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The l iquid weight  has a s igni f icant  effect  on the de tached c a v i t a -  

t ion flow which is a r t i f i c i a l ly  c rea ted  by gas in jec t ion  behind an ob- 

s tac le  (probe) in a l iquid s t ream [1]. This paper  considers t w o - d i m e n -  

sional c a v i t a t i o n  flow c teated behind a projec t ion  on tile lower sur- 
face of an in f in i te  hor izonta l  wal l .  

1. The problem of the c a v i t a t i o n a l  flow about a p la te  which 

forms a smal l  angle  a with a wal l  is solved. The l iquid  is assumed to 

have  weight  and to be idea l  and incompress ible ,  and its mot ion  is Jr- 

r o t a t i o n a l  The length L of the cav i t y  is considerably  grea ter  than the 

length  of the project ion.  The Ryabushinskii s cheme  is used. 

N o t a t i o n  

a - is the ratio of p la te  length to cav i ty  ha l f - l eng th ,  

rffx) - is the ordinate  of the cav i t y  contour, 

f - is a quant i ty  inverse to the square of the Froude number  

expressed in te rms  of the cav i ty  ha l f - l eng th  L/2, 

g -- is the g rav i t a t iona l  acce le ra t ion ,  

U0 - is the flow ve loc i ty  at inf ini ty,  

o -- is the cav i t a t i on  number,  
p0 - is the pressure at inf in i ty  at the l eve l  of the hor izonta l  

wall .  
Pk - is the pressure in the cav i ty ,  

p - is the l iquid density. 

The problem consists of finding the complex  induced flow ve loc -  
i ty  w(z) = u(z) - iv(z),  where u and v are the hor izontal  and ver t i -  

c a l c o m p o n e n t s o f t h e i n d u c e d v e l o c i t y ,  z = x + iy. We u s e d i m e n -  
sionless values of the induced ve loc i t i e s  and dimensionless  coordin-  

ates. The induced ve loc i t i e s  are referred to the magn i tude  of the un- 
disturbed s t ream ve loc i ty  at inf ini ty ,  and the coordinates  are referred 

t o  the cav i ty  ha l f - l eng th .  
The ana ly t ic  function w(z)  must satisfy the condi t ion  of no fluid 

flow through the solid boundaries and the cav i ty  contour  and the con-  

di t ion of constant  pressure on the cav i ty  contour. In view of the th in-  

ness of the project ion and consequent ly  of the cav i ty  as wel l ,  these 
boundary condit ions are l inear ized .  The  boundary condi t ions have  the 

form 

v (z)  = o (z )  ( - -  oo < x < ~), ( 1 . 1 )  

~ ( z )  = - - =  ( - -  t - -  a < z < - -  l ) ,  

o (z)  = - -  TI' (z )  ( - -  i < z < i ) ,  

~ o ( z ) = ~ z  ( l < z < l  + a), 

o ) ( z )  = 0 ( x < - -  t - - a ,  z > t  + a). (i .  2) 

Also, . (a) = --  /'q (z) - -  U, a ( - - l < z < i ) ,  (1. a) 

where (z) = =a + f vdz '  vclz = O, 
- - 1  - -  1 

gL po - -  Pit 
l =  ~ ,  ~=  v,pu" (1.4) 

The cavi ty  contour must be t angen t i a l  to the project ion contours, 
and therefore these condit ions must be supplemented  by the require-  

ment  

~' (--  i )  = - n '  ( t )  = ~ .  (:.  s )  

The function w(z)  may be represented by the in tegra l  re la t ion 

w = - - ~ -  ~ - - "  

- - 1  - - a  

resulting from equal i t ies  (1.1),  (1, 2) and the Schwartz equat ion for 

the semiplane ,  Relations (1.2) ,  (1.3),  (1.6)  lead to an in tegro-d i f -  

fe rent ia l  equat ion  in terms of the function r~ (x) 

ln(,O+~- -T-.--g- + T = T z - ~  
- - 1  

for --I<,,:<I . ( : .7)  

At the points x = :t 1 the function ~1 (x) must satisfy condi t ion (1.5)  

and the condi t ion  

~1 (_.47_ t) = =a (1. 8) 

result ing from equa l i t i es  (1.4).  The in tegro-d i f fe ren t ia l  Eq. (1 .7)  

with condi t ions (1.5),  (1.8)  is equiva len t  to the boundary-value  prob- 

l em  ( 1 . 1 ) - O .  8) for the ana ly t i c  function w(z).  The paramete r  o in 

(1.7) ,  as in (1 .3) ,  is unknown. 

The in tegro-d i f fe ren t ia l  equat ion (1.7)  was solved approximately .  

To do this the function Tl(x) at the intervals  [I  ~ x <; i t+, ,  where the 

points ~m are chosen so that  

�9 �9 �9 < ~,n = f ,  ~ = o,  L , , ,  = - ~,,, 

was approximated by polynomials  of second degree.  The polynomials  

satisfied the condi t ions "q (~+) = "q (~-), '11' (~+) = r l ' ( ~ - ) ,  condit ions 

(1.5),  (1.8),  and the condi t ion  q (x) = ~1 (--  x) which results from 

the Ryabushinskii scheme.  
This approximat ion  for the function led to equal i t ies  of the form 

n 

t I ( x ) = r  I ( 1 ) +  E c t ( z J q l ,  
1 = 1 .  

1 (1 .  9) 

i -~ -- dt(s)q i (O<z<|), qn=--W (I)-- a . 

Here qi are the values of the function r / ( x )  at the points x =fix, 

~t . . . . .  ~n; the functions c i (x), d i (x) depend on the se lec t ion  of the 
points ~m" Equation (1.7) was satisfied at the points x = 1 / 2 ( i  i + l~i+L), 

i : 0 , 1 , 2  . . . . .  n - 1. Thus, in accordance with equal i t ies  (1.9),  a 

system of n l inear  a lgebra ic  equations with n unknowns was composed: 

o i a ,  q t / ~  . . . . .  qn_i/O~, 

The system of l inear  equations was solved on the M-20 e lec t ronic  

computer .  In order to verify the convergence  of the approximate  sol- 
utions of the in tegro-d i f fe ren t ia l  equat ion,  we considered the cases 
n = 1 0 a n d  n = 20, and also the exac t  soIution of Eq. (1.7)  for J =  0 

[9]. The ca lcu la t ions  were made  for four values of the pa ramete r  a: 
0.2, 0.1, 0.05, 0. 028, and values of the pa ramete r  f varying in the 

range 0 :s i -< 3.2.  
The results of the ca lcu la t ions  were iden t i ca l  for a l l  values of the 

parameter  n The var ia t ion  of the quant i ty  o / a  as ,, function of the 
parameter  ] for the case a = 0 .1 ,  as plotted from the computa t iona l  
results, is shown in Fig. lb .  The circles  in the figure denote the 
points corresponding to the system of 20 equations; the c r o , e s  are for 
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the  system of ten equations.  The var ia t ion  of the quant i ty  g i / a  as a 

function of the pa ramete r  y i s  s imi l a r  in nature: with increases of the  

pa ramete r  f the quant i t ies  q i /a  vary cont inuously at first, and then 
undergo a sudden change.  

As shown by the ca lcu la t ions ,  the range of values of the pa ramete r  

f in which the charac te r i s t ics  of the cav i t a t i ona l  flow vary jump-wise  

does not depend on the value of the pa ramete r  a and is g iven by the 

inequa l i ty  2 . 6 0 <  f < 2.88.  O u t s i d e o f t h i s  range the convergence  of 
the approx imate  solutions is sat isfactory.  Thus, outside of the  in te rva l  

2. 60 < f < 2. 88 the values  of o / a  found from the systems of equa-  

tions with ten and twenty  unknowns differ from one another by less 

than  3-8%. t-'or f = 0 the exact  values of o / a  differ from the approx- 

i m a t e  values by less than 3%. 

The discontinuous var ia t ion  of the quant i t ies  q i /a  according to 

the c o m p u t a t i o n a l  data  leads to the s i tuat ion where the cav i t y  con-  

tour 7l(x) pierces the wal l .  Consequent ly ,  the cav i t y  cannot  exist  in 

some range of la rge  values of the pa ramete r  f .  The range of smal l  

values of the paramete r  jc in which the cav i t y  can  exist  is bounded 

above by the l i m i t i n g  va lue  I .  (2.60 ~ [ ,  ~ 2.88) . The value  f ,  
of the pa ramete r  corresponds to the l i m i t i n g  value  of the groude num- 

ber in terms of the cav i ty  length F ,  = I / l / ~ .  (0.416 *( F~ , (  
�9 ~ 0.438), and for U0 = const i t  is the l i m i t i n g  cav i t y  length L,. In 

the case of continuous increase  of the c a v i t y  length for a fixed s t ream 

ve loc i ty  Uo, there  cannot  be a cav i ty  with a length exceed ing  the 

l i m i t i n g  value.  

The discontinuous var ia t ion  of the parameters  of the cav i t a t i on  

flow indica tes  the passage through zero of the de te rminan t  of the 

system of a lgebra ic  equations which replace  the in tegro-d i f fe ren t ia l  

equat ion.  From this it may be shown that  the l i m i t i n g  Froude number 
corresponds to the condi t ion which admits  the ex i s tence  on a smooth 

wal l  of thin cav i t i e s  whose contour approaches the wal l  a sympto t i ca l -  
ly at the forward and rear points. Actual ly ,  such cav i t i e s  are des- 

cr ibed by relat ions (1.7) ,  (1. 5), (1. 8) for a = 0. In the case a = 0 

the corresponding system of l inear  a lgebra ic  equations in terms of the 

unknowns a, qi, according to equa l i t i es  (1.9),  is homogeneous.  The 
system has a nontr iv ia l  solution only for a zero value of its de te rmin-  

ant, i . e . ,  under the condi t ion  f - f , n ,  where ~ , n  "* f* as n --~ ~ 
n being the number of equat ions in the system. 

2. The conclusions drawn above are  val id  for thin cavi t ies .  The  
assumption of thinness of the cav i ty  may  be rea l ized  theo re t i ca l ly  for 

values of the pa ramete r  b(F > F.), in f in i te ly  c lose to the l i m i t i n g  
value ,  s ince the quant i ty  cx may  be se lec ted  suff ic ient ly  smal l .  How- 

ever,  if we fix the angle  a ,  un l imi ted  increase  of the re la t ive  th i ck -  

ness of the cav i ty  (ratio of the cav i ty  thickness to its length)  with the 
reduct ion of the Froude number which is predicted by the l inear  the -  

ory leads to the s i tuat ion where the l inear  theory becomes inval id  be-  

fore the value [: = F.  is reached. Since the l im i t a t i on  F > F. is of 

pr imary interest ,  we present below an approximate  analysis  of the 
cav i t a t i ona l  flow which is free from any assumption as to cav i ty  th in-  
ness. The analysis  is based on the assumption that  the l inear  theory 

qua l i t a t i ve ly  reflects  cor rec t ly  the nature of the relat ionship be tween 

the cav i t a t i ona l  flow parameters  for F > F , .  
Let us assume that  for some fixed value  of F(F > F , )  a thin cav i ty  

is obtained behind the project ion probe. If  we gradual ly  increase the 

pressure in the cav i ty ,  without  varying the s t ream ve loc i ty  U0, ac-  

cording to the assumption made  above the cav i t y  length wi l l  increase.  
After some value of the pa ramete r  o is reached, the re la t ive  th i ck -  
ness of the cavi ty  wi l l  also increase.  When the re la t ive  cav i t y  th ick-  

ness becomes suff ic ient ly  large,  the project ion p rac t i ca l ly  ceases to 

play any part in the formation of the cavi ty .  The contour of the e a r -  
i t )  which exists without  the project ion may e i ther  be t angen t i a l  to 
the wal l  or may form some angle with it. The first case was con-  
sidered qua l i t a t i ve ly  in the preceding sect ion of this paper. Let us 
turn t ~ t h e  secon~l case. In this, the point of the cav i ty  contour which 
l ies on the wai l  wi l l  be a s tagnat ion point and therefore,  according to 
t)Jc 13crnoulli equat ion,  the following condi t ions must be satisfied: 

= - -  1. ,/11 .2 = 2~, ~l(r ) (2 .1)  

Here W is the ve loc i ty  on the cav i t y  contour  and ~](x) is the di-  

mens iona l  ordinate  of the cav i ty  contour, The question on the  ex is t -  

ence  of a cav i ty  whose shape satisfies (2 .1)  is equ iva len t  to tha t  on 
the ex is tence  of a body which is s y m m e t r i c a l  with respect to the hor- 

i zon ta l  axis, with the ve loc i ty  distr ibution law a long  its surface 

( l v ~  = k n(~'__)~ (2.2) 
Uo / c 

Here k is a dimensionless  constant  and c is a charac te r i s t i c  l inear  

d imension of the body. 
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I f  a body of such a shape exists, then the l inear  dimensions of the 

cav i ty  are defined by the equa l i ty  

c = k U~ . (2,  3) 
2g 

Consider ing bodies of differ ing shape, it was found that  a lune 

with a 90 ~ angle  at the vertex comes very close to sat isfying condi t ion  
(2.2),  For example ,  in Fig. l c  the solid l ines 1 and 2 show the depen-  
dence  of (W/Wmax) z on ~ /c  (e = rtmax) for lunes with vertex angles of 

2B = 90 ~ and 28 = 100 ~ The broken curve corresponds to the desired 

relat ion,  t ransformed to the  form 

{tV/ lVmax )~ = "q / c, (c ~ rlm,x ) (2 .4)  

The cav i ty  parameters  which satisfy condit ions (2.1) may be de-  
fined approx imate ly  on the basis of the approximat ion  of its contour 

by a c i rcu la r  arc which approaches the wal l  at the angle  8 = 46". In 

this case it is convenient  to use the re la t ion 

k ~ (IVrnax~ z (2. 5) 
\ - - T ; - o  y 

result ing from equal i ty  (2.2).  The re la t ive  thickness of the cav i ty  and 

the Froude number thus obtained,  respect ive ly ,  have  the values 

6 = ~max / L  = 0.207. F = Uo/ V ' g T =  0.423 . (2.6)  

This Froude number is in agreement  with the l i m i t i n g  Froude number  
obta ined from the l inear  theory. 

This analysis  permits  the fol lowing conclus ion to be drawn. In- 

crease  of the pressure (rl o = const) in a th in  long cav i ty  leads to the 
formation of a cav i ty  independent  of the project ion - a free cavi ty .  
The free cav i ty  has m a x i m a l  length and may  have  one of two types 
of contour: e i ther  t angen t i a l  to the wal l  or approaching it at some 

angle.  The second type of cav i ty ,  s ince it corresponds to the m i n i m a l  
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possible cavitat ion number o = - 1 ,  is the l imit ing case of the first 
type. The free cavi ty is not formed by the probe and therefore may  
separate from it, being located in any region of the horizontal wall. As 
the  l imit ing parameters of  the cavity formed behind a projection we 
can take the parameters of the  free cavity: F~ ~ o.423, ,3~ ~ 11.2(17, 
and o, y - 1 .  

,r #.7 

o ---o-~ . 5 . - ~  ~..~..~, ~ ~ ~ o o 0.5 

,,6/~ '3 ~.3 
-4 -3 -2  -1 0 

Fig. 2 

3. An experiment was conducted in a water tunnel to verify the 
theoretical results obtained. The test specimen was a fiat plate with 
side plates, with air being supplied to the bottom surface. The plate 
length was 946 ram, width 200 ram, thickness 20 mm,  the distance 
from the leading edge of  the plate to the  probe was 316 ram, and the  
distance between the bottom of the  plate and the  tower edge of the  
side plate was 295 mm.  The plate was immersed to 120 ram. The 
experiments were conducted with a wedge-shaped projection having. 
a length of 12 m m  and height of  2 ram. The test was run with stream 
velocities up to 0.7 m/sec .  The air was supplied to the cavity through 
an opening in the plate, shielded by an ant i -entra inment  device; the 
opening had a diameter of 10 m m  and was located at a distance of 70 
m m  behind the  projection. The cavity was first formed by pumping 
air through a slot directly behind the  projection. Stream velocity, 
air flow rate, cavity pressure, and cavity parameters were measured 
in the course of the  tests. 

The experimental  data showed that with an increase of the air 
flow rate the cavitat ion number diminished and the cavity d imen-  
sions increased, In the  final analysis increase of the cavi ty dimen-  
sions led to a separation of the cavity from the projection. On leav-  
ing the projection, the cavity in all cases moved upstream, after 
which it occupied a position such that the opening of the tube which 
supplied the air was located at the end of the cavity. The leading 
section of the cavity surface which had left the wedge had a regular 
form and always approached the plate at a considerable angle; the 

trailing section was strongly distorted by the turbulent air stream 
leaving the cavity. 

The results from the measurements  of the cavi ty  length are shown 
in Fig. 2. Here the values of the Froude number F : t%/ I/gL are 
plotted along the vertical axis, and the ratios of the cavitation num-  
ber to the wedge aperture angle o/e t (a  = 1/6) are plotted along the 
horizontal axis. The  experimental  points denoted by circles cover 
the range of variation of the parameter  f l  = a f  from 0.21 to O. 31, 
The broken curve is experimental ,  while the solid curves 1 and 2 
correspond to calculat ion using the linear theory, for f l  = 0.21 (curve 
1) and for f l  = O. 31 (curve 2). The horizontal line 3 corresponds to 
the  l imit ing Froude number F ,  = 0. 423, The points lying in the right 
side of the  figure are for the thin cavities; the points farthest to the 
left (o < - 0 . 5 )  correspond to the cavities observed just prior to sepa- 
ration from the wedge, i . e . ,  l imiting cavities, According to these 
experiments, the l imit ing parameters F,  and 6 ,  for the cavities are 
F, ~ 0.48, 6 -~ 0 .14-0 .17 ;  the limiting cavitation number o, 
�9 ~ .  -r 5-0. o ) .  

Comparison of the l imit ing cavity parameters obtained theoretic-  
ally and experimentally indicates that in reality the  flow cri t ical  re- 
gion, i .e. ,  the separation of the cavity from the wedge, is observed 
earlier than theory predicts - for larger values of the cavitation num-  
ber. This may be explained by the effect of  liquid viscosity. Actually, 
the cavities having the greatest thickness must create a considerable 
pressure gradient along the plate, which may  lead to separation of 
the boundary layer and, thus, to a reduction of the pressure at the 
presumed crit ical  point. This pressure reduction is equivalem to an 
increase of the l imit ing cavitation number. 

In summary the date from these experiments indicate satisfactory 
qualitative agreement between theory and experiment. 
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