
ON T H E  C O M P L E T E  I N T E G R A ] B I L I T Y  O F  A N O N L I N E A R  S Y S T E M  

O F  P A R T I A L  D I F F E R E N T I A L  E Q U A T I O N S  I N  T W O - D I M E N S I O N A L  S P A C E  

A . N .  L e z n o v  

Complete  solutions that depend on 2r a r b i t r a r y  functions a re  obtained for  a s y s t e m  of 
r 

nonl inear  par t ia l  d i f ferent ia l  equations of the f o r m  .p~, z-~Zka~exp p~, where  k is the 

Car tan  ma t r ix  of a s e m i s i m p l e  a lgeb ra  of rank  r .  

1. In the las t  century ,  Liouville [1] found the comple te  solution to the par t ia l  d i f ferent ia l  equation 

pz~=e 2p (z=x+t, ~ x - - t  or  z=x--it, ~=x+it), (1) 

this depending on two a r b i t r a r y  functions: 

e 2p = �9 ~F~/( 1 - -  r F )  2, (2) 

where (~ = 6 (z)  and F - ~(z- )  a re  a r b i t r a r y  functions of thei r  a rgumen t s  provided no r ea l i t y  r e s t r i c t i o n s  
a r e  imposed on the solution of (1). 

The p resen t  paper  is devoted to the solution of the analogous p rob lem for  a nonlinear  s y s t e m  of 
di f ferent ia l  equations of the fo rm 

p~.~ = ~ ,  k~ exp p~ (t~<a~r), (3) 

where  k is the Car tan  m a t r i x  of an a r b i t r a r y  s e m i s i m p l e  a lgebra .  We shall  find expl ic i t ly  solutions to (3) 
that depend on 2r a r b i t r a r y  functions.  Note that  (1) is a specia l  case  of (3) for  the a lgebra  A~, whose 
Car tan  ma t r ix  cons i s t s  of the unique e lement  kil = 2. 

The s y s t e m  of equations (3) with, in genera l ,  a r b i t r a r y  ma t r ix  k is encountered in different  f ields 
of physics  - in the theory  of e l ec t ro ly te s ,  p l a sma  theory,  ae rodynamics ,  and e l sewhere  [2]. A s y s t e m  with 
Car tan  ma t r ix  was obtained in [3] in connection with solutions of the cy l indr ica l ly  s y m m e t r i c  Yang-Mi l l s  
dual i ty equations in the f r a m e w o r k  of a minimal  embedding of SU(2) in a gauge group.  In [4], Savel ' ev  and 
the author found comple te  cen t r a l ly  s y m m e t r i c  solutions O~ = pa(zz-)  to (3) which depend on 2r a r b i t r a r y  
constants  and identified solutions that lead to finite values  of the topological  cha rge .  It follows f r o m  the 
r e su l t s  of the p resen t  paper  that the s y s t e m  of duali ty equations is comple te ly  in tegrable  under  the assumpt ion  
of cyl indr ica l  s y m m e t r y .  

2. Making the change of va r i ab l e s  x = k-~p, we r ewr i t e  (3) in the f o r m  

(x~) ~=exp (kx)~. (4) 

We begin our solution of the s y s t e m  (4) with the ease  of the s e r i e s  An; substi tuting in (4) the explicit  f o r m  
of the Car tan  ma t r i x  (see, for  example ,  [5]), we obtain 

(xt) ~=exp (2xi-x2), 

(x.~) ~=exp (--xt+2x2--x3). 

(x=) ,~=exp (-x~_i+2x~-x~+~), 
(5) 

(xn)~=exp (--Xn-t+2x~). 
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We introduce the notation e x p ( - x ~  ) = X. The f i r s t  equation of the sy s t em (5) enables  us ~o find 
exp (-x~)=X,X~-XX,~; f r o m  the second equation of (5) we find 

/ 
exp (--xs) = - D e t  

Continuing the reduct ion p r o c e s s ,  we obtain 

X X~ X , ~ ' ~  

X ~  X ~ z  X ~ , , /  

exp (--x~,)=(--t) ~(~-')n Det~ (X) (l~<ct<~n), (6a) 

exp (--x,+t) = (--  t ) ~(~+,)/2 Det~+, (X) ~ I. (6b) 

Equation (6b) is a d i r ec t  consequence of the las t  equation of the s y s t e m  (5) - it is a nonl inear  equation of 
o rde r  2n for  one unknown function X and is equivalent  to the s y s t e m  (5). Any solution of (6b), when subs t i -  
tuted in (6a) gives a solution of the s y s t e m  (5). We shall  seek  X in the f o r m  

X = ~ r (z) P~ (~). (7) 
e t a !  

The proposed f o r m  for  X (7) is suggested on the one hand by the known comple te  cy l indr ica l ly  s y m m e t r i c  
solutions of (5) (see [4]) and on the other  by the known comple te  solution of the s ingle-component  Liouville 
equation (2). 

Substitution of (7) in (6b) leads to a product  of two de te rminan t s  of o rde r  n + 1 of the m a t r i c e s  

...2, F~ r  zz . . , z  : 

f~ B 
Det r ~XDet ~P~ = ( --  1) ~ r + ~)/3 (8) 

Thus,  the s y s t e m  of par t ia l  d i f ferent ia l  equations (3) can be rep laced  by two o rd ina ry  di f ferent ia l  equations of 
o rde r  n for  the de te rmina t ion  of r P=+' f r o m  known r P~, l<~r 

For  n : 1, 
F~ F - F  F~ = t .  (8) (b,@~ @fl@z=_t, - , - 3  - , - 2  

A par t i cu la r  solution of (9) is @'=z, @s-----t; R '=- -~ ,  F2=t. It follows f r o m  the conformal  invar iance of the 
s y s t e m  (3) that the functions 

r 1 6 2 1 6 2  r162 g ' = - g C g ~ )  -'~', p=C~)-v~  (10) 

sa t i s fy  (9) (where q,(z ) and ~ (z - )  a re  a r b i t r a r y  functions of the i r  a rguments ) ,  which can be r ead i ly  seen by 
d i rec t  substi tution of (10) in (9). Thus,  the genera l  solution of the Liouville equation has  the fo rm exp ( - x ) =  
(r '/', which a g r e e s  with (2). 

We a s s u m e  inductively that the functions r and g,~-, (l<~a~<n-l) sa t i s fy  (8) in the case  of the 
a lgebra  A~_,. Then there  is one obvious pa r t i cu la r  solution of (8) for  the a lgebra  An: 

tz d ct - ~  

The functions r  depend functionally (through q u a d r a t u r e ) o n  n - 1 a r b i t r a r y  functions (the same 
is t rue of - a  F=_, ). Using the conformal  invar iance  of (5), we find that the functions 

tI).~=(r -'~/2 d a ~  . . . .  @~ =(r p,~,=(p~)-,~/~ d v F  . . . . .  - - ,  ~j , 

sa t i s fy  (S) and depend on n a r b i t r a r y  functions,  leading, thus, to the complete  solution of the sy s t em (4) in 
the case  of the a lgebra  A n. It is e a s i l y  shown by induction that the explicit  exp re s s ions  for  ~ and ~"n ~ have 
the f o r m  

z $ z~r n 

' (~2) 

1 
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In (12) (O<a<~n) r  ~(P0-~t; (--1) ~ in the  e x p r e s s i o n  fo r  :F~ is  needed  to s a t i s f y  (8). Thus ,  (6a) and (12) 

s o l v e  the  p r o b l e m  of c o m p l e t e  i n t e g r a t i o n  of  the  s y s t e m  (4) in the c a s e  of the  s e r i e s  A n . 

Note tha t  any  p e r m u t a t i o n  of  the  funct ion  6 a  wi th  any  s i m u l t a n e o u s  p e r m u t a t i o n  of the  func t ion  y a  
n 

such tha t  the  s ign  of the  p r o d u c t  of  the  d e t e r m i n a n t s  d o e s  not  change  a l s o  l e a d s  to a c o m p l e t e  so lu t ion  of  (5) 
and r e f l e c t s  the  i n v a r i a n c e  of the  a l g e b r a  A n u n d e r  t r a n s f o r m a t i o n s  of the Wey l  g r o u p  (or r a t h e r ,  the  Wey l  
g r o u p  of the a l g e b r a  G L ( n ,  C)  i f  we d r o p  the r e q u i r e m e n t  tha t  the  s o l u t i o n s  of  the  s y s t e m  (5) be r e a l ) .  

To ob ta in  c o m p l e t e  s o l u t i o n s  in the  c a s e  of  the  s e r i e s  B n and Cn, we can  u s e  a r e c u r s i v e  p r o c e d u r e  
a n a l o g o u s  to (6), the  l a s t  equa t ion  fo r  x n be ing  the  equa t ion  fo r  d e t e r m i n i n g  X: 

( - l )~Det=+l  (X) =2  Detn (X) in the  c a s e  of B=, Detn+l(X)-----De%_~(X) in the  c a s e  of  C=. 

It i s  h o w e v e r  s i m p l e r  to u se  the  s y m m e t r y  of the  s y s t e m  (5) u n d e r  the  s u b s t i t u t i o n  x=~x~+i_~ and f ind c o n d i -  
t ions  on the  func t ions  (Pa and ~a tha t  l ead  to s o l u t i o n s  wi th  x~=x,+~_~; in the  c a s e  of  even n = 2k, the  
s y s t e m  (5) (a f te r  the  s u b s t i t u t i o n  x k --) 2x k ) g o e s  o v e r  into the  s y s t e m  of  e q u a t i o n s  (2) wi th  C a r t o n  m a t r i x  of  
the  s e r i e s  Bk, whi l e  in the  c a s e  of odd n = 2k + 1 we ob t a in  the s y s t e m  of  e q u a t i o n s  (2) wi th  C a r t o n  m a t r i x  
of  the  s e r i e s  C k. 

It fo l lows  f r o m  (6) and (7) tha t  ( - 1 ) a e x p ( - x  a )  i s  equa l  to the s u m  of the  mu tua l  p r o d u c t s  of  the  
m i n o r s  of  o r d e r  c~ c o n s t r u c t e d  f r o m  the  f i r s t  o~ r o w s  of  the  m a t r i c e s  (P~ P 5  - F o r  the  m i n o r s  of  n - t h  

z z  . . .  z ~  z z  . ,  ~ z *  

o r d e r  ~ = ,  F ,  ~ we find b y  induc t ion  
z z~ z $  n 

i 

F o r  ~ = ,  we ob ta in  s i m i l a r  e x p r e s s i o n s  wi th  the  obv ious  s u b s t i t u t i o n  q~a ~ ~'~, e t c .  

C o m p a r i n g  (12) and (13), we find the cond i t i on  ( ( I ) ~ = ~ ) ,  which  l e a d s  to s o l u t i o n s  of the  s y s t e m  (5) 
fo r  which  x~=x~+~_=, 

%=qD~+~_~, q~--~,+~_~. (14) 

In the  c a s e  of even  n = 2k, (14) i m p o s e s  p r e c i s e l y  k a dd i t i ona l  c o n d i t i o n s  on Ca and ~a ; in th i s  
c a s e ,  (12) and (14) d e t e r m i n e  the so lu t ion  of the  s y s t e m  (4) fo r  the  c a s e  of the s e r i e s  B~ (O(2k  + 1) ) .  In 
the  c a s e  of odd n = 2k + 1, the  n u m b e r  of  a d d i t i o n a l  c o n d i t i o n s  (14) i s  aga in  equa l  to k (for a = k,  (14) in 
t h i s  c a s e  i s  s a t i s f i e d  i d e n t i c a l l y ) ,  and (12)-(14) l ead  to the  so lu t ion  of the  s y s t e m  (4) fo r  the  s e r i e s  C n. 

The  ob ta ined  s o l u t i o n s  can  be  e x p r e s s e d  in a un i f i ed  m a n n e r  in t e r m s  of the  r o o t  s p a c e s  of the  
c o r r e s p o n d i n g  s e r i e s  An,  Bn, C n. We c a l l  the func t ions  g0 a and ~a  i n t roduc e d  in (14) s i m p l e  r o o t s  of the  
c o r r e s p o n d i n g  s e r i e s .  In the  c a s e  of  the  s e r i e s  An,  a r a n g e s  o v e r  al I  v a l u e s  f r o m  1 to n;  f o r  even  n = 2k, 
we have  b y  v i r t u e  of (14) 1 -< a -< k (O(2k  + 1 ) )  and for  odd 1 -- a _< k + 1 we have  S p 2 ( k  + 1 )  

Then (12) d e t e r m i n e s  q~0-'@~: a s  a m u l t i p l e  i n t e g r a l  of  the  p r o d u c t  of s i m p l e  r o o t s  t aken  in an 
a p p r o p r i a t e  o r d e r  and c o r r e s p o n d i n g  to a l l  m u l t i p l e  r o o t s  in which  the g iven  s i m p l e  r o o t  ~r 1 o c c u r s ,  it  be ing  
n e c e s s a r y  in a l l  m u l t i p l e  r o o t s  to add a z e r o t h  r o o t  c o r r e s p o n d i n g  to o~ = 0, fo r  which fr176 

Thus ,  to c o n s t r u c t  the  func t ions  4~ ~ and 1 ~  it  i s  n e c e s s a r y  to f ind a l l  the  m u l t i p l e  r o o t s  of  the  
a l g e b r a  con t a in ing  a s i m p l e  r o o t  e n c o u n t e r e d  a m i n i m a l  n u m b e r  of t i m e s  in t h e m .  The  index a of the  
func t ions  r  and yc~ in (12) m u s t  be  a s s o c i a t e d  with  one of t h e s e  r o o t s ,  a f t e r  which  Ca is  d e t e r m i n e d  a s  a 
m u l t i p l e  i n t e g r a l  of the  p r o d u c t  of the  s i m p l e  r o o t s  f r o m  which  the g iven  m u l t i p l e  r o o t  i s  c o m p o s e d .  

We c o n s i d e r  a s  an e x a m p l e  the  a l g e b r a  C 3. The  s y s t e m  of m u l t i p l e  r o o t s  c on t a in ing  "~1 i s  u,, a,+a2, 
~ , + ~ 2 + ~ ,  n,+2a~+g~, 2n,+2n~+a~. F o r  b r e v i t y ,  we o m i t  the s ign  of  the  m u l t i p l e  i n t e g r a l ,  but  we r e t a i n  the 
o r d e r  in which  the  f a c t o r s  in the  i n t e g r a n d  a r e  a r r a n g e d :  

w h e r e  we deno te  b y  g0 a the  func t ions  of a s i m p l e  r o o t  i n t r o d u c e d  above  in (14). 

In the  c a s e  of the  s e r i e s  D n (or thogona l  g r o u p  of  even  o r d e r  O(2n) )  the  r o o t s  of the  a l g e b r a  d e t e r -  
m in ing  X a r e *  

* The  l a s t  e x p r e s s i o n  2 ~ + . . .  +2nn_~+u~_~+~ is  not  a r o o t  of the  a l g e b r a  Dn; h o w e v e r ,  the  c o r r e s p o n d i n g  
funct ion  r  m u s t  be added  to ob ta in  the c o r r e c t  e x p r e s s i o n s  fo r  x .  
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~, ni'}'~2, �9 �9 -, ~,~-}- ... -b~-z, ~-{-~2~ �9 �9 �9 -l-~-~+~-,, n,+~-... §247 n,+n~+... ~n~_~+n~, 
(15) 

The assoc ia t ing  of the functions r a and l~a in accordance  with (15) undergoes  some changes  as compared  
with the s e r i e s  An, B,z , and C n cons idered  above.  Up to the root  ~,+n~+...§ the cons t ruc t ion  
law is the s ame  as  in the preceding  c a s e s :  

�9 ~ ,+ . .  +~o~ (~,, ~ . . . . .  r ~ )  + (~,, ~, . . . . .  ~ ,  ~ - , ) .  

For  the following functions r  the re  is a s ymmet r i z a t i on  of the multiple in tegra ls  with r e s p e c t  to the roo t s  
n~ and ~_, ,  i . e . ,  

r247  § 2 4 7  (~,, ~ . . . . .  ~ - ~ ,  ~ . . . .  ~ ,  ~ - ~ )  +(~,,  ~ . . . . .  ~ ,  ~ ,  ~ - , ,  ~p~-~), 

where  the mult iple  in tegra ls  a r e  taken in the o rde r  indicated in the b r a c k e t s .  

For  the s e r i e s  Dn, we find 

exp (-x~)~=(--t)~(~-')nDet~(X) (i<r exp (-x~_,-x~)-~(-t)(~-~)(~-~)nDet~_,(X); 

exp (-2x._~) § (-2x~) -~ ( - t )  ~(.-~n Det~(X). 

The two las t  r e l a t ions  de t e rmine  exp (-x~_~), exp ( - x . ) ,  for  which one can wri te  down independent 
exp re s s ions  analogous to the expres s ion  for  X in t e r m s  of a chain of mult iple roo ts  containing a . - ,  and n~, 
r e spec t ive ly .  

In the ca se  of the a lgeb ra  E~, the augmented s y s t e m  cor responding  to the f i r s t  s imple  root  has  the 
f o r m  al, g l + ~ ,  u,+g~+u,, n,+n3+g,+ns, ul+a2+m+nt,  g,+n3+u,+ns+n~, g,+n~+g3+s~+n0, ni+g2+g3+n,+gs+g6, 
n,+n,-t-n,+ 2n~+g~, u,+n~+na+2m+n~+ns, u,+u~+2a~+2u~+:~, ~§247247 Us, g,+g~+2ns+2n~+a~+a~, 

2g~+2u~+3u~+4n,+3u~+2a~. Then the expression for X is constructed in accordance with the standard 
rules: 

Det~ (X) Det~ (Y) 
exp (--x~) = exp ~-x~) : Det~ (Y) =-De tz  (X), 

Deh (Y) ' Det, (X) 

exp ( -x , ) -~-Det~(X)=-Det3(Y) ,  exp ( - x 3 ) = - D e h ( Y ) ,  Y=exp (-x~). 

To find e x p ( - x  5 ) and e x p ( - x 6 ) ,  it is convenient  to use the s y m m e t r y  of the s y s t e m  (4) (for E 6) under  the 
t r a n s f o r m a t i o n s  x ~ x , ,  x~-x~. The solutions for the a lgebra  F 4 a re  obtained f r o m  the ease  E 6 by sett ing 
x 6 = xl, x 3 = xs, which follows f r o m  compar i son  of the Caf tan  m a t r i c e s  for  these a lgeb ra s .  The functions 
e x p ( - x  l) and e xp ( -x  2) for  the a lgebra  G 2 can be const ructed by equating the functions x 3 and x 1 for  the 
case  of the a lgebra  B 3 ( 0 ( 7 ) )  (explicit expres s ions  for  the solutions in the a lgebra  G 2 are  given in [4]). 
We shall  not wri te  out the c u m b e r s o m e  s y s t e m s  of roots  of the a lgebras  E 7 and E 8. To solve the s y s t e m s  (4) 
in these c a s e s ,  the r e s u l t s  above a r e  sufficient .  

3.  The comple te  in tegrabi l i ty  of the s y s t e m  (3) poses  numerous  in teres t ing quest ions of both ma th e -  
mat ica l  nature  and re la t ing  to the physical  appl icat ions of the obtained r e su l t s ;  these cal l  for  fur ther  inves t i -  
gation. In the f i r s t  place,  we must  cons ider  to what extent the connection between comple te  in tegrabi l i ty  of 
the s y s t e m  (3) and the p rope r t i e s  of s e m i s i m p l e  a lgebras  is or  is not for tui tous;  do there  exis t  o ther  
nontr ivia l  m a t r i c e s  k (which a r e  not Car tan  ma t r i ce s )  leading to comple te  in tegrabi l i ty  of (3). The method 
of integrat ing the s y s t e m  (3) developed in the p resen t  paper  has  a s emi - i nva r i an t  nature ,  since we succeeded 
in finding a solution in the case  of the a lgeb ra  A n and the r e su l t s  for the other  a lgebras  (B, C, D, E, F, G) 
were  actual ly  obtained by the s imple  r e s t r i c t i o n  of A,  to them.  It would be in teres t ing to r ewr i t e  the 
solutions of (3) (or r e d e r i v e  them) using only the invar iant  roo t  technique, which would c l a r i fy  the situation 
cons ide rab ly .  

The s y s t e m  (3) evidently p o s s e s s e s  a B~icklund t r ans fo rma t ion  [6] re la t ing  the solutions of (3) to r 
f ree  Laplace equations (x,~"=0) by analogy with the case  of the a lgebra  A 1 {7]. It would be in teres t ing to 
r e l a t e  the integrat ion of (3) to the inverse  sca t te r ing  p rob lem [8]; it is well known that this can be done in 
the case  of the Liouvil le equation (1). We note finally that the Liouville equation is in t imate ly  re la ted  to the 
s ine -Gordon  equation; they both desc r ibe  two--dimensional spaces  of constant  cu rva tu re  in different  coordinate  
s y s t e m s .  Does there  exis t  a connection between the s y s t e m  (3) and the many-component  s ine -Gordon  
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equation ? If this question has an answer  in the af f i rmat ive ,  one could use the many-component  s ine -Gordon  
equations to cons t ruc t  exact ly  solvable two-dimensional  models  of quantum field theory  with an exact  S 
mat r ix  [9]. The quantum numbers  of the soliton s ta tes  of such modeIs would fo rm mult idimensional  manifolds.  

I should like to thank B. A. Arbuzov, A. A. Kiri l lov,  V. I. Man'ko, M. A. Mestvir ishvi l i ,  
M. V. Savel 'ev,  and O. A. Khrusta lev for discussing the r e su l t s .  
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V A C U U M  E X P E C T A T I O N  V A L U E S  O F  T H E  E N E R G Y - - M O M E N T U M  

T E N S O R  O F  Q U A N T I Z E D  F I E L D S  IN A H O M O G E N E O U S  

I S O T R O P I C  S P A C E - T I M E  

S . G .  M a m a e v  

A unified method is used to calculate  regu la r ized  vacuum expectation values of the e n e r g y -  
momentum tensors  for  sca la r  and spinor fields in a homogeneous isotropie met r ic  with 
hyperbol ic ,  spher ical ,  and flat t h r ee - sp ace .  Allowance is made for the contribution of 
produced par t ic les  and also vacuum polarizat ion by the gravi tat ional  field. For  mass l e s s  
fields,  the obtained expectation values have a nonvanishing t race  (conformal anomalies) .  

1.  I n t r o d u c t i o n  

In r ecen t  yea r s ,  much in teres t  has been shown in effects  that a r i s e  f rom the interact ion of quantized 
fields with an external  gravi tat ional  field. These  effects  include the production of pa r t i c l e - an t ipa r t i c l e  pai rs ,  
vacuum polarizat ion,  and also spontaneous s y m m e t r y  breaking,  

The most  important  quantit ies for  descr ibing these effects  are  the expectation values of the opera tor  
of the e n e r g y - m o m e n t u m  tensor  Tik of the quantized field. In o rd e r  to give express ions  of the type 
<T I T~kl T> a meaning, it is n e c e s s a r y  to solve two re la ted  problems.  

F i r s t ,  it is n e c e s s a r y  to cons t ruc t  the Fock space of the s tates  f ~ > of the field and define 
par t ic le  c rea t ion  and annihilation opera to r s .  In curved space- t ime ,  there  is no Poincar~ invariance,  which 
provides the basis  of the standard construct ion for  a f ree  field in Minkowski space [IJ, and the corpuscu la r  
in terpreta t ion of a field becomes  ambiguous.  

Second, for  any choice of the Fock space the expectation values <T IT,hi T> diverge .  Such d ive r -  
gences also a r i se  in Minkowski space,  where they are  el iminated by normal  order ing of the e n e r g y -  
momentum tensor  ope ra to r .  In curved space- t ime,  normal  order ing r equ i r e s  definition of the crea t ion  and 
annihilation opera to r s  and the vacuum, which brings us back to the f i r s t  problem.  
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