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SPECTRUM OF RENORMALIZATION GROUP DIFFERENTIAL 

M.D. Missarov 

The spec t rum  of the different ial  of Wilson 's  r enormal iza t ion  group at a non-Gauss ian  
fixed point is desc r ibed .  

I n t r o d u c t i o n  

In [1], Wilson 's  equations were  solved for  an effect ive s c a l a r  Hamiltonian with f ree  par t  de te rmined  
by the long- range  potential  U(x) ~const/Ixl a, x ~ .  A new non-Gauss ian  branch of fixed points of Wilson ' s  
r enormal i za t ion  group b i fu rca tes  f r o m  the Gaussian branch of fixed points at the point a=3/2d and for  d not 
a multiple of 4 desc r ibes  the c r i t i ca l  behavior  of models  with long- range  in teract ion.  The Hamil tonian is 
obtained by project ing the Hamil tonian of the ~94d theory onto the ball ~={k] Ik]<B} by means  of the 
operat ion of analytic r enormal iza t ion :  H=ln(A.13. :exp(u(e)~):-~o-~)) ,  where  

(P' = i e (k,). . .  e (k,) 5 (k ,+ . . .  +k,) d'ak, 

:...:-A(,-~ is the t rans i t ion  to Wick polynomials  with r e spec t  to the Gaussian field with p ropaga to r  - A  ( I -Z)  (k) 
= ]kla-~(i-x~(k)),  z~(k) is the indicator  of the ball ~, u(e)=u~e+u2e2+.., is a fo rmal  numer ica l  s e r i e s  in e, 
and A.R .  denotes some var ian t  of analytic r enorma l i za t ion .  The Hamiltonian can be r ep re sen ted  in the 
fo rm of the power s e r i e s  H=Ho+eH~+e~H2+ .... where e=a-3/2d, d is the dimension of space .  

In [2], the leading eigenvalue of the r enormal i za t ion  group differential  was calculated at a non- 
Gaussian point, and a corresponding eigenfunction was also constructed. This made it possible to find 
expressions for the critical exponents. Usually, the critical exponents are sought independently of the 
question of the existence of an effective Hamiltonian and the so-called Callan-Symanzik equations are used. 
In this case, the original Kadanoff-Wilson dynamical model of critical phenomena is neglected. The studies 
of [1-2] return to this original model and realize some of its basic propositions. 

In this paper, we analyze the complete spectrum of the linearized renormalization group at a non- 
Gaussian point. We obtain a natural picture of the "bifurcation" of eigenspaces and the corresponding eigen- 
values. 

1. R e n o r m a l i z a t i o n  G r o u p  D i f f e r e n t i a l  

a t  a G a u s s i a n  F i x e d  P o i n t  

Let m~176 -2~(~ • . .  --o,,~ . . . .  2 ~ . . .  be a fo rmal  smooth Hamil tonian.  The action of the ope ra to r  of the 
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s m o o t h e d  r e n o r m a l i z a t i o n  g r o u p  on H (~ is  r e p r e s e n t e d  in the f o r m  

~z:~ (H(~ = :exp ( ~ d H  (~ : ~-~r -x). 

H e r e ,  : . . .  :-~a(z~-z~ deno te s  the Wick  o p e r a t i o n  with  r e s p e c t  to the G a u s s i a n  m e a s u r e  wi th  c o r r e l a t i o n  
funct ion 6 (k~+k~) (--A (~--Z) (k)) ,  

( 1 . 1 )  

A (x~-x) (k) = I kl ~-o(z (k/X)-X (k)), (1~ 2) 

w h e r e  ~(k)6C0~(~ ~) is  the  smoo thed  i n d i c a t o r  of the bal l  ~2={k I ]k l<B} ,  a=V~d+e. The s y m b o l  e m e a n s  tha t  
only  connec t ed  d i a g r a m s  a r e  t aken .  The o p e r a t o r  of  such  s t r e t c h i n g  of ~ to an m - p a r t i c l e  H a m i l t o n i a n  

m 

H = ~ h ( k  . . . . . .  k ~ ) 6 ( k , + . . .  [ (~(kOdk, 
Qm t ~ i  

ac t s  in a c c o r d a n c e  with  the  f o r m u l a  

. . . . .  ~ . . .  -p k,  0 o ( k 0 . . .  ~ (kin) d k ~ . . ,  dkm, 
(~g)m 

and can  be ex tended  by l i n e a r i t y  to the  c o m p l e t e  s p a c e  of f o r m a l  H a m i l t o n i a n s .  

We denote  by D~,0,,z the d i f f e r e n t i a l  of the n o n l i n e a r  t r a n s f o r m a t i o n  9~,~ of the r e n o r m a l i z a t i o n  
g roup  at  the point  H(~ 

B~(~ L ( n - l ) !  - -  : ( , ~ d H ( O ) ) ~  . H  .r 

(! .  3) 

(1.4) 

The  s p e c t r u m  of the r e n o r m a l i z a t i o n  g r o u p  d i f f e r e n t i a l  a t  the G a u s s i a n  f ixed  poin t  H(~ is  c o n s t r u c t e d  as  
fo l l ows .  We a r e  i n t e r e s t e d  in only  s m o o t h  and even (with r e s p e c t  to the  sp in  v a r i a b l e )  e i g e n f o r m s .  

PROPOSITION 1 (see [1-3]) .  Le t  h m (kl ,  . . . ,  k m) be a h o m o g e n e o u s  po lynomia l  of the v a r i a b l e s  
k I . . . .  , k m of d e g r e e  deg h,,=s, l~=(k, . . . . . .  k~d), i=t  . . . .  , m. Then the H a m i l t o n i a n  is an e i g e n f o r m  of the 
r e n o r m a l i z a t i o n  g roup  d i f f e r e n t i a l :  

D ~ . / /  �9 __~/ , -~+~- , .~ r  �9 (1.5) 0,~." m'- -h( l - -Z)- - I i  ' ] A m ' - - h ( i - - ~ ) .  

It  can  be  seen  f r o m  th i s  that  d e g e n e r a c y  of the s p e c t r u m  is  p o s s i b l e  in the  G a u s s i a n  c a s e .  We a r e  
p a r t i c u l a r l y  i n t e r e s t e d  in the  b i f u r c a t i o n  va lue  ao=~/~d. Let  h m be a h o m o g e n e o u s  po lynomia l  of m v a r i a b l e s  
of d e g r e e  s .  Then the exponent  of the e igenva lue  of the c o r r e s p o n d i n g  e i g e n - H a m i l t o n i a n  is  T (m,  s ) = ma0/2 
- m d +  d - s = d(1 - m / 4 )  - s .  The  v a l u e s  of the exponen t s  T(m,  s )  f o r m  a d i s c r e t e  s e r i e s  fo r  
m = 2, 4, 6, . . . ,  s = 0, 1, 2 . . . . .  We  fix s o m e  va lue  of y in th is  s e r i e s .  We denote  by T ( 7 )  the s p a c e  of 
h o m o g e n e o u s  even p o l y n o m i a l s  of m v a r i a b l e s  of d e g r e e  s such  that  

d( t-m/4)--s=~f. (1.6) 

We r e c a l l  that  p o l y n o m i a l s  a r e  r e g a r d e d  as  equ iva len t  if they  a r e  equal  on the h y p e r p l a n e  k~ + . . .  + 

k m = 0 ~ 

We denote  by :~(~f):  the  e i g e n s p a c e  of the d i f f e r e n t i a l  D0~'~ c o n s i s t i n g  of f o r m s  of the  type  
m 

h . . . . .  k . )  ( k , + . . .  o 

w h e r e  h ( k )  ~ T ( y ) .  C l e a r l y  

: ~ (V) : = | ~ ,  : ~ (m, s) :, 
m, s:d(1--m/4)--s~y 

w h e r e  :o~(m, s): is  the s p a c e  of H a m i l t o n i a n s  of the  f o r m  
m 

:H:-A(t-x,=: I h(k,  . . . . .  k ,~)6(k t+ . . .  + k ~ ) l -  [ o(k,) dk~:-a(l-x), 
i n |  

in which  h (k l  . . . . .  k m) is  a h o m o g e n e o u s  p o l y n o m i a l  of  d e g r e e  s .  

Note tha t  fo r  a=8/2d+s, e>0  the d e g e n e r a c y  in the s p e c t r u m  of the  d i f f e r e n t i a l  is  p a r t l y  l i f t ed .  The  
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s p a c e s  of  o~(m, s) a r e  e i g e n s p a c e s  of  the r e n o r m a l i z a t i o n  g roup  d i f fe ren t i a l  f o r  all (I. 

We shall  s e e k  e i g e n f o r m s  of the r e n o r m a l i z a t i o n  g roup  d i f fe ren t ia l  at the n o n - G a u s s i a n  f ixed 
point  H(O)=A.R.:exp(a(e)q~):~_a(~_x) in the f o r m  

A.R. :H exp (a (e) q~) :-"n(,-~), 

w h e r e  the coef f i c ien t  funct ion h(k~ . . . . .  k )  of the Hami l t on i an  H be longs  to T ( 7 ) .  

A f o r m  of the type (1.7) b i f u r c a t e s  f r o m  the c o r r e s p o n d i n g  e i g e n f o r m s  at  the G a u s s i a n  point .  

(1.7) 

2 .  T h e o r e m  on  A n a l y t i c  R e n o r m a l i z a t i o n  

To d e t e r m i n e  how a Hami l t on i an  of the f o r m  (1.7) t r a n s f o r m s  unde r  a r e n o r m a l i z a t i o n  t r a n s f o r m a -  
t ion, we need to r e w r i t e  it in " c o u n t e r t e r m s . "  Le t  :H,:-~(,-~), :H~:_~(,_~), . . . ,  :H~(:~:-~(,-z~ be s o m e  bas i s  in the 
s p a c e  ~ ( 7 ) ,  n (~)=dimr  Without l o s s  of  g e n e r a l i t y ,  we can a s s u m e  that  the coe f f i c i en t  funct ions  of 

�9 i 

k ~m" k~=(k~,. ,  k~,), the Hami l ton i ans  H i a r e  chosen  in the f o r m  of the m o n o m i a l s  h~(k~ . . . . .  k~)  = k ~ / . . .  m~ . . . .  
m {  

] = l  . . . . .  m,, a j  a r e  mul t ip le  ind ices ,  Jai l= Z d ( i - r n J 4  ) - I cz~] =" i. 

T H E O R E M  2 . 1 .  

A.R. :H~ exp (a~')  :'-A(,-~ = 2 w,j (a) :H~ exp (w (a) q)~) :-A(,-~), 

w h e r e  w ( u )  and w i j ( u )  a r e  f o r m a l  s e r i e s  in u: 

w(u)= ~,C(")(~)u", 

(2.1) 

w,~(u) = ) '  c'~? (~) ~", 

C (")(e), C}~) (e) a r e  p o l y n o m i a l s  in e -~ with van i sh ing  f r ee  t e r m s ,  and C,~c~ i~], C,~~ 

We note f i r s t  that  it is  suf f ic ien t  to p r o v e  this  t h e o r e m  fo r  the c a s e  )r -= 0, s ince  A.R.:Hexp (u~0~): 
~a(~_z)=:A.R.:H exp (~(P~)--a "r .~z-" Let  G be an a r b i t r a r y  s i n g l e - p a r t i c l e - i r r e d u c i b l e  g r a p h  and Sr'~ be the c o r r e -  

sponding amp l i t ude .  It fol lows f r o m  the addi t iv i ty  p r o p e r t y  that  A.R. ~r'a = ZSZ 'a : a '  whe re  A (G) = {{Hi . . . . .  H~} I H~ 
Ae-r 

are pairwise different single-particle-irreducible subgraphs of G}, 

~r'G:a=(2g)--~d ~ dak' ' ' 'ddkh n A t ( q , ) I I  O(H) .  
z ~ L { a / . ~ )  sea 

H e r e ,  A ~ A (G) ,  G/A is the g r a p h  G c o n t r a c t e d  with r e s p e c t  to A, L ( H )  is the se t  of in te rna l  l ines  of 
the g r a p h  H, h = h ( G / A  ) is  the ]3etti n u m b e r  of  the g r a p h  G/A ,  {k i i i  = 1 . . . . .  har is a c e r t a i n  cho ice  of 
cyc l i ca l  v a r i a b l e s ,  {q,I l~L (G/A) } ({p~ [ e~E (G/A) }) a r e  in te rna l  ( r e spec t ive ly ,  ex te rna l )  m o m e n t a  of the 
g r a p h  G/A,  and O ( H )  is  the v e r t e x  p a r t  c o r r e s p o n d i n g  to the subg raph  H (in ou r  c a s e ,  a po lynomia l  in k 
and p wi th  coe f f i c i en t s  that  depend m e r o m o r p h i c a l l y  on e). 

We denote  by A the o p e r a t o r  of  the " las t  s u b t r a c t i o n " :  A~r'~=t3z'~:~. As in [1] (see a l so  [41), we use  
the c o u n t e r t e r m  f o r m u l a :  A.R.:Hexp (u~ ~) :~  (a(p ~) :~) expA(:exp (a,q~ ~) : r  (in what  fol lows,  we shall  
omi t  the p r o p a g a t o r  nota t ion  in the Wick ope ra t i on ) .  

F o r d  = 1, 2, 3 

A(:exp u~:~-- l)  = w ( a )  qJ~, 

w h e r e  w ( u )  is  a f o r m a l  s e r i e s  in u. 

Thus ,  T h e o r e m  1.1 fol lows f r o m  the p ropos i t i on  

LEMMA 2. I. 

nCV~, 

A:,q,(~')":o= ~ ,  c~j (~)//~. 

Consider the expansion S c h e m a t i c  P r o o f  of L e m m a  2 . 1 .  
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tE(~}I IE(a)I 

An a r b i t r a r y  ampli tude 8z'~ can be r e p r e s e n t e d  in the f o r m  

~-~ (P~ . . . . .  PlEI) = 1-I P~ (2~) ~ Z~ (q~) 

where  K, , . . .  ,k~{~} is some  se t  of cyc l i ca l  v a r i a b l e s ,  Z l (qt) is a monomia l  of deg ree  r l ,  and 

Zr~+Z la~I=s,. 

We c o n s i d e r  the ge ne ra l i z e d  F e y n m a n  ampli tude 

(2.2) 

and expand it with r e s p e c t  to d is t inguished s f ami l i e s :  ~ r - / =  Z :tz-~' ((~)" We fix a p a r t i c u l a r  s f ami ly  and 

go o v e r  to sca l ing  va r i ab l e s .  We can show (see [5]) that  ~ ' / ( ~ )  can be r e p r e s e n t e d  as a sum of t e r m s  of 
the f o r m  

I.~(G)I 

H t:'-I dt. ~z ,'+~'/2-' d~,F(~,t,p)exp(- Z A~'j(~, t)pipj) . (2.3' 

We use he re  the ~ r e p r e s e n t a t i o n  in the rea l  f o r m .  

The in tegra t ion  is o v e r  the reg ion  D: 0 -< t H -< oo if H is a maximal  e lement  in 3 ;  O~t,~<t, if Ho~ 
is not max imal ,  o(~') is the se t  of d is t inguished l ines ,  0 ~ < t ,  F([3, t, p), A,~(13, t) a re  cont inuous funct ions 
in D, 

t d + e , )  h (H) d 1 t 
~ " = T - Z ( T -  2 2 Z (rz-aO~-TZ 8'-kH, (2.4.) 

lOL(H) /eL(H} I~L(H) 

O<a~<~rz, a, is an in tege r .  F(/3, t, p)  is a polynomial  in p of deg ree  Z a ,  
t~L(G) 

The ve r tex  par t  c o r r e s p o n d i n g  to the g raph  G can be ca lcu la ted  in a c c o r d a n c e  with 

o(v)= ~X(H)~'~, (2.5) 
I~<G 

where  the o p e r a t o r  ~ ( H ) =  2 (--I)'Lr ', V~, is the o p e r a t o r  of the "analyt ic  va lue"  {see [5]). 
H ' ~ H  

The summat ion  in (2.5) is o v e r  all s i n g l e - p a r t i c l e - i r r e d u c i b l e  subgraphs  H such that  E ( H )  = E ( G ) .  
We r e p r e s e n t  each f ac to r  t "~-1 in the f o r m  - H  

"H-~ 5 (h'~ (t~) tz +rH (t~), 
1 

k=l T Z 8~ 
t~L(H) 

where  the r egu l a r i z a t i on  r~(ttr) is analyt ic  at 0 with r e s p e c t  to 8,=e, l~L(G). Expanding the b racke t s  in (2o 3), 
we obtain a sum of t e r m s  that  depend m e r o m o r p h i c a l l y  on e,, l~L(G). We can show that if H r G, then 
5~(H)SZ-G'=O. This  follows f r o m  the fact  that  the o p e r a t o r  ~ (H)  c a r r i e s  the ampli tude 3v /  into the 
ampli tude (with d i f ferent  coeff ic ient  functions) of the con t r ac t ed  g raph  G/H.  If H r G, then in the g raph  
G/H a loop is fo rmed ,  and by v i r tue  of the homogene i ty  of the p r o p a g a t o r  in ou r  t h e o r y  g raphs  with loops 
have z e r o  ampl i tudes .  Fol lowing [5], we can a lso  show that  the only nontr iv ia l  contr ibut ion to the ve r t ex  pa r t  

is made by the t e r m  containing the p roduc t  f I  6 (kuP (tHi), where  H1, . . . ,  H~ a r e  the 2 - connee t ednes s  
i = l  
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c o m p o n e n t s  of the  g r a p h  G. Us ing  the fac t  that  A~,~(~, t) ]t,,i =0. ~=, . . . . . .  =0,  we find tha t  the c o r r e s p o n d i n g  
t e r m  is  a p o l y n o m i a l  in p of d e g r e e  

I LAG ) I ~. 

2 2 
l = i  i = i  lOL(lt t)  

F r o m  th i s  we find tha t  A~r'~(p, . . . ,  Pi~(~l) 

deg A'~ar'o (P , , . . . ,  Pl~(~l) = d ( I L ( G )  I 
2 

ZOL(O) 

is  a h o m o g e n e o u s  p o l y n o m i a l  in p of d e g r e e  

h(G)) + ~ , r ~ +  ~~'a~=d( IL(G)I2 h(G))+s~. 
IQL(G) eSE(G) 

Now, us ing  the r e l a t i o n s  h(G)=IL(G)I-n, 4n+m=21L(G)I+IE(G)I, w e  f ind that  d(t-%IE(G)])+degAg-o= 
d(i'~/,m)-s~=?, i . e . ,  A6z'~GT(?), which  is  what  we had to p r o v e .  

The r e m a i n i n g  p r o p o s i t i o n s  of T h e o r e m  2 .1  can  be r e a d i l y  v e r i f i e d .  

3 .  S p e c t r u m  o f  t h e  R e n o r m a l i z a t i o n  

G r o u p  D i f f e r e n t i a l  

Suppose  

H= ~ h ( k , , . . .  

w h e r e  h r T ( 7 ) .  We can  d i r e c t l y  v e r i f y  

LEMMA 3 .1 ,  

rn 

, kin) 5 (k~+ . . .  +kin) H o (k~) dk,, 

D0~x:H(qD ') -:,=~T+v,-~:H(q),) -:<. 

( 3 . 1 )  

(3.2) 

Us ing  th i s  l e m m a ,  and a l so  the r e l a t i o n  

a �9 0 DRo,xH=Do,x(H exp H ) exp (-H(~ (3.3) 

we can  c a l c u l a t e  the ac t i on  of  the  d i f f e r e n t i a l  /~n~ on the H a m i l t o n i a n  A. R. : H  exp(aqD ~) : t  

Note that  the d i f f e r e n t i a l  D~,~ is  a m u l t i p l i c a t i v e  g roup  of l i n e a r  o p e r a t o r s  wi th  r e s p e c t  to ~. We 
m a k e  the s u b s t i t u t i o n  ~ = e x p ( T / 2 ) .  Then  the o p e r a t o r s  D~,~c,/~) f o r m  an add i t i ve  s e m i g r o u p  with  r e s p e c t  
to ~-, and i t  is  n a t u r a l  to c a l c u l a t e  the s p e c t r u m  of  the g e n e r a t o r  of th i s  g r o u p .  We denote  the g e n e r a t o r  Of 
th i s  g r o u p  by D ~  ~, 

LEMMA 3 .2 .  
n (T  

j e t  

Thi s  e x p r e s s i o n  can  be r e a d i l y  t r a n s f o r m e d  to the f o r m  (3.4) .  

LEMMA 3 . 3 .  

. ( T )  

0 d :~+ ~ cz~j://j exp (w@) (3.4) D~  A.R. :Hi exp (uq) ~) : = p  (~) ~-a A.R. :Hi exp (u(p') :% 

w h e r e  ~,~=i/2w,~(~t§ -pw,/, p (a) = e w  (u)/w" (a). 
I n v e r t i n g  the r e l a t i o n  2 . 1 ,  we can w r i t e  

~ d ~ D~ A.R.:H, exp(mp ) :~ exp(ue~ ) :~ 2~ ~,j(u)A.R.:Hjexp(u@)"% (3.5) 
t , . . t  

l n (T)  w h e r e  G i is  the e l e m e n t  of the  m a t r i x  B=AW- ,A =(a ~ j ) ,~ , ,  " . . . . .  (~) ee=tw~j),r Note that  i n v e r s i o n  of  the m a t r i x  W 
is  p o s s i b l e  s inee  W = I + W1, w h e r e  a l l  the  e l e m e n t s  of the  m a t r i x  W 1 a r e  f o r m a l  s e r i e s  in u wi th  
v a n i s h i n g  f r e e  t e r m s .  

The m a t r i x  A can  be r e p r e s e n t e d  in the f o r m  W(~I+eA.)--pW~'~ w h e r e  A 0 is  a d i a g o n a l  m a t r i x :  

A~= (~,,/)~!~;,, - o - , / -  w '  ,~, --  ~,,,, X$~) =0,  i#], and a l l  the  e l e m e n t s  of the m a t r i x  p u a r e  f o r m a l  s e r i e s  in u wi th  

1229 



van i sh ing  f r ee  t e r m s .  It fo l lows tha t  the m a t r i x  B can be r e p r e s e n t e d  in the f o r m  B=l/2"fI+eAo+Bl. 

THEOREM 3 .1 .  All  the e l e m e n t s  of the m a t r i x  B t have  the f o r m  

[~j' ( a ) = ~,  b~fla '~, 

w h e r e  the coe f f i c i en t s  bn.. a r e  c o n s t a n t s  that  do not depend on ~. zj 

The p r o o f  of th is  t h e o r e m  fo l lows  f r o m  the l i n e a r  i ndependence  of the  H a m i l t o n i a n s  : H~ :, i = l ,  ~ . ,  
n(7 ) and can be v e r i f i e d  by induct ion  on n. We i m m e d i a t e l y  ob ta in  

COROLLARY.  The s p a c e s  A.R. :~ (7 )exp(a (e )q~  ~) :~ tha t  b i f u r c a t e  f r o m  the s p a c e s  : ;N('I)  : a r e  
i n v a r i a n t  s u b s p a c e s  of the r e n o r m a l i z a t i o n  g roup  d i f f e r e n t i a l  at  a n o n - G a u s s i a n  f ixed poin t .  

H e r e ,  u(~ ) i s  the e f f ec t ive  coupl ing  cons t an t ,  p (u (~ ) )  = 0. 

Thus ,  the s p e c t r a l  p r o p e r t i e s  of the d i f f e r e n t i a l  in the  s u b s p a c e  A.R. :~ (~)exp(u (e )~p  ') :~ a r e  
d e t e r m i n e d  by the m a t r i x  B.  Le t  us c o n s i d e r  it  in m o r e  d e t a i l :  

B=W (@ I+eAo) W-~-pW,jW -~. 

The expans ion  W = I + u A I + ~ 2 A 2 + . . .  h o l d s .  H e r e ,  A~=--i-i/~,, w h e r e  the m a t r i x  e l e m e n t s  of A t a r e  c o n s t a n t s .  
8 

Subs t i tu t ing  th i s  e x p a n s i o n  in (3.6),  we ob ta in  

B = ~----I+eA0+sa[A,, A01-euA~+u2B2+ . . . .  {3.7) 
2 

It ean be shown that  [&,  A0] = 0  in d i m e n s i o n s  1, 2, 3. Subs t i tu t ing  the expans ion  u(e) =u,s+u~s~+ . . . .  we 
ob ta in  

B = ~ I+e  ( A 0 - a , A , ) - e ~ r , + ~ r , +  . . . .  
2 

w h e r e  T2, T 3 . . . .  a r e  m a t r i c e s  that  do not depend on ~. In a c c o r d a n c e  with  the g e n e r a l  t h e o r y  of p e r t u r b a -  
t ions  of f i n i t e - d i m e n s i o n a l  m a t r i c e s ,  the e i g e n v a l u e s  of the m a t r i x  t3 can  be  expanded  in p o w e r s  of e '/p (p~>2) 
in P u i s e u x  s e r i e s  (see [6]). But i t  is  e a s y  to s ee  that  i f  the s p e c t r u m  of the m a t r i x  At is  n o n d e g e n e r a t e ,  
the e i g e n v a l u e s  can be expanded  in p o w e r s  of e and the e i g e n v e c t o r s  wi l l  a l s o  have  an e x p a n s i o n  in p o w e r s  
of e. E x p r e s s i o n s  e x i s t  fo r  the  m a t r i x  At, but they  a r e  c u m b e r s o m e  and we o m i t  t h e m .  We note tha t  fo r  
v a l u e s  of 3/ and m tha t  a r e  not l a r g e  the s p e c t r u m  of the m a t r i x  At is  n o n d e g e n e r a t e ,  but in the  g e n e r a l  
c a s e  th is  ques t ion  r e m a i n s  open .  

I a m  v e r y  g r a t e f u l  to P .  M. B l e k h e r  and P r o f e s s o r  Ya.  G. S ina i  fo r  helpful  d i s c u s s i o n s .  

L I T E R A T U R E  C I T E D  

1. P .  M. B l e h e r  and M. D. M i s s a r o v ,  Commun .  Math .  P h y s . ,  74, 235 (1980). 
2. M. D. M i s s a r o v ,  T e o r .  Mat .  F i z . ,  46, 232 (1981). 
3. Ya.  G. Sinai ,  T h e o r y  of P h a s e  T r a n s i t i o n s  [in R u s s i a n ] ,  Nauka ,  Moscow (1980), p . 2 0 7 .  
4. S. A. Anikin and O. I.  Z a v ' y a l o v ,  T e o r .  Mat .  F i z . ,  26, 162 (1976). 
5. R.  Spee r ,  Commun .  Math .  P h y s . ,  23, 23 (1971). 
6. T.  Kate ,  P e r t u r b a t i o n  T h e o r y  fo r  L i n e a r  O p e r a t o r s ,  S p r i n g e r ,  B e r l i n  (1966). 

1230 


