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A Rigorous Theory of Finite-Size Scaling at
First-Order Phase Transitions
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A large class of classical lattice models describing the coexistence of a finite
number of stable states at low temperatures is considered. The dependence of
the finite-volume magnetization M, (h, L) in cubes of size L? under periodic
boundary conditions on the external field # is analyzed. For the case where two
phases coexist at the infinite-volume transition point h,, we prove that,
independent of the details of the model, the finite-volume magnetization per
lattice site behaves like

M (k) + M tanh[ MLYh—h,)]

with  M.(h) denoting the infinite-volume magnetization and M=
$IM o (h, +0) — M (h,—0)]. Introducing the finite-size transition point /,,(L)
as the point where the finite-volume susceptibility attains the maximum, we
show that, in the case of asymmetric field-driven transitions, its shift is
h,—h,(L)=0O(L~2), in contrast to claims in the literature. Starting from the
obvious observation that the number of stable phases has a local maximum at
the transition point, we propose a new way of determining the point 4, from
finite-size data with a shift that is exponentially small in L. Finally, the finite-
size effects are discussed also in the case where more than two phases coexist.

KEY WORDS: First-order phase transitions; finite-size effects; university of
finite-size scaling; asymmetric first-order transitions; coexistence of several
phases.

1. INTRODUCTION

The behavior of lattice systems at first-order transitions for finite lattices
has been recently intensively studied.”' >’ The discontinuity that appears in
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the thermodynamic limit is smoothed for finite volumes. The widely
accepted view is that the nature of this smoothing does not depend on the
details of the model. For symmetrical models, like the Ising model, with the
symmetry h <> —h with respect to the ordering filed #, the finite-size effects
respect this symmetry. In fact, one expects that the magnetization M.,
under periodic boundary conditions in a cube of size L behaves like

M, (h, L)~ M tanh(M - hL%) (1.1)

where M is the (infinte-volume) spontaneous magnetization and d is the
dimension of the lattice (the inverse temperature f is included in #). This
dependence follows already from the rough low-temperature approxima-
tion of the partition function

Z porlh, L) ~ &ML 4 g —hML! (1.2)

There is a certain controversy in the literature once the models without
such a symmetry are considered. It concerns both asymmetric field-driven
transitions as well as temperature-driven transitions for the Potts model.
Different versions of the formula (1.1) were obtained assuming different
ansitze™> on equilibrium probability distribution P,(i) of the corre-
sponding order parameter.

Our aim in this paper is not only to resolve this controversy, but, in
general, to put the theory of finite-size effects on a rigorous footing. The
theory presented here starts from the observation due to Borgs and
Imbrie(® that the partition function (under periodic boundary conditions)
of a model that describes the coexistence of N phases, g =1,..., N, is well

approximated® by
N

Zoe L, )= ) exp(—f,L%) (1.3)

g=1
Here [, is some sort of “metastable free energy” of the phase ¢. It equals
the equilibrium free energy f of the considered model whenever g is a
stable phase; otherwise f/,> f and the phase g is exponentially damped in
(1.3). As an implication, one can show that

im chr(ha L)
L+ exp(— ffLY)
where N(h) denotes the number of stable phases at the particular

temperature and for the particular value of the (generalized) magnetic
field A.

4 This result as well as the results of the present paper are valid for a large class of lattice
models at low temperatures that can be rewritten in terms of contours with small activity.

= N(h) (1.4)
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The main idea of the present work is to substantiate the finite-size
behavior [like than in (1.1)] by showing that the functions f7 can be
replaced by sufficiently smooth functions (for our purposes it is convenient
to consider four-times differentiable functions) and by carefully estimating
the involved errors. Considering the generalized magnetization

1 dlog Zy(h L)

= L5
Mo, L) = 73— (15)
we can approximate it from (1.3) by
N
Mper(h’ L)= Z Pq(h) Mq(h) (16)
g=1
with
_ 4 _exp(=f,L9)
Mo==a 0 ST e (—f )

Expanding now P, and M, around the point 4® of coexistence of all
phases, we get the finite-size effects in the case of the multiple phase
coexistence. To our knowledge, the closed formula for the finite-size
behavior around the point of coexistence of more than two phases has not
been considered before in the literature (with a possible exception of the
Potts models, where, however, all the ordered phases are linked by a
symmetry).

In the particular case of coexistence of two phases, we get for
M. (h, L), also in a nonsymmetric case, a formula that resembles (1.1).
The (infinite-volume) coexistence point /4, may be shifted due to finite-size
effects. One can imagine different ways to locate the point A, from (say,
Monte Carlo) data for a finite cube. An obvious possibility is to consider
the point 4,,(L) where the finite-volume susceptibility y,..(#, L) is maximal.
We prove that this point is shifted by a term proportional to L~2¢ with
respect to A, (the shift predicted in ref. 5 is proportional to L~9). It turns
out that a more natural and also more accurate estimate can be gained by
considering a finite-size approximation N(4, L) of the number of phases
N(h) as given by (1.4). Observing that the number of phases has a local
maximum at the coexistence point A, [actually, it abruptly jumps from
N(h)=1 for h#h, to N(h,)=2], we define #,(L) as the point where the
function N(4, L) attains the maximum. It can be shown that it is, in fact,
the point where

M ei(h, L) = M per(h, 2L) (L.7)
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and that its shift with resxpect to the infinite-volume value 7%, is exponen-
tially small in dependence on L.

Before summarizing the content of the paper, we stress two points.
First, in the case of asymmetric first-order transitions it is not essential
whether they are field driven or temperature driven. Thus, the parameter 4
actually may be replaced by § and the methods of the present work can be
used also for, e.g., the Potts model.””’ Second, the class of models that can
be treated contains not only standard lattice models with finite numbers of
spin states, but covers also first-order transitions for some models with
“continuous spin” such as P(¢), models (both on a lattice and a
continuous space-time)® or lattice Higgs U(n) models with large n.®

We start in Section 2 by introducing the class of models to be studied.
Then we show how to introduce the smooth functions f. Some proofs are
delegated to the Appendix. Section 3 is devoted to a detailed discussion of
finite-size effects in the case of coexistence of two phases and to the
evaluation of shifts of several finite-volume transition points. The proofs
are collected in Section 4. The general case of multiphase coexistence is
studied in Section 5.

2. CONTOUR MODELS, TRUNCATED PARTITION
FUNCTIONS, STABLE AND UNSTABLE PHASES

In this section we introduce a class of models describing the systems
we want to analyze. Following refs. 6, 10, and 11, we then introduce certain
truncated contour models that on one hand can be analyzed by convergent
cluster expansions and on the other hand agree with the original model for
stable boundary conditions. The truncated partition functions and their
free energies will play an important role in the analysis of this paper.

2.1. Definition of the Model

We start with the definition of the partition function Z (V) in a region
V' with boundary condition ge Q= {1, 2,.., N}. The index ¢ labels the
possible “ground states” of the system, and ¥ is a finite union of unit cubes
in RY, with d> 2. We use the notation ¥4 to indicate boundary conditions
g on V, and to each ground state geQ we associate a “ground-state
energy” e, e R. We define Z,(V) as a sum over contours Y in V, so we
begin by defining these objects.

A contour is a pair (Y, g(-)) where Y is a connected union of closed
unit cubes and ¢(-) is an assighment of labels g(F)e Q to the boundaries
F of the components C of Y*=R\Y. If g(-) = q on the external boundary
component of Y, we call Y a g-contour and we sometimes emphasize this
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by a superscript ¢ on Y. To simplify formulas, we use the symbols ¥ or Y7
to denote the pair (7, g(-)) as well as the region Y. We use Int,, ¥ to
denote the union of all finite components C of Y* for which ¢(éC)=m, and
write Int Y= )7 _, Int,, ¥, V(Y)=1Int YU Y. Finally, each contour Y has
a translation-invariant activity p(Y)e R satisfying the following bound for
some large 7:

lp(Y*)] <exp[— (7 +e) [ Y]] 21

Here |YY] denotes the volume of Y7 and e, is defined as the energy of the
lowest ground state,

ep=mine, (2.2)
q

An allowed configuration of our system is a collection {Y,} of non-
overlapping® contours with compatible boundary labels. The compatibility
is determined by the requirement that any connected component of
\U, Y, has constant boundary conditions. In addition, we require that
the distance of Y, and 0V is greater than or equal to one for all contours
Y,. If the complement V' of V' is not connected, we do not allow contours
whose interior intersects V*. Given a collection of countours, we finally
attach energy densities to the regions occupied by each phase of the model.
A connected component of ¥\, ¥, that has boundary condition m is
considered to be part of R,,, the region “in the mth phase.” Thus, we have
partitioned V\{J, Y, as U,, R,,. Associating the energy density e,, with the
region R,,, we get the expression for the partition function:

z, V)= % Ilr(Y.) H exp(—e,, [R,|) (23)

{Yy} « =

The connection between this partition function and the Peierls contour
picture of spin systems is clear—we have just replaced sites with cubes
and thickened contours to include neighboring cubes.

The magnetic fields are introduced as real parameters {4;} on which
the activities p and the energies ¢, may depend. There should be at least
N—1 such parameters, and we neced a degeneracy-breaking condition.
Namely, we suppose that the matrix

d
E= (dh( eN))q,i:l ..... N—1 24

% Since contours were defined as union of closed unit cubes, this condition is equivalent to the
condition that dist(Y,, ¥;)>1 for all « # .
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is nonsingular. We further assume that p and e, are C* functions of
h=(hy,.., hy_,) satisfying the bounds

d*e

<G (2.5)
d“p(Y) et
_;hk—- <Ck€ (v-+e)| Y] (2.6)
IE~' o =max ) [(E™1),| < const < o0 (2.7)

q

where the constants are independent of 7 and &: {1,.., N—1} - {0,1,..} is
a multi-index of order |k| =Y k, between® 1 and 4. We also assume that

eh=0)=e;(h=0) forall ¢,5eQ (2.8)

For many purposes we need a second expression for Z (V) which
eliminates the compatibility of boundary conditions on contours. To this
end, we first sum in (2.3) over all sets {Y,} with a fixed collection of
external contours (those that are not contained in Int Y, for any «). For
each external contour Y7 (external contours in ¥“ must of course have
boundary condition ¢) this resummation produces a factor Z, (Int,, Y?).
This yields the expression

zZV)= 3 H[ Y")HZ (Int,, Y?)exp(—e, IExtl)} (2.9)

{Y Jext 2

where the sum runs over sets { Y7}, of mutually external contours, ie.,
Y,ulnt Y, and Y, ulnt Y, do not overlap for o' #a. Also, we have
denoted Ext = V\UJ, uInt,, Y?). Assuming that Z (Int,, Y?) #0, we divide
each Z,, by the corresponding Z, and multiply it back again in the formula
(2.9). Iterating the same procedure on the terms Z (Int,, Y?), we eventually

get
. . Z,(Int,, Y9)
Z (V)= Lexp(—¢,| V)] ;}E[{pm[exp(e YO Z e, 7o) Yq)}
= [exp(—¢, V)] ¥ TTK(YY) (210)
g} =

The only conditions on the collections {Y?} are that the contours do not
overlap and all have outer boundary ¢. The expression (2.10) is useful for

¢ The reason why we take the derivatives up to namely fourth order here is that eventually
we will use such a condition to evaluate the location of the maximum of the susceptibility;
see Section 4.
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stable ¢ (defined below), while (2.9) is better for unstable ¢ in view of
possible zeros of Z (Int,, Y?).

Remark (i). For the Ising models defined in Section1, N=2. The
parameter t can be chosen as O(f), and the magnetic field H of these
models is related to the magnetic field defined in this section by 4= H.

2.2. Truncated Partition Functions, Stable and
Unstable Phases

We are going to define truncated contour activities K'(YY) and the
corresponding partition functions

Z(V)=L[exp(—¢, V] ¥ [ K'(Y2) (2.11)

{ri} «

in such a way that

(i) log Z,(V) and the corresponding (infinite-volume) free energy f7,
can be analyzed by a convergent cluster expansion, and

(i) Z(M=Z/ (V) if f,=f=min,_, f,, so that the truncated
model is identical to the original model if [ = f (following ref. 10, we call
these g “stable”).

A possible choice, essentially identical to that of ref. 6, would be the
definition K'(Y)=K(Y) if [K(Y)|<e =81 and K'(Y)=0 otherwise.
This definition leads to truncated partition functions obeying the above
conditions (i) and (ii), but the corresponding free energies /7, will not be
smooth functions of the magnetic fields 4. While this was of no importance
in the context of ref. 6, it would be inconvenient for us. We therefore prefer
a different definition, motivated by ref. 11.

We proceed by induction. Assuming that K'(Y) has already been
defined for all contours Y with diam Y<n, neN, and that it obeys a
bound

|K'(Y) <& (2.12)

for some small ¢, the truncated partition functions Z.,(V) are defined for
all g and all volumes V with diam V' < n. Their logarithm can be controlled
by a convergent cluster expansion and Z,(V)#0 for all me Q. We then
define K'(Y7) for g-contours of diameter # by

Z,.(Int,, Y9)

K =x (Xg) prnlexple, YD T 2752

m

(Y1) =[] x(log |Z,(V(Y"))| —log |Z,,(V(Y"))| +«| ¥|) (2.13b)

m

(2.13a)
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where o will be chosen later and y is a smoothed characteristic function.
We assume that y has been defined in such a way that y is a C* function
that obeys the conditions

0<y(x)<g1 (2.14a)
A(x)=0 i [ x<—~1, yx)=1 if x>1 (2.14b)
0<L xx)<1 (2.14c)

dx

d* ~
G| <G for O<k<d (2.14d)

where the constants C, depend only on k.

As the final element of the construction of K’, we have to establish the
bound (2.12) for diam Y =n. We defer the proof, together with the proof
of the following Lemma 2.1, to the Appendix. We use f, to denote the free
energy corresponding to the partition function Z,

. 1 ,
fo= _Vh—.mzdl—l—/—llog ZyV) (2.15)
and f, a, are defined by
f=min f, (2.16)
a,=f,—f (2.17)

Lemma 2.1. Assume that [p(Y?)| <exp[—(t+¢ey)|Y?] for all
possible g-contours Y?. Then there exists a constant 1, (depending only
on d and N) such that, for 121, and 0<a—3<1—~1,, the contour
activities K'(Y) are well defined for all ¥ and obey (2.12) with g=
exp[ —(t—2d—2—a)]. In addition, the following statements hold for
127and 0<<a—3<1—14:

(1) 1Z, (V)| <exp(—fIV]+]0V]).

(ii) If a,diam Y7 < a~2, then K(Y?)=K'(Y?).

(iii) If a,diam V< a—2, then Z (V)= Z (V).

Remark (ii). Due to the bound (2.12), the partition function Z, (V)
can be analyzed by a convergent cluster expansion, and

llog Z, (V) + f4 V11 < O() 0V (2.18)
|fy—e,l < O(e) (2.19)
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Remark (iii). Due to Lemma 2.1(iii), Z (V) and Z(V) are equal if
a,=0. One therefore says that q is stable if a,=0.

We finally turn to the continuity properties of Z, and Z;,. As a finite
sum of C* functions, Z (V) is a C* function of 4. The following lemma
gives a bound on the derivative of Z (V).

Lemma 2.2. Assume that 7> 1,. Then

dk
S L2 exple, V)] < Olexp( =) V1™ expl(e, — NIV1 + 1971]
for all multi-indices k of order 1< k] <4.

Lemma 2.3. There are constants 7, and K < oo such that, for 1> 1,
and 0<a—3<t—10, K'(Y?) and log Z/(V) are C* functions of 4, and

K'(Y%)| < (Ke)™™

P
for all multi-indices & of order k| < 4.

Proof. The proofs of these lemmas are given in the Appendix.

Remark (iv). By Lemma 2.3, s,=f,—e, is a C* function of / and

. .
’Eh_;(fq—eq)

< 0(e) (2.20)
Using the a priori assumption (2.7), we conclude that

-(z (f;—fsv))w ) (221)

-----

obeys a bound of the form (2.7) as well, with a slightly larger constant on
the right-hand side; when one combines this with the inverse function
theorem, one immediately obtains the existence of a point 4, for which all
a, are zero, ie, all b.c. are stable; more generally, one may construct
differentiable curves 4,(¢) going out of /,, on which only g is unstable, sur-
faces h,;(t, 5) on which g, 7 are unstable, etc. A possible parametrization of
these curves, surfaces, etc., is given by a,(h,(1))=0,,t, a,(h,;(t )=
O gl + Oy Syene.

Remark (v). In the literature, one often assumes a bound of the form
(2.1) with e, replaced by e,. As one may see from (2.5), (2.7), and (2.8),
such a bound will usually hold only in a neighborhood of diameter O(z)
of h=0. Outside this neighborhood, one then has to distinguish between
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states g for which e, —e,< O(7) and those for which e, —e,> O(1); the
notion of a contour is then redefined in such a way that regions corre-
sponding to a ground state g with e, —e,> O(t) are part of a contour. Our
procedure avoids this procedure of redefining contours.

Remark (vi). For the rest of this paper we choose a=1/2. As a
consequence,

K'(YY) <e—(f/4)lY"i

) an*

for all multi-indices k& of order |k|<4; and K'(Y))=K(Y?) if
a,diam Y?< /4.

3. COEXISTENCE OF TWO PHASES

In this section we state our results for the finite-volume magnetization
with periodic boundary conditions. We consider models defined on a
d-dimensional torus T with sides of length L in each direction, whose
partition function can be written as

Zo(T)= Y |1 [exp(—enlR, I)]Hp (3.1)

{Ys} m

Contours are again (Y, g(-)), where Y is a connected union of closed unit
cubes in 7 and ¢(-) is an assignment of ¢(F) € Q to the boundaries F of the
components C of Y*=T\Y. And R,, is again the union of all components
of T\, Y, which have the boundary condition m. For contours Y with

diam Y<L/3 (3.2)

we call them small in this section, it is clear which component of T\ Y is
the exterior, Ext ¥, of Y; and Int Y= 7\(Y U Ext Y) may be decomposed
in the same way as before: Int Y=}, Int,, Y.

We will assume that the activities p(Y) of the small contours are the
same as those introduced in Section 2 (in particular, p(Y) is translation
invariant, and does not depend on L as long as L =3 diam Y). We do not
need any special properties of the activity p for large contours, apart from
the condition that

[p(Y) <expl—(z+eo)| Y]] (3.3a)

and

dk
‘;,—h—kp(Y)‘ <Crexpl—(v+e0)| Y]] (3.3b)
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Now, we restrict ourselves to the case of two ground states,
Q={—1, +1}. We assume the bounds (2.1) and (2.5)—(2.7) for some large
7, and denote by %, the magnetic field corresponding to the coexistence
point; see Remark (iv) of Section 2. We suppose also that signs have been
chosen in such a way that

d

(e —e)<0 (34)

so that + is stable for 2>k, and - is stable for A< h,. We introduce
further the infinite-volume magnetizations,

. 1 d
M, (h)= Vl_bzdm%logZ + (V) (3.5)

where Z , (V) are the partition functions introduced in the last section, and
the finite-volume magnetization with periodic boundary conditions,

L2 log ZpedT) (36)

Mper(h’ L) Ld dh

Note that M () can be analyzed by a convergent cluster expansion if
h=h,, while for M _(h) we have a convergent cluster expansion if A< h,.

Remark (i). As a finite sum of C* functions, Z () is a C* function.
Therefore M., (h, L) is well defined as long as Z,..(T) #0.

The following lemma, together with Theorem 3.2 below, is proven in
Section 4.

Lemma 3.1. For 7> 1, where 1,< o0 is a constant that depends
only on d, the following statements are true:

(1) My (h, L) is well defined for all LeN.
(ii) The limit M (h)=1lim, , , M., (h, L) exists and

M_(h) for h<h,
M (h)=<;[M_(h)+ M (h)] for h=h, (3.7)
M, (h) for h>h,

Remark (ii). Lemma 3.1 is an immediate generalization of a theorem
proven in ref. 6, which states that the quantity

d
Z perlh, L) " ME
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goes to the number N(h) of stable phases’ as L — oo [we use f(k) to
denote the free energy ].

We now turn to the finite-volume behavior of M.(h, L). We
introduce the susceptibilities

dM , (h)
S e )
and the constants
_ M (h)+ M ()
h 2

p M) M)

M, (3.9a)

(3.9b)

Note that M,=0 and y, =y _ for a system with +/— symmetry.

Theorem 3.2. There exist constants t,<oo, K, K, <oo, and
by >0 such that the following statements are true for 7> 1,.

() [Mper(hy L) — M per(h)]| < e~ 07E 4+ Ky =001 =l (3.10)

(i) Myelh, L)= Mo+ B

(h—h,)+[M+X+ ;X— (h—-h,)}

x tanh {Ld [M(h —h)+ XL}—Z; (h— hz)zJ}

+R(h, L) (3.11a)
with an error R(A, L) bounded by
|R(h, L)| e %"+ K, |h—h,* (3.11b)

Remark (iii). Both bounds (3.10) and (3.11) of Theorem 3.2 are true
for all 4. The bound (3.10), however, is better if |h—#,| is large, whereas
(3.11) is better if |h—h,| is small. The overlap, where both of them are
nontrivial, is the region L=< |h—h,| < 1.

Remark (iv). For a system with +/— symmetry, #,=0, M,=0, and
x . =y_ =; therefore Theorem 3.2 implies that

M. (h, L) = yh+ M tanh(MhL?) + O(h*) + O(e ™) (3.12)

" For the models with two ground states considered in this section, N(#) is one for /1 # h, and
two for h=h,.
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We finally discuss the shift of the coexistence point A, due to finite-size
effects. Since the order parameters have no discontinuities in finite volumes,
there are several possible definitions of the coexistence point for finite L.
We consider the point 4,,(L) where the finite-volume susceptibility

dM .. (h, L)

. (3.13)

Aper(hy L) =

is maximal, the point Ay,(L) where M
where the finite-volume approximation

(h, LY=M,, and the point A,(L)

per

Z (b, L)Z“’]W" v

Z..(h2L) (3.14)

N(h, L)=[

to the number N(h) of stable phases [see Remark (ii) after Lemma 3.1] is
maximal. Since the function M. (h)— M, may have additional zeros as
h — +oo in the abstract context considered here, one must restrict 4 to a
certain neighborhood of 4, to ensure that sy(L) is well defined.

Theorem 3.3. There are constants ¢ >0 and L, < oo such that the
following statements are true for L > L, and 7> 1,.

(i) There is exactly one point %,,(L) such that
Xper(Mm(L), LY > yper(h, L) forall h#h,(L)
and

3t —x-)

hm(L)zht+ 4M3L2d

+O(L™3) (3.15)
(ii) There is exactly one point hy(L) in the internal [h,— 9, h,+ 6]
such that M. (ho(L), L) = M,; and
|ho(LY—h,| < O(e™"*) (3.16)
(iii) There is exactly one point A,(L) such that
N(h (L), L)>N(h L) forall h#h,(L)
and, for this point,
lh(L)—h,|<O(e*") (3.17)

Remark (v). The fact that h, (L) contains no corrections of O(L %)
is a peculiarity of the coexistence of two states, If 4, is a point where more
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than two phases coexist, 4,,(L) may be shifted by an amount O(L~“); see
Section 5.

Remark (vi). The theorem shows that Ay(L) and A,(L) are much
better approximations for 4, than h,(L). Since M, is not known a priori,
and since the definition of 4y(L) is less obvious for systems with more than
two ground states, we propose to use #,(L) for a numerical determination
of the coexistence point. Note that it is not necessary to calculate the parti-
tion function itself to determine A,(L), because the local maxima of N4, L)
correspond to the points / for which M, (h, L) =M (h, 2L).

Remark (vii). Some time ago, Binder and Landau developed a
heuristic theory of finite-size scaling at first-order phase transitions,
assuming that the probability distribution p,(-) of the finite-vomule
magnetization is well approximated by a sum of two Gaussians. The
relative height of these Gaussians was chosen in such a way that the area
under both peaks of p, is equal for 4 =#,.**) Binder and Landau derived
a formula for M. (h, L) [formula (25) of ref. 4] which is exactly our
formuia (3.11a), except for the error term, which cannot be systematically
estimated in their theory. Later, Binder et al “corrected” this theory,
assuming now that for £=h, both peaks of p,(-) have equal height, and
predicting a shift A, (L)—h,=O0(L %) if y . #x_."Y As we know from
ref. 6 (see also Theorem 4.1, Section 4), this assumption is unreasonable,
because at i =h, both phases contribute to Z,..(h, L) with equal weight
exp[ —f (k) L], except for exponentially small errors. And this corresponds
to equal “areas,” not equal heights. This explains the discrepancy between
their formulas and ours.

4. PROOF OF LEMMA 3.1, THEOREM 3.2, AND THEOREM 3.3

All results of Section 3 are based on the following theorem. Since the
proof of the theorem does not depend on the fact that there are only two
ground states, we formulate it for the general system with N ground states,
Q={1,.., N}. We define M’ _(h, L) by

per

; d
M. (h,L)=+—log Z

2108 Zyu(T) (4.

Theorem 4.1. There are constants 1< oo and b,>0 depending
only on N and d, such that the following statements are true for > 7,:

(i) 1 Zped T)— 3. exp(—f,L7)| <exp(—fL?—by1L) (4.2)
qeQ
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(i1) Let
—~1
qu[ Y exp(—f;,,L")} exp(—f, L) (4.3a)
meQ

Then

<exp(—botL) (4.3b)

di;E[M;e,(h, -y (‘%) P"]

geQ
for all multi-indices k: {1,.., N—1} > {0, 1,2,..} of order |k} <3.

Remark (i). Theorem 4.1 is a generalization of Theorem 5.1 of ref. 6;
see also ref. 12, Theorem 5.1 and Theorem 5.5. Note that the sum over ¢ in
(4.2) and (4.3) goes over all g€ Q, whereas the theorems of refs. 6 and 12
are stated for the corresponding sums over stable ¢’s.

Remark (ii). Tt follows from Theorem4.1(i) and the fact that
f=min,f, that
Zpe T2 e M (1 —e7t0t)

so that Z,(T)#0 and M’

per( B, L) 1s well defined for > 7,. On the other
hand,

) ) 1 of!
lim M! _(h L)y=—— - =4
2, Mol D =5 q.ff=f< ah,->
g
by Theorem 4.1(ii); N(k) is the number of stable states. For Q= {+, —},
there is only one magnetic field 4, and

" (h
_ df+( )=M+(k) prOVldCd k<ht
dh
while
dr’_(h
__f;_h(_)zM_(h) provided h<h,

Therefore Lemma 3.1 follows immediately from Theorem 4.1(i) and (ii).

Proof of Theorem 4.7. The first step in the proof is a decomposition
of Z,.(T),

Z oo T)=Z%¢(T) + Z™(T) (44)
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where Z™(T) is obtained from Z ., (T) by restricting the sum is (3.1) to a
sum over sets {Y,} such that diam Y < L/3 for all contours Ye {Y,}. We
further decompose Z*(T) as

Z(T)= Y, Zy3X(T) (4.5)
qeQ
where a set {Y,} contributes to Z*(T) if its external contours are g
contours [if {¥,} contains no external contours, |R,,|=4,,L" for some
g € Q; the corresponding term exp(—eqLd) then contributes to Z *(7)].
Since each configuration contribution to Z®®#(T) contains at least one
contour of size bigger than L/3,

|ZP(T)| <e /e et (4.6a)

for some b, >0 depending on N and d; see Section 5 of ref. 6 for the details
of the proof. In a similar way,

dk i —fL4 bt
%ZBg(T)‘se Sl =it (4.6b)
for all multi-indices k& of order |k| <4.

We now turn to the properties of Z*(T). Recalling that the constant
a of Section 2 was chosen as a =1/2 [see remark (vi) of Section 27, let us
assume for the moment that

a(h)L<1/4 (4.7)

Then all g-contours in T (which has diameter 1) have small activities by
Lemma 2.1(ii) and (2.12) [see also remark (vi) of Section 2]. Therefore
Z (T) can be analyzed by a convergent cluster expansion. Comparing the
expansion for log Z*(T) with the expansion for f;, one obtains the
bounds
llog Z;*(T)+ f, L < e~ (4.8a)
k

d
=z Llog Zi(T) + £, L7 <e™tt (4.8b)

where b,>0 depends on d and N, and k is again a multi-index of order
k] < 4.
On the other hand, for a,#0,
|Z2(T)| exp(fL)
<exp{exp(—b,tL)} max{exp(—a,L?/2), exp(—ths L~ ')} (4.9a)
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where b, >0 again depends only on d and L. The physical origin of the
bound (4.9) is clear: If g is unstable, one either pays for the higher energy
of the unstable phase or for the formation of a large contour which brings
the system into a stable phase. The detailed proof is given in ref. 6,
Section 5; see also Appendix A, Remark (i). In a similar way,

dk

L Z(T)

g exp(fL?)

< C(Jk)2LY)M exp{exp(—b,yTL)}
x max {exp(—o,L%2), exp(—1b; L*~ '} (4.9b)

where C(|k|) is the constant defined in (A.14) and |k <4.
We therefore bound

|Z:5(T) exp( L) <exp(—b,L)} exp(—<L™ min{1/8, b;})
<exp(—b,tL4™h)

and

Z2(T) | exp(fL?) <exp(—bytL?™')

\dh"
provided 7 is large enough, |k| <4, and a,(h)L > t/4. On the other hand,

lexp(—f L) < exp(—fL?) exp(—bytLé™")

dk
P4 <enp—L) exp( bl )

if a,(h)L > t/4. Therefore,

|Z2%(T) — exp(—f}, LY)| <exp(—fL*) exp(—bstL?"")  (4.10a)
dk
#dhk [Zi*(T) — exp(—f, L] ‘ <exp(—/L%) exp(~bstL?')  (4.10b)

if a,L >1/4 and |k| <4. Combining the bounds (4.6), (4.8), and (4.10), we
obtain the theorem for some constant b, >0 depending on d and N. |

We now turn to the proof of Theorem 3.2. If N=2, the bound (4.3b)
can be rewritten as follows. We rewrite

fo=3(f )+ =)
fo=3(f ) =5 =)

1
2
L
2

822/61/1-2-7
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and use the definition of the hyperbolic tangent to get

Tdif' (W) + (b))

y

d
Ll [Mper(h, L)+

dn* 2 dh
Ld(f", (h)—f" (h)) ir g : a
3 7 tanh{3[ /" (k) — /" (h)]L}]
Le ML (4.11)

provided |k| < 3.
On the other hand,
Ydf” (W) —df' (h)

: ” >b (4.12a)

for some constant 5> 0; see Remark (iv), Section 2. Since f_(h)=f, (h)
for h=h,, it follows that
I ()= f () = blh— hy| (4.12b)

Combined with (4.11), the fact that |tanh x —sign x| <e ™", and the
bound

Idf;(h)

. \ <C,+0(e""<2C,

where C, is the constant from (2.5), we conclude that

| Mapelh, L)~ lim Mo (b, L)| <2~ 42C, ¢t
L—>w

This proves Theorem 3.2(i).
Theorem 3.2(ii) follows from (4.11) by a Taylor expansion around 4.
Using the fact that f', (hy)=f"_(h,) and

_dfih)
dh

Ay
dh?

=Mq(ho)=M0+qM
h=hy
=X++X-~ Xy — X

v KT 2 T4

where g = +1, we expand

1 J—
—5 )= ()] =(h—ho) M + (h—hO)ZX_tTX‘

+OL(h—ho)*] (4.13a)
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_LdfL () -1 ()

= M+ (h—hy) X—+—5L+ OL(h—hy)*] (4.13b)

2 dh
1d(f . (h "(h
AT o) 2= 4 0L~ 1 (@.130)

Theorem 3.2(ii) follows from (4.13) and the bound

tanh {% VRUSACH

+ tanh {Ld[M(h—ho) s ZX_ (h—ho)z}}l

<K, lh—hol? (4.14)

where K, < o0 is a constant that does not depend on L. Thus, Theorem 3.2
is proven once the bound (4.14) is established.

We use (4.13a) together with the mean value theorem of differential
calculus to bound the left-hand side of (4.14) by

CLYh— hy|?

x <cosh2 {yLd[M(h —ho)] + ﬁi& (h— hy)?

Ld —1
+=-D— [f'+(h)—f’_(h)]}>

where C < oo does not depend on A on L, and y is a number between 0 and
1 (which does depend on 4 and L). )e now use (4.12) and (4.13a) to bound
the absolute value of the argument of the hyperbolic cosine from below by

L(blh— hol — Kb~ ho|*)

where K< oo does not depend on 4 or L. For K|h—hy|><b/2, the
inequality (4.14) then follows from the observation that
CLY(h— h,) < 2C
cosh® (L% |h—hel) ~ b

For K{h—hy|*>> b/2, the bound (4.14) is trivial {choose K, =4K/b). }
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We are left with the proof of Theorem 3.3. In a first step we assume
that |h—h,| > BL? where B is a constant to be fixed later, and show that

N(h, L)< N(h,, L) {4.15)
Xper(As L) < Ypec(hy, L) (4.16)

and
M er(h, L) — Mo >0 (4.17)

provided |h—h,| > BL~¢ and L> Ly(B). In the second step we show that
M,.(-, L)— M, and the derivatives of N and y,., have one and only one
zero in the interval [h,— BL™¢ h,+ BL~?], and that these zeros obey the
bounds (3.15)-(3.17).

We start from Theorem 4.2(i), which will be used in the form

|Z e T) expLLf () L] — 1 —exp[ — L] f', (h) — f"_ ()| 1] S exp(—boTL)

As a consequence,
1 —F\ny1/(n—1)
N L)— [(_t_e__>]

14e"F <O(e\borl‘)

where we used F to denote the quantity L9|f’ (h)—f' (k)| and n to
denote the number 2% Since (1+e~%)"/(1 + e~") is a monotonic function
of x and

F=Lf',(h)—f"_(h)| >2Bb
provided |h—h,| > BL~? [we used (4.12) in the last inequality ], we have
N(h,, L}— N(h, L)
>2—0(e L)~ N(h, L)

(1 +e—2Bb)n>1/(n—1)

?2—— O(e_rbOL) -< 1 + e._Zan

We conclude that N(k,, L)> N(h, L) provided |h—h,)>BL ¢ and
L>L,(B).
On the other hand,

Xper(h5 L) T\ T

O

< cosh 2 {52— 7=

<4C, +e 2t 144G,
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by the bound (4.11) and the fact that

d"f o(h)
i

‘sckw(e-f/“)@ck (4.18)

[Cy is the constant from (2.5)]. Now, we distinguish two cases: Either
{h—h,| > BL 4 for some large constant B; then
Xper(kta L) - Xper(ha L)
> M?L—4C7L? cosh 2{bB)} —8C, -2

M3L?
>

—8C,—

where we used the bound (4.18) to estimate df (h)/dh. Or BL7K
|h—h,| < BL™% then

L4 () dr(h)

= > — ~d
31" 7 M|+ O0(h)= M| —O(L™°)

which implies that
Xper(hn L) - Xper(h’ L)
> M2L[1 —cosh~%(bB)] —4C, — 1 — 0(1)

In both cases y,e.(,, L) — xpe(h, L) >0 provided L is chosen large enough.
Finally, by the bounds (4.11) and (4.12), and by the fact that
df o(h)
dh

+M,| <K|h—h,|

for some constant K < oo,

|Mper(hs L) - M0|
Ld
> M tanh {-2— |f’+(h)-f’_(h)l}—e'b‘”L—th—h,l

> M tanh(bB) — e~ — K|h— |

provided |A—h,| > BL™“ We conclude that there is a constant é >0 such
that M ..(h, L) — M, +#0 for all & in the range

BL < |h—h,|<é
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provided L is chosen large enough. This concludes the proof of
(4.15)—-(4.17).

At this point the proof of Theorem 3.3 is an easy exercise. We start
with the proof of (i). We will show that y,.(-, L) has only one local
maximum in the interval [#,— BL™7 h,+ BL ], and that this maximum
obeys the bound (3.15).

We start from (4.11). Calculating the derivatives with respect to A (for
k=2), and using the fact that

A () —f(h)

dh? h=h,=X+_Xﬁ
we obtain that
Y pec B, L) arg X+ —X=
ZApert™ =) —3L°M ———
‘ 7o R 2
Ld3(f _(h
<i (f+(h)'l'fv( ) LT EL2C+ 1 (4.19)
2 dh h=h

[we used (4.18) in the last step]. On the other hand, by the bound (4.11)
and the fact that

1d(f (h)—f"(h) _
2 dh B

~M+O(L™)

provided |k —h,| < BL™“, we have

d? o(h, L 1Ld(f (W) — 1 (WN? 1—3tanh® F
1 ~3tanh? F
_ —2M“L3dﬁ%—+0(ﬂ") (4.20)

where we use F to denote the quantity 3[ /', (k) — f_(h)] L% We recall that
|F| < Cy|h—h,| <BC, provided |h— h,| < BL ™% Choosing B small enough
and L large, we obtain that

dZXper(ha L)

dh2 < _M4L3d

in the interval [h, — BL ¢ h,+ BL?]. Together with the bound (4.19), this
proves that dy,.(h, L)/dh has only one zero #h,(L) in the interval
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[h,—BL™% h,+BL,], and that h,(L)—h,=O0(L"%). For lh—h|<
O(L~*%), however, the bound (4.20) implies that

d%p(h, L
7’“";;2 ) _amerr oL

Combining this bound with the bound (4.19), we obtain the bound (3.15).
The proof of (ii) proceeds in a similar way. We note that

|M per(hyy L) — My| <e™ - (4.21)
and that
M_p;rlilfi_l‘l — LM ? cosh ™2 F| < const (4.22)

provided |h—h,| <BL~? [the proof of (4.21) and (4.22) is completely
analogous to the proof of (4.19) and (4.20)]. Since |F| < BC,, we obtain
that

My, L) _ L'M*

T > cosh~%(BC,)>0

provided L is large and |h—h,| < BL~“ We conclude that M (h, L) — M,
has a unique zero Ay(L) in the interval [h,— BL™% h,+ BL %], and that
ho(L) obeys the bound (3.16).

To prove the last statement of Theorem 3.3, we note that the local
maxima of N(h, L) are the points for which

Mper(h’ 2L) - Mper(ha L) =0
On the other hand,
|M

(hys 2L) — Myer(hy, L) < 2e%7F (4.23)
P

per
and

d
7 (M per(h,2L)—M . (h, L)]-L*M?*[2¢ cosh ~*(2¢F)—cosh ~F] ’ < const
(4.24)

provided |h—h,| < BL~“ Choosing B small enough (which implies that F
is small) and L large, we obtain that

d
— [Mei(h, 2L) = Moo (h, )] > LL?L7™" cosh —(2*BC,) >0

in the interval [h,— BL % h,+ BL~"]. Together with the bound (4.23),
this implies statement (iii).



102 Borgs and Kotecky

5. GENERAL CASE OF MULTIPLE PHASE COEXISTENCE

Let us recall that choosing a value of the field parameters A=
{h;} e R¥~1 the stable phases g are characterized by vanishing of the
parameter a,=f, — f. We use Q(h) to denote the set of labels of stable
phases, Q(h)={qeQ; a,(h)=0}, and N(k) to denote their number,
N(h)=|Q(h)|. Recall also that in (4.1) we defined

9 \og Z,u(T)

hL)= L? Oh;

per(

and let us denote

o

Mi(h)= — 0

for every® ge Q.
In the Remark (ii) after Theorem 4.1 we actually proved a generaliza-
tion of Lemma 3.1:

Lemma 5.1. There exist a constant t, depending only on 4 such

that, whenever 7 > 7,, the magnetization M per(h, L) is well defined for all
LeN and
M _(h)= hm M (h L)= M 5.1)
P D=5, 5,

To evaluate the speed of convergence in (5.1), we have to bound from
below the parameter a (k) for all unstable phases ¢g. To this end, we
introduce the distance d,(4) from 4 to the region where g is stable,

d,(h) = dist(h, {h{a,(h)=0}) (5.2)

Lemma 5.2. There exists constants t, < o0 and M > 0 such that, for
7> 1, and any g unstable for a given value of A, one has

a,(h) > Md,(h) (5.3)

Proof. Let us consider, for every A in the ball B(h) of the radius d (h)
around the point A, the vector

v(hy=F 'u

¥1f g is stable, M, (h) is just the “magnetization” of the phase ¢; however, it is defined for
unstable ¢ as well and it is, in fact, a C-continuation of the magnetization into the unstable
regions.
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where F= F(h) is the matrix (2.21) and u is the vector with components
U,, = 6,,,. Recalling that the norm |F | satisfies a bound of the form (2.7)
[cf. Remark (iv) after Lemma 2.3] and taking 0 <M < 1/||F |, we get

% (fo—fIh+ (R =(Fo(h),— (Fo(h),=12M-[lo(h)]  (54)

A=0
for every s # g. Hence, the exists a smooth path C of length at least d,(h),
starting at / and ending at a point % € B(h), such that everywhere along the

path the derivative of f, — f7 satisfies the bound (5.4). Choosmg now s
stable at % and observing that a (h) f =1 () =0, we have

aq(h)>f’(h)—f’(h)
j NI gy 1,y - 1.0

>MJ‘ ds+a (k)
C

>d,(h)-M |

Denoting now by d(4) the minimum of distances d (/) over unstable
phases ¢,
dh)= min d,(h)
qe Q\Q(h)
we prove the following result.

Theorem 5.3. There exist constants 7, Ko< oo and by,>0 such
that for 7> 1, one has

| M,

per(hs LY — M (h)] < e 720 4 Koo~ ML (5.5)

per

Proof. Taking into account the bound (4.3b) and the equality (5.1),
we estimate

lM;er(h L) per(h)l
M) ——— Y M(h)| +exp(—byrL)
qEZQ N(h) qE%(h) °f
< ¥y e 1 |
aeO(h) / N(h) N+ X,.conomexpl-(fr —/)L]
N d
+ Y IMih) expl— (/=)L) +exp(~bytL)

geoom N+ e ovom expL-(frn— f)LY]
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The needed bound follows upon taking into account that N(h)=1 and
exp[ —(f,— ) L?]<exp[ —Md(h)L‘] due to Lemma 52. ||

The bound (5.5) is, in analogy with Theorem 3.2{i), useful whenever
the parameter / takes on values with large d(%): this means far away from
the curves (or surfaces) where some of the phases that are unstable at A
become stable, in particular, far from the value 49, where all N phases
coexist [a,(h9)=0 for all ge Q].

Next, we describe the behavior of M, ¢ (A, L) in a close neighborhood
of h®, To this end, we start from the formulas (4.3) that express M _ (h, L)
in terms of M (k) and f%(h) and expand them in (h—h'”). To simplify the
notation, we introduce universal functions P, (1) that replace the hyper-
bolic tangent from Theorem 3.2(ii). For ne R", we define

exp(—n,)

Using also x? to denote the susceptibilities, yJ(h)= —0d%f,/0h; oh;, we
evaluate M}, (h, L) in (essentially) the first and second orders in the
distance |4 —h©| of h from the point A‘® of full coexistence. The crux of
the statement lies in the bounds on the errors.

Theorem 5.4. There exist constants 7y, K;, K;<cw and by>0
such that

(1) M. (h L)= ZM’ (h®) P,(7)+ Ry(h, L)
where 7 is the vector with components
on = -Ldz M (h©)(h;— )
J
and
() Mith 1) =5 | MYH)+ S 74 =K | P+ o
where 7 is the vector with components
= 2| Z ML) 5 T ) |
The errors R,, R, satisfy, for 7> 1,, the bounds

i — )
|Ry(h, L)| e " + K, [h—h| min {——~ 1+ [h—hO) Ld}
d(h)
(5.61)
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and

lh— )

[Ry(h, L) e 2%+ K, ||h— h'®|? min { s+ [l — R Ld}

(5.6i1)
where
d(h)=dist(h, {heRY|N(h)=2})

We note that d(h) = d(h) if N(h) =1, whereas it vanishes on the curves (and
surfaces) of phase coexistence. The bounds (5.6) are weaker than the
corresponding bounds in Theorem 3.2; in the region ||A— A > L~7 they
become useless if 4 approaches the phase coexistence regions. However,
changing the definition of P, in these regions, one can evaluate the finite-
volume behavior of M (h, L) on the surfaces and lines of coexistence as
well.

Proposition 5.5. Theorem 5.4 remains valid if the functions P (),
and similarly P,(7j), are replaced by the functions P2*(y) which are
obtained from P (5) by substituting

1
Ho=7773 N
TN
for n, whenever ¢ is stable. After these replacements, the bounds (5.61) and
(5.6ii) can be strengthened to

h— h©
(Rulh, L) <o+ Ky L= b0 min (=1 gy e
)
and
h— h©
Rulh, L) < e 4 Ky = h) min (L0l 1 =) 2]

Before proceeding to the proof of the above statements, we illustrate
them by applying them to a model that is simple, yet captures main
features of a general case. Namely, we consider the Blume-Capel model**
with the Hamiltonian

1
H=- )% (S,—Ss)°—h, Y. S2—h,Y S,
2<a,b> a a
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where the spin takes on three values, S, = +1,0. There are three transla-
tion-invariant ground states with specific energies

€0=0, €+=—/’l1—h2, €_=—h1+/’l2

With the help of Pirogov-Sinai theory, it can be shown'*'%) that the phase
diagram at low temperatures (Fig. 1b) is a small perturbation of the phase
diagram at zero temperature (Fig. la). Notice that the +, — symmetry is
conserved at nonvanishing temperatures. In Fig. 2 we indicate several
straight lines, along which we shall analyze, say, the formula (i) of
Theorem 5.4 with the error bound (5.61).

Considering first the dependence on a parameter / along the line /,,
we get

Mi)er(hﬂ L)
= Y M (h©) eXP[—Z,il Mé(h(o))(hj_h,(-o))lzd]
g=0,+1 / Zm=0,il eXp[_Zle Mfrz(h(o))(hj—hj(o))Ld]
+O(|lh—h))

The error is of the order |A—h®|, since for 4 on I, one has
d(h) = a|lh—h®|| with a fixed «>0.

Along the straight line /, (the tangent at 4’ with respect to the curve
of 0, — phase coexistence) the bound (5.6i) fails. The reason is that d(k)
vanishes quicker than |4 —A®)? as h — A

Also along the line /; the bound (5.6i) fails, since d(h) goes to zero
when crossing the coexistence curve, while |4 —#4©| stays bounded from
below. But here we actually have the coexistence of only two phases, +

a} b)

Fig. 1. The phase diagram of the Blume-Capel model at low (b) and zero (a) temperature.
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e

. W

7

Fig. 2

L

and 0, and one should rather apply Theorem 3.2 replacing #°) by the inter-
section of /; with the coexistence curve of + and O phases.

An interesting case is that of the line /, (the axis s, =0). Here, one
phase (the phase 0) is stable for #, < #{?), two phases (+ and —) are stable
for hy > h'®, and all three of them coexist at h, = h{"). Observing that then
d(h)=|lh—h®| = |k, — h?] and setting

M =35 M (hO)+ M*_(h)]+ M(h©)}
and A'= —M(h'")+ M’, we get

M _(h, L)= M+ 4" tanh[4" - (h, — k™) L7+ log \/2] + O(|h, — h{O))
(5.7)

Notice that this formula has the same structure as (3.11a), except for the
additional term log \/5 in the argument of the hyperbolic tangent. A direct
extension to a situation with # phases coexisting along a line (say /,) yields
the formula

M (h, L)= M+ A" tanh[ 4" - (h, — i) - L? +log /n] + O(1h, — h))
(5.8)

The term log /7 can be traced to the fact that 7+ 1 phases coexist at 4,
n of them being stable for 4, > A{”) and the remaining one for ;< h{". One
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would thus expect a similar behavior also for the n-state Potts model that
is reminscent of this extension. Indeed, an analog of (5.8) can be proven for
E,..(B, L), the mean energy of the Potts model under periodic boundary
conditions.”

Proof of Theorem 5.4 and Proposition 5.5. We start with the proof
of Theorem 5.4. According to (4.3b), it is sufficient to evaluate the expres-
sion

2 My(h) Py(0) (59)
9@
with (= {f,(h)L?}, .o Expanding M! (k) and f/,(h) around A, we
have

\an(h) — M () =3 (RO hy— B | <M [|h—h ) (5.10)
J

and

’f;ﬂ(m—f;n(h“”)ﬂtz M (RO, — 5

+ 3 15/ (O = By~ )
L

<M, |lh—nO)? (5.11)

where the constants M,, M, do not depend on 4, according to {2.5) and
(2.20). Taking into account (5.10) and once more (2.5} and (2.20), we see
that to prove (5.61) and (5.6ii), it is enough to show that

|P,(&)— P (M) <O(lh~h ) min{L%, d(h)~"} (5.121)
and
|P ) —P,(m <O(lh—h ) min{L?, d(h) "} (5.12i1)

(Recall that 7f arises from # by omitting the quadratic terms in h—h'®.)
Rewriting P,({) as

PO =expl (L, —Ly)] / S expl — (o —Ca)]

where g, is chosen in such a way that g, is stable at A, we see that it is
enough to estimate

exp[ —({; — ()] —expl—(n,—n,,)]
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for all g # ¢, in order to prove (5.12ii). Bounding

|exp(Cq - qu) - exp(nq - rlqo)|
< (18 =gl + 184 — 14, ) max{exp({, — ,), expl — (n, —1,) 1}
<2M, |h—h|? L max{exp[ — ({, — ;)]s expl — (1, —14,)1}

we conclude that

<O(lh—hP)L? max max{exp[ —({, —{,) ], exp[ —{n,—n,)1}
m7F 40
(5.13)
We now distinguish two cases. Either

Ih— RO\ > Cd(h)

for some constant C to be chosen in a moment; then we use (5.13) and the
trivial bound [P | <1 to estimate

|P &)= P,(n)l
<min{2, LO(|lA—hV|*)}
AT
< min {———2”” ~h ” ,LdO(f|h—-h<°)||3)}
cd(h)
Or |h— A~ < Cd(h) and we bound
{,— L =d, = Md(h)
r’q—riq(]ZCq—C‘qo_MZ |!h_h(0)H3Ld
> (M,—C)dh)L? (5.14)

chosing 0 < C< M,, and using the fact that e *<min{1, 1/x}, we then
may use the bound (5.13) to obtain (5.12ii). The bound (5.12i) is obtained
in a similar way. In order to prove Proposition 5.5, we observe that

Cq = COEm”iln Cm

if ¢ is stable. It is therefore enough to prove the bounds {5.121) and (5.12ii)
(with P, replaced by P2™) for all g {0} U Q\Q(h). Rewriting

expl —({,—{,)]
o) + ZmeQ\Q(h) exp[ —({,,—{o)]

PEM(O) =;
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and replacing the lower bound (5.14) by the bound
{g—Co= Md(h)

we then may proceed exactly as in the proof of Theorem 5.4. §

APPENDIX. PROOF OF LEMMAS 2.1, 2.2, AND 2.3

In this Appendix we prove Lemmas 2.1-2.3. Since our results do not
depend on the fact that e, and p(Y) are real, we allow for complex ground-
state energies and activities in this Appendix. We require the bounds (2.1),
(2.5), and (2.6) with (2.2) and (2.4) replaced by

ep=min Ree, (2.2")
q
E [a Re( )} (24')
= — e,—¢€ "
oh; o gi=1,.,N—1

and generalize the definitions (2.16) and (2.17) to the complex situation by
putting

f=minRe f,, (2.16")

a,=Ref,—f (2.17)

The definitions of Z,, K'(Y), and Z, are the same as before.

We start with the proof of (2.12), assuming that it has already been
proven for all contours of diameter less than n. We introduce an auxiliary
contour model with activities

K'(Y¥) if diam Y9<n
K(Y7) =
(") {0 otherwise
Denoting the corresponding free energy by /'), we define
f§ =min Re f& (A.1)
2 =Re £ — f{ (A2)

Since f' and log Zi(V) can be controlled by convergent cluster expan-
sions due to the inductive assumption,

llog Z(V)+ £ IVI] <O(e)|aV] (A.3a)
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for all volumes V with diam V' <n, and

| [ —e,| <O(e) (A.3b)
Here ¢ is the constant
g=g (T2 (A.4)
We now assume inductively that

|K'(Y)] <e™ (A.5)

for all contours Y with diam ¥ <, and
|Z,(V) <=8 (A6)

for all ¢ and all volumes ¥ with diam V' < n.
Using the inductive assumption (A.6) and the bound (A.3), we bound,
for diam Y?=n,

[K'(Y?)]
<y (Y)exp[(Ree,—e,—1)|Y?|]exp(al?|Int Y,|)

x [] exp{[1+ O(¢)]]é Int,, Y*|}
<7/ (Y9) exp(al”|Int Y%|)exp{[Re e, — e, +2d+ O(e) — ]| Y| }
where we used the bound

Y. [0Int, Y9 <|0Y|<2d|Y] (A7)

Since x'(Y?) =0 unless
Re[log Z(V(Y?))—log Z,,(V(Y*))] 2 —a|Y?| —1

which, by the bounds (A.3) and the fact that |V(Y?)| = |Int Y| 4 |YY|,
implies that

(Ree,—eg)| Y7 +al”|Int Y| < [a+1+0(e)]| YY)

we finally obtained the desired bound

K/(yq)<67[1~a—2d—170(a)]|)'q! Se!Yq[

822/61/1-2-8
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Lemma A.1. Assume that diam Y?<n and that 4" diam Y7<
o—2. Then
1(Y)=1
Proof. Using (A.3) and the definition of a;"), we bound

log | Zo(V(Y*))| —1og|Z,(V(Y*))| + | Y,|
> [a~0(e)] Y| —al | V(YY)

Combined with the bound
af;‘)‘V( Y <af]’” diam Y?|Y? < (o —2)|YY|

and the property (2.14b) of y, we obtain the lemma. |

Lemma A.2. Assume that diam ¥'<» and that 40" diam Y <« —2.
Then

ZV)=2Z,(V) (A.8)

Proof. For diam V<2, the statement is obvious. Assume that (A.8)
has been proven for all V with diam V' <m — 1, m < n. Taking into account
Lemma A1, we infer that K'(Y?)=K(Y?) for all g-contours Y? with
diam Y? < m. Using (2.9) and the definition of K(Y?), we conclude that for
all volumes with diam V< m,

Z, V)= Y Z,(Int)e=¥ Vo ﬂ K(Y9)
{(Yen

z il (Int)e —eg|V\Int} H K/( Yq
{YYen

=Z,V)

where Int denotes the set |J,Int Y. Thus, the lemma is proven by
induction. |

Lemma A.3. Assume that diam V<n+ 1. Then
|Z, (V) <exp(—f V| +[6V]) forall geQ

Proof. We define a contour Y to be small if a” diam Y? <« —2 and
use the relation (2.9) to rewrite Z (V) in the following way: write a set
{Y?} of external g-contours in V as {X?} U {Z?}, where {Z?} denotes the
small contours in { Y7} and {X?} the large contours in { Y?}. Note that for
fixed X¢, the sum over {Z?} goes over all sets of mutually external small
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contours in Ext = V\{J, (X, u Int X,). Thus, resumming the small contours
and using the relation (2.9) for a second time, we obtain

zZ,V)y= Y Z;’“"‘“(Ext) Il [p(XZ) [1Z,(nt, X;’)J (A9)
{Xg}exl 2 m

where the sum goes over sets of mutually external large contours in ¥ and
Z:™(Ext) is obtained from Z,(Ext) by dropping all large external
g-contours.

By Lemmas A.l1 and A.2, K(Y?)=K'(Y?) if Y7 is small. Therefore the
partition function Z™*(Ext) is equal to the corresponding truncated
partition function, which can be controlled by convergent cluster expan-
sions. It follows that

|Z ;™ (Ext)| <exp[ —Re f3™*" |Ext| + O(&)[0 Ext|] (A.10)
where £ is the free energy of the contour model with activities

K'(Y?) if diam Y?<»n and Y%issmall

Ksmall Y?) =
(%) {0 otherwise
On the other hand,

|Z,,(Int,, X)| <exp(—/f¢”|Int,, XZ|+]0Int, X¥) (A.11)

due to the inductive assumption (A.6). Combining (A.10) and (A.11) with
the a priori bound on p and the bound | f{” — e,| < O(e), we find that

1Z,(V)l= ), exp(—Ref ™" [Ext| - f{" |V\Ext|)
(XT}ex

xexp[|2 Int| + O(e)] -] exp[ —(r — O(e)) | X?|]
Using (A.7) to bound
O(¢e) |0 Ext| + | Int| < O(e) <|6V| +y I@XZ[) + [0 Int|

by O(e) |0V] +4d Y, | X9), we get
1Z,(V)I <exp[—f§ V] 4+ O(e) |8V ]

x 3y exp[—Re(fs — ) [Ext|] [T exp[ —(r —4d — 1) X7} ]
{XZ}QX‘ 4
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At this point we extract a factor

max exp { — Ext| —z ) |X

max oxp { - %4~ |Ext| <3 ¥ %, |

a T
< ma — L \V\W|—— |0W
Wc’f/e"p{ A ‘}

and bound the remaining sum as in ref. 6, Section2 (see also ref. 10,

Section 2). We get the estimate

n)
ZyV)l <exp(=11V1-+ V1) max exp | - “Cw -~ ow}

(A.12)

Bounding the last factor by one, we obtain the lemma.

This completes the inductive proof of (2.12). On the other hand,
f=lim,_  f§ and a,=lim, , . a?. Therefore Lemma 2.1 follows from
Lemmas A.1-A.3 by taking the limit # — oo.

We now turn to the proof of Lemma 2.2, which we will prove in the
form

ko d
(11 7) tzimesiviy

p(i)
<const -6 "C(k)(4e* | V|)F elea=NivI+1avi (A.13)

where k=1,... 4, p: {1,.,k} > {l,., N—1}, and

k

Clk)= max [] C, (A.14)
k.. ke20 ;Y
Ski=k

C,, are the constants from (2.5) and (2.6), Cy=1, and the constant const
in (A.13) does not depend on k and V.
By the definition (2.3) of Z (V)

[Z,Ve]= T [Tp(Y e ] e (AL5)

{Yy} « xeV\U Yy

where e(x)=e,, if xe R,,. A derivative d/dh,, now either acts on a factor
€%~ ™ or on a factor p(Y,)e%!™, We fix all contours Y which are differen-
tiated or which contain a point x in their interior such that e®~® is
differentiated, as well as all contours Y’ such that there is a contour
Y < Int Y’ which is differentiated, and resum all other contours. We then
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use Lemma 2.1(i) to bound the resulting partition functions, and the
bounds (2.5) and (2.6) to bound the derivatives of p and e,. As a resul,
we obtain the estimate

(11 5= 2y exnte, 1)

<Ck)2*exple, V) Y %

XlyenXk €V { ¥y}

X exp (—f|V\U Y \NX X} + [0V + Y, 2d+Y, |6Ya|>

i=1 4

x [] exp[—e(x)1[]exp[—(c+e0)!¥.]] (A.16)

i=1 o

where the sum 3’ goes over all sets { Y, } for which each Y, either contains
or surrounds a point x;. Note that a term for which x,e€ Y, comes from a
term where p(Y,)exp(e,|Y,|) was differentiated with respect to 4, while
the terms for which x; lies in V\|J Y, come from those terms where
exp[e,—e(x;)] was differentiated with respect to 4,,. We now extract a
factor

C(k)(2e*)relea= V1 +12V]

from the right-hand side of the above inequality and bound the remaining
sum as follows:

k
Z’ H ef—e(xi)l—le*(f+€0~f)leI+I5YuI
{Yp}i=1 2
< Z’ ekO(B)H e [T—0()—-24d]1Ys|
{Ya} &

k .
< H £0t) Z(t)neg[r_om;zd]ml
i=1 {Y;} «a

geko(e)[l + 0(e~r)]k<2k

where the sum Y goes over sets {Y,} of contours Y such that
x;e Yulnt Y for all Ye {Y,}. Finally, we note that the expansion of the
left-hand side of (A.13) contains at least one contour because the term
without any contour in (A.15) becomes zero when differentiated. Thus, a
factor const-e~* can be extracted from the sum over contours without
destroing the remaining estimates. This concludes the proof of (A.13). |
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We are left with the proof of Lemma 2.3. Proceeding by induction, we
assume that the lemma has already been proven for diam Y'<n—1 and
diam V < n. For diam Y?=n, we rewrite

K'(Y?)=p(Y?) exple, | ¥?])
x[] Z,,(Int,, Y*){exp[ —log Z(Int,, Y*)1} x,.(Y?) (A.17)

with
Xm(Y?)=x(Relog Z,(V(Y?)) —Relog Z,,(V(Y?))+a|Y9]) (A.18)

By the inductive assumption, Lemma 2.2, and the fact that y is a C*
function, K'(Y?) is a C* function for diam Y7 =n.

One may now use the inductive assumptions and the fact that
log Z, (V) —e,,|V| can be analyzed by a convergent cluster expansion to
bound [see Remark (iii) below]

}Zlklog Z (V)\ [Ci+0(e)] |V <2C, |V (A.19)

provided diam V' < n. Using the properties of the function y, one obtains

the bound
dk
ldhk 1Y) < const - | V(Y¥)| ¥ {(A.20)

with a constant that depends on N and on k. On the other hand,

2 DT expte, Y]]
<const- (1 +|Y9)* exp[(Re e, — e, —1)|Y?|] (A.21)
and
k
(dhk exp[ —log Z (Int Y")]<
<const-|[Int Y/|*exp[Re f, |Int Y?| + O(e)| Y9|]  (A.22)

We then use (A.17) to rewrite the derivatives of K'(Y?), and (A.20)-(A.22)
together with Lemmas 2.1 and 2.2 to bound the resulting terms. We obtain
the bound
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K'(Y?)| <const-[1+|Y? + |Int Y| ]

’dhk
xexp{a, |Int Y|+ [Ree,—e,+2d+ O(e) —1]]Y?| }
<const-[1+4|Y7 +24Y9?]*
xexp{a, |Int Y7 + [Ree,—ey+2d+ O(e) —v] | Y]}
<expla, [Int Y| + (Re e, — e, +const — 1) | Y7|]
< (Ke)!™ (A.23)

where we used the fact that y'(Y9)=T] x,.(Y?) and all its derivatives are
zero if

a, [Int Y| + (Re e, —eo) | Y9 > [a+ 1+ O(e)] | Y|

We finally have to show that log Z,(V) is a C* function of & for
diam V'=n+ 1. Since log Z,(V') can be analyzed by a convergent cluster
expansion involving only contours Y7 of diameter less than or equal to n,
this property of log Z, (V') follows immediately from the fact that K'(Y?)
is C* for diam Y?<»n and the fact that the cluster expansion for
d*log Z ,,(V)/dhk converges uniformly in A by the bound (A.23).° ||

Remark (i). For a,#0, the bound (i) of Lemma2.1 can be
sharpened as follows: Taking the limit n— o0 of (A.12), and bounding
|0W]| from below with the help of the isoperimetric inequality, we estimate

|Z (V)| <exp(—f|V|+ |0V]) max exp {~ % [\ W| —TK|W|(d1)/d}
Wecv

where K>0 is a constant which depends only on the dimension d. The
maximum is obtained for either W=V or W= J; therefore,

[Z, (V)] <exp(—f1V]+ [0V]) max {exp<- %’1 |V|>, exp(—tK | V] (d_”/d)}
(A.24)

This is the announced improvement of Lemma 2.1(i).

Remark (ii). In a similar way, one may improve the bounds on the
derivatives opf Z (V'), using Eq. (A.9) and the fact that the derivatives of

® The argument is the same as that leading to (A.9); see Remark (iii) below.
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Z:™! can be controlled by a convergent cluster expansion. One obtains the
bound

d*Z (V)
an*

' S C(IkNEIVI)  exp(~f V] +10V1)

X max {exp (— 512—4 |V|>, exp(—1K | V|“/‘d*“)} (A.25)

Remark (iii). 1In standard polymer expansions (see, e.g., ref. 15), the
partition function log Z,,(V)—e,, | V] is expressed as a sum over term of
the form

$(YTo, Yo T K'(YT)

i=1

with coefficients ¢, (not depending on #) satisfying suitable bounds. These
bounds are sufficient to ensure not only (A.19) for k£ = 0, but, differentiating
explicitly this sum and taking into account the inductive bounds on
derivatives for K', also for k > 0.
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