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The Charge Fluctuations in Classical Coulomb Systems
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We study the asymptotic behavior of the charge fluctuations <(Q, —
{Q>)?> in infinite classical systems of charged particles, and show, under
certain clustering assumptions, that if the charge fluctuations are not exten-
sive, then they are necessarily of the order of the surface |0A]. Moreover,
when the canonical sum rules that are typical for equilibrium states of
particles interacting with long-range forces hold true, we prove a central
limit theorem for the normalized charge variable |8A]|~12(Q, — {Q,)) in
two and three dimensions. In one dimension, the probability distribution of
the charge itself converges. The latter case is illustrated by the example of the
one-dimensional Coulomb gas.
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1. INTRODUCTION

Gibbs states of classical systems of particles interacting with long-range forces
(in particular, Coulomb systems) have specific properties which are not
present in equilibrium states of particles interacting with short-range forces.
At a very heuristic level, the reason for the occurrence of these new properties
in Coulomb systems can be understood with the help of the following
argument based on Gauss’ law. Let us consider the total charge Q, carried
by the particles located in some region A; Q, is related to the electric field
E(x) in the system by Gauss’ law Q, = fa LE(x)-ds. We divide the surface
oA of A into N cells A,, n = 1,..., N of size |[A,| = w, Le., |0A] = No.
Then we have approximately f awnE(X)-ds = w27 1 E,, where E, is the projec-
tion of the electric field in the direction normal to the surface of the cell
A,. If the average electric field in the system is zero, {E,> = 0, the system is
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also locally neutral: (@,> = wy¥_ (E,> = 0. If we assume, moreover, that
the electric field random variables E, are approximately statistically indepen-
dent, we can apply the law of large numbers to conclude that the charge
fluctuations behave as |A| — oo like

N

(Qa = QW) = (@D = w® 3 (Enbpy = N = [2A]
n,m=

Thus the charge fluctuations, being of the order of the surface, are not
extensive with A, as would be the case for the fluctuations of usual macro-
scopic quantities (outside of critical points). Clearly this fact has far-reaching
consequences on the structure of Gibbs states, and the purpose of this paper
is to study the properties of equilibrium states of charged particles in the case
where the charge fluctuations are not extensive.

This work completes and extends results given in Ref. 1. It is deduced in
Ref. 1 from suitably defined equilibrium equations that equilibrium states of
infinite systems of particles interacting with long-range forces must possess
new characteristic properties, provided that the state has an integrable cluster-
ing. Among these properties the most important are the neutrality and the
hierarchy of canonical sum rules, the latter implying the nonextensivity of the
charge fluctuations (see Ref. 1, Sections 4 and 5). In this work, the relation
between the charge fluctuations and these canonical sum rules is further
investigated, and a solvable model, the one-dimensional Coulomb gas,
exhibiting all the features of the general theory is given as an illustration.

As in Ref. 1, we will always assume that we are given an equilibrium
state of the infinitely extended system. The charge fluctuations are then those
of the total charge of finite regions in this infinite system. We do not consider
here the problem of constructing such infinite states by means of thermo-
dynamic limits of finite-volume Gibbs states, nor do we study global charge
fluctuations including charges at the boundary of the system. We include in
our treatment both translation-invariant states and possible periodic states
that are only invariant under some discrete subgroup of the translations.
Furthermore, we emphasize that this analysis is not limited to the strict
Coulomb force, but applies to all classical systems of charged particles having
the features specific to long-range forces discussed in Ref. 1.

In Section 3 we establish under certain mild clustering assumptions that
if the charge fluctuations are not extensive, they must be of the order of the
surface. It is interesting to note that this result does not depend on the
explicit form of the interparticle forces (contrary to the argument involving
the Gauss law), but appears here as a general geometrical fact in the formalism
of statistical mechanics. We study in Section 4 the implications of the
canonical sum rules for the asymptotic behavior of the full probability distri-
bution of the charge. The first sum rule with slightly stronger clustering
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assumptions than integrability implies the surface behavior of the charge
fluctuations. Moreover, in three or two space dimensions, higher order sum
rules together with similar clustering assumptions enable us to prove a central
Jimit theorem for the properly normalized charge observable [0A|~3(Q, —
{Q,>). In one space dimension, the charge Q, itself has a limiting distribution
as |A| — co. Since the sum rules are expected to hold in Coulomb systems as
soon as screening occurs (see Ref. 1, Section 5), all the features of charge
fluctuations will be true in such systems (with the possible exception of
critical values of thermodynamic parameters). This is in fact the main point
in this paper.

We reexamine briefly in Section 5 the one-dimensional Coulomb gas that
has been treated by Edwards and Lenard,'® with the purpose of illustrating
the preceding results by an explicit example. In this respect, we supplement the
work of Ref. 2 on two points: the existence of a limiting charge distribution
and the validity of the sum rules.

Finally, we add that Lieb and Lebowitz have conjectured in their proof
of the thermodynamic limit of the quantum Coulomb system that the charge
fluctuations should also be nonextensive in the quantum case.®® The study of
the quantum charge fluctuations will be the subject of subsequent investiga-
tions.

2. GENERAL SETTING AND NOTATIONS

We consider a classical system of N kinds of particles with charges
o € X, where Z is a finite subset of R. We denote the charge ¢ and the position
x of a particle by ¢ = (0, %), 0€Z, x = {x,, « = 1,...,v} € R, and we
write

d=fdx, AcC R
Joa=] a2

The state p of the system is given in terms of its correlation functions
P (G1seens Gn) = P(X101505 X00,) = PSP (X1,..., X,). These correlation func-
tions are understood to describe an equilibrium state of the infinitely ex-
tended system (i.e., they are obtained as thermodynamic limits of those of
finite Gibbs states, or as solutions of appropriate equilibrium equations ).
A will always denote a finite region of this infinite system. The p™(qy,...,4,)
are positive and symmetric under the permutations of the arguments ¢,,...,
q,. Moreover, we shall assume throughout this paper that as functions of
X1,..., Xn, they are continuous and bounded in R™.

We will be interested in two types of equilibrium states, the translation-
mvariant states (R’-invariant states) and the nontrivially periodic states,
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invariant under a discrete subgroup Z of the group of translations (-
invariant states). For an R’-invariant state we write simply the two-point
functions as p@(o1X;; oax3) = p$P,, (X1 — X3).

We characterize a discrete subgroup 4 of the translations by » funda-
mental vectors e, « = 1,...,v, i.e.,

v
T = {an]an = Z Ny€y HNgE€EZ, o= 1,...,v}
=1

and we denote by Q the fundamental cell based on the vectors e,. For a 7 -
invariant state, we have

pgi)mak(xl + ana"'a Xy + an) = Pg‘i)--'o'k(xlr", xlc)

for all @, in J.
The total charge of the particles with coordinates and charges ¢; = (x;0,)
located in the finite region A is the observable

On = Z oxalx;) (D
with
1 xeA
ww={y o

We denote by {Q,> the average charge of the region A (in the state p of the
infinitely extended system) and by <Q,™>, » = 2, 3,..., the higher moments
of the probability distribution of the charge in A. In particular {Q,> and
{ Q4% are expressed in terms of the one- and two-point correlation functions
by

Q> =3 [ o) dx @)

0 = 3 [ an [ dxi@urixd + 5[ dxat @)
G109 VA A o YA
We denote by |A| (resp. |@A|) the volume (resp. the surface) of a finite region
A (resp. of its boundary oA). If there is an underlying lattice 7, we set
[A] = J4.esxa(a;), the number of lattice points in A. Clearly |A| differs from
[Q|[A] by the volume of cells intersecting A.

If d is the maximal diameter of Q, we have in any case

[[A] = [Q[A]] < A9 ©)

where A?is the set of points within a distance less than or equal to d to 0A.

In order to investigate the behavior of the probability distribution of the
charge for large A, we specify in what sense sequences of the region A con-
verge to R’.
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We assume always that A — R" in the sense of van Hove [i.e., lim,_p
(|A*|/|A]) = 0, where A" is the set of points that are within a distance less
than or equal to . to dA). In particular we shall consider sequences

Ay = 2y = {Ax]x e Ay}, A>0 ©)
that are dilatations of a fixed region A,, where the boundary dA, of A, is
supposed to be a piecewise differentiable manifold.

In connection with < -invariant states, we introduce the union of cells
Q2 (invariant under space inversion)

Q= {x[x = zxaea, [x,] < 1}

and the sequence of regions A, that are the union of cells obtained as dilata-
tions of €,

Ay ={x|x =ky, ye Qy, k=1,2,.. (6)

3. ASYMPTOTIC BEHAVIOR OF THE CHARGE
FLUCTUATIONS

In this section, we examine the asymptotic behavior of charge fluctu-
ations {(Qx — <Q>) = {Qx%> — (Qx>% as A — R’. We show that if the
charge fluctuations are not extensive with A, then, under certain clustering
assumptions, they are necessarily of the order of |0A|. This is the content of
Propositions 1 and 2 below. In Proposition 1, we derive an integral relation
between the one-point and the two-point correlation functions [Eqs. (8) and
(9)] which has to hold when the charge fluctuations are not extensive. On the
basis of this relation and of a geometrical lemma, we establish in Proposition 2
that {(Q4 — <{Qa>)?> behaves as |0A], A — R".

By the very definition of the correlation functions, we get from (2) and

3
{Qa — (O = f dx > o (ax)
A G

+f dxlf dx, Z 010008 (01 X1 ; 05X3)
A A

ad109

_ fA COXULCOE fA d, jA dxs f(x1, x2)  (7)

where we have set for brevity
S, x5) = — Z 0105p(01%1 5 05X3) (®)
a10g

and p¥(o;x;; 05x5) Is the two-point truncated correlation function defined in
the usual way.
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Proposition 1. (i) Let p be an R'-invariant state with .#* clustering
two-point functions

f |6§2,0,(9)] dx < oo

and A a sequence of regions converging to R in the sense of van Hove, Then
lims .2 [<(Qa — <@a>)*>/|A[] = 0 if and only if

S o = [ dx s ©®
g
(ii) Let p be a . -invariant state with #* clustering two-point function
Squ [pF(01%15 09X0)| dx; < 00
*1

and A, the sequence of regions defined in (6). Then
(Qay = <Oa)» _

A, A °
if and only if
[ ax S o = [ ax [y fie ) (10
) g 2

Proposition 2. (i) Let p be an R'-invariant state with

flP(z?Jlaz(x)I |x| dx < oo

and A, = AA, a sequence of dilated regions (5). If
<(QAA - <QA)\>)2> _

et N 0
then
(Qay = QDD _ _
Jlim SE e [ dy = d an

where y(y) is defined in Lemma 1(e,).
(ii) Let p be a Z -invariant state with

sup [ |92@x; 929)] [9] dy < o0

and A, the sequence of regions (6). If
i (@a = <O _

Ax—RY ]Akl

0
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then

Q= (0D
Jim S el [ [y seypor=d )

where ¥(y) is defined in Lemma 1 (8,). (Proposition 2 holds in one dimension
with [0A| =

The proofs of Propositions 1 and 2 depend on the following lemma,
which is of a purely geometrical nature. For any finite region A and ye R,
we define

72(y) = [A O (RN\A — p)| 13)
and in the case where we have an underlying lattice 7,
7a(p) = |Q[A N (RNA — p)] (14)

(A + y) = {x + y|x e A} is the translate of A.

Lemma 1. (¢;) If A — R’ in the sense of van Hove, then
. 1
Al A valn) =0
(c2) If A is a sequence of dilated regions (5), then

AT, TeA] |aA[ valy) = 2[3A[f |y-ds| = ¥(») (15)

Let A, be the sequence of regions (6); then

B Jm ria0) =0

B Jim o 70) = T S [l = 50 (16)

where y, are the components of the vector y in the (not necessarily ortho-
normal) basis formed by the e,, « = 1,...,v (l.e., ¥y = 2i-1Ve€s), and [a] is
the integer part of a.

The lemma is proved in the Appendix.

Remarks. 1. Coulomb systems have to be locally neutral, i.e., (Q,> = 0
(see Ref. 1, Section 4). However, neutrality has not been assumed in Proposi-
tions 1 and 2.

2. We see that under the conditions of Propositions 1 and 2, the integrals
(9) and (10) involving f(x) have to be positive, and the integrals (11) and (12)
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have to be nonnegative. This is a screening effect. Indeed we get from (8) for
an R'-invariant neutral state (i.e., >,0p" = 0)

f(xla xz) = Z |‘7102|P(o'21)02(x1 — Xg) — z ‘71‘72P<(:21)az(x1 — Xs)

01,02 01,02
0102<0 6109>0

Positivity conditions on f(x;, x,) indicate that in the neighborhood of a given
charge, itis more likely to find charges of the opposite sign than charges of the
same sign. It is even expected (and proven in certain models®) that f(x,, x,)
is pointwise positive. If this is so, d and din (11) and (12) are strictly positive.
In any case, we shall assume in the rest of the paper that d and d are strictly
positive, so that the charge fluctuations do not grow more slowly than |9A].

3. Proposition 1 holds under the assumption of £* clustering. However,
in Proposition 2, a stronger clustering condition is needed, i.e.,
|x2| PP (01%15 09%5) € FY(dx,). There might exist a critical temperature for
which the latter condition is violated, leading to charge fluctuations of larger
order than |0A| (although not extensive).

4. In the case of a translation- and rotation-invariant state, and under
the conditions of Proposition 2(i), we have

Q= O
Jim SER T, [yif) dy
1, v=1
C, =<1/m, v=2
1/4, v=73

the limit being independent of the shape of the sequence of regions A,.
Indeed by the invariance of f(¥) under rotations, we can replace y(y) in (11)
by its average over rotations R and we find with (15)

[¥(Ry) du(R) _
Jdn(R)

Proof of Proposition 1. (i) If p is translation invariant, the second term of
(7) can be written as

ﬁ fA dx fA dyf(y - %)

= |—71X_IJA dxfdyf(y — X)xa(»)

Gyl

- f dy f(7) I—i—] f-A dx xalx + y) = f Ay f() — f Ay 1) l—i—]n(w
a7
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since by (13),

[ drxate+3) = 1A 0@ = 5] = 4] = )
We have |ya(p)I/|A| < 1 and lim, ., 22[ys(¥)/]A]] = O by Lemma 1(e;). The
result follows by dominated convergence from (7) and (17) and by the fact

that p®(ox) = p'¥ is constant.
(ii) If p is  invariant, we have

-+ Lk dr 3, ) = [ xS e (18)
Moreover, we can write the second term of (7) as
]lel N dx N dy f(x, y)
_ [TiTQT > j dx [y fx + @ en(?)
- lﬁll fﬂ dx f dy f(x, y)(ml-] ZA xarla; + y))

Il

1 1 1
a0 [ 0500 = 1ep [ e [ st ) gy 70 09
since

Z XAk(aJ' + ) = [A] - 371\;‘(}’)/'9‘

aselhy

The result follows again by dominated convergence from Lemma 1(3,) and

(M, (18), (19). W

Proof of Proposition 2. (i) If the charge fluctuations are not normal, the
relation (9) of Proposition 1 (i) holds true. Using (9) in (7), we get

= [371(‘ fA dXLV\A dyf(y — x)

= [y W‘A—l ya?)

Since (1/|6A|)ya(y) is uniformly bounded by (constant) |y| and converges
to y(y) [Lemma 1(e;)], we obtain the result (11) by dominated convergence.
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(ii) We know by Proposition 1(ii) that (10) holds. Using (10) and the
periodicity, we have

fA dx Z o2p®(ox) = [A] L dx Z 0%pD(ox)

- [A] f dx [ dy fx, )

= [ ax [ dyseny) (20)
A
Therefore (7) with (20) gives
{Qn = <O
A = ), ), @7
=y 2 | ax [ar st + a yanat)

: 1
o L dx f dy 15, ) 7557 70)

The result follows from Lemma 1(8,) again by dominated convergence. [

4. THE CANONICAL SUM RULES AND THE PROBABILITY
DISTRIBUTION OF THE CHARGE

We have seen in Proposition 1 that the nonextensivity of the charge
fluctuations is equivalent to the existence of certain constraints, i.e., Eqs. (9)
and (10), that link the one-point and the two-point correlation functions.
Using the definition (8), let us rewrite (9) and (10) explicitly in the form

Sofon v [ S| -0 @)

(31

J dx,; Z o3 [clp( oyxy) + J dx op(z’(clxl; crx)] =0 (22)
)

o1

Clearly Eqgs. (21) and (22) are implied by the following relation between the
one- and the two-point correlation functions:

o1p(qn) + qu op(q1,4) = 0 (23)

Equation (23) is called the first canonical sum rule and is the first member of a
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hierarchy of constraints that link the n-point to the (n + 1)-point correlation
function

(3 o) i

=1

+ [ dgolp™ G a) = PP @V Grrrg] =0, = L2

(24)
Equation (24) is called the nth canonical sum rule because it is identical to the
relation that links the #» and the n + 1 correlation functions in a finite-volume
canonical ensemble (see Section 5 of Ref. 1 for a discussion of this point). It
is important to note that the sum rules are not true in general for infinite
systems of particles interacting via short-range forces [obviously (24) is false
for a gas of two kinds of noninteracting particles]. However, the sum rule (24)
is expected to hold for infinite systems of charged particles interacting with
long-range forces (like the Coulomb force) and it is in fact an essential
characteristic of such systems. Indeed it can be shown that as soon as the state
has some mild clustering properties (£ clustering), the sum rule (24) is a
consequence of the BBGKY hierarchy which defines the equilibrium states
(see Proposition 8 of Ref. 1). Moreover, it will be checked explicitly in the
next section that the sum rule (24) is true in the case of the one-dimensional
Coulomb gas. In this section we study the implications of the canonical sum
rules for the properties of the probability distribution of the charge. We have
immediately the following result.

Proposition 3. Let p’ be an R'- or . -invariant state. If the first sum
rule holds and if

sup | |p$(x101; X905)] |xo] dxs < o0 (25)
X2

then the charge fluctuations <(Q, — {Q4>)?> are of the order of the surface
[OA].

Proof. Indeed, (23) implies (9) and (10), and thus the charge fluctuations
are not normal by Proposition 1. Therefore the results of Proposition 2 are

true.

Corollary. The charge fluctuations {(Q, — {Q,>)* in R’-or -
invariant equilibrium states of Coulomb systems are of the order of the
surface [0A] if the following clustering holds: for x, fixed

PP(01X15 02X5) = O(1]|x;|**17¢), €e>0
for x; fixed

P01 0aXg; 03X3) = O(1/|x1]V*€)
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uniformly in x,, and

llim J] PP (o1x1; aoxg; oaxg)| dx; = 0
[xg]—

Proof. These clustering assumptions on the two- and three-point
functions ensure by Proposition 8 of Ref. 1 that the first sum rule holds; thus
Proposition 3 applies. i

All these clustering properties are true for a class of one-dimensional
Coulomb systems ®-* (these systems have exponential clustering). In this case,
|6A| = 1, and therefore the charge fluctuations converge to a finite limit.

In order to investigate the higher moments of the probability distribution
of the charge, it is useful to introduce the new set of correlation functions
" (qy,...,q,) giving the probability density for finding »n particles, not
necessarily different, at xi,..., x,.**® To abbreviate the notation, we shall
denote simply by Q the set of variables (g;,..., g,) with |Q| = n, and

PGy @n) = P(Q)s  pFP(G1se-es 4n) = pr(Q), etc.
The correlations g™(gy,..., g,) are defined by

K0 = > [TTa@#)]s0” 26)
@ L
2(Q) is a partition (J;0,Z = Q of the set Q = (¢3,...,4,) into disjoint
subsets 0,7, =1,2,...,k, 1 € k < n, and the sum in (26) runs on all such
partitions. Here A(Q,?) is the product of Dirac functions identifying the
arguments in Q/7, i.e.,

1
A(q1yees Gi) = {3 5 5

q1,a5%2,03 *""

k=1
i =198k k 2 2
with
8111,‘12 = 80’1,!72 8(‘x1 - xz)
Q7 is the subset of Q obtained by selecting one argument in each Q,7.
Let f(q) = f.(ox), ¥ = 1,...,n, be continuous functions with compact
support in the variable x, and let

Fo=2fMa), r=Ll.,n @7

be the corresponding local one-body observables. Then we have by the very
definition of g(Q) that the average in the state p of the product [ [}_,F, of
one-body observables is given by

<§ F> = qul o dgn F™(q1se.., 9n) ilf;(qr) (28)
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Together with the 5(Q), we consider the corresponding truncated functions
pr(Q) related to the g(Q) in the usual way‘®

0 = > 1[0 (29)

P 7

It follows from (26) and (29) that the p,(Q) are related to the ordinary
truncated correlation functions by the same formula as (26),®

() = > [ [A22)p:(0?) (30)
7@ i
(g1se.., qn) [resp. p™(qy,..., q,)] is a linear combination of pf, 1 < k < n
[resp. p®] with arguments in subsets of (¢1,..., §n)-

The next lemma gives four equivalent forms of the sum rules in terms of
the different types of correlation functions. The proof of Lemma 2 can be
found in the Appendix.

Lemma 2. Assume that [|p(Qq)| dg < o, |Q| = 1,...,n; then the
following relations are equivalent:

@ (zc,»)p<Q)+ [ daoto0g) = s(@p@1= 0. 10l = Lo

)

&)
() (S )o@ + [dropsion = 0. QI = 1
32)
(i) f dq ol5(Q9) — p(@FQ)] =0, [0 = 1,...,m
(33)
(iv) f dq op(Qg) =0, |0 = Lyn
(34)

We are now ready to study the probability distribution of the charge Py ,(s),
which is the probability (in the state p) that the total charge carried by the
particles in A is equal to s. Let us introduce the normalized charge observable
Qa = (Q4x — <Q)/|0A|*2. We know by Proposition 3 that if the first sum
rule holds [with the integrability conditions (25)], then <J,?> has a limit as
A — R’. One can expect that the higher order moments {0 ,*> of the normal-
ized observable O, also converge when we have clustering and sum rules
involving higher order correlation functions. The next two propositions show
that this is indeed the case: in v = 2 or 3 space dimensions, the probability
distribution Pg,(s) for the normalized charge observable Q, converges to the
Gaussian, whereas for one-dimensional (neutral) systems, Pz, converges to a
discrete distribution.



448 Ph. A. Martin and T. Yalcin

Proposition 4. Let p be an R- or 7 -invariant state. Assume that the
two-point truncated correlation functions have the integrability properties
(25) and that the first sum rule holds (so_that by Proposition 3, lim,.,z
{0x? = d) and suppose d > 0 (d > 0).

Then Pg,(s) converges to (2nd)~ /2 exp(—s?/2d) as A — R’ if further-
more the higher order correlation functions have the properties listed below.

(a) Z? clustering forn > 3:

Supqu2 "'qun lpglzl)(alxls 92,--~, qn)l < OO, h = 3, 4:"-
X1

(b) Moreover, in dimension » = 3, the second sum rule holds.
In dimension v = 2:

(ch supf dxzj dxs |xo| pf(01%1, 03X, 03X3) < 0.
(c2) The second and the third sum rules hold.

Proof. We give the proof for an R’-invariant state. The periodic state can
be treated in exactly the same way. A = AA, is a sequence of dilated regions
(5).

Let M,(Q,) be the nth-order cumulant associated with the probability
distribution Pg,(s).?

We have

Ml(QA) = <QA> =0
lim My(0,) = lim {(@,*> =d >0
A-RY A~RY

We shall show that lim,_, 2 M,(0Q,) = 0 for n > 3. This will imply that
the moments <0,*>, k = 1, 2,..., tend to those of the Gaussian, and by the
theorem of convergence of moments, that Pg,(s) converges weakly to the
Gaussian with covariance d.

The nth-order cumulant M,(F) of any single-particle local observable
F = 3,f(q,) can be expressed in terms of the correlation functions pr(qy,...,4y,)
by

M(F) = f dgs - A PP (Gayeens GG -~ F(g0)

Since M,(04) = (1/]2A|")M,(Q,) for n > 2 we have, with (1),

= 1
MG = s | s [ daroro- o (Gng) 09

2 The cumulants are defined by the formal expansion

In<exp(a@a)) = ioz—zMn(éA)
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and thus

- A
[M(On)] < IalAlL/z (Sl;lp U)HngpfdQ2 o dg, |85°(q1, 925 G0)|

(36)

1t follows from the linear relation between the g, and the p; and the structure
of formula (30) that the #* clustering implies

S}lefd% < dgy |pF(q15 Gos--s gn)| < 0
1
Since for a sequence of dilated regions AA,
IA]/IaA]n/z — Av+(n/2)(1—v)lAOI/IaAolnlz (37)

we get from (36), (37), and the #* clustering (a)

lim M,(0,) =0 ifn>3whenv =23

A-RY

lim M, (0,) =0 ifn>4whenv=2

A-RY

Thus it remains to examine M3(0,) when v = 3 and M3(Q,) and M,(0,)
when v = 2.

Case v = 3. Using the second sum rule in the form (34),
[dg: 0158 (g1, g2, 95) = O, We can write

— 1
[MB(QA)[ = W f d‘hf d%f dgs 0,020585(q1, 42, g3)
A A A

1
BREINEE f \ d%J‘ d%f dqs 01050388 q1, G2, q3)
BRV\A A A
1
S l—aA—P/_ZLV\A dxlfA dx; g (%1, Xo) (38)
with
g(x1, Xg) = Z qug lo1050383(a1x1; aaXs; gs)| (39)

G103

The ¥#* clustering assumption (a) for n = 3 implies that
Squdxz lg(x1, x5)| <
X1

Therefore we can proceed as in the proof of Proposition 2 and apply Lemma
1(«;) to obtain

1

. . 1
tim [ dx f dx g(xy, x;) = lim f dy §(3) 137 7a(») = 0
A-»RV‘ | RM\A A A>RY l |

(40)



450 Ph. A. Martin and T. Yalcin

In view of the fact that |A[/|9A[32 = [Ay|/]0Ay|*? = constant when v = 3,
we conclude from (38) and (40) that lim,_ z»M4(Q,) = 0.

Case v = 2. We majorize M;3(Q,) as in (38) with the same definition (39)
for g(xl, Xy). Now we have from assumption (cl) that

sup [ dxs g, x| < o0

and therefore we find by Lemma 1(«,) that

1 1
lim =57, 9% L dxy g (%1, Xo) = fdy g0 1x7 720)

A—RY RY\A
converges as A — R’. From this and (38) we have that M.(0,) =
o1/ |6A|M?) - 0 as A — R".
For M,(Q,) we use the third sum rule, qul o15%(q1, 92, 43, 44) = 0, to
write

IM4(QA)| IaAlz

f dqu d‘hf d%f dqs 010303048F(q15 9o, 93, 4a)
A\A A A A

1
< AT LV\A dx, fA dxy hx,, x;)
with
h(xy, ) = f@laf dq, 101020304PT (01%1; 02X2; G35 44)|
0109
The #* clustering for » = 4 and Lemma 1(«,) ensure again that
llm 1 dxlf dXQ h(xl, X2) = 0
A-RY ‘Al RV\A A

constant when» = 2

i

From this and the fact that |A]/|6A|2 = |Ao]/|0A,|?
we get lim, 2 M,(0,) = 0. |

Proposition 5. Let v = 1 (i.e., [0A| = 1 and Q, = Q) — <Q,>) and
p be an R-invariant state. If ;

sup a’ngdx3 ---J'dx,, |Xa] |pP(01X1; 09Xa5..05 0,X,)| < 00, nz?2
%1

and all sum rules hold, then Pg,(s) converges weakly to a finite distribution
P(s)as A — R

Praof. Using the nth sum rule fdéh c18%(qs,.-.,g,) = 0, we have for
nz2,

M0y = — f dg f dgs - f dgn 103+ 0P (Gsrenrs )
B\A A A
- —f dx j dy KP(x, y) @1)
R\A A



The Charge Fluctuations in Classical Coulomb Systems 451

with
P y) = S f dgs f gy 0103+ 0P (01X 0275 Gorenr 4 (42)
010 vA A

We can write
MA(Dy) = — f dx f dy 1A xma KL, )

- - f dx f dy xa(x + PaaELG y + %)

- - f dy f dx xalx + PxmalOKE (0, ) @3)

We have made the change of integration variables y — y + x and used
translation invariance.

The exchange of the x and y integrals in (43) is allowed, since with (42)

I [ 3 e + K0, )

< Iplsup o) 3 [ das - [ dgolp(e,0; 02y g 0 )

G102
which is an integrable function of y by assumption.

Setting A = [—a, a] and after the change of variable x - —x — a, we
have for y = 0 as a consequence of the #* clustering

lim [ dx xa(x + PxaaIRLA0, )

v
= lim | dx K2+ 0, )

o= 0
v
= [ dx Kus0.7) 43)
0
Similarly we obtain for y < 0 (x — —x + a)

0
lim [ xax + PuaCIKEA0.) = [ dr K2 n03) (46
= v

From (43)-(46) we conclude by dominated convergence that all cumulants
M,(C,) have a limit as A — R. So do all moments of the charge distribution,
and therefore Pg,(s) converges weakly to a limit distribution P(s).?

Remark 1. In Propositions 4 and 5 we have not made any assumption on
the behavior of the average charge (Q,> as A — R'. If lim,_ (< 0n)>/
[0A]*2) converges as A — R’, we get immediately the following corollary:

Corollary 1. Assume that lim,_,*(Qx>/|0A|Y?) = ¢ < 0.
(i) When v = 2, 3, under the assumptions of Proposition 4,

Jim (15 o) = i esp| =7

8 We assume here that the set of limiting moments defines a unique probability distribution.
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(ii) When v = 1, under the assumptions of Proposition 5, lim,_
P(Q,, 5) exists.

Remark 2. It is interesting to notice that in dimension v = 3 (resp.v = 2)
one uses only the first two sum rules (resp. the first three sum rules) to obtain
the convergences of the probability distribution, whereas for v = 1 all sum
rules are needed. One gets a slightly stronger result if one knows that the state
is invariant under charge conjugation.

A state is invariant under charge conjugation if both ¢ and — ¢ belong to
X and

Pff?»-o‘n(xlr--s xn) = P(f)alwu-o'n(xl:---, xn)

Corollary 2. If the state is invariant under charge conjugation, assump-

tions (b) and (cl) are not needed in Proposition 4.

Proof. Indeed (b) (for » = 3) and (cl) (for » = 2) are used to show that
lim, L z»M3(Q,) = 0. But if the state is invariant under charge conjugation,

(Qp» =0 and M(Q) =0 fornodd. |

We see that in dimension v = 3 and for a state invariant under charge con-
jugation, we can conclude that the asymptotic charge distribution is Gaussian
when we know that we have the £ clustering (a) and that the normalized
second-order moment converges to a nonzero limit (i.e., the situation of
Proposition 2 with d > 0).

Remark 3. One-dimensional equilibrium Coulomb systems are known to
be neutral and to have exponential clustering.®# Therefore Proposition 5
and Corollary 1(ii) (with ¢ = 0) apply and we conclude that such systems
have a limiting charge distribution. Since the range of values of Q, is discrete,
the limiting distribution is also discrete. An explicit example of such a
distribution will be given in the next section. Proposition 4 and Corollary 1(i)
(with ¢ = 0) will apply to equilibrium states of Coulomb systems in dimen-
sions v = 2 and 3 as soon as screening occurs, i.e., if all clustering properties
needed for the validity of Proposition 4 and of the sum rules (Proposition 8
of Ref. 1) hold true.

To conclude this section, we discuss the correlations of the charge with
the local observables. Since the charge Q, is a macroscopic observable, we
expect that the probability distribution of Q, is decorrelated from that of
local observables as A — R.

Proposition 6. Assume that [|p{*>(gy,..., ., ¢)| dg < 0, r = 1,...,n.
The first » sum rules hold if and only if

lim (B3 FrQp> — <y F)XQw) = 0
for all local observables F, of the form (27) and r = 1, 2,..., .
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Proof. We have
0= Alilgv (KFy = FQy> — {Fy - FXQ4))

= lim [ dgs -~ dg. fia0) -~ £(a)
x L dq ol5(g1seer 4:0) — F(G1rerr 0)P(2)]
- f dgy -+ dgr f(a2) - 1Aa)

X f dq o[8(qrrs 49) — F(Guremr 4)p(0)] @7)

because 5(qs,...,4,9) — p(q1,---, ¢.)p(q) is integrable by the #*-clustering
assumption. Since (47) is true for all choices of the fi(g;), the sum rules (33)
hold forr = 1,...,n. |}

For the higher moments of the charge distribution we have the following:

Proposition 7. Assume that [|0$(g;, Ga,..., 4x)| dgy -~ dgn < 0,1 > 2,
and let Fj, j = 1,..., r, be local observables; then:
(i) The following holds:

<F1---FTQA">*<F1---Fr><QA">=0( - 1'<QAk>') @)

1<k<sn~

(ii) The sum rules hold if and only if

CFy o FoQu™ = KFy o FY(Qa™ = 0 (Kigg_lKQA’?l), r=12..n
(49)
Proof. We have

CFy v FQa™ — (Fy - EXOa™
~ [ dgs - dg. a0 - 7@ [, g~ [, g2 3,

X [B(Guseees Grs Giseees @) — B(G1sees 4)P(G15--5 G1)] (50)

Abbreviating Q = g1,...,¢, and Q = §y,..., G, it follows from the defini-
tion of the truncated functions that the integrand of (50) can be written as

Uve
{Ul=k

H00) — HOND) = Z S RQDN) (51)
where
R(QQ\U) = R(qh---a qr, qj{""’ an—k)’ qfs € U

is a product of truncated functions p; where the arguments g;, s = 1,...,
n — k, appear always in conjunction with at least one argument ¢; € Q.
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Therefore the integrals

qul - dg. fi(q1) -+ fAq)
X fA aq;, f ag;, _,. G5, G R(G1seees s Qrpoenes @1y i) (52)
A

are bounded uniformly with respect to A by the #*-clustering. From this,
formula (51), and the fact that

f duy J duw 71 v TP, ) = N
A A

we get the estimate (48).

If in addition the sum rules (34) hold, the integral (52) tends to zero as
A — R’ and we get (49).

Conversely, if (49) is true, the particular case n = 1 gives the sum rules
by Proposition 6. ||}

From Proposition 7, we obtain easily that in any dimension, the prob-
ability distribution for the charge decorrelates from that of local observables
as A — R".

Corollary. Let P(Fi, s1;...; Fr 55 Qa/|8A|Y2, 5) be the joint prob-
ability distribution for the local one-body observables Fi,..., F, and the
normalized charge Q,/|&A|Y2. Under the assumptions of Propositions 4 and
5 and if lim, . z/(<Q>/|EA|*?) exists, then

Hm P(Fy, 8155 Fyy 805 Qaf]OA]Y2, 5)

A—-RY

= P(Fy, s1;5...; F,, s,)lginf}vp(QA/lgAll/z’ 5)

Proof. We know that (1/|0A|"%)Q,™, n = 1, 2,..., converges (Corol-
lary 1 of Propositions 4 and 5). Therefore when v = 3 or 2,

Jim (1/16A]"2) (@, = 0,

1 € k € n — 1, and the result follows from Proposition 7(1). Whenv = 1,
{QA"> remains bounded as A — R and the result follows from Proposition

760).

5. THE ONE-DIMENSIONAL COULOMB GAS

We illustrate the general theory by a solvable model, the one-dimensional
Coulomb gas. We establish the convergence of the probability distribution of
the charge by a direct computation and show the validity of the sum rules.
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A general expression for the charge probability distribution P(Q,, s) can be
given in terms of the family of density distributions of particles p,*(¢1,..., ¢,)

a

1 —1
V‘An(ql,"‘a qn) - ;’l_- Z ) f dql f dC] P(n+p)(q1: 7qnyq1> 9q;o)

(53)
wa™(qy - - g,) is the probability density for finding exactly n particles in A
located at x, ..., x, with charges oy, ..., 5,.® Then one has
P@us) = 3| 3 ospun [ drne [ drsioisine, nx,»]
n=0 Loy--ap
(54)

We calculate P(Q,, s) for a two-component, one-dimensional Coulomb gas

of particles of charge + 1, using the method of functional integration intro-

duced in Ref. 2, which we summarize briefly here (for details see Ref. 2).
The Hamiltonian of the neutral Coulomb gas of n particles is

H(q1,.n qn) = —é? Z oRoy| Xy — o; = +1, Z o; =
k<l i=1
= &% > 0,0, min(x;, x)) (55)

k,l

The main observation is that H(g,..., q,) is the covariance of the Wiener
integral. More precisely, one considers the space of Brownian paths ¢(x) and
the family of joint probability distributions R(p;xs,..., p.x,) for paths
starting in @, at x = x, = 0 to be found in de, - dp, around ¢,..., @, at
X1,..., X, averaged on initial values @, @, € [—m, 7]:

1 n 7
R(@1X150.0r PuXn) = Z;f do, H R(px — @r—1, X — Xp—1) (56)
- k=1
! —9°
Rig: x) = (4mBe?x)11? exp (4Be2x)
Then the Boltzmann factor is represented as

exp[—BH (q1,..., gn)] = {expliosp(x1)] - explio.p(x,)]> (57)

where <--> denotes expectations with respect to the probability measure
defined by (56). All statistical mechanical quantities can be expressed as
functional integrals of the form {exp][ ﬁjF (e(»), y) dy]>, which can be evalu-
ated by the Wiener-Kac formula

ool [ o0y = [ do] Ui 9
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U.{p, po) is the kernel of the operator U, solution of
dU,jdx = T(x)U,, Upeo =1
where I'(x) is the differential operator
D(x) = Be? d?/dep® + F(p, x) (59)

acting in L2(R, dyp).
In the application, F(gp, x) will be periodic of period 2w, and we can
replace U, (g, po) in (58) by the periodic kernel

ﬁx(q’a 9’0) = _Z Ux((p + 277'"’ (PO) (60)
solution of
dU,jdx = T(x)U, (61)

where I'(x) is now the differential operator (59) acting on Z%([—, =], dp)
with periodic boundary conditions. With (60) we get finally

(ool [ Ferna] > = £ dn[ ap0r0 @

From (57) one finds easily that the grand canonical partition function Z(L)
for the two-component Coulomb gas in a finite interval {0, L] is

L = Z;—f dxy - f dx, > exp[—BH(gi, ., qn)]

170n

= <exp[£ 2z cos p(y) dy}> (63)

and the corresponding finite-volume correlation functions are given by

it 8 = 775 <exp[ial<p(x1)] .. explio,p(x)]

L
X exp“ 2z cos ¢(¥) dy}> (64)
0
From (64) and (53) we get the density distributions

I‘LK,L(qla--‘s qn) = "11_122(_23 <exp[i‘71<P(x1)] CXp[iGn(p(xn)]

< exp[ [ P ) dy]> (63)
with
2z cos ¢, yEA A< [0,L]

0 yeA (66)

Fite.) = {
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Finally, writing

1 =
850, = 2—;]_” do. exp[z (121 o; — s) oc:'

in (54), we have from (65) that the characteristic function G, ;(e) of the charge
probability distribution (in the finite system) is given by the following simple
functional integral:

6 = 775 e [ FeO) 0 | > 67
with
. _ [2zcos g, yéA
Fa¥le. ) = {22 cos(p + a), yeA

G4, (e) can now be computed with the help of (62), i.e.,

1 b4 n ” 1 7 n
GA,L(“) = 5= dp, dy UL“(‘P: ®0) [ 5= do, do UL(‘P; ®o)
27 ) _ 7 -z 2w ) _ n -z

(68)
with
dUu, . a2 4 g
= 0., T =ge T 2zcosp, U.=-exp(ly)  (69)
and

du.e IR x¢ A . d2
EA " = ge2 £
o {PaUxa, veA '« = Pe e + 2zcos(p + &)  (70)

When A = [a, b] is some interval contained in [0, L] the solution of (70) is
U,° = exp[D(L ~ )] exp[Lo(b — a)] exp(l'a) (71
One knows that I" defined in (69) has a maximal nondegenerate eigenvalue y,

with eigenvector | Y) (actually Y(p) € L[, =], dp) is the fundamental
solution of the Mathieu differential equation). Hence as L — oo, U, behaves as

U, = 8| Y){Y| + ofe*?) (72)
With this we obtain from (68) and (71) G, («) in the thermodynamic limit
(letting L — b — 00, a — o0, b — a fixed)
Gale) = lim Gy,1(e) = {exp[~yo(b — Q)IKY exp[l'(b — @)]| Y
(73)
and the charge probability distribution in the region A of the infinite system
is

P(Qy, 8) = %;ff do. Gp(e)e i (74)
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Proposition 8. In an equilibrium state of the one-dimensional, two-
component Coulomb gas (as described above), we have the following:
(i) The charge probability distribution converges:

lim P(Q,, s) = P(s) = Z c2..c,?, s integer (75)
A—R n=— 0

(the ¢, are the Fourier coefficients of the fundamental solution of the Mathieu
equation).
(i) The canonical sum rules hold true.

Proof. (i) I"and T, [defined by (69) and (70)] are unitarily equivalent by

the translation operator exp(ipx), p = —id/dp. Therefore we can write
Gala), (73), in the form
Gal(®) = €70~ Y,|Up_o| Y. (76)

where Y, (p) = Y(p — «) is the translate of the fundamental eigenfunction
Y (). With this and (72) we have

A=bliI¢11:l—>oo GA(OC) = [<Y0’1 Y>Iz (77)
The pointwise convergence of the characteristic function implies the con-
vergence of the probability distribution

lim P(0ns) = 5[ e XDEde ()

We obtain (75) from (78) and the Fourier series Y(p) = (1/V7)32- _ wc,ei™
of Y(¢).

(i) We show that the joint probability for the charge and local observ-
ables factorizes as A — R. Then the validity of the sum rules follows from
Proposition 6. Let F, = >,f.(q), u = 1,..,r, be local observables with
fu(o, x) continuous functions of compact support. The joint probability
distribution for Fi,..., F, and the charge Q, is given by the generalization of
(59,

P(Fls 81 5eees Fr’ Srs QAa S)

-3 e [ an 3 TT5(Sn@ - 5)

gyo0p U=
X 82?: 101,8“An(°’1x1 9eeey o'nxn)

Let [a1, b,] be an interval containing the union of all supports of the f,(o, x)
and A = [a, b] D [a4, b,]. The calculation of P(Fy, s1,..., F, 5,; Qa, §) can be
carried out along the same lines as that of P(Q,, s) and we leave it to the
reader.
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The corresponding characteristic function (after the thermodynamic
limit) is found to be

GA(al seens Ory OC) =e" 7o® —-a,)< Yal Ub—bl Walma,(bl: al) ﬁal - al Ya> (79)
W(x, y) is the solution of

d
e Wera09) = Taroa W), Woealis?) | =1

oo (X) = Be + z{exp [ TZ o, fu(+1, x)]

+ exp i[—cp + 3 a1, x)]}

From (72) again, we find that G ,(c;,..., «,, «) factorizes as A — oo

hm  Gploy ..., o, &) = [K Y| YO[2G (ery 5e.ey )

b-a-w©

where
G(O‘l yrersy O‘r) = e—yo(bl—a1)< Yl Wal‘--a,(bls al)f Y>

is the characteristic function of the joint probability of F ,..., F,and [KY,]| ¥>|?
is the characteristic function (77) of the limiting charge distribution. We de-
duce also by an analysis of the structure of (79) that G4 (e ,..., %, «) is differen-
tiable and that its derivatives with respect to «y,..., o, and « converge to the
corresponding factorized quantities, which is equivalent to the asymptotic
factorization of the moments. Then the sum rules follow from Proposition

6. W

Remarks. 1. The result of Proposition 8 could be deduced from the fact
that the set of c¢orrelation functions of the one-dimensional Coulomb gas
satisfies the (generalized) BBGKY hierarchy™ and that the clustering is
exponentially fast. Then the validity of the sum rules follows from Proposition
8 of Ref. 1 and the convergence of the probability distribution of the charge
from Proposition 5 of this paper.

2. We have the same results for the class of states of the one-dimensional
Coulomb gas with different boundary charges constructed in Ref. 4 (#-states).
This can be shown directly as in Proposition 8, or deduced from the equilib-
rium equations and the exponential clustering as mentioned in the preceding
remark.

3. It is easy to check that the fluctuations (N, — <{N,>)?> of the total
particle number are extensive, with Ny = Ny* 4+ N,~, N+ and N, being
the numbers of particles of charge plus and minus in A. The fluctuations of



460 Ph. A. Martin and T, Yalcin

N,* and N, ™ are also extensive since those of @, = N,* — N, are O(1).
Therefore in a large interval A the fluctuations of N,* and N~ are large, but
strongly correlated to produce finite fluctuations for Q.

APPENDIX
Proof of Lemma 1

(¢;) Clearly |A N (R\A — y)| < |A"Y], where A'Y! is the set of points
that are within a distance less than or equal to |y| from the boundary of
|eA|. Thus

1 l Iyll
hr%v IA[ ya(y) < hn;]gv [Al =0

by the van Hove property.
(B,) For any |A| with [A| > |A¢] we have from (4)
AL - 1A% < [QI[A] < [A] + |Af]
Now |(A N (R\A — )¢ € 2|A9, and therefore

1 - yAk(y) + ZlAdI
Taaa 79 S TAT=TAT

tends to zero as |A,| — oo as in (o).

(1) We have the scaling property y,a(Ay) = A'yA(¥) or equivalently
yaa(¥) = NMya(A~1y). Thus, setting A = (1/e)|y|, y fixed, and A = AA,,
[oA] = A”‘llaAol, we get

VAO(’\ y)
hm IaAl ya(y) = S FY W

3 'lym ) 5= (A1)

One has (see Fig. 1)

) = [ 15ds| + 0@ (a2)

dNg—€ePnAg

With (A2) and by the symmetry § — —j, we obtain
.1 i .1 . . 1 .
lim = yu(e9) = lim - [a(e) + va(= )] = 5[ 19-ds] (A3
€0 € €—=0 2€ 2 240

(A3) and (A1) give the result. Moreover, (A2) shows that y, (ef) < €[0A,| +
o(e) and thus (1/|6A)ya(y) < |y| + o(1) uniformly with respect to A.
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o(f)

a
—

ds 4 £15.ds4
7
Ay

ol€)
Fig. 1

(B2) For the sequence of regions A, defined in (6) we obtain by counting
the number of cells (see Fig. 2)
7a¥) = QU1K "1 + - + [[W]1RK) ™ + O™~} (Ad)
and by dilatation
[6A,| = k18] = (2k)*~*|8Q) (A5)
(A4) and (A5) give the result (16) and show that (1/|0A,|)y4,(y) is bounded
by constant | y| uniformly with respect to A,. i

Proof of Lemma 2. The equivalence between (i) and (ii) is proved in the
Appendix of Ref. 1. The same proof, involving only the relation between
the correlations and the truncated correlation functions, also establishes the
equivalence between (iii) and (iv). We will obtain a proof of the lemma if we
show that (ii) and (iv) are equivalent. We can write (30) in the form

Q) = D [ 1802e:(0%0) + 2 T TAQP)p:[(Q0)7]  (A6)

PQ i PR §

where in the first sum £ runs on all partitions of Q and in the second sum %

Fig. 2
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runs on all partitions of Qg such that ¢ occurs always in conjunction with
some other argument ¢, € Q. We get from (A6)

[ daopn00) = S TT807) [ dgoprt079)

P @ j

v 3 [aeTTaedmtea?) @)

PR

In each term of the second sum of (A7), g appears certainly in a Dirac func-
tion 8,, with some g, € O, and therefore the integral can be performed
immediately.

Since the same partition Q.Z.,..., 0,7,..., 0,7 of Q arises from the k

partitions Z of Qg of the form Q0,2,..., 0/74,..., 0,7 where g occurs in con-
junction successively with 9.7, j = 1,..., k, we get

[dgotnion - > TT 80| [ daop070) + (2 %) 07|

n

= [dgopeton) + (3 o) px(©

7

+ z 1—_[ A(Q7) [f dq op(Q7:q) + (Z 0?1) PT(le)]

1@ 7 7
(A8)

>,0;7 is the total charge of the particles with coordinates belonging to Q7
and the sum in the second term of (A8) runs on all partitions Z; of Q into
at most » — 1 subsets. Since |Q%:| < un — 1, it is clear from (A8) that (ii)
implies (iv). Conversely, if (i) holds for | Q| < n — 1, then (iv) implies (ii) for
| Q| = n. The equivalence of (ii) and (iv) being trivially seen in the case n = 1,
the proof of the lemma is completed.
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