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F U R R Y  T H E O R E M  F O R  N O N - A B E L I A N  G A U G E  L A G R A N G I A N S  

N . V .  S m o l y a k o v  

It is shown that in a gauge- invar ian t  Lagrangian  (without T5 anomal ies)  based on an 
i r reduc ib le  r ep re sen t a t i on  of s imple  compact  Lie a lgebras  it is a lways poss ib le  to 
define an opera t ion of C par i ty  with r e s p e c t  to which the Lagrangian is invar iant .  
This  imposes  cer ta in  r e q u i r e m e n t s  on the a lgebra ic  s t ruc tu re  of the ve r t ex  functions.  

1 .  I n t r o d u c t i o n  

In non-Abelian gauge theor ies ,  the question of the a lgebra ic  s t ruc tu re  of the ve r t ex  functions f r e -  
quently a r i s e s .  For  such an ana lys i s ,  the most  common p rocedure  is to use  the Ward -S lavnov  identi t ies  [1-3] 
for the genera t ing  functional of the G r e e n ' s  functions.  The ana lys i s  is mos t  r ead i ly  p e r f o r m e d  if the Ward 
identi t ies a re  e x p r e s s e d  in t e r m s  of s i n g l e - p a r t i c l e - i r r e d u c i b l e  ve r t ex  G r e e n ' s  functions [4]. In [5, 6], it is 
shown that in the loop approximat ion  the Ward identi t ies  de te rmine  gauge invar iance  of the genera t ing 
functional of the ve r t ex  G r e e n ' s  functions with r e s p e c t  to a ce r ta in  Lie group which is i somorphic  in the 
genera l  case  to the or iginal  group.  And it is  only if considera t ion  is r e s t r i c t e d  to the d ivergent  pa r t s  of the 
cor responding  functions, whose explicit  f o r m  in the momenta  we know, it is poss ible  to show, on the bas i s  
of the Ward identi t ies,  that the d ivergent  pa r t s  (i. e . ,  the c o u n t e r t e r m s  needed to e l iminate  the d ivergences)  
have the same  a lgebra ic  and Lorentz  s t ruc tu re  as  the cor responding  t e r m s  in the Lagrangian  [7]. Str ic t ly  
speaking, the r eno rma l i zab i l i t y  of gauge theor ies  is based on this las t  fact .  

On the other  hand, the study of the p rope r t i e s  of cha rmon ium in quantum chromodynamics  (QCD) 
has  led na tura l ly  to the concept of the C par i ty  of cha rmonium.  Under the assumpt ion  that the s t rong 
in terac t ions  a r e  descr ibed  by QCD, one can define the opera t ion of C conjugation of a gluon. The Lagrangian  
of QCD is invar iant  with r e s p e c t  to this operat ion of C conjugation of qua rks  and gluons. The co lo r l e s s  
s ta tes  of gluons have C par i ty  equal to +1 or  - 1 .  This  immedia te ly  enables  one to say how many gluons 
can r e su l t  f rom the decay of a pa r t i cu la r  eha rmonium sta te  [8, 9] or  identify the channel through which 
pa r t i c les  with hidden c h a r m  a re  produced in h a d r o n - h a d r o n  col l is ions [10]. 

It should be noted that C invar iance  in QCD leads to consequences  different  f rom those of the C 
invar iance  in e l ec t rodynamics ,  and the automat ic  t r an s f e r  of r e su l t s  of e l ec t rodynamics  to QCD leads to an 
i nco r r ec t  answer  [11]. 

In the p resen t  paper ,  it is shown that an analogous operat ion of C conjugation can be defined for 
any gauge- invar ian t  Lagrangian based on an i r reduc ib le  r ep resen ta t ion  of a s imple  compact  Lie group.  It 
follows f rom the invar iance  of the Lagrangian with r e s p e c t  to a global group t r ans fo rma t ion  that the a lgebra ic  
s t r uc tu r e s  which occur  in the ve r t ex  functions must  be invar iant  with r e s p e c t  to the cor responding  t r a n s -  
format ions .  It follows f rom the invar iance  of the Lagrangian with r e s p e c t  to the C par i ty  that the c o r r e s p o n -  
ding ve r t ex  function must  a lso  be C even. This  tas t  condition makes  it poss ible  to de te rmine  a c lass  of 
a lgebra ic  s t r uc tu r e s  that ce r ta in ly  will not appea r  in the ve r t ex  functions.  In par t i cu la r ,  the total th ree-g luon  
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vertex function and the total ver tex for the interaction of the Faddeev-Popov  ghosts  with a gluon are  p ropor -  
tional to the s t ruc ture  constants  of the given Lie a lgebra .  

The paper is a r ranged as follows. In Sec. 2, we formulate the operation of C pari ty for gauge-  
iavariant  Lagrangiaas  without y5 anomalies .  In Sec. 3, we prove the existence of the operation.  In Sec.4,  
we show that the total three-gluon vertex is neces sa r i l y  proport ional  to the s t ruc ture  constants of the given 
Lie algebra.  

2.  C P a r i t y _  

Let T a be the basis  of a rea l  simple compact  Lie algebra L: 

[~, ~b] =ihbo~o. 

Summation is understood throughout the paper over  repeated indices.  We assume that the r a re  chosen 
such that the tensor  ]obo is completely an t i symmet r i c .  

Let ~r a = v ( T  a )  be an i r reducible  representa t ion  of L. For  simplicity,  we assume that the ~r a are  
Hermit ian.  Then [n~ z~b] =ih~0~o. The mat r ices  ~-------z~ r also form an i r reducible  representa t ion  of 

In Sec.3,  it will be shown that there exist mat r ices  U and A such that 

U +~U=A~b (I) 
with the p rope r t i e s  

1} U§ A,b*=A~; A r A = l ;  
A - - ' f  " 2) A~,,Abb, ~ , / ~ , b , o , - - j ~ ,  

3) the explicit fo rm of A" does not depend on the choice of the representa t ion ~r(~) and is determined 
solely by the a lgebra  L; 

4) suppose q~b..., has an odd number of indices a, b . . . .  , l, is completely symmet r i c  with respec t  
to them; and is invariant with r e spec t  to the adjoint representa t ion:  

/ ~ r  . . . % . . .  + /~t~e~b . , k=O 

(ioe; ~~176 is a Cas imir  opera tor  in the universal  covering a lgebra  of the a lgebra  L). Then 

A~ ,Abb  . . . .  Au,(p~,b. . . . , =_~p,b  , . . ,; 

5) A is not a multiple of the unit matr ix .  

We consider  the operat ion of C conjugation taking the example of the Lagrangian of gauge and spinor 
fields: 

where a, ~, a are  the indices of the group symmet ry ,  i and j a re  the spinor Lorentz indices, and LFp is 
the Lagrangian of the ghosts .  It is readi ly  verified that by virtue of (1) the Lagrangian r emains  invariant 
under the C conjugation operation 

5 ~ = A , b a ,  b, ~2r fi~ ~, ~p,~=U~,~C,j,~ ~, ~ = A ~ x ~  , ~ = A . . ~ b ,  C=~I~ ~, (2) 

i . e . ,  
L({~, % ~, X, a)=L(~,  ~, 2- X-- a). (3) 

Obviously, the Lagrangian of gauge and sca la r  fields has the same invariance.  Spontaneous breaking of the 
s y m m e t r y  does not break the C invariance if <O~>0"=<0~>0; U~<r It is c lear  that such an operation 
applies not 0nly to gauge Lagrangtans but also to a number of Lagrangians possess ing only a global internal 
symmet ry .  

The invariance of the Lagrangian (3) with r e spec t  to the C conjugation (2) means that the total 
vertex a-gluon functions must sat isfy the conditions 

kb.,,C ab...k 

/,o~r,,,.. ~ + . .  + ] ,o~r,~ ~ = 0, (4)  

c~'b'...c" ab,.,c 

A ~ , A ~ , . ' . . A ~ o ,  r,~...~ = r,~...~, (5) 

where a~ b, . . . ,  e are  group indices and p, v . . . . .  ~ Lorentz  indices.  Similar re la t ions  can be written down 
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for  the v e r t i c e s  with s p i n o r s .  

The condi t ions  (4) and (5) make  it poss ib le  to ident i fy  the a lgeb ra i c  s t r u c t u r e s  that  will  o c c u r  in the 
ve r t ex  funct ions .  

3 .  C o n s t r u c t i o n  a n d  P r o p e r t i e s  o f  t h e  M a t r i c e s  Aab_and U 

Let L be a r e a l  s imple  c om pa c t  Lie a lgebra ,  and L c be the complex  ex tens ion  of  L. Let ea,  h i 
be a C a r t a n - W e y l  bas i s  in L c, h a be the c o r r e s p o n d i n g  nonze ro  roo t s ,  h~ be the s imp le  roo t s ,  and H be 
the Car t an  suba lgebra  in Lc,  h ~ H. Then 

[h, e~]=(h,  h~,)e~,, [e~, e-~,]=-h~, [e~, e~]=N~,,~e~,+~, (e~, e _ ~ ) = - t ;  .N~, ~=N-~,,_~, 

where  (x. y)  is the Kil l ing f o r m .  Let  0 be the involution defined by the r e a l  f o r m  L of  the a lgeb ra  L c. 
Then in L c the re  ex i s t s  a C a r t a n - W e y l  ba s i s  [12] such  that  

We shal l  work  in this  b a s i s .  

We define an a u t o m o r p h i s m  L c 

Then ~ ,  1~ i s a t i s fy  the r e l a t i o n s  (6). 
We have 

Suppose 

It fol lows f r o m  (6)-(10) that  

(6) 

0(e~) =e_=; 0(h=) = - h ~ .  (7) 

-~ L c by the r e l a t i o n s  

h,=-h, ,  g~=e_:. (8) 

Let  r a be a bas i s  in L such that  f, bo is c o m p l e t e l y  a n t i s y m m e t r i c .  

0(z , )=%.  (9) 

h~=B~,,-"c,; e~,=B~,~-~%; ?o-~Bo~h,+B,~g~. (10) 

I. [zV~,Yb]-----f, bcYo, 0(~a)=Y==~+flL, Aob--~-B=,B~b-'+Ba~,B--~, "~=A~'~b, (11) 

s ince  Aob*=A~b, because  T~, Y~L. It fol lows f r o m  (11) by v i r tue  of  the fact  that  the Kil l ing f o r m  ],~hj,~6~b that  

Ao,,Ab~,A,r AAr=I .  

P r o p e r t y  4 is obtained f r o m  the fol lowing.  Let  q0 . . . . .  ~ . . . .  To be a C a s i m i r  o p e r a t o r .  We c o n s i d e r  
its r e s t r i c t i o n  to the Car t an  suba lgebra ,  i . e . ,  we e x p r e s s  "r a in t e r m s  of  h i ,  ea,  and then se t  e a = 0. Then 
under  the a u t o m o r p h i s m  (8) this  r e s t r i c t i o n  changes  s ign.  But by Cheva l l ey ' s  t h e o r e m  [13] t he re  is a o n e - t o -  
one c o r r e s p o n d e n c e  between C a s i m i r  o p e r a t o r s  and the i r  r e s t r i c t i o n s  to the Car tan  suba lgeb ra ,  f r o m  which 
P r o p e r t y  4 fol lows.  

F r o m  (8) we a l so  have A r )~. 1. Let  7r(T a) be an i r r educ ib l e  r e p r e s e n t a t i o n  of  L. By l inearity~ 
we c o n s t r u c t  ~(hi) ,  ~r(ea), an i r r educ ib l e  r e p r e s e n t a t i o n  of  L c. It is r e a d i l y  ver i f i ed  that  the m a t r i c e s  
n '  (h~)~-~(h~), ~ ' (e~) -~-~(e_~)  a l so  f o r m  a r e p r e s e n t a t i o n  of  L c. 

The c h a r a c t e r  of  the r e p r e s e n t a t i o n  d e t e r m i n e s  the r e p r e s e n t a t i o n  i t se l f  uniquely  up to equ iva lence ,  
The c h a r a c t e r  i t se l f  is uniquely  d e t e r m i n e d  by its r e s t r i c t i o n  to the u n i v e r s a l  c o v e r i n g  of  the Ca f t an  s u b -  
a l geb ra  [12]. It is obvious  that  these  r e s t r i c t i o n s  of  the r e p r e s e n t a t i o n s  v and ~' a r e  the s a m e .  T h e r e f o r e ,  
t he re  ex i s t s  a ma t r i x  V such that  

(x) =V:~r~ '(x) V, x~L~. (12) 

It is  e a s y  to show that  t he re  ex i s t s  a n u m b e r  ~ such that  

U=• U+=U -i. (13) 

F r o m  (12) and (13), we obtain A~a('~)=U+~(~o)U. 

]3y v i r tue  of  the r e l a t ion  
eln~6~,~ae-'noob~ (eFbs~) aJlc, 

where  (Fb)ao=]~b~, it is r e a d i l y  seen that  the m a t r i c e s  U'=Ue ~'~'6~ A '=Ae  -'~~ a lso  sa t i s fy  the r e l a t ion  (1) and 
have the p r o p e r t i e s  1-4 .  If s o m e  a l g e b r a i c  t e n s o r  inva r i an t  with r e s p e c t  to the adjoint  r e p r e s e n t a t i o n  has  
definite t r a n s f o r m a t i o n  p r o p e r t i e s  under  the ac t ion  of  the m a t r i x  A, then it has  the s a m e  t r a n s f o r m a t i o n  
p r o p e r t i e s  under  the m a t r i x  A ' .  T h e r e f o r e ,  in a n u m b e r  of  c a s e s  it is convenient  to use  the m a t r i c e s  U'  and 
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A' r a t h e r  than the m a t r i c e s  U and A obtained above.  In par t i cu la r ,  if v a is the fundamental  r ep re sen t a t i on  
of SU(e)  then the "angles"  5 a can a lways be chosen such that U' = 1. In such a case ,  the re la t ion  (1) takes  
the fo rm --~r=A~'g~,  which means  that we can wri te  down the mat r i •  Aab di rec t ly  without r e c o u r s e  to the 
Ca r t an -Wey l  bas i s .  

4 ,  A l g e b r a i c  S t r u c t u r e  o f  T h r e e - G l u o n  V e r t i c e s  

The tensor  ~br at  the th ree-g luon  ver te•  must  sa t i s fy  the re la t ions  

/ ~ , ~ +  / ~ b ~ o +  /,~q~b~=O, (14) 

A ~ , A ~ , A  r 'o' =r (15) 

A t ensor  (p,~, that sa t i s f i e s  (14) and is a n t i s y m m e t r i c  with r e s p e c t  to at  leas t  one pair  of indices is n e c e s s a r i l y  
proport ional  to ],,~o (see the Appendix). A comple te ly  s y m m e t r i c  ~,~o sat is fying (14) cannot sa t i s fy  (15), 
s ince q)~'~:~o is a C a s i m i r  ope ra to r .  Only one poss ibi l i ty  r ema ins :  q)~o~]o~o. Obviously,  the s ame  is t rue 
for the ver te~ of the in teract ion of the ghosts  with the gauge field. 

[ t hank  B. A. Arbuzov, M. V. Savel 'ev .  V. V. Khrushchov,  and S. R. Slabospitskii  for  fruitful 
d iscuss ions  and helpful advice.  

A__p_pe n di ~ 

We show that a t ensor  ~0o/v sa t is fying (14) and a n t i s y m m e t r i c  with r e s p e c t  to two indices (say, the 
f i r s t  and the second) is propor t ional  to /o~. We denote (q).)bo=(~boo; (F,)bo=/b~. We r ewr i t e  (14) in the f o r m  

From (16} we readily conclude that 

F~ cP b--Fb ~P~ =Cpa6~Fi. 

(16) 

(17) 

t 
F, q)bF,= -- - -  F (I)~, (18) 

2 

where  SpFoF~=-,~8~, F r o m  (16)-(18)~ 

F.F~q&-F~,@bF.=l~biF.q~i=t/2],~b.~,~i~5, FCp,~=s Fk. (19) 

By vir tue  of  (14), the mat r i •  A~b=s com mute s  with F a. Since the a lgebra  is s imple ,  A,b~6~b. Indeed, Ao~ 
is the sum of a s y m m e t r i c  and an a n t i s y m m e t r i c  mat r ix ,  each of which commute s  with F a. The s y m m e t r i c  
ma~ri• is  a mult iple of the identity, and it can be shown that the a n t i s y m m e t r i c  ma t r ix  belongs to the center  
of  the adjoint r e p r e s e n t a t i o n  of the a lgebra .  But the cen te r  of a s imple  a lgebra  is equal to ze ro .  It follows 
f rom this and (19) that 0~ ~ F a. 

~2 
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