
N O N - A B E L I A N  S T O K E S  F O R M U L A  

I . Y a .  A r e f ' e v a  

A r ep re sen t a t i on  is fo rmula ted  and proved for  pa ra l l e l  t r a n s p o r t  along a c losed contour 
in a pr incipal  f ibe r  bundle with connection; it takes  the f o r m  of an o rdered  integral  over  
a su r face  spanned by  this contour .  

1. The a im  of this note is to fo rmula te  and prove  a r ep re sen ta t i on  for  para l le l  t r anspo r t  along a 
closed contour in a pr incipal  f ibre  bundle with connection (see, for  example ,  [1]) in the f o r m  of an o rde red  
integral  ove r  a su r face  spanned by  this contour .  

It is sufficient  to cons ide r  t r iv ia l  f iber  bundles.  Pa ra l l e l  t r anspo r t  in a t r iv ia l  f iber  bundle over  R n 
with connection f o r m  A = A~dxP and s t ruc tu re  group that is a group of m a t r i c e s  G (in physics  te rminology,  
a phase fac tor  [2]) is de te rmined  by a P - o r d e r e d  exponential  of the in tegral  along the curve  ? : P exp~A. The 

Y 

analyt ic  express ion  has the f o r m  
1 #1 # n - - t  

T n = l  0 0 0 

where the cu rve  is defined by  cont inuously d i f ferent iable  functions x .= / . ( s ) ,  ~---i . . . . .  n, 0~<s<l, A.(x) is a 
ma t r ix -va lued ,  continuously d i f ferent iable  function, and //=O[JOs. It is well known that  under  the above 
assumpt ions  the s e r i e s  (1) conve rges  absolu te ly .  

Suppose a two-d imens iona l  su r face  E in R n is defined by cont inuously di f ferent iable  functions 
with r e s p e c t  to each a rgumen t  x.=l.(s,t), 0~<s~<l, 0~<t~<i. The boundary  0~ of the sur face  E is defined by 
the segments  x.=I.(s,O), 0~<s~<t, x~=/~(t, t), 0<t~<t, x.=l~(s, t) ,  0~<s<l, x.=/.(0, t), 0~<t~<t. 

We introduce the concept  of the o rde red  exponential  of the integral  ove r  the su r face  of a function 
$ . .=~ . . ( s , t )  defined on $.  We define 

•exp ~r Adx.. d'21§ ~.  ds,.[dt, dsz dtz.., ds,, tit.• 
I n ~ l  a o o o o o 

t I 81 i sn - - s  i 

.. " " ~ ' f t  § .. 
,,-, o o o o ' * ( 2 )  

(r  (s, t) =r t)/.'(s, t)h(s, t), f / (s ,  t) =a/.(s, t)/os, /.(s, t)=a/.(s, t)/at. 

It is r ead i ly  seen  that the s e r i e s  (2) converges  absolu te ly .  In genera l ,  the express ion  on the r ight -hand side 
of (2) depends on the p a r a m e t r i z a t i o n  of ~.  

2. We have 

THEOREM. Suppose that on ~ the re  is defined a ma t r ix -va lued ,  cont inuously d i f ferent iable  
function A~(x), y = 1, 2 . . . . .  n. Then 

t 1 

P e x p  fA .  dx"=9 ~ exp dr, 
8Z 0 O 

w h e r e  ~r'~.(s, t) =h-'(s,O)g-'(s, t)F~.([(s, t) )g(s, t)h(s, 0), 

h (s, t) -----P exp ~ A~ (] (s', t) ) ]i,' (s', t) ds', 
0 

(3) 

(4) 
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g (s, t) -----P exp. ~ A, (1 (s, t') ) ]~ (s, t') dr', F~, (x) =O~A,-Oci~q- [A~, A,]. (5) 

R e m a r k s .  1. In the Abelian case ,  formula  (3) goes over  into the exponentiated ord inary  Stokes 
(Green) formula ,  and we the re fo re  cal l  it a non-Abelian Stokes formula .  

2. We note a more  compact  express ion  of formula  (3): 

P exp j'Affi9 ~ exp j" ~ A ,  
0X Z 

(3') 

where  ~A=h-~g-tDAgh, DA=F~,dx~Adx'. The geomet r ica l  meaning of our formulas  is obvious: if A is the 
fo rm of the connection,  then DA is the cu rva tu re  of the connection, and h and g implement  para l le l  t r a n s -  
port  along the cor responding  cu rves .  

3. For  a different ,  nonlexicographical  order ing  of E (see below), the fo rm of formulas  (3) and (3') 
r ema ins  the same and only the definitions of the ~ order ing and the functions h and g a re  changed in 
accordance  with the new order ing .  

Proof .  We divide the square [0, l l  • [0, 1] into nm rec tangles  with sides 1/n and 1 /m.  Then 

Pexp ~A, dx"ffi lim g,,~(OZ), g,,~(OZ)=g~-'(O~ l)h~-~(l, i)g~(i,  i )h , ( i ,  0), (6) 
n,m--~m 

i~k<<.n; (7) 

U ( ~ ,  t ) = e x p [ A ~ ( f ( n  k--, t ) ) ] , ' ( ~ ,  t )~tn] ,  V ( s , - ~ ) = e x p [ A , ( , ( s ,  ! ) ) ] ~ ( s , - ~ ) - ~ 1 .  

The proof of formula  (6) {cf [3]) follows f rom the represen ta t ion  of g ( s ,  t )  and h i s ,  t )  [formulas (4) and (5)] 
in the fo rm of the s e r i e s  (1) and the re la t ions  

0 h ~ i  

Indeed, each t e r m  of the s e r i e s  (1) can be approximated by the sum 

~ l (k, t "' i ~'-' 7-A,  -, F,-ZA E -A 
k l = l  f t2~l k l ~ |  

which we can, using the symbol of P order ing  Ca mat r ix  with l a rge r  argument  stands to the left  of a mat r ix  
with sm a l l e r  argument) ,  r ep r e sen t  by the sum 

and, 

_ l ip  " " i " 

k t ~ t  k a r l  h t m i  

by the absolute convergence ,  the complete  s e r i e s  can be regrouped as follows: 

t q- P A --~-A . . .  n ~ 1 +  
~ k t ~ l  k l = l  

i 
l i ! . . ,  l~-l! (l -- li . . . .  - - /~-l)!  

which proves  formula  (6). 

For  the p re - l imi t  re la t ion  
and Fig. 1) 

1~1  I~, . . .  l re . .  1 

eA(1)lne ~ (--~--n 1 ) / n. . . eA (-~) / n, 

g,. ~(0Z), we have the represen ta t ion  (of the factor izat ion l emma in [1] 
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Fig. 1 

l , h ~ l  

U . . . . .  V . . . .  U g h 0 (9) 
n ' m n ' m ~ - '  ' ' ' 

where g(I/n, k/m), h(I/n, 0) are defined by (7) and (8). 

The product in (9) is ordered (the symbol ~,.,) as follows: for any two matrices, the one with the 
larger value of the first argument stands on the right (the relationship of the second argument is immaterial), 
and if the first arguments of two matrices are equal, then the matrix with the smaller value of the second 
argument stands on the right (lexicographical ordering). A simple calculation shows (cf [3, 2]) that 

V-~( -l' km.)U-'( l n' mk+l')V( l-4-in ' mk)U(~ ' mk--~)=exp{l:( -~'' ~km) n--Im§176 }I ) , 
where 

Introducing the notation 

we have 

= / i z k . 

n , m  

' -})--' +o( )1 n '  ~m ~ " 
l , h ~ t  

Using the definition (2), we approximate the r ight-hand side of (3) as follows: we replace the 
integrals over  si and t i f rom 0 to s,+, and f rom 0 to 1, respect ively ,  in formula  (2) with 4, equal to _~ 

by the sum Z Z #".(I/n, k/m)/nm, where ~'(I/n, k/m) is calculated by means of the approximations of the 

ma t r i ces  g and h by the ma t r i ces  g,~(k/n, l/m) and h,~(k/n, 0) defined in (7) and (8), i . e . ,  it is given by 
formulas  (10)and (11): 

.... ",,,-='+ ...22" 5, ' :- �9 n , m . ~  " Z - - J  n m  ~ m  

The convergence of this approximation follows f rom the absolute convergence of the se r ies  (2) with O=~ t', 
which holds by vir tue of the continuity of the function ~'(s,  t). 

Arguing as in the proof of formula  (6), we have 

n/n 

(12) 
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where  9 ~. is the following order ing:  for  different  f i r s t  arguments ,  the mat r i ces  a re  a r ranged  such that t he  
mat r ix  with the l a r g e r  f i r s t  a rgument  stands on the r ight  of a matr ix  with smal le r  argument ,  while in the case  
of equal f i r s t  a rguments  it is n e c e s s a r y  to take into account in the product  all possible ways of ar ranging the 
ma t r i ce s .  It is c l e a r  that we have 

~ ,  1A[exp { ~t'(--k n , -~- -~)n~}= ~,,, n e x p  { ~r" ( - ~ ,  -~) -~-m + ~  ~-~-)} - 

[t can be seen f rom this that the approximating express ions  for the r igh t -  and left-hand sides of (3) are  
equal up to inf ini tes imal ly  small  quanti t ies .  This  comple tes  the proof of the theorem.  

We note that fo rmula  (3) has not only a pure ly  mathematical  in teres t  but also finds application in 
problems in physics .  It can be used in the const ruct ion of an a lgebra  of non-Abelian dual var iables ,  in the 
der ivat ion of the equation of a membrane  f rom gauge theory  [4], and is also helpful for  studying monopoles 
in both the c lass ica l  and the quantum case .  
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ON A M E T H O D  O F  C O N S T R U C T I N G  F A C T O R I Z E D  

S M A T R I C E S  IN E L E M E N T A R Y  F U N C T I O N S  

I . V .  C h e r e d n i k  

New fac tor ized  re la t iv is t ic  S ma t r i ce s  a re  found in e l ementa ry  functions for two and more  
different  par t ic le  spec ies .  

Zamolodchikov (see [1, 2]) has proposed the following interpreta t ion of the re la t iv is t ic  factor ized S 
mat r ix  for  a ce r ta in  finite set  X of par t ic le  spec ies .  We fac tor ize  the tensor  a lgebra  of a vec tor  space 
over  C with l inear ly  independent gene ra to r s  Ax(O ) that depend on x E X, 0 ~ C in accordance  with the 
re la t ions  

A~(O~)A~(O~) = 2 S~ (O~z)A~(O2)Ab(O,) 
a,b~X 

(0o=0~-0~, 8=~ a re  complex-valued functions).  If the monomials  A~,(0~) ...A~(0~) r emain  l inear ly  independent 
for  fixed 0, . . . . .  0s and different  sets  {xt . . . . .  x~} ~X, the fac tor  is called a Zamolodchikov algebra,  and S a 
fac tor ized  (two-particle) S mat r ix .  * The definition reduces  to the following functional equations for S: 

~ .  ~ol~) ~ (o~)=8~8.. ,  ~ s ~  (o,~)s~ (o,~) oo ( o . ) =  s ~  (o.)  ~. (o,~)s:; (o,~), (1) 
a,beX ~,btc~ X a,b,c~X 

where x, y, z, t, u, v E X, and 6 is the Kronecker  delta.  The equations (1) (of "uni tar i ty"  and " fac tor iza -  
tion") have been investigated in var ious  fo rms  e a r l i e r  (see [3, 4, 5]). 

As was shown by Zamolodchikov (see [7]), ma t r i ce s  S(0) satisfying (1) can be const ructed for  
X=Z2={0, t} d i r ec t ly  on the bas is  of the r e su l t s  of Baxter  (see [6]), who solved the problem of finding t r a n s -  
fe r  ma t r i ce s  with definite commutat ion p rope r t i e s .  The corresponding formulas  for  the coeff icients  of S 

* Definite p roper t i e s  of analyt ici ty and c ross ing  s y m m e t r y  are  also usually requi red  of the S mat r ix .  For  
the S ma t r i ces  cons idered  below, these p roper t i e s  can be read i ly  invest igated.  

State Universi ty,  Moscow. Trans la ted  f rom Teore t i cheskaya  i Matematicheskaya Fizika,  Vol.43,  
No. 1, pp. 117-119, April ,  1980. Original a r t i c le  submitted July 12, 1979. 

356 0040-5779/80/4301-0356507.50 �9 1980 Plenum Publishing Corpora t ion  


