i _
2 P A ) (B.5)
¥ri(rs—r2) ry (rs'—rz)
o (2 5.6)
Vra(rs—ri) ra (T’s—Ti)
Applying the operator L to (B.1)—(B.3) and the operator T to (B.4)—(B.6), we obtain
series of solutions of the form
Va=Lr(VY, V2, V3), (B.7)
V=TV, V2, V3, {(B.8)

LITERATURE CITED

1. G. B. Whitham, Proc. R. Soc. London, Ser. A, 283, 238 (1965).

2. S. Yu. Dobrokhotov and V. P. Maslov, "Finite-gap almost periodic solutions in WKB
approximations," in: Modern Problems of Mathematics. Reviews of Science and Tech-
nology, Vol. 15 {in Russian], VINITI, Moscow (1980), pp. 3-94.

3. I. M. Krichever, Funktsional. Analiz i Ego Prilozhen., 22, 37 (1988).

4. B. A. Dubrovin and S. P. Novikov, Usp. Mat. Nauk, 44, 29 (1989)

5. S. P. Tsarev, Dokl. Akad. Nauk SSSR, 282, 534 (1985)

6. A. V. Gurevich and L. P. Pitaevskii, Zh. Eksp. Teor. Fiz., 65, 590 (1973).

7. A. V. Gurevich, A. L. Krylov, and N. G. Mazur, Zh. Eksp. Teor. Fiz., 95, 1674 (1989).

8. G. V. Potemin, Usp. Mat. Nauk, 43, 211 (1988).

9. N. Kh. Ibragimov and A. B. Shabat, Dokl. Akad. Nauk SSSR, 244, 57 (1979).

10. F. W. Olver, Applications of Lie Groups to Differential Equatlons [Russian translation],
Mir, Moscow (1989).
11. A. C. Newell, Solitons in Mathematics, Society for Industrial and Applied Mathematics

in the United States (1985).
12. V. R. Kudashev and S. E. Sharapov, Teor. Mat. Fiz., 85, 205 (1990).

MINIMAL TORI IN THE FIVE-DIMENSTONAL SPHERE IN €3
R. A. Sharipov

The class of surfaces that have a.certain property (called complex-
normal) in the five-dimensional sphere in €* is considered. It is
shown that the minimal tori in this class are described by the equation
U,z = e 2% — eY, which can be integrated by the inverse scattering
method. The construction of finite-gap minimal tori that are complex-
normal in the five-dimensional sphere in ¢* is described.

1. Introduction

Minimal surfaces in multidimensional spaces arise naturally as classical trajectories
of relativistic strings with the Nambu [1] and Polyakov [2] Lagrangians. Geometrically,
these are surfaces of zero mean curvature, whose embedding in an enveloping space is
specified in many known cases by equations that can be integrated by the inverse scattering
method [3-5}. The minimal surfaces in R® and R* are described by the Liouville equation
uz—e*, which is nonlinear but can be linearized by a Bicklund transformation [6,7]. 1In
spaces of higher dimension, and also in curved spaces, the equations of embedding of
minimal surfaces can no longer be linearized, but they do possess matrix Lax pairs (see
[5]), and this makes a fairly efficient investigation of their solutions possible.

In this paper, we consider minimal tori in the five-dimensional sphere S$°=C’ the
embedding of which is described by the Bullough—Dodd-Zhiber—Shabat equation

Ugg=e g, (1.1)

Using the construction of finite-gap sclutions of this equation from [8], we construct
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finite-gap minimal tori that are complex-normal in S®. The situation here is analogous to
the one considered in [9,10], in which significant progress was achieved in the description
of tori of constant mean curvature in R®% S°, and H® on the basis of finite-gap solutions

of the sine—Gordon equation us=sinu. Equation (1.1) was considered in the context of affine
geometry in [11].

2. Complex-Normal Surfaces in the Hermitian Sphere

in €* and Their Scalar Invariants

We consider the space C° with the standard Hermitian scalar product
A|BY =Y, 4B, (2.1)
fe=1

and the associated Euclidean scalar product
(4|B)=Re<4|B>. (2.2)

Let r(x', x?) be a vector function with values in €® that determines the embedding of the
real two-dimensional surface T in the sphere Sg of radius R in €’ We denote by E, and E,
the tangent vectors

ar or
E1=31r=- ’ E2=82r=
oz

P

The scalar product (2.1) induces a Hermitian metric on T
hy=<E{| Ep=gitins, (2.3)
whose real part gjj is the Riemannian metric induced by the scalar product (2.2), while the
imaginary part
ay= (iE:| E;) (2.4)
is skew-symmetric and determines a closed 2-form w on T. The tensor field of = gikwk'
possesses zero trace, 2} = 0, and defines the invariant det @ of the metric %2.3) on %.

DEFINITION. We shall say that an embedding r: 7—-M<=(® of a real two-dimensional
surface T in a real submanifold M of codimension one in €° is a "complex-normal" embedding
if the unit Euclidean normal N to M at every point of the surface T is Hermitian orthogonal
to the tangent plane to T at this point, i.e., <E;|N> = 0.

For the complex-normal surface T we determine the vectors ¥, and F, that are Hermitian
orthogonal to N and Fuclidean orthogonal to the vectors E; and E,, using the relation

F=iE+Q7E,. (2.5)
The vectors F, and F, determine a further tensor field fjj = (File), which is related to
81ij and W § by
fi=gitoag™ o,
For the associated tensor field F% = gikfkj we obtain
ijzéj‘+gi“(okrg'3msj=6,-i+£?,"£2j.’.

The scalar invariants of this field can be expressed in terms of the invariant det Q of the
field Qi.
J

The vectors E, and E, form a frame in the tangent space to T, while the vectors F,, F,,
N, and iN form a frame in the normal space. The dynamics of the first frame is determined
by the equations

8B =T E*+T }F,+b;N+id,N, (2.6)

where F%- are the coefficients of the metric connection on the surface T, determined by the
well-known formula

I‘ijkzi/zgks[aigsj+ajgis—asgii]- (2.7)

The dynamics of the vectors ¥, and F, is entirely determined by the dynamics of E, and E,
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from the relation (2.5). The dynamics of the vector of the unit normal to M is described
by the equations

dN=L!E,+MF,+iSN. (2.8)

The tensor fields b;jj, djj» L&, and M% that occur in these equations as coefficients are
connected by numerous relations, which follow from the choice of the frames. From the
orthogonality of the vectors N and E;, we obtain

by=—L{gu, (2.9)
and from the orthogonality of. iN and Ej we have
dij———Mikfkj—Lih(ij- (2 . l O )

Differentiating (2.4) and using at the same time the relation (2.6), we obtain the
equation

Vsmii:Tsjkfhi-Tsihfkjy (2.11)

by which the part of the tensor tjgy = T%kaj skew-symmetric with respect to the indices
i and j is completely determined.

In the case when the manifold M is a sphere Sy of radius R, the relations (2.8)-(2.11)
described above simplify appreciably. In this case, the radius vector r(x!, x?) is pro-
portional to the normal r = RN, by virtue of which Ej = 38jr = R3;N. Comparing this now with
(2.8), we obtain

1
L,‘k = 6;‘1, Mik=0, Si=0.
R
Further, from (2.9) and (2.10) we have for the matrices of the second quadratic forms

by =— R & diy = — RO

But the matrix dij is symmetric and the matrix wj; skew-symmetric, by virtue of which both
these matrices are equal to zero: dj; = wjj = 0. Thus, in the case M = S the vectors F,
and F, for a complex-normal embedding of tﬂe surface T are identical to iE; and iE,, and
the relations (2.6) and (2.8) can be written in the form

1 1
Vt'EJ'=Tiijh"‘_R‘gijN: aiN=FEi- (2.12)

By virtue of (2.11), the tensor Tkij = ngT%g is symmetric with respect to all its
indices. The Gauss, Peterson—Codazzi, and Ricci equations are obtained as consistency con-
ditions of the equations (2.12). The Gauss equation has the form

ginbi"—gauds

Ryy= Ty T —To T + R? )

(2.13)
where Rﬁij is the Riemann curvature tensor, determined by the metric connection (2.7) in
accordance with the formula

thj=air‘kjs_ajrhis“‘FhirFr;‘s']'thrFri- (2 . 14)

In the given case, the Peterson—Codazzi and Ricci equations can be combined into a single
equation, which has the form

viTjsk____vaiskzo. (2. 15)

The symmetric tensor Tijk of the second quadratic forms has two second-order scalar
invariants:

H=T2T,7J, k=T%T, (2.16)
and a fourth-order invariant q, which is determined by the relation
q=T'T > T, T>. (2.17)

By virtue of the specifics of the two-dimensional case (dim T = 2), the invariants (2.16)
and (2.17) form a maximal set of functionally independent invariants of the symmetric
tensor Tjjk. In addition, in the two-dimensional case (dim T = 2) it follows from the
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symmetry of the Riemann curvature tensor that Eq. (2.13) is equivalent to just one scalar
equation, which relates the Gaussian curvature K of the surface T to the curvatures H and k
of the tensor Tjjk:

2K=g"R=H*~k+2R*. (2.18)

The invariant H in (2.16), which is the length of the vector of the mean normal to the
surface T,

Hn=T*F,, (2.19)

is the mean curvature of the surface T embedded in S, and the vector n tangent to the sphere
in (2.19) is the unit vector of the mean normal to T.

3. Complex-Normal Tori of Zero Mean Curvature

The condition of vanishing of the mean curvature is a strong restriction on the class
of considered surfaces, since the scalar equation H = 0 entails by virtue of (2.19) the
vector equation T%k = 0. When the symmetry of the tensor Tjjx is taken into account, this
last equation means that there are just two independent components in this tensor. To
exploit this circumstance, we use isothermal coordinates on the surface x = x* = Re z
and y = x2 = Im z, in which the metric 817 has the conformal form g = 2R%eY%dzdz. Then the
components of the tensor Tij can be expressed in terms of the two quantities A and B:

T111=A, Tizzszzzszziz“A, TzzzzB, T121=T211=T112=_B- (3. l)

We calculate the coefficients of the metric connection T%j in accordance with (2.7) for
metric of the conformal form

T'=,u,, 1"“Z=-—‘/2uw I‘n’=I‘u‘=‘/2uw P222=1/2uw Ip'=—1u, T.=T.2=u, (3.2)

after which we substitute (3.1) in the Peterson—Codazzi—Ricci equation (2.15)., After
appropriate calculations that take into account {3.2), we have

B.(e*4) =0, (e*B), 0,(e*A)=—0,(¢*B). (3.3)

It is readily seen that the relations (3.3) are identical to the Cauchy—Riemann conditions
of holomorphicity of the function G(z) = eYA + ieUB.

The case G(z) = 0 is trivial, since in this case the subspace generated by the vectors
E, F, and N also contains their derivatives, by virtue of (2.12). This means that in the
dynamics too these vectors belong to a certain real three-dimensional hyperplane in €2
and the surface T is a two-dimensional sphere, the central section of Sg with this hyper-
plane.

In the case G(z) # 0, we consider a compact surface T of toric topology. Regarding z
as a uniformizing parameter inherited from the universal covering €T, we obtain G(z) =
const # 0, since in this case G(z) is holomorphic on the compact complex torus T. By a
simultaneous change of scale along the x and y axes, which is equivalent to adding a
constant to the function u(x, y), we can satisfy the condition [G(z)| = 1 and write G(z) =
cos & + i sin 8. We can now rewrite (3.1) in the form

Tu'=ecos®, Ty'=esin®, T, ’=—e*sin®, T.'=—e"cos?,

(3.4)
To'=T'=—e"sin®, I,2=T,"=—e*cosd.

From a tensor T%- of the form (3:4) we calculate the invariants k and ¢, which are defined
by the relations™ (2.16) and (2.17),

k=2R_26_3u’ qzzR—kensu' (3 .5)

We calculate the curvature tensor Rﬁij from the connection (3.2) in accordance with (2.14)
and, substituting it in the Gaussian equation in the form (2.18), we obtain an equation for
the function u(x, y):

u.+tu,=4e"*—be*

which is identical to Eq. (1.1). The solution of this equation that corresponds to
embedding of the two-dimensional torus in Sz=C® is doubly periodic with a certain lattice
of periods in the plane of the variables x and y. Below, we consider the class of finite-
gap minimal surfaces in the sphere Sg, this class including compact two-dimensional tori
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that are complex-normal in this sphere.

4. Finite-Gap Solutions of the Equation u,; = e 24 — gl

and the Associated Orthonormal Frame in C®

We consider a Riemann surface I' of even genus g with two distinguished points P, and

Pw, on which there is a meromorphic function A(P) with divisor of zero and poles 3P, — 3P,
and on which two involutions are defined: the holomorphic involution o, which acts in
accordance with A(oP) = —A(P), and an antiholomorphic involution t of separating type
such that

A(TPYA(P)=1. (4.1)

The Riemann surface T is divided by the ovals of the involution 1 into two regions: the
region I'y, which contains the point P,, and the region T, which contains the point P.

By virtue of the relation (4.1), all fixed ovals of the involution 1T are projected into the
unit circle on the complex A plane. The number of these ovals does not exceed three. It
is determined by the number of real tori on the Jacobian Jac(I'), each of which consists of
classes of divisors D of degree g satisfying the condition

+1D—Py~P_=C, (4.2)

where C is a divisor of the canonical class on T'. By virtue of (4.2), every real divisor
D determines a certain Abelian differential w(P) of the third kind with zeros at the
points of the divisor D + tD and residues

Resw(P)=+i, Resw(P)=—i

P=Pp, P=P

at the points P, and P,, where it has simple poles. Under the action of the anti-involution
T, the differential w(P) transforms in accordance with the rule

u)(rp)=u)—(—pj, (4.3)

by virtue of which it is real on the t ovals. The real torus T, is distinguished among

the other real tori by the fact that for the divisors D from this torus the differential
w(P) is positive on all ovals of the anti-involution t with respect to the natural orienta-
tion on 9T.

Having fixed the torus T,, we consider its subset consisting of the divisors that are
invariant with respect to the composition to,

tD=gD. (4.4)

This subset is nonempty; it is a real torus T, in the Prymian Prym(T) of the Riemann
surface I'. For the divisors of such a torus, the relation (4.3) can be augmented by the
relation

o (oP) =0 (P),

which follows from (4.4) and from the invariance of the points P, and P, with respect to the
involution o.

We fix the local parameters k™ !(P) and q !(P) in the neighborhood of the distinguished
points P, and P, by means of the conditions

E(P)=r(P), k(xP)=q(P). (4.5)

b

Now, having fixed a positive divisor DeéT,=Prym(I') of degree g, we construct a Baker—
Akhiezer vector function y(z, P) with values in C® such that

Py (P)=e* @[k~ (P)+ ... ], u(P)=e*P:[E2(P)+...], (P)=e*®= [k (P)+...] (4.6)
in the neighborhood of the distinguished point P,, and such that
BBy =g Pyt e, p(P) =" (P)+o L e, wP) == g ()] (4T

in the neighborhood of the point P,. The functions ¢;, ¥,, and ¢, are uniquely determined
by the divisor D and by the conditions (4.6) and (4.7), and at the same time (see [8]) they
satisfy the differential equations

az¢1=_uz¢1+i7\4¢37 az¢1=i€"zul|32-, azllJz:uzilJz‘l”ilIh, a;'lp2=ie“1]33, 611133:”?2, 6;¢3=ix“‘e”¢l, (4- 8)
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the condition of compatibility of which is equivalent to Eq. (1.1). The condition
DeT,<Prym(I') ensures reality and nonsingularity of the finite-gap solution u(z, z) of

this equation, for which there is an explicit expression in Prym theta functions (see [8]).
In relation to the functions ¥;, ¢,, and ¢;, this same condition, expressed in the form
(4.4), gives in conjunction with (4.5)

B (0P)=—h"(P)e (. (tP),  P(0P)=L""(P)e*$,(TP), s(aP)=—2"*(P)ps(TP). (4.9)

A remarkable feature of spectral problems associated with integrable nonlinear equa-
tions is the existence of bilinear forms — pairings or generalized Wronskians consistent
with the Lax operators and, in the finite-gap case, possessing certain 'resonance"
properties. This last circumstance can be exploited in the construction of soliton-like
solutions on a finite-gap background for these equations and in the construction of Cauchy
kernels on Riemann surfaces. For the spectral problem (4.8), the pairing has the form

QP, O)={(P) [p(6Q) } =1: (P) 2 (6Q) A (P)—%z (P) 9, (6Q) 1. (P) —s (P) 5 (6Q)A* (P). (4.10)

Differentiaing (4.10) with respect to z and z, and taking into account Egs. (4.10), we
obtain the relations

0.Q(P, Q)=i[r(Q)—A(P) 1A (P): (P) :(00),
0:Q(P, Q) =ie*[A(P)A~ (Q) ~1]A(P) s (P) 1 (0Q),

from which we see that when the arguments coincide the function (4.10) does not depend on
z and z. Moreover, the function W(P) = Q(P, P) is meromorphic on I' and can be calculated
explicitly:

idA (P
PV(P)==—~———£—Z-. (4.11)
M(Po(P)
Because the covering A: I'>C is a three-sheeted one, each value of the function A(P) is
attained with multiplicity three, i.e., at three different points P;, P,, and P;. The
resonance property of Q(P, Q) is
W(P,) for P¢=Pj,
QP P; =={ ’ 4.12
( 2 0 for P:#P;. ( )
For every value of A equal in modulus to unity, IAI = 1, the points P,, P,, and P; lie on

the ovals of the anti-involution t and are unchanged by the action of t. From them, we
form a matrix U = U(A, z, z) of the form

eu/zllh (P1) 6’“/21122 (Py) w3(Pi)
VW (P) VW(P)  YW(P)
e/ ", (P e, (P, 1 (P,
- Ps (P2) P2 (P) s (Py) (4.13)
YW (P,) YW(P,) TW(P,)
eulz,drji (Ps) e—u/z,tp2 (P;,) 1?3 (Ps}
VW (P,) YTW(P;) TW(P;)

With allowance for the invariance of the points P,, P,, and P, with respect to T, and with
allowance for (4.9), the resonance property (4.12) leads to the relation

ey (PP AP) Fe= W, (Po) ba (P Fps (Pi) s (P5) =W (Py) 85,

which is equivalent to unitarity of a matrix U of the form (4.13). From this relation there
also follow the reality and non-negativity of the values of the function (4.11) on the

ovals of the anti-involution t, indicating that the radicals in the matrix (4.13) are real.
The columns of this unitary matrix U form a frame in C?%

L=U, M=U, N=U, (4.14)

which consists of unit vectors that are Hermitian orthogonal to each other.

5. Finite-Gap Embeddings of Two-Dimensional Surfaces in C°

We consider the dynamics of the orthonormal frame (4.14). 1In the complex variables =z
and z, it is determined by Eqs. (4.8) and has the form
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O.L=—"su,L+ire**N, 0:L="[u:L+ie*M, a.M='[,u.M+ie*L, 0:M=—"/uzM+ie*/*N,
g.N=ie*?M, 0:N=i\"'e**L.

(5.1)

Going over to. the real variables x = x' = Re z and v = x? = Im z, we obtain from (5.1} the
equations

O.L="l,uL+ire**N+ie=*M, 0.M=—i‘|,uM+ie-*L-+ie*?N, O.N=ie**M+i)~*e"/*L, (5.2)

for the dynamics of the frame L, M, N with respect to x and analogous equations for the
dynamics of this frame with respect to y:

Oy L=—i'l;u.L—\e**N+e~*M, 0,M=i'l,uM—e*L+e*?N, o N=—e"""M+\"'e**L. (5.3)

We gspecify the embedding of the surface T in the sphere Sp=C® parametrically by means of
the function

r(zt, z*)=RN (', 2*)=RN(z,y). (5.4)
For the tangent vectors E; and E, in such an embedding we have
E,=iRe"*M+iR\~‘¢*/’L, E,=—Re“*M+R)\ 'e"*L. (5.5)

Using the Hermitian orthogonality of the frame (4.14), we can readily establish that the
vectors E; and E, are Hermitian orthogonal to the vector N of the unit normal to the sphere.
Hence, the embedding (5.4) is complex-normal. Moreover, the metric g;i determined in
accordance with (2.3) is diagonal and has the conformal form g = 2RZeUldx? + dy?2).

Now, using Egs. (5.2) and (5.3), recalling that A is chosen with unit modulus, and
writing A = cos 9 + i sin 9, we deduce from (5.5) the dynamics of the vectors E; and E,:
V. E,=e " cos OF,—e™* sin OF,~2Re*N, V.E,=—e"*sinO9F —e™" cosOF,, (5.6)

Vo E,=—e " cos OF,+e " sin 9F,—2Re“N,

with coefficients of the metric connection determined from (3.2). Comparing (5.6) with
(2.12), we find the components of the tensor of second quadratic forms T7: for the

embedding (5.4). They have exactly the same form (3.4) as we obtained in Sec. 3 in the
general consideration. The scalar invariants are given by the expressions (3.5). Compact
finite-gap tori arise in the case when the function y, is doubly periodic. The question of
the periodicity of such functions is standard .in the theory of finite-gap integration and

is usually solved by imposing some rather ineffective conditions on the choice of the
Riemann surface I', namely, rationality of a certain number of ratios of the Abelian integrals
on it.
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