e r  and l o w e r  
bounds  of ~ ( t )  [15]. 

The  me thod  is  b a s e d  on (3.9) ,  wh ich  r e l a t e s  ~-(t) to the  n o r m a l i z e d  m o m e n t s  z n ( t ) ,  

�9 ( t )= l imsupYz . ( t ) ,  z.(t)= 4~ dv](v,t)v,(.+!) 
. . .  X2n+t)!r 

0 

(3.19) 

and on the monoton ic  d e p e n d e n c e  of  the  n o n - n e g a t i v e  so lu t i on  z n ( t ) ,  n = 0, 1 . . . .  , of the  s y s t e m  (3.13) 
on the c o e f f i c i e n t s  ~.~, H~.~ and the i n i t i a l  cond i t i ons  z (0 ) .  App ly ing  induc t ion  to the  r e c u r s i o n  r e l a t i o n s  
(3.14),  we can  r e a d i l y  e s t a b l i s h  the fo l lowing  l e m m a .  

L E M M A .  Le t  ~n ( t )  be a so lu t i on  to the  ss rs tem of equa t ions  ob ta ined  f r o m  (3 .12 ) - (3 .13 )  by 
r e p l a c i n g  ~.~, Hk,~, and z~, ~ , r e s p e c t i v e l y ,  by ~.~, //~,~ , and g fo r  a l l  n = 0, 1 . . . .  ; k,  I = 1, 2 . . . . .  Then 

~(e) ~ io) 
if ~>~,~,O<~H~<~H~, 0~<~ ~<z~ , then g n ( t )  - z n ( t )  fo r  a l l  t > 0; c o n v e r s e l y ,  if  X,~<~, /?~.~>~H~.~; z~ ~ z ,  , 
then g n ( t )  -> z n ( t )  fo r  a l l  t > 0. 

The  l e m m a  m a k e s  i t  p o s s i b l e  to ob ta in  u p p e r  and l o w e r  bounds  fo r  the c o m p l e t e  s e t  of  n o r m a l i z e d  
m o m e n t s  z n ( t ) ,  n = 0, 1 . . . . .  but  fo r  b r e v i t y  we sha l l  r e s t r i c t  o u r s e l v e s  be low to f o r m u l a t i o n s  of the 
r e s u l t s  on ly  fo r  the t a i l  t e m p e r a t u r e  "r ( t )  (3 .19) .  I t  is  c o n v e n i e n t  to have  in mind  a l r e a d y  s o m e  c h a r a c t e r i s t i c  
v a l u e s  of  th i s  quan t i ty :  1) r ( 0 )  = 0 fo r  i n i t i a l  cond i t i ons  ]o~B. of c o m p a c t  s u p p o r t ,  i . e . ,  in the c a s e  when 
i 0 ( Iv l )=0  fo r  Ivl > v0, w h e r e  v 0 is  s o m e  l i m i t i n g  ve loc i t y ;  2) r = ~-~ = i fo r  the Maxwel l  d i s t r i b u t i o n  (2.12);  
3) T( t )  -< 2 fo r  n o n - n e g a t i v e  func t ions  ]( iv[ ,  t)OL~ with  the n o r m  (2.29);  4) fo r  the  e x a c t  so lu t ion  (2.41) 

t 

~ ( t ) =  l--Oe -~, ~, = ~dsp(s)s(t-s). (3.20) 
o 

The p r o p e r t i e s  of the t a i l  t e m p e r a t u r e  tha t  a r e  c o m m o n  to a l l  so lu t i ons  ]([v[,  t)OB, of the p r o b l e m  
( 2 . 9 ) - ( 2 . 1 0 )  a r e  a s  fo l l ows .  

PROPOSITION 2. The  funct ion ~ ' ( t )  does  not d e c r e a s e  with i n c r e a s i n g  t ,  and fo r  a l l  t >- 0 

l--exp('~t)~<x(t)~< sup Yz,(0), 
n=0 , t , , , ,  

w h e r e  ;~ is  def ined  in (3.20) .  

(3.21) 

P r o o f .  The  u p p e r  bound in (3.21) fo l lows  i m m e d i a t e l y  f r o m  the ana logous  e s t i m a t e  in (3.15) .  The 
l o w e r  bound i s  ob t a ined  by c o m p a r i n g  the so lu t ion  of the s y s t e m  (3.13) fo r  the in i t i a l  cond i t i ons  (3.12) wi th  
the e x a c t  so lu t ion  (2.42) of th is  s y s t e m ,  th i s  c o r r e s p o n d i n g  fo r  0 = I in the no ta t ion  of the  l e m m a  to in i t i a l  

~(e) ~(o)  
cond i t i ons  ~,~o) z~ t, fo r  n = = z, = u  = 2 . . . . .  F i n a l l y ,  to p r o v e  the monoton ic  d e p e n d e n c e  of r ( t )  on the  
t i m e  we note  tha t  a t r i v i a l  c o n s e q u e n c e  of the  l e m m a  is  the  i n e q u a l i t y  z,(t) ~>z,(0) exp (-;%t), n=2,..., which  
fo r  T ( t )  (3.19) l e a d s  to the e s t i m a t e  

x (t) I> lira sup [ ~z~ i0) exp (--Z, t/n) ], (3.22) 

But (~,,/n)~O as  n -+ ~ ,  which  can  be r e a d i l y  deduced  f r o m  the e x p l i c i t  e x p r e s s i o n  (2.27a) fo r  ~ by us ing  
the u p p e r  bound (2.8) for  g (p ) .  Note that  fo r  t r u e  Maxwel l  m o l e c u l e s  ~ , ~ n  '~' a s  n --~ ~ [3]. Thus ,  i t  
fo l lows  f r o m  (3.22) tha t  ~-(t) >- T(0)  fo r  any  t >- 0. Th i s  i n e q u a l i t y  i s  equ iva l en t  to the  i ne qua l i t y  T(t  1) -> 
~-(t 2) fo r  a l l  t 1 -> t 2 -> 0, s i n c e  the  o r i g i n  of t i m e  can  be c h o s e n  a r b i t r a r i l y .  Th i s  p r o v e s  P r o p o s i t i o n  2. 

F o r  a p p l i c a t i o n s ,  an i n t e r e s t i n g  ques t i on  is tha t  of the  m a n n e r  in which  the Maxwel l  t a i l  is  f o r m e d  
in the  p r o c e s s  of r e l a x a t i o n  of i n i t i a l  cond i t i ons  of c o m p a c t  s u p p o r t  when T(0)  = 0. The  l o w e r  bound in 
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(3.21) shows  tha t  T(0)  = 0 is  p o s s i b l e  on ly  fo r  t = 0, whi le  fo r  t > 0 the d i s t r i b u t i o n  funct ion )'(Ivf, t) 
d e c r e a s e s  rough ly  s p e a k i n g  as  IvP --) ~ not f a s t e r  than exp [-vV2(t-e-~t)].  The fac t  that  e v e r y  n o n - n e g a t i v e  
con t inuous  so lu t ion  of the B o l t z m a n n  equa t ion  fo r  t > 0 i s  bounded be low by a funct ion of the f o r m  
aexp ( - b y  2+') for  any  ~ > 0 was  a l r e a d y  found by C a r l e m a n  [31], h o w e v e r  fo r  M a x w e l l i a n  m o l e c u l e s  we can 
ob ta in  much  m o r e  a c c u r a t e  e s t i m a t e s .  M o r e o v e r ,  s i n c e  in g e n e r a l  we c o n s i d e r  g e n e r a l i z e d  s o l u t i o n s ,  i t  is  
not the  d i s t r i b u t i o n  funct ion / ( M ,  t) that  is  e s t i m a t e d  but r a t h e r  an i n t e r g r a l  c h a r a c t e r i s t i c  of i t  - the t a i l  
t e m p e r a t u r e  ~ ( t ) .  

We g ive  an e x a m p l e  of m o r e  a c c u r a t e  e s t i m a t e s  of  7 ( t )  for  one c l a s s  of in i t i a l  cond i t i ons  of c o m p a c t  
s u p p o r t ,  a t yp i ca l  r e p r e s e n t a t i v e  of  which  is  the m o n o e n e r g e t i c  d i s t r i b u t i o n  

i 
]0 ( Iv l )=  _8 (v~ -3 ) ,  

2n]/3 

w h e r e  the c o n s t a n t s  a r e  c h o s e n  to make  the cond i t i ons  (3.6) s a t i s f i e d .  A s s u m i n g  the p o s s i b i l i t y  of  " s m e a r i n g "  
the 5 funct ion o v e r  a s m a l l  f in i te  i n t e r v a l ,  we ob ta in  the c l a s s  of in i t i a l  da t a  to which  the fo l lowing 
p r o p o s i t i o n  a p p l i e s .  

PROPOSITION 3. Suppose  in (2.10) f0(Iv[)=--0 fo r  rvl > v0, w h e r e  3 -< v20 _< 5. Then fo r  t _> 0 

t - e -~ '~( t )<t - -Oe  -~', O=(l--voV5) 'l', 

w h e r e  ~ is  the s a m e  as  in P r o p o s i t i o n  2. 

F o r  the p roof ,  it  i s  su f f i c i en t  to e s t i m a t e  the  n o r m a l i z e d  m o m e n t s  fo r  t = 0 as  fo l lows :  
r 2 ( n - - l )  

v~-z~ ~ ( 2 n + l ) ! t '  n = 2 , 3  . . . . .  

and then make  an e l e m e n t a r y  but  s o m e w h a t  l eng thy  c o m p a r i s o n  wi th  the e x a c t  so lu t ion  (2.64) for  t = 0 
and 0 = ( t - v 0 ' / 5 )  '/' and,  f ina l ly ,  app ly  the l e m m a  and the e x p r e s s i o n  (3.19) fo r  ~-(t) .  

Thus ,  we have  found a c l a s s  of in i t i a l  cond i t i ons  fo r  which  the evo lu t ion  of r ( t )  t a k e s  p l a c e  in 
a c c o r d a n c e  with  a law c l o s e  to (3.20) fo r  the e x a c t  so lu t i on  (2.63) .  At  the f i r s t  g l a n c e  one might  th ink tha t  
fo r  o t h e r  in i t i a l  cond i t ions  of c o m p a c t  s u p p o r t  s a t i s f y i n g  the n o r m a l i z a t i o n  (3.6) ~-(t) wi l l  i n c r e a s e  wi th  
i n c r e a s i n g  t >- 0 m o n o t o n i c a l l y  (see P r o p o s i t i o n  2) f r o m  the in i t i a l  va lue  T(0)  = 0 to the va lue  ~M = t 

which  c o r r e s p o n d s  to the  Maxwel l  d i s t r i b u t i o n .  H o w e v e r ,  it  can  be shown that  t h e r e  e x i s t  in i t i a l  c ond i t i ons  
of  c o m p a c t  s u p p o r t  fo r  which  ~ ( t ) - + ~ > l  a s  t ~ r  T h i s ,  of c o u r s e ,  does  not c o n t r a d i c t  the r e l a x a t i o n  
of the funct ion / ( [vl ,  t) i t s e l f  to the  e q u i l i b r i u m  d i s t r i b u t i o n  (2.12) .  The ex ten t  and du ra t i on  of the e x c e e d i n g  
of  the e q u i l i b r i u m  va lue  ~'M = 1 in the  p r o c e s s  of  r e l a x a t i o n  of in i t i a l  cond i t ions  of c o m p a c t  s u p p o r t  can be 
e s t i m a t e d  f r o m  the fo l lowing  p r o p o s i t i o n .  

PROPOSITION 4. Suppose  that  in (2.9) g (p)  -> ~ fo r  a l l  - 1  -< t~ -< I and s o m e  ~ > 0. Then fo r  
a l l  n u m b e r s  N > 0 and t o > 0 one can  find an in i t i a l  cond i t ion  /0(]v[) (2.t0) of  c o m p a c t  s u p p o r t  such  that  
fo r  a l l  t > t o the i n e q u a l i t y  T( t )  > N h o l d s .  

P r o o f .  Us ing  the l e m m a ,  we find a l o w e r  bound of  the so lu t ion  to the Cauchy  p r o b l e m  (3 .12 ) - (3 .13 )  
a s  fo l lows : 

~(a} ~(o) (o) ~{o) (o) ~(o) 
1) we r e p l a c e  the i n i t i a l  cond i t i ons  (3.12) by z, - - t ,  z, =z2 , z~ =z3 = . . = z ~  ~ . . . = 0 ;  

2) we r e p l a c e  the c o e f f i c i e n t s  ~ and H,,r of  the s y s t e m  (3.13) wi th  a l l o w a n c e  fo r  the cond i t ion  in 

the p r o p o s i t i o n  by the quan t i t i e s  ~=n5~>s 5 = ~dsp(s)s, n = 2  . . . .  ; /7~, ~=e(k+l+l)-'~H,,z, k, l=J, 2 
0 

The so lu t ion  {~,(t), n=0,  t , . . . }  to the Cauchy  p r o b l e m  " s p o i l t "  in th i s  m a n n e r  can  be e x p r e s s e d ,  
a s  is  r e a d i l y  s een ,  by 

(0) 
~0~t, ~'2,~+,=0, ~2,~=y,~[z2 ]"tm-~e -2~+~, m=l . . . . .  (3.23) 

w h e r e  the n u m b e r s  Ym a r e  d e t e r m i n e d  r e c u r s i v e l y :  yt = 1, 

E Y'~-- ( m - t )  [2m+t)  ~ u~y,~-~, m = 2  . . . . .  

Hence ,  a f t e r  a p p l i c a t i o n  of  induc t ion  and s i m p l e  e a l c u l a t i o n s  b a s e d  on the i den t i t y  ~ k ( m - k ) =  
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~/sm(mZ-l), we ob ta in  the l o w e r  bound ym~m(e/t2) '~-~ fo r  a l l  m = 1 . . . . .  We now s u b s t i t u t e  th is  e s t i m a t e  
in (3.23),  note f u r t h e r  that  in a c c o r d a n c e  wi th  the  l e m m a  z >- 2 (n = 0, 1 . . . .  ), and,  f ina l ly ,  we use  the 
r e p r e s e n t a t i o n  (3.19) of the funct ion ~ ( t ) .  We ob ta in  the i ne qua l i t y  

( t) >~e-St~tez2 (0)/t21 (3.24) 

which  r e l a t e s  the l o w e r  bound of the t a i l  t e m p e r a t u r e  z ( t )  to the  m o m e n t  of four th  o r d e r  of the  in i t i a l  

d i s t r i b u t i o n  funct ion ]o~B., z~ (0) = - ~  ~ dv fo (Iv ]) v ~. 

But fo r  f ixed z0(0)  = z 1 (0 )  = 1 the quan t i t y  z 2 (0)  can a t t a in  a r b i t r a r i l y  l a r g e  v a l u e s  even fo r  
func t ions  of c o m p a c t  s u p p o r t .  Indeed ,  one can  s p e c i f y  a funct ion fo(v) that  d e c r e a s e s  as  v --) ~ in p r o -  
p o r t i o n  to v -~ and then "cut off" i t s  t a i l  a t  a s u f f i c i e n t l y  l a r g e  d i s t a n c e  R >~ 1 f r o m  the c o o r d i n a t e  o r i g i n .  
Then the m o m e n t s  z 0 and z 1 wi l l  h a r d l y  depend  on R, but  the  m o m e n t  z 2 wi l l  i n c r e a s e  unboundedly  with  
i n c r e a s i n g  R.  Choos ing  now an a r b i t r a r i l y  s h o r t  t i m e  i n t e r v a l  to, we can  a l w a y s  make  the cutof f  r a d i u s  R 
s u f f i c i e n t l y  l a r g e  tha t  the r i g h t - h a n d  s ide  of  the i n e q u a l i t y  (8.24) fo r  t -- t o e x c e e d s  a g iven  n u m b e r  N >> 1. 
By P r o p o s i t i o n  2, T( t )  -> ~-(t 0) fo r  t -> to, and t h e r e f o r e  P r o p o s i t i o n  4 is  p r o v e d .  

R e m a r k  1. The  cond i t ion  g(~ ) > e of  P r o p o s i t i o n  4 can  be w e a k e n e d ,  but  we sha l l  not do th i s ,  
s i n c e  i t  is  v e r y  c l e a r  and s a t i s f i e d  fo r  the  m o d e l s  m o s t  f r e q u e n t l y  u s e d :  g(~t)------(4a) -~ fo r  i s o t r o p i c  s c a t t e r i n g  
and g ( ~ ) ~ > g ( - i )  fo r  t r ue  M a x w e l l i a n  m o l e c u l e s .  

R e m a r k  2. P r o p o s i t i o n  4 shows  tha t  the  c l a s s  B ,  we have  c h o s e n  is  in a c e r t a i n  s e n s e  the  
m i n i m a l  c l a s s  of d i s t r i b u t i o n  func t ions  con ta in ing  a l l  so lu t i ons  of the  Cauchy  p r o b l e m  (2 .9 ) - (2 .10 )  fo r  in i t i a l  
cond i t i ons  of  c o m p a c t  s u p p o r t .  In o t h e r  w o r d s ,  the r e s t r i c t i o n  (3.5) on the a s y m p t o t i c  b e h a v i o r  a s  Iv --) 
canno t  be w e a k e n e d .  

R e m a r k  3. The r e p r e s e n t a t i o n  of  the so lu t i on  in the f o r m  of  the s e r i e s  (2.28) fo r  a l l  t >- 0 ts 
mean ing fu l  on ly  when the i n i t i a l  cond i t ion  ]0([vl) is  in a c o m p a r a t i v e l y  s m a l l  ne ighbo rhood  of e q u i l i b r i u m ,  
II/0-/nil<r~ (we sha l l  not dwel l  h e r e  on the e s t i m a t e  of r0). O t h e r w i s e ,  a s  P r o p o s i t i o n  4 shows ,  the n e c e s s a r y  
cond i t ion  7 ( t )  -< 2 of c o n v e r g e n c e  of the i n t e g r a l  ( 2 . 2 9 ) c a n  be v i o l a t e d  fo r  a l l  t > to, w h e r e  t o > 0 can  be 
c h o s e n  a r b i t r a r i l y  s m a l l .  I t  is  c l e a r  tha t  the  e x a m p l e  of an in i t i a l  d i s t r i b u t i o n  ]0(Iv[) c o n s t r u c t e d  in the P r o o f  

of P r o p o s i t i o n  4 be longs  to the  s p a c e  L 2. 

With  t h i s ,  we conc lude  the s tudy  of  the  a s y m p t o t i c  b e h a v i o r  as  tvl  --* ~ .  Nonmonoton ic  (in t ime)  
b e h a v i o r  of the d i s t r i b u t i o n  funct ion at  l a r g e  v e l o c i t i e s  was  noted fo r  the f i r s t  t i m e  in n u m e r i c a l  e x p e r i m e n t s  
[32] and has  of ten been  d i s c u s s e d  in the l i t e r a t u r e  at  a p h y s i c a l  l eve l  of r i g o r  [13, 16]. The  p r e c i s e  s i g n i f i -  
c a n c e  of the  e f fec t  ( P r o p o s i t i o n  4) b e c a m e  c l e a r  only  a f t e r  the  i n t roduc t i on  in [15] of the  c onc e p t  of the t a i l  
t e m p e r a t u r e  and the c o n s t r u c t i o n  of an a s y m p t o t i c  t h e o r y  b a s e d  on th i s  c o n c e p t .  

To s tudy  th i s  ques t i on ,  i t  i s  c onve n i e n t  to t r a n s f o r m  Eq.  (3.11),  A s y m p t o t i c  B e h a v i o r  a s  t ~ r 
s e t t i ng  in i t  

We then ob ta in  

~ (x, t) =e-~[ l § (x, t ) ] .  

l l 

+ .[ds p(s) (a(x) -u(sx)  - ~ [  ( l - s )  xl} = ~ds p (s)a(sx) tt[ ( 1 - s ) x l .  U t  

o o 

By A 0 we sha l l  denote  the s e t  of func t ions  u ( x )  r e p r e s e n t a b l e  in the f o r m  

z_z n! 
n ~ 2  

i f  r (•  and u ( x )  a r e  r e l a t e d  by the t r a n s f o r m a t i o n  (3.25),  then the i n c l u s i o n s  ~v ~ A (3.10) and 

u ~ A 0 a r e  o b v i o u s l y  e q u i v a l e n t .  

S ince  u (x ,  t )  --~ 0 a s  t -~ oo, i t  is  to be e x p e c t e d  that  the  r i g h t - h a n d  s ide  of (3 .26)  m a k e s  an 
u n i m p o r t a n t  c o n t r i b u t i o n  to the  a s y m p t o t i c  b e h a v i o r .  Se t t ing  u (x ,  t )  ~ y ( x ,  t )  in (3.26) and r e t a i n i n g  on ly  
the l i n e a r  t e r m s ,  we ob ta in  the l i n e a r i z e d  equa t ion  

(3.25) 

(3.26) 

(3.2 7) 

y, + ~ dso(s) {y(x)-y(sx)-y[  (t-s)x]}=0. 
o 

(3.28) 
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If  y (x ,  0) ~ A 
0' 

d i r e c t l y :  
then the so lu t ion  of the Cauchy  p r o b l e m  for  th is  equa t ion  can  be w r i t t e n  down 

X ~ 
g(x, t )= g~ (0) e-~-~-.v, ~ = ~ ds p(s) [ t - s ' -  ( t-s)~l,  

n ~ 2  0 

(3.2 9) 

from which it is clear that y(x, t) 6 A for all t -> 0. In the following section, we construct an exact 

transformation relating solutions u(x, t ~ 6 A 0 of the nonlinear equation to solutions y(x, t) ~ A 0 of the 
linearized equation; here we restrict ourselves to t ---> ~ asymptotic estimates. 

it is clear from (3.29) that y(x, t) ~ exp(-~2t) as t -> ~. A similar estimate can be expected 
for the solution u(x, t) ~ A 0 of the nonlinear equation (3.26). To obtain such an estimate, it is sufficient 

to represent u(x, t) in the form of the series (3.27), whose coefficients u = u (t) are determined by (2.32). 

On the basis of these expressions, it is easy to show that for all t >- 0 

lun(t) l~  b~e -~', b = s u p  ~ru~(O)[, n=2 . . . . .  (3.30) 
n ~ 2 , . . .  

Hence ,  fo r  the so lu t ion  of  the  o r i g i n a l  p r o b l e m  (3.11) we have  

PROPOSITION 5. Le t  ~0 (x, t )  ~ A ,  be the so lu t ion  of  the Cauehy  p r o b l e m  (3.11) .  Then fo r  any 
X > 0 for  a l l  t >- 0 

Hq)(x, t)--e-~l[ = sup [q)(x, t)--e-*[ <~K(X)e -x~t, (3.31) 
xGgO,X] 

w h e r e  K ( X )  is  a p o s i t i v e  n u m b e r  tha t  depends  on X and the in i t i a l  cond i t ion  ~00(x). 

F r o m  the i n e q u a l i t i e s  (3.30) t h e r e  fo l lows  the v a l i d i t y  of F r o p o s i t i o n  5 fo r  K(X) =exp[X(bV/~- l ) ] .  
The exponen t i a l  g r o w t h  of  th i s  quan t i t y  does  not in g e n e r a l  make  i t  p o s s i b l e  to ob ta in  an e s t i m a t e  of the type  
(3.31) fo r  d i s t r i b u t i o n  func t ions  [( iv[,  t )~B,  by s i m p l e  a p p l i c a t i o n  of the i n v e r s i o n  f o r m u l a  (2.16) .  H o w e v e r ,  
fo r  a v e r y  s m a l l  c l a s s  of func t ions ,  when b 2 < 3 /7  in (3.30),  th i s  can  be done and we obta in  a s  a r e s u l t  
the i n e q u a l i t y  

If( [vl, t ) -  (2.n)-~/'e-'~/2 [ <const  e - ~ ,  (3.32) 

which can be regarded as an example. In the general case, the problem of estimating the proximity of 
distribution functions on the basis of an estimate of the proximity of the corresponding characteristic 
functions is rather difficult [29], and we shall not go into it, limiting ourselves to the inequality (3.31). 

An interesting effect - appreciable slowing down of the relaxation rate already at the level of the 
characteristic function ~v (x, t) - occurs in the c a s e  of a strong extension of the class ]3. of rapidly 
decreasing distribution functions. Indeed, the linearized equation (3.28) admits solutions of the form 

(x, t; p) = x~e -~(v)t, ~ (p) = ~ ds p (s) {l--s  p -  ( l - -s )  ~}, (3.33) g 

! 

w h e r e  h ( p )  ~ +0 as  p -* 1, so tha t  ~ (p )  > 0 can  be made  a r b i t r a r i l y  s m a l l .  F r o m  th i s  it  i s  c l e a r  how 
one m u s t  c h o o s e  the i n i t i a l  cond i t i ons  fo r  the n o n l i n e a r  equa t ion  (3.26) if  one is  to expec t  ana logous  b e h a v i o r  
of i t s  so lu t ion  u (x ,  t )  a s  t -0 oo. We se t  

u0(x)=0x ", 0>0,  l < p < 2 ,  (3.34) 

and then in a c c o r d a n c e  with  (3.25) and (3.8) the  c o r r e s p o n d i n g  in i t i a l  cond i t ion  fo r  the B o l t z m a n n  equa t ion  is 

]o([vl)=(2n)_,l,e_~/2 { l 2 3 v ~ 

w h e r e  y t ( . . .  ) is  the conf luen t  h y p e r g e o m e t r i c  func t ion .  It can  be conc luded  f r o m  the known p r o p e r t i e s  of 
th i s  funct ion that :  1) fo r  s u f f i c i e n t l y  s m a l l  0 > 0 the quan t i t y  /0(Iv]) is  n o n - n e g a t i v e  and 2) /0(]v])~[v] -(~+~,) 
a s  Ivl --> ~o Thus ,  ]0([vl) is  an i s o t r o p i e  d i s t r i b u t i o n  funct ion s a t i s f y i n g  the n o r m a l i z a t i o n  cond i t i ons  (3.6) 
but ,  in c o n t r a s t  to func t ions  of  the c l a s s  B, ,  /0(Ivl) d e c r e a s e s  a s  Ivl -~ ~ in a c c o r d a n c e  wi th  a p o w e r  l aw .  

To c o n s t r u c t  a so lu t ion  of  the  t3o l tzmann equa t ion  with  the in i t i a l  condi t ion  (3.35),  it  i s  n e c e s s a r y  
to c o n s i d e r  Eq.  (3.26) wi th  the in i t i a l  cond i t ion  (3 .34) .  It is  n a t u r a l  to s eek  a so lu t ion  in the f o r m  of the 
series 
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r 

~(x,t)--- ~'~a,(t) (Ox') ~, u,(0)=5 .... (3.36) 

substitution of which in (3.26) gives us recurs ion  relat ions of the type (2.32): 
n ~ i  t 

U n  

k=i o (3.37) 

~,(t)=exp[--~,(p)t],  h(a,~}= dsp(s )s~( t - s )  ~. 
o 

Assuming for s implici ty of the proof that the function o (s) is bounded (pseudo-Maxwellian 
molecules:  0~p(s)~pM), we can readily obtain by induction f rom (3.37) the est imate 

[ pM ] iF(p-t)]" 
O<a, ( t )~  ~ r(np+t) e-~(P)t' n = t  . . . . .  (3.38) 

Hence, taking into account (3.36) and (3.25), we obtain for the charac te r i s t i c  function ~0 (x, t) the 
inequality 

OxPe-~-x(~)~<~q~(x, t ) - e - ~ A x e  (~-~)~-~(p>t, A=i~(p)D/pm DP=Op~F(p-t-t)/k(p). (3.39) 

For  sufficiently small 0 > 0, the function (p(x, t) decreases  exponentially as x -~ co and the 
corresponding distribution function ](Iv], t) can be obtained f rom the inversion formula 

/ ( Iv l , t )=(2~)  -~ dke-~k" (p ---~,t , (3.40) 

which completes the construct ion of the solution of the Boltzmann equation (2.9) with initial condition (3.35). 
The est imate (3.39) enables us to prove readily the following proposit ion.  

PROPOSITION 6. Suppose that in the Boltzmann equation (2.9) g(~) is a bounded function. Then 
for any 0 -< 5 < ~ it is possible to find a non-negative solution /(Iv[, t) of this equation satisfying the 
normalizat ion (3: 6~ and such that for all t >- 0 

t[M-M~(I c = f dvlf  (1 v t, t) -- (2r~) -'/'e-~/~ I <~C~e -6', (3.41) 

the corresponding charac te r i s t i c  function ~0 (k2/2, t) satisfying the inequalities 

Cle-~<~[Ig)-rpM[[o<~C2e-~', [l(p-~pMiic= sup [(p(x,t)--e-~l, (3.4:2) 

where C 1 and C 2 are  positive constants .  

The proof has actually a l ready been given above by the explicit construct ion of such a solution. 
Indeed, it is s imply neces sa ry  to choose in (3.34)-(3.35) the quantity P0 > I such that )~(p0) = 5. Then 
(3.42) follows from (3.39), and (3.41) f rom the well-known relation tI(p--~pMllc~<H/--/MIIL between an integrable 
function and its Four i e r  t ransform.  

Remark .  Proposi t ion 5 also remains  true in the general  case (2.8), but the proof of an est imate 
of the type (3.38) in this case becomes ra ther  lengthy. 

Thus, initial conditions with power-law tails can lead to equilibrium much more slowly than dis t r ibu-  
tion functions that decrease  rapidly as I vl -* ~. The existence of such solutions was suggested by the l inear  
theory [4, 8]. A general  method of solving the nonlinear Boltzmann equation in the class  of slowly decreasing 
distribution functions based on formal "reduction" of this equation to a sys tem of ordinary  differential 
equations of the type (2.31) is described in [33]. For  a different approach to this problem, see [34]. 

4. E q u i v a l e n c e  T h e o r e m  and C o n s e q u e n c e s  

We now establish an exact correspondence between the nonlinear equation (3.26) and the linearized 
equation (3.28), these being considered on functions of the class A0, i.e., on functions u(x, t) and y(x,t) 
that for all t -> 0 can be represented by power se r i es :  
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X n  

~(x, t)= ~.(t)~, 
n ~ 2  

sup~ [u.(t)[<~, 

F o r  such  func t ions  we sha l l  w r i t e  u ( x ,  t )  ~ A 0 

oa �9 

t xn , 

n ~ 2  

(4. ~) 

supY [ g. (t) [ <oo. (4.2) 

and y (x ,  t )  6 A 0 and omi t  the v a r i a b l e  t when it 
is not important. Restricting ourselves to the ease of pseudo-Maxwellian molecules, we formulate the main 
result of this section in the form of a theorem. 

THEOREM. Suppose o(s )  >- 0 and that o (s) is integrable on [0, 1]. Then there exist nonlinear 
operators (transformations) iR and S acting on the variable x from A 0 to A 0 and such that: 

1) if y(x, t)  6 A 0is a solution of (3.28), then l~y = u(x, t) 6 A 0 is a solution of (3.26); 

2) if u(x, t) ~ A 0 is a solution of (3.26), then Su = y(x, t) ~ A 0is a solution of (3.28); 

3) l~S = SI~ = I', where [" is the identity operator; 

4) the corresponding transformations of the coefficients of the series  (4.1) are polynomial: 

u=~y'*:~,,=y,+P,~(y2 . . . .  ,y,-~), n = 2  . . . . .  y=Su~y.=u~+Q~(u2 . . . . .  u~-2), n=2  . . . .  , 

w h e r e  I)~ ( . . . )  and Q~ ( . . . )  a r e  p o l y n o m i a l s  of d e g r e e  I n / 2  ] not con t a in ing  t e r m s  of z e r o t h  and f i r s t  
p o w e r s .  

The  p r o o f  can be done in two s t a g e s  - f i r s t  the c o n s t r u c t i o n  in e x p l i c i t  f o r m  of the t r a n s f o r m a t i o n s  
1~ and S and then the v e r i f i c a t i o n  that  a l l  the p r o p o s i t i o n s  of the t h e o r e m  do indeed  hold fo r  t h e s e  t r a n s f o r m a -  
t i ons .  

C o n s i d e r e d  on func t ions  of the c l a s s  A0, E q s .  (3.26) and (3.28) r e d u c e  to c o r r e s p o n d i n g  s y s t e m s  of  
equa t ions  fo r  the c o e f f i c i e n t s  of  the  s e r i e s  (4.1):  

fi,+)~ (n) n , =  EH(k~,k2)u~,u~, n = 2 , 3  . . . . .  (4.4) 
ki~hz~2 

h l+h2~n 

~+~. (n)g~=0,  n=2,  3 . . . . .  

w h e r e  we have  used  the no ta t ion  (2.27),  (2 .27a) .  F o r  n = 2, 3 the s u m m a t i o n  cond i t ion  k 1 
r i g h t - h a n d  s ide  of (4.4) canno t  be s a t i s f i e d ,  and we a s s u m e  in such  c a s e s  by def in i t ion  that  the  r i g h t - h a n d  
s ide  of (4.4) i s  z e r o .  We c o n s i d e r  the  r e d u c t i o n  of  the s y s t e m  (4.4) to n o r m a l  f o r m .  App ly ing  the usua l  
me thod  [35], we can  r e a d i l y  conc lude  tha t  for  r e d u c t i o n  of th is  s y s t e m  to i t s  l i n e a r  p a r t  the cond i t ion  

A,~(k, . . . . .  k~) -----~. k~ - 2  ~(k~)~0 (4.6) 

fo r  a l l  n a t u r a l  m~>2, l ~ ] ~ r n ,  k~>2 is  s u f f i c i e n t .  In o t h e r  w o r d s ,  b e c a u s e  of the s p e c i a l  f o r m  of the r i g h t -  
hand s ide  of  (4.4) on ly  r e s o n a n c e s  of a c e r t a i n  type  tha t  v io l a t e  the cond i t ion  (4.6) a r e  i m p o r t a n t .  F r o m  the 
e x p r e s s i o n  (2.27a) fo r  the e i g e n v a l u e s  t h e r e  fol low the i n e q u a l i t i e s  

i 

Z (n) +)~ (m) --)~ (n+rn) ~2~ (2) --~ (4) =2  ~ dsp (s) s 2 (i--s) ~ (4.7) 
0 

fo r  n, m = 2, 3 . . . . .  T h e r e f o r e ,  the cond i t ion  (4.6) is  indeed  s a t i s f i e d .  In add i t ion ,  it  can  r e a d i l y  be 
v e r i f i e d  tha t  the s y s t e m  (4.4) can  be r e d u c e d  to the  n o r m a l  f o r m  (4.5) by p o l y n o m i a l  t r a n s f o r m a t i o n s ,  i . e . ,  
the P o i n c a r 6  s e r i e s  t e r m i n a t e .  If we w e r e  t a lk ing  about  f in i te  s y s t e m s  (4.4),  (4.5) for  n = 2, . . . ,  N, o u r  
a r g u m e n t s  would be su f f i c i en t  to conc lude  tha t  t h e s e  s y s t e m s  a r e  e q u i v a l e n t .  H o w e v e r ,  s i n c e  we a r e  
i n t e r e s t e d  in the e q u i v a l e n c e  of E q s .  (3.26) and (3.28) t h e m s e l v e s ,  i t  is  n e c e s s a r y  to e s t a b l i s h  that  the 
r e d u c t i o n  to n o r m a l  f o r m  does  not t ake  us  ou t s i de  the c l a s s  A0, i . e . ,  tha t  i t  p r e s e r v e s  i n e q u a l i t i e s  of  the 
type  (4.2) .  Th i s  r e q u i r e s  a m o r e  d e t a i l e d  knowledge  of  the n o r m a l i z i n g  t r a n s f o r m a t i o n .  

We s e e k  such  a t r a n s f o r m a t i o n  - a change  of v a r i a b l e s  in (4.4) - in the f o r m  

, . ,  . . . . .  . = 2  . . .  

h l + . . . + h m ~ n  

(4.5) 

+ k 2 = n on the 
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Here ,  the coef f ic ien t  r l(kt ) of the l i nea r  t e r m  is taken equal to unity,  as  a lways  in the method of no rma l  
f o r m s  [35], and the s t r u c t u r e  of the non l inea r  t e r m s  is sugges ted  by the f o r m  of the r igh t -hand  side of (4.4). 
Subst i tut ing (4.8) in (4.4) and r equ i r ing  that  the t r a n s f o r m a t i o n  (4.8) c a r r y  an a r b i t r a r y  solut ion of the 
s y s t e m  (4.5) into a solut ion of the s y s t e m  (4.4), we obtain a f te r  s imple  but lengthy ca lcu la t ions  the following 
e x p r e s s i o n s  for  the r e c u r s i v e  ca lcu la t ion  of  r m ( . . .  ): 

r,(k,) = t ,  r, ,(k, , . . . ,k,~)A,~(k~,. . . ,km)= 

r a i l  

2 H(k~T. . .  q-kj, k~+,+... +k,~)rj(k, . . . . .  kj)r,,_j(kj+, . . . .  ,k~) ,  . . . . .  m=2  (4.9) 

w h e r e  we have used the notat ion (4.6). 

It is c l e a r  that  r,~(k,, . . . ,  k,,) in (4.8) a r e  de t e rmined  only up to any pe rmuta t ion  of the a r g u m e n t s  
k~, . . . ,  k,~. The lack  of  un iqueness  can be e l imina ted  by s y m m e t r i z a t i o n ,  but we do not do this but r a t h e r  
choose  r,,(k,, . . . ,  k,~) in such a way  that  they a r e  d e t e r m i n e d  by the s imp le s t  e x p r e s s i o n s  (4.9). 

We c o n s t r u c t  s i m i l a r l y  a t r a n s f o r m a t i o n  that  c a r r i e s  a solut ion of the s y s t e m  (4.4) into a solution 
of  the s y s t e m  (4.5). The r e su l t  has  the f o r m  

in/21 m 

m - - i  I t t . . . . . h m ~ l  i i - - I  

m - - I  

(k~) ~ i, s,~ (k, . . . . .  kin) Am (k, . . . . .  k,,) = -  ~ H(k~, kj+,)s,~-, (k, . . . . .  kj_~, kj+k~+t-~k~+~ . . . . .  k,~), m=2 . . . . .  (4.11) 8 t  

The fact  that  the t r a n s f o r m a t i o n s  (4 .8)- (4 .9)  and (4 .10)-(4 .11)  a re  mutual ly  inver t ib le  follows f r o m  
the uniqueness  and o n e - t o - o n e  inver t ib i l i ty  of the n o r m a l i z i n g  t r a n s f o r m a t i o n .  The e x p r e s s i o n s  (4 .8) - (4 .11)  
de t e rmine  the expl ic i t  f o r m  of the po lynomia l s  Pn and Q~ in (4.3), and the c o r r e s p o n d i n g  t r a n s f o r m a t i o n s  
I~ and S of the funct ions y(x ,  t )  f A 0 and u(x ,  t)  ~ A 0 can obvious ly  be de t e rmined  on the bas i s  of 
r e p r e s e n t a t i o n  of  these  funct ions in the f o r m  of the s e r i e s  (4.1). 

To comple te  the p roof  of the t h e o r e m ,  it is suff ic ient  to e s tab l i sh  that the t r a n s f o r m a t i o n s  I~ and 
map f r o m  A 0 to A 0. This  can be done as fo l lows.  F i r s t ,  f r o m  the r e c u r s i o n  re la t ions  (4.9) and (4.11), 
us ing the condit ion of the t h e o r e m  and the inequal i ty  (4.7), we obtain by induction the e s t ima te  

whe re 
Irm(k, . . . .  , km)[<A "~-', [sm(ki, . . . ,  km)[<A m-', m = i , . . . ,  (4.12) 

l i 

A = S (4. :t 3) 
0 0 

Now suppose  y ( x )  6 A0; then in (4.1) Ig, l~a ~ fo r  some  a>0  and all n = 2 . . . . .  We c o n s i d e r  
a function u = Ry such that the coef f ic ien ts  u n and y~ of the s e r i e s  (4.1) a r e  re la ted  by Eqs .  (4.8). The 
inclus ion u (x )  ~ A 0 is equivalent  to the gene ra t i ng  function 

F(z) = L  u~z~ (4. 14) 
n ~ 2  

being analyt ic  in some  ne ighborhood  of the point z = 0. Subst i tut ing i4.8) in (4.14) and e s t ima t ing  I F (z)  I 
with a l lowance for  (4.12), we obtain the s imp le  inequal i ty  

iF(z) l<~a~lzl~[ t-alzj-Aa2lz[2]- ' ,  

which g u a r a n t e e s  c o n v e r g e n c e  of  the s e r i e s  (4.14) in s o m e  disk Izl < r .  T h e r e f o r e ,  u ( x )  ~ A0, i . e . ,  the 
t r a n s f o r m a t i o n  R maps  f r o m  A 0 to A0. The p roof  of the analogous  fact  fo r  the inve r se  t r a n s f o r m a t i o n  
r educes  to the a r g u m e n t  given h e r e  by a s imple  change of the notat ion.  The t h e o r e m  is p roved .  

R e m a r k .  The local  - in a suf f ic ient ly  smal l  ne ighborhood of  the equ i l ib r ium solut ion - equivalence  
of the nonl inear  and l i nea r i zed  Kac equat ions  [24] on funct ions of the Hi lber t  space  L 2 was  es tab l i shed  in 
[36], and then in [37] an analogous  p ropos i t ion  fo r  the t3oltzmann equation (2.9) was  fo rmula t ed  without  
p roof .  The t h e o r e m  proved  h e r e  d i f fe rs  f r o m  the r e su l t s  of [36, 37] above all in the global  na ture  of  the 
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e q u i v a l e n c e ,  and a l s o  by the c h o i c e  of a c l a s s  of  func t ions  d i f f e r e n t  f r o m  L 2 (in L 2 only  l o c a l  e q u i v a l e n c e  i s  
p o s s i b l e )  and by the e x p l i c i t  r e p r e s e n t a t i o n  of the  n o r m a l i z i n g  t r a n s f o r m a t i o n .  

I t  fo l lows f r o m  th is  t h e o r e m  tha t  Eq.  (3.26) a d m i t s  e x t e n s i v e  f a m i l i e s  of p a r t i c u l a r  s o l u t i o n s  
tha t  g e n e r a l i z e  the c l a s s  of  s e l f - s i m i l a r  s o l u t i o n s  d e s c r i b e d  in Sec .  2. 

C O R O L L A R Y  1. Equa t ion  (3.26) fo r  any  N = 1, . . .  and any se t  of n a t u r a l  n u m b e r s  h i > 2 , . . . ,  n.>~2 
has  s o l u t i o n s  of the  f o r m  

u~(x, t)=U~[~ix~'e-~,',..., ~x~Ne-~?], u,~Ao, (4.15) 

w h e r e  U~,(z,,..., z~) is  an a n a l y t i c  funct ion of N v a r i a b l e s ,  and ~ i , . . . ,  ~ a r e  a r b i t r a r y  c o n s t a n t s .  T h e s e  
c o n s t a n t s  can  be c h o s e n  s u f f i c i e n t l y  s m a l l  in a b s o l u t e  magn i tude  fo r  s u b s t i t u t i o n  of  (4.15) in (3.25) and (3.40) 
to d e t e r m i n e  the so lu t i on  ]N(Ivt, t) of the B o l t z m a n n  equat ion  (2.9) .  

The so lu t ion  un(x, t )  can  be c o n s t r u c t e d  as  fo l l ows .  In (4.8),  we se t  

Y~,="h exp (--7~,t) . . . . .  g~N ="f~ exp (--~.~lvt.), g~=0, n#nj, (4.15a) 

fo r  a l l  j = 1 . . . . .  N. Subs t i t u t i ng  the r e s u l t  in the s e r i e s  (4.1) fo r  u (x ,  t ) ,  we ob ta in  
cr i V  m ~'~rm(nJl  ..... njm)~[xnik 

(4.16) 

which  d e t e r m i n e s  the r i g h t - h a n d  s ide  of (4.15) .  The g rowth  of lu (x,  t ) ]  a s  Ixl --) ~ can  be e s t i m a t e d  in 
the  s a m e  w a y  as  in the p r o o f  of  the t h e o r e m .  It is  c l e a r  tha t  fo r  N = I the r e s u l t  r e d u c e s  to the s e l f - s i m i l a r  
s o l u t i o n s  c o n s t r u c t e d  in S e c . 2 .  The e x p r e s s i o n  (4.16) d e t e r m i n e s  a so lu t ion  of  Eq.  (3.26) fo r  n o n i n t e g r a l  
n i ~ 2 , . . . ,  n ~ 2  a s  wel l  if  the  s u b s t i t u t i o n  z! = F ( z  + 1) is  m a d e  fo r  n o n i n t e g r a l  z [14]. 

Thus ,  the  d i r e c t  t r a n s f o r m a t i o n  u = l~y m a k e s  i t  p o s s i b l e  to d i s t i n g u i s h  s p e c i a l  c l a s s e s  of p a r t i c u l a r  
s o l u t i o n s .  We now g ive  an e x a m p l e  of the u se  of  the i n v e r s e  t r a n s f o r m a t i o n  y = t~u. 

C O R O L L A R Y  2. L e t  ] ( Iv  I, t)~B. be a so lu t ion  of the  ]~ol tzmann equa t ion  (2.9) .  T h e r e  e x i s t s  a 
coun tab le  s e t  of  func t iona l s  F , [ / ] ,  n~2,  3 . . . . .  which  a r e  c o n s e r v e d  in t i m e .  

To p r o v e  th i s ,  we note that  wi th  e v e r y  so lu t ion  / ( ]vl ,  t)~B. of Eq.  (2.9) i t  is  p o s s i b l e  to a s s o c i a t e  
a f o r m a l  (in g e n e r a l ,  d i v e r g e n t )  s e r i e s  of the  f o r m  (2.28),  w h e r e  

(2n+ i )  !! J . . . . .  

i r r e s p e c t i v e  of the c o n v e r g e n c e  wi th  r e s p e c t  to the  m e t r i c  L 2 of  the s e r i e s  (2.28) ,  i t s  c o e f f i c i e n t s  
(4.17) un ique ly  d e t e r m i n e  in a c c o r d a n c e  wi th  (2.30) a c h a r a c t e r i s t i c  funct ion (p (x, t )  ~ A , ,  and,  t h e r e f o r e ,  
a d i s t r i b u t i o n  funct ion ](Ivl ,  t)EB.. The t i m e  evo lu t ion  of  qua n t i t i e s  (4.17) can  be d e s c r i b e d  by the s y s t e m  
(4.4) ,  and in a c c o r d a n c e  wi th  the  t h e o r e m  t h e r e  e x i s t s  a s e t  of  p o l y n o m i a l s  (4.10) of the  f o r m  

y , ( t ) = a ~ ( t ) §  . . . .  u,_2(t) ], n--2, 3 , . . . ,  (4.13) 

t h e s e  v a r y i n g  in t i m e  p u r e l y  e x p o n e n t i a l l y ,  
! 

g~(t)=y~(O)e -~'t, ~.~-~ dsp(s)[l--s'-(1--s)~], n = 2 , 3  . . . . .  (4.19) 
0 

If  y~} r  fo r  s o m e  no, then o b v i o u s l y  

r~=ty~(t) l'oo/Jy,~o(t) I~=const, n=2, 3 . . . . .  (4.20) 

and Eqs .  (4 .17 ) - (4 .18 )  show tha t  F~ i s  indeed  a func t iona l  def ined  on funct ions  of the c l a s s  B , .  The c a s e  
y,~ - 0 fo r  a l l  n = 2, 3 . . . .  i s  of  no i n t e r e s t ,  s i n c e  i t  c o r r e s p o n d s  to the  t r i v i a l  so lu t i on  (2 .12) .  

It is  not the i n v a r i a n t s  (4.20) tha t  a r e  of p r a c t i c a l  i n t e r e s t  but  the  func t ions  yu ( t )  (4.18),  which  
m a y  be c a l l e d  n o r m a l  c o o r d i n a t e s  of  the so lu t i on  ](Ivl, t) of the B o l t z m a n n  equa t ion .  The  t r a n s f o r m a t i o n  
tha t  is  the  i n v e r s e  of (4.18) is  a l s o  p o l y n o m i a l  (4.8) and can  be e x p r e s s e d  in the f o r m  

u~(t)=g~(t)+P,[g~(t) . . . . .  y,-2(t) ], n=2,  3 . . . . .  (4.21) 

We d e s c r i b e  the s c h e m e  of  so lu t ion  of  the Cauchy  p r o b l e m  (2 .9 ) - (2 .10 )  fo r  /oeB, by the me thod  of 
t r a n s f o r m a t i o n  to n o r m a l  c o o r d i n a t e s .  In the  f i r s t  s t ep ,  we c a l c u l a t e  in a c c o r d a n c e  wi th  the  e x p r e s s i o n s  
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(4.17) the sequence { u  (0), n = 2 . . . .  ~, and then in accordance with the expressions (4.18) the sequence 
{ y~ (0), n = 2 . . . .  ~ of initial values of the normal coordinates .  In the second (trivial) stage, the 
expressions (4.19) are  used to calculate the sequence {yu( t ) ,  n = 2 . . . .  ~ for all t > 0. In the third stage, 
the express ions  (4.21) are used to calculate the sequence {u (t),  n = 2 . . . .  ~ for all t > 0, and then, in 
accordance  with (2.30), the charac te r i s t i c  function ~p (x, t) 6 A .  is constructed.  In this paper  we nowhere 
consider  the problem of recover ing the distribution function /(Ivl, t)~B, f rom its charac te r i s t ic  function 
~0 (x) ~ A. ,  res t r ic t ing  ourselves  to the r emark  that there is a one- to-one correspondence between these 
functions. Therefore ,  the third stage can be regarded as the final one. 

F r o m  the pract ical  point of view, such a scheme is unnecessar i ly  complicated,  since it is possible 
to calculate { u  (t),  n = 2 . . . .  } using the recurs ion  relat ions (2.32) without r ecourse  to normal  coordinates .  
However, this scheme is helpful not only for understanding the s t ructure  of the general solution of the 
nonlinear Boltzmann equation but also for compar ison of its proper t ies  with the proper t ies  of other  equations, 
in par t icu lar  equations of Kor teweg-dc  Vries type. It is easy to see an analogy between the scheme we have 
descr ibed and the c lass ical  scheme for integrating the KdV equation by the inverse scat ter ing method. The 
normal coordinates,  whose evolution has the form (4.19), cor respond here to the scat ter ing data, and the 
t ransformat ions  (4.18) and (4.21) correspond,  respect ively ,  to the solution of the direct  and inverse 
scat ter ing problems.  It is well known that N-soliton solutions of the KdV equation correspond to the case 
when the set of scat ter ing data reduces to a finite set of numbers  (reflectionless potentials).  In the con-  
s idered scheme,  this case  cor responds  to a finite set of nonzero normal coordinates (4.15a), and the 
analog of N-soliton solutions are  for the Boltzman equation the solutions /N(lvt, t) described in the formula-  
tion of Corol lary  1. Other aspects  of the formal  analogy between the equations of KdV and Boltzmann type 
are  pointed out in [14, 38]. 

5. C o n c l u s i o n s  

We mention some general izat ions  and applications of the methods described here .  The simplest  
general izat ions of Eq. (2.9) are  the sys tem of equations for a mixture of Maxwellian gases [33,391 and the 
analog of this equation in Euclidean space of a rb i t r a ry  dimension [10]. Four i e r  t ransformat ion leads here  
to the same simplifications,  and the theory of relaxation can be constructed in exactly the same way. 
However, for a system,  as for one equation in the general  - anisotropic - case [25], resonances  may 
ar ise ,  and, therefore ,  the nonlinear and l inearized equations are  not in general  equivalent. Less  trivial  
is the general izat ion to the case of a velocity-dependent collision frequency.  The expression (2.5) indicates 
the simplifications that a r i se  in the ease when g(u,  cos 6) is a p0lynomial in u 2. Indeed, the two-dimensional 
Boltzmann equation for g(u, cos 0) = u2isin 0I is exactly solvable for isotropic distribution functions [40, 41]. 
Generalizations to equations associated with the theory of polymers  are  discussed in [16, 17]. 

A natural application of the exact solutions is to the analysis  of approximate methods. In connection 
with Grad ' s  method, we mention the examples constructed in Sec. 3 of convergence and divergence of the 
ser ies  (2.28) in the relaxation problem. Examples of convergent  and divergent H i lbe r t -Chapman-Enskog  
ser ies  encountered in model nonlinear problems are described in [39, 42]. However, the main question for 
the Chapman-Enskog method is not the problem of the convergence of the ser ies  but the problem of making 
the Navier -Stokes  hydrodynamics  more accura te .  Can one assume,  ignoring boundary-value problems and 
making a res t r ic t ion  to Cauchy problems,  that the Burnett equations are  more accurate  forms of the N a v i e r -  
Stokes equations at sufficiently small Knudsen numbers  ? The answer  is evidently in the negative. The 
equilibrium solutions of the Burnett equations are  unstable with respect  to small periodic perturbations with 
wavelength less  than or  of the o rde r  of the mean free path [43]. This unphysical instability has the consequence 
that the behavior of the solutions of the Burnett  equations differs qualitatively f rom the behavior of the 
solutions of the Navier -S tokes  and Boltzmann equations. Thus, despite its well-known logical elegance, 
the Chapmann-Enskog method requires  cer tain modifications.  

I am very grateful to D. N. Zubarev for helpful d iscuss ions .  
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