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Asymptotic Time Behavior of Correlation Functions.
I1. Kinetic and Potential Terms
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On the basis of the mode-coupling theory we.obtain the long-time behavior
~t~%42 for the Kkinetic, potential, and cross-terms in the Green-Kubo
integrands, expressed completely in terms of transport coefficients and
thermodynamic quantities. All two-mode amplitudes are explicitly evaluated
in terms of measurable quantities such as specific heats, thermal expansion
coefficients, etc.
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mulas; time correlation functions; mode-coupling formulas; long-time tails.

1. INTRODUCTION

We propose to analyze the long-time behavior® of equilibrium current—
current correlation functions by means of the mode-coupling theory, a brief
account of which has been given in a previous publication.®® The results
derived here are, besides those in Ref. 2, also presented by Pomeau® and
Kawasaki.®” Our results agree by and large with the findings of these authors;
where they differ, we believe ours to be correct. The reason we return to these
results is that no coherent and complete derivation has been published.
Moreover, we believe to have simplified the computations considerably and
thus to have added to the transparency of the fairly involved amplitudes for
the long-time tails. In paper I of this series we have analyzed the kinetic
parts of the correlation functions. A systematic extension of the basic ideas
of paper I to more general currents leads to the so-called mode-coupling
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formula as a valid description for the dominant long-time behavior of the
current-current correlation functions. Since the mode-coupling theories are
of general importance beyond the specific goal of these papers, a separate
paper is devoted to this subject.® The present paper will be of a more
technical nature, in the sense that we calculate the long-time behavior of the
correlation functions and evaluate the corresponding coefficients, starting
from the assumption that the mode-coupling formula adequately describes
these quantities for long times.
The correlation functions considered are of the form

Ci(®) = limy_, o, VX0 (2)>

and the time integrals of the functions Ci(¢) are the Green—Kubo expressions
for the transport coefficients. The currents J; are the so-called projected or
subtracted currents, which are related to the microscopic energy and momen-
tum currents. In general, these currents consist of purely kinetic contributions
JX as well as potential contributions J,%, which involve the intermolecular
potential. In paper I we have discussed the correlation functions CE%(z), in
which the currents are replaced by their kinetic parts, and we have shown
that these functions behave as ¢~ %2 for long times, where d is the dimen-
sionality of the system. In this paper these results are extended to include
potential contributions, for which the same long-time behavior will be
obtained.

In the remaining part of this section we introduce the relevant quantities;
Section 2 presents the mode-coupling formula, and Section 3 is devoted to
the explicit evaluation of the dominant long-time contributions.

The Green-Kubo formulas express the transport coefficients as time
integrals over the corresponding correlation functions, and we use normaliza-
tions such that

v=@m [ aam;  bi=@p| @cw
0 0
(=p[ arc; n=8] @co
~'0 0

Here, A is the heat conductivity, D, is the longitudinal diffusivity, { is the
bulk viscosity, 7 is the shear viscosity, and T = (kgB)~! is the temperature;
the mass density p = mn, where » is the equilibrium number density and m
is the mass of a fluid particle. The longitudinal diffusivity and both viscosities
are not independent transport coefficients, but are related* to each other as

¢ The quantities 4, £, and pD, are related to the components of the viscosity tensor 1agys,
which is an isotropic tensor of rank four and where (e, B, v, 8) label the 4 Cartesian
components (x, y, z,...). This can be seen by inspecting the expressions for the currents
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pD; = 2d-Yd — )y + {. The current—current correlation functions are
defined as

C(n) = lim V=J(O0)i(#) @

Here, <{---> denotes an average over a grand canonical ensemble, charac-
terized by the parameters 8 and v = fu, where u is the chemical potential;
V is the volume of the system, and the thermodynamic limit is taken as the
final step. The label 7 takes the values A, /, £, and 5, and Jy(¢) is the projected
current at time ¢ with initial value J;(0), defined as

Jy=J2—hJ" (3a)

Si= s =¥~ (2) i1 = <) - (Z) W - <) (3b)

Jomd7 3 0= d" = pV = (2) @ -y - (Z) v - 6o

Jy=Juy (3d)
with
N N
1 od(r;;)
Jxe = €lix — 5 x e 4a
i; ! 2454 P Oy (42)
N
an = Uiy (4b)
i=1
Y 1< ad(r,
Jug = Z mu;, v 22 Z - 8r( ) (4¢)
i=1 T#£7

Cartesian components in a d-dimensional system are denoted by the sub-
scripts («, 8) = (x, », z,...) and the summation convention is used for repeated
Greek indices. The equilibrium enthalpy per particle is 4 = (e + p)/n, where

Jus Jzs and J;. Such a tensor contains only two independent constants. If we choose
them as 4 and ¢, we have

Napys — n(aayaﬁd + Sadaﬁy - 2d-18a5576) + Zsaﬁsyd
From this relation it follows that

N = Nuyay = [(d + 2)(d — DI *Clapas — 4~ aass)
C = d—znaaﬁﬂ; PDI = Nxxxx = 2d—1(d - 1)"] + l

where the summation convention is used for repeated Greek indices. For the correlation
functions a similar relation holds, i.e.,

Ct) = 2d7*(d — 1)C(t) + C(r)
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e and p are, respectively, the energy density and pressure in thermal equilib-
rium. The Hamiltonian of the system of N identical fluid particles is given by

H= 2 mw? + % 212 (ry;) Q)

where v; is the velocity of the ith particle and r; is its position, with r;; =
r; — r;. The intermolecular potential is @(r). The microscopic energy e; of
particle i is defined as

e =tmo? + 3 > By ©)

(D

The currents J; can in general be separated into a kinetic part J* and a
potential part J,®, with

Ji=JF+J? ™

where the Kinetic projected currents are given by

JK=§:(mv-2—‘—1—iz)v- ; J"=§:m(v2 —d7'v?)

A “ i 23 ixy 1 “ ix i (8)
N

J;K = 0, JnK = Z mMv; Dy

.
It
i

The potential parts are given through (3), (7), and (8). The separation (7) of
the currents induces a separation of the correlation functions

Ci(t) = CFX(t) + 2CF*(t) + CP°(1) ®
where
C{8(t) = Vlgn V=WKIAOJE()) (10)

with 4 and B equal to K or .

Although the concept of kinetic currents is clear, the subtracted terms
in (8) may seem rather arbitrary, and therefore also the separation made in
(7). The subtracted parts in (8) are in fact chosen such that the kinetic
currents J;X satisfy the same set of orthogonality conditions (to be discussed
below) as the full currents J;; and so does J;® by virtue of (7). If one were to
split J; differently into a kinetic part and a potential part, the correlation
functions C#3(¢) would in general approach constants for long times, and
the mode-coupling theory would not adequately describe the long-time
behavior of C#3(¢).
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2. MODE-COUPLING FORMULA

We are interested in the long-time behavior of correlation functions. In
paper I we have shown that the decay of the correlation functions for long
times is basically governed by the decay of products of hydrodynamic fields,
which are the macroscopic energy density, number density, and momentum
density. The extension of this theory to include potential as well as kinetic
parts of the currents J; turns out to be equivalent to the mode-coupling
theory. In this paper we will assume the validity of the mode-coupling theory
as a description of the correlation functions for long times, and we show
how the z ~%2 tails can be obtained, as well as how the exact coefficients can
be evaluated. The justification of this procedure is given elsewhere.®

Our basic assumption is therefore that for long times the dominant
contributions to the correlation functions of projected currents are given by
the mode-coupling formula,

Co) = lim v~ Z %Z [ aa )P expl(z® + 2] (11)
The superscripts u and v label the d + 2 hydrodynamic modes H, ¢ = +, and
¢ (i = 1,...,d — 1), where H indicates the heat mode, ¢ = + labels the two
sound modes, and ¢ (i = 1,...,d — 1) labels d — 1 shear modes of the
system. We have also introduced an inner product between two microscopic
quantities @y and b, as

(ax; by) = V™ Kax*byy (12)
where, due to translation invariance of the equilibrium state,
(ax; by) = (ax, bi) Sk q (13)

Here 8, is a Kronecker delta function. In the thermodynamic limit the
summation over the reciprocal lattice of wave vectors k may be replaced by
an integration, which yields the mode-coupling formula, to be used later:

C0) 2 3 [ G 3 0o adadF expllad + 200] (140
or for its AB part
CP8(t) ~ 3 j =) ) < (JiA, ata ) (a’xad, JP) expl(zi* + z)t] (14b)

The quantities g* are the hydrodynamic modes, which for small values of
the wave number k are given as (orthonormal) linear combinations of (the
Fourier components of) the deviations from their equilibrium values of the
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microscopic energy density e, the number density ny, and the momentum
density gy, given by

N
e = 2 e; exp(—iker;) — 8 oCH>
i=1
N
me = » exp(—ikeT) — 8 o(N> (15)
i=1

N
g = Z my; exp(—ik-r;)
i=1

The hydrodynamic modes themselves are

o = (n/kgCp)Y2sy (16a)
a’ = (B2p)Y%(c5 'px + ok-gy) (16b)
at = (B/p)7k, g (16¢c)

where C, = T(0s/0T), is the specific heat per particle at constant pressure
and s is the equilibrium entropy per particle. The adiabatic sound velocity
o = [(8p/2p);]*2. The unit vectors k and k. (i = 1,...,d — 1) form a set of
d mutually orthogonal vectors. The quantities s, and p, are referred to as
the entropy fluctuation per particle and the pressure fluctuation, respectively,
and for small k are defined by

sk = (1/nT)ex — hmy) (172)
Px = (Op/oe),ex + (Op/on)em (17v)

For small values of k the hydrodynamic modes are approximately
orthonormal, i.e.,

(&, a’) = 8y (18)

where terms of order k* have been neglected. In order to verify (18), one
needs certain fluctuation formulas which are discussed in the appendix.

The hydrodynamic eigenvalues z,* in (14) for small values of k are
given by

ZkH = —'.DTk2 (193)
20 = —iocok — 4T k2 (19b)
zft = —vk? (19¢)

where Dy = A/nC, is the thermal diffusivity, I'; = (y — 1)D; + D, is the
sound damping constant with y = C,/C,, and v = 5/p is the kinematic
viscosity.

We note that the mode-coupling formula may only be applied to
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correlation functions (2) and (10), in which the currents are orthogonal to
the hydrodynamic variables and the unit functions, so that

oa)=0, (,)=0 (20)

and we have similar relations for J;¥ and J;® separately.

The names projected or subtracted currents refer to property (20),
indicating that currents J; in (3) are obtained from the energy current J,* and
the momentum current J,, by projecting out the component along hydro-
dynamic variables. Similar remarks apply to the kinetic currents in (8) and
potential currents. One may again verify these orthogonality relations (20)
by means of the fluctuation formulas of the appendix. If the currents do not
satisfy (20), the mode-coupling formula (14) does not describe the dominant
long-time behavior of the correlation functions.

3. ASYMPTOTIC TIME BEHAVIOR

Let us consider the long-time behavior of the separate two mode con-
tributions in (14). Since the two-mode amplitudes (J;, a*a” ) depend only
on the directions of k and not on its magnitude [see Eq. (16)], the angular
integrations can be carried out separately. We are then left with two types
of contributions to (14), which behave quite differently for large times. For
the cases (w) = (g¢,), (¢H), (HH) and (o, —o), taking (ee;) as a typical
example, we have

f dk ki=1 exp(—20Kk21) ~ £~ 913 @1)

For the cases (uv) = (g0), (Ho), where (o0) is taken as a representative
example, we have

-d
2, J die k= exp(—2iocokt — I' k) ~ {’ > deven

t Y2 exp(—co?t/T), dodd

Hence, the first type of contribution (21) dominates for long times, and we
need only consider it further.

In the remaining part of this section we will evaluate explicitly the
coeflicients of the z~%/2 tails for each of the correlation functions. The first
step will be to calculate the two-mode amplitude (J;, a*a” ) for the separate
cases by means of Egs. (3), (8), (12), and (16). In order to do so we need
some fluctuation formulas, which have been calculated in the appendix. For
the currents J, and J,¥ we deduce from Eqs. (A.24)-(A.26) of the appendix

(I, aitaty) = B~HTC,m)" %k, (23a)
(r> aazf) = B ook, (23b)

22
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and
(J3E, aitaty) = (C°/Cr)(Jx, agiaZy) (24a)
(JXE, a’azf) = («TC,°/Co)(Jx, ax’a”) (24b)
where C,° = $(d + 2)kg is the ideal gas value of the specific heat per particle
at constant pressure, and « = —n~Y(0T/on), is the thermal expansion
coefficient.

For the longitudinal momentum current J; the following results are
obtained by virtue of (A.15), (A.18), and (A.21):

-1

G ata) = 267 Rkl — 2 ) (252)

1 (oC, 1 (0O«

H,H — 1 _ ——P — ] —
Goaraty = e - D[t - 2= (52) + % (5) | e
G avazp) = 2| - L + 2 (5) | @50)

and for the kinetic part J;¥, Eqs. (A.22) yield

U, aat) = 2Bk, — d71 8,) (26)
(", aflay) = 0 (26b)
U, aazs) = Bk - ) 260)

Here &, and ki, are the x components of the unit vectors k and k., and we
used the relation k,*-k,’ = 8,;. The amplitudes for the bulk viscosity current
J; follow from (25) and (26) by summing over all Cartesian components and
dividing the result by d. Since the kinetic part of the projected bulk viscosity
current vanishes identically, the full projected current coincides with its
potential part. The results are

G ara) = B 84(5 - ) @7a)
(e, aa?y) = (1, axaly) (27b)
e, ;facy) = B‘l[‘lz, — )-’;Tl + = (%f:) ] 27¢)

In the case of the shear viscosity currents the amplitudes of J, and J,¥ along
two hydrodynamic modes coincide, as follows from (A.23), and the result is

(T, aftaty) = (1,5, afiatty) = B2 ki ki, + kLK. (282)
(s ;"ag) = (.5, ax’ag) = B~ k.k, (28b)
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As the final step we have to perform the angular averages in (14). Two
properties of the unit vectors (k, k,¢) simplify the calculations considerably.
The first is that the d Cartesian components of the vectors k, k,2,..., k¢-1
form the rows of a d x d matrix, which describes the orthogonal transforma-
tion for the coordinate system with basis vectors (%, §, Z,...) to a new coordi-
pate system with basis vectors (k, k2, k 12%,...). These rows are mutually
orthogonal such that

d-1
koks + z Klkis = 8.4 (29)
i=1
The second property, which has been derived in paper I, reads

~ A =~ Q
[ ks = G Gos B + B 830 + 80 8)  (0D)

J,d k hok, = dsaﬁ (30b)

where Q, = f dk is the surface of a d-dimensional sphere with radius equal
to unity. If we use in addition the relation for A > 0,

(2?73‘1 J dk ké-1 eXP(—Akzt) = J (Q’d—-’j:‘)d exp(_Ak2t) — (477At)_d12 (31)

we find the following results for the long-time behavior of the correlation
functions:

K,_ 1 \a2
Ci1) ~ (( T D )2 + pdlz) (ZE) (32a)
o Nee | Neo | Ngw \(1)\ee
= (i + 05 * ) ) C2)
M., M, _ M 1 \az
0 = g+ 15 + ) ) G20
L. L. 1 \u2
6 = (g + ) (am7) (29
where we have kept the notation consistent with Ref. 2, and where
TC,d — 1 2]
KEH Bzm d 5 K+ - = 9}90_2 2 (333)
1 d° -2 11
te~paary b-"Rw@ 3
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d-1 1)?
ee B2( )( - ZT)
_Lfl_y—1 n (o))
My-=m [d oT +c0(6n)s]
_ll 5 1 [oC, 1 {oc\ ]2
Man = = 01— 2= (52) + 5 (5, (330
_;?._ d—1 d+l_y—1 y — 1\2
N‘f‘ﬁZ( d )[d+2 oT +d(2aT)]

N+”=l§15{d(d3+2)_cgi[ya—7’l (%iz)]Jr[Z&:T_l ((Z’)]}

Nyg = Myy (33d)

The asymptotic form of the 4B parts of the correlation functions with
A and B equal to K or ¢ can be obtained from (14b) and (23)—(28) in a similar
way. The results can be cast in the same form as (32) by attaching superscripts
AB to the quantities C, K, N, M, and L. We shall list the results for K“2,
N4B, M4B and L*B:

0\ 2 0\ 2
K5 = (%) Ker KEE = ("‘TCC ) K, . (34a)
D P
.0 (C0 oTC,0 (aTC,0
ko _ o (Lo . Kb __ P v
1] ]
ke = (& — 1)K Ko = (“T S 1)k, (34¢)
C. C.
2 (d— )@ —2) 2 @d-1)

KE _ = . KE _ = -
NE=p T mary 0 N TpEary M0 O
Né«t — NKd> — Nch =0 (35b)

p— 2
N = 2@- (5 - L) s N =M Nig = Maw 359
MES = MES — MEE = 0 (362)
ME® — ME® = ME4 = 0 (36b)
M =M., M. =M, ; M= Muy (36¢)
LIE{EK = Le; LI-{i-K—- =L,_ (373)
[E¢ — [E6 =0 (37b)

L[99 = L[99 =0 (37¢)
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The results (34a) and (37a) for CEE(¢) and CEE(¢), respectively, have already
been obtained in paper I.

APPENDIX. FLUCTUATION FORMULAS

In this appendix we will consider fluctuation formulas in the grand
canonical ensemble, characterized by the parameters 8 = 1/kgT and v = By,
where p is the chemical potential. The fluctuation formulas considered will
be in general of the form (ay, bx) and (J;, ab _x), and we only need to know
such quantities for small values of the wave number |k|. The inner product is
defined in (12), and ay and by are Fourier components of microscopic den-
sities, such as given in (15). We observe that all Fourier components of
microscopic variables for k # 0 satisfy the relations (1, ) = 0 due to
translational invariance, and from the definitions (15) it follows that this
property remains valid in the limit for small k. For the quantities of interest
we have

eo = H — <H); ng = N — (N>

N
o = Z Yi; ijx = Jxx - <Jxx>

i=1

(A.1)

or in general
ag = A — {4 (A.2)

For later convenience we have included in (A.1) the longitudinal momentum
current jp,.., of which J; in (3b) is the corresponding projected current.

From the fluctuation formulas in the grand canonical ensemble, we
deduce immediately that for any of the 4o’s in (A.1) and (A.2) the following
relations are fulfilled:

(@, eo) = lim V(A — KONH — {HD)) = —(9a[op),

(A.3)
(a0, no) = (0afov),
where a = V ~1{4). Similarly, we find from (A.3) and (17)
1 oa oa 1 (oa
@0 == | (), + (%), = - (&), (Ad)

_ op\ (oa ap\ (a\ n (oa
o0 ==(2).(5). + (@).(5), -5 G,
In order to obtain these formulas one needs the thermodynamic identities

ds = (1/nT)(de — b dn) (A.53)
dp = —(nh/B) dB + (n/B) dv (A.5b)
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where 7, e, p, and s are, respectively, the values of the number density, the
energy density, the pressure, and the entropy per particle in thermal equilib-
rium, and 4 = (e + p)/n is the enthalpy per particle. From (A.5) one may
obtain the relations used to derive (A.4),

- 3),- &) we

op - o8 op\ n _8_1:

@.-5@ @@, ew
The first relation (A.6a) follows directly from (A.5). The equalities (A.6b)
may be obtained from (A.5), (A.6a), and the Maxwell relation (88/on), =
—(ov/de),. In cases where g is a linear combination of the quantities in

(A.1) with coefficients depending on thermodynamic parameters, we can
apply (A.4) to each of the terms separately. This yields, e.g.,

0= (3 [(5), 45 - (5, -5 wm
) T
=3[08+ @] 385w

where C, is the specific heat per particle at constant pressure and ¢, is the
adiabatic sound velocity.

These fluctuation expressions suffice to verify the orthonormality rela-
tions (18). Equations (20) can be verified if one uses in addition the virial
theorem of equilibrium statistical mechanics in the form <{J,,> = pV and
the relations

(S0, po) =

(J.5 ng) = h{J,", ng) = nh/ﬁ (A.8)

which follow by direct computation.

In the body of the paper we also need fluctuation expressions of the
form (J;, ai*a’y) for small values of k. Here, a,* and @, are linear com-
binations of the hydrodynamic variables (15). In order to evaluate such
objects we consider first fluctuation expressions (ag, boco), Where ay, by, and
¢p are any of the quantities in (A.1). In this case we find directly

(@0, boeo) = —(2/2B)(ao, bo) (A.9)
(@0, bono) = (9/0v)4(av, bo)
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Next, we consider (ap, SoSo) and replace both sy’s by its definition (17a) and
apply (A.4) and (A.9); the result is

(a0, S050) = “(%")2[(%) (a0, o) ~ (aﬁ) (ao,no)] (A.10a)

@]

In the transition from (A.10a) to (A.10b) we have written

(e = @LLELE - GG, e

by virtue of (A.6a) and (A.3), and recombined the remaining terms into
(A.10b). In the case of (a9, pppe) We proceed similarly; i.c., we replace one
po by its definition (17b), and use (A.4), (A.6), and (A.9) to obtain

o= (Y1) (E) o - () Bin]
1), (6.2 6@

Fluctuation formulas of the form (aq, Sopo) can be evaluated similarly, but
are not needed in our theory.

Let us now use the above results for the computation of (J;, a¢“bp’),
and start with J;, which is given by, according to (3b) and (A.1),

Ji = Joxx — (0p/0€)neo — (Op/On)enio (A.13)

By applying (A.10) and (A.12) to the linear combination (A.13) and by
observing that the terms in (A.10) and (A.12) containing only first derivatives
of a cancel exactly, we find

o= () - ()6, - (215w
o= (- (9.2, @)

Equation (A.14a) may be simplified by writing it as

) == () (). (), (7). 5.

- (), 5w

12)
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where we have used the thermodynamic relations

dh=Tds + n1dp; (i_p) _r—1

36 n - OCT
(A.16)
de\ ohy o
(5;1)1) _h+n(3n)p _h— [
Here, o« = —n~Y@n/2T), is the thermal expansion coefficient; C, =

T(8s/eT), = (6h/eT), and y = C,/C, is the ratio of the specific heats. Next,
we reexpress (A.14b) by using the relations

?py (0 2 _ dc,
(—a?)s = (%)smco = 2mco(€n— .

(A.17)
%\ _ (ohy _1(dp) _mec® _ Coly — 1)
on?]s  \on)s n\on)s  n —  nT
which yields
_ 2pcy? n (o) y—1
Ghoop) = 2| 2 (%) 2 (A18)

A next set of fluctuation expressions (J;, ap*ay’) are those in which ag*
and ay’ involve the momentum density go,, where « denotes a Cartesian
component.

In this case we write

(V15 g0a8os) = ({1 — <JDv}> B0a8op) + (KJDs> £0a805) (A.19)

where {.-->, indicates that the velocity average is carried out. If we carry
out the remaining velocity integrations in the second term on the right-hand
side of (A.19), we find

(s> goaBog) = B Im({I Dy, no) Sup= B m(Jy, o) 8,5 = 0 (A.20)

The inner product vanishes since the projected currents are orthogonal to
the hydrodynamic variables, as can be verified explicitly from (3b). In the
first term on the right-hand side of (A.19) only those terms in (J; — {J>,)
survive that depend on velocity variables. After carrying out some obvious
simplifications, we find

(Jla gOo:gOB) =P Sax Sﬂx <(mvx2 - ﬁ_l)mvx2>v

ap l 2 é -1 l 2
— (52),;’) 8a5<(2mv —2[3 am’ ).

2 — 1
= Bg’ (a 8x — L sw) (A.21)
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where d is the dimensionality of the system and (A.16) has been used for
(6p/oe),. The corresponding fluctuation expressions for the kinetic part J;X
of J;, as given in (8), can be written down directly from the previous results
(A.14) and (A.21) by replacing (0p/de), by (2/d) and (6p/on), by 0, and
furthermore, by replacing in (9%a/0T?), and (0%a/on?), the quantity a (=p or ¢)
by its ideal gas values a® (=n/B or dn/28). The result is

(i, 5050) = (Ji%, popo) = 0
(JIK3 gOo!goﬁ) = (2P/ﬁ2)[8ax ‘sﬂx - (l/d) Sag]

Consider now fluctuation expressions involving J, and J,X, as given in (3e)
and (8). The only nonvanishing expression can be easily obtained by directly
carrying out the velocity integrations, yielding

(Jn’ gOagOH) = (JnK: gOagOB) = (P/ﬁ)(sax 81511 + Say Sﬁx) (A23)

The only nonvanishing fluctuation formulas involving J, = J,* — AJ,™ are
(Jx» £ox%0) and (J, goxPo). By applying (A.9) with @, and by respectively
equal to J,° and g, or equal to J,” and g,,, we find in a manner analogous
to (A.4)

(A22)

G g0s39) = = (55), 05 00 + o () G ) (A240)
- _Elf (2_2)? _ g-*C, (A.24b)

and
o toctd) = 5 (2) 0t 000 = 5 () Orood  (A250)
N (l%) (Zﬁ) ncz(zyz} D_e ;2 (A.25b)

In the second equalities of (A.24) and (A.25) we have used (A.8), (A.16), and
(A.17). The fluctuation expressions for J,* defined in (8) follow directly from
(A.24b) and (A.25b) by replacing % by its ideal gas value h° = 4(d + 2)8°*.
The results are

(JAKs ngso) = B_z’C‘PO = (CZJO/CP)(JIU ngSO) (A'26a)
(Jx%, goxpo) = nC(y — D/f%a = oT(C,°/C) (U, Zoxpo)  (A.26D)

where we have introduced C,° = 4(d + 2)kg and used the relation (67/on), =
(T/n)@ploe)n = (y — 1)]en.
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