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Energy Gap, Clustering, and the Goldstone Theorem in
Statistical Mechanics
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We prove a Goldstone-type theorem for a wide class of lattice and continuum
quantum systems, both for the ground state and at nonzero temperature. For the
ground state (7 = 0) spontaneous breakdown of a continuous symmetry implies
no energy gap. For nonzero temperature, spontaneous symmetry breakdown
implies slow clustering (no L' clustering). The methods apply also to nonzero-
temperature classical systems.
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1. INTRODUCTION

Given a physical system with short-range forces and a continuous symme-
try, if the ground state is not invariant under the symmetry the Goldstone
theorem states that the system possesses excitations of arbitrarily low
energy.!"” In the case of the ground state (vacuum) of local quantum field
theory, the existence of an energy gap is equivalent to exponential cluster-
ing.”® In this framework the Goldstone theorem was proved in Refs. 4 and
5. For general ground states of nonrelativistic systems, the two properties
(energy gap and clustering) are, however, independent and, in particular,
the assumption that the ground state is the unique vector invariant under
time translations does not necessarily follow from the assumption of
spacelike clustering, as remarked in Ref. 6. This point was not taken into
account in the assumptions of Refs. 7 and 8. Another related aspect, of
greater relevance to our discussion, is the fact that the rate of clustering is
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not expected to be related to symmetry breakdown and absence of an
energy gap, since for example the ground state of the Heisenberg
ferromagnet‘® has a broken symmetry and no energy gap, but is exponen-
tially clustering (for the ground state is a product state of spins pointing in
a fixed direction). On the other hand, for 7 > 0 no energy gap is expected
to occur, at least under general timelike clustering assumptions (Ref. 12,
Proposition 3); these assumptions may be verified for the free Bose gas.('>

At nonzero temperature it is the cluster properties that are important
in connection with symmetry breakdown. At nonzero temperature we may
then formulate the Goldstone theorem as follows. Given a system with
short-range forces and a continuous symmetry, if the equilibrium state is
not invariant under the symmetry, then the system does not possess
exponential clustering.

It is our purpose to explore the validity of the Goldstone theorem for a
wide class of spin systems and many-body systems, both for the ground
state and at nonzero temperature. The main tool we will use at nonzero
temperature is the Bogoliubov inequality, which is valid for both classical
and quantum systems (see, for example, Ref. 9). We shall, however, present
the discussion in the framework of quantum statistical mechanics. At zero
temperature our method is related to that of Ref. 7, where a version of the
theorem was proved, valid for one space dimension. A different proof, valid
for the ferromagnetic Heisenberg Hamiltonian of finite range, and in
greater analogy to the quantum field theory proofs of Refs. 4 and 5, was
given in Ref. 6, and generalized in Ref. 8 to quantum spin systems of finite
range. Our methods apply also to nonzero temperature classical systems,
for which related results were obtained in Refs. 14 and 15.

Our results apply to states which are invariant with respect to spatial
translations by some discrete set which is sufficiently dense. (For lattice
systems this could be a sublattice, and for continuum systems, a lattice
imbedded in the continuum.) More precisely, we require the following
condition.

Condition £. There is a constant / such that for all sufficiently large

cubes A,

[Ael/IAl > 1
where |A| is the volume of A and |A;| is the number of points in
Ag=ANE.

We will prove that for interactions which are not too long range (see
Sections 3 and 4 for examples), for the ground state (T = 0) spontaneous
breakdown of a continuous symmetry implies no energy gap. For nonzero.
temperature (7 > 0) spontaneous symmetry breakdown implies no expo-
nential clustering (in fact no L' clustering).
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For a continuous system our results cover the case of the breakdown
of translational invariance. However, at 7 = 0 and nonzero densities there
is never an energy gap due to the breakdown of Galilean invariance as
remarked in Ref. 11.

Finally, we should like to stress that, although we present an informal
treatment of the continuum case, our results for quantum spin systems are
complete and rigorous.

2. GENERAL FRAMEWORK

The state of the system is described by the vector € in some Hilbert
space. There is a symmetric Hamiltonian operator H and HQ = 0. To each
cube A CR? there is a set of observables ¥, such that [4,B]=
A€, BeU, and A, A, are disjoint. The set of all observables is
A=) A%[A We define 4 = 4 — (2, A2). We suppose AL is in the domain
of Hforall 4 € U.

Let . denote spatial translation by x. (In the continuum case x € R?
in the lattice case x € 7%.) The state  is invariant under translations in the
discrete set £, satisfying condition £ of the introduction. Thus

(@749 =(2,4Q) VAEW V,ep

There is a one-parameter group of symmetry transformations o, of %
commuting with the Hamiltonian and with all spatial translations:

6, HAQ = Ho AQ
Vx eR? (VxeZ (2.1)

GSTX = TXOS

We suppose the symmetry o, is generated by a current
JX = T)CJO

where J, € U, (lattice case); J, € A, (continuum case); and A is a cube of
side 8. (In the continuum case we may suppose J, is smooth in x by first
averaging the current over the small cube A.)

Thus, if 4 €U,

£ (@0 =i@[/;4]9)

where

Ja= D2, (lattice case)

€A

Jp= f d'xJ, (continuum case)
As
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and A; is a set of points within distance § from A. By the group property,
the invariance of {2 under the symmetry a, follows from

(R, [J,4]2) =0

for all 4 € A, and all cubes A. The equilibrium property of € is given as
follows:

(a) T=0: Qis a ground state; i.e., (3, Hy) > 0 for all ¢ in the domain
of H.
(b) T > 0: Q satisfies the Bogoliubov inequality; i.e., for all A,B € U,

2 + 1 ;

(@ [B.AIDP< B (D34 +44N2) - (2. [ BT, B]Q)
where B = i[H, B]. Note that (1/i)(€,[BT, BI?) may be written in the form
(B, HBQ) + (B1Q, HBQ).

The basic hypothesis about the state £ which leads to the absence of

symmetry breaking is as follows:

(a) T = 0: there is an energy gap € >0, ie., (Y, HY) > € for all ¥ in
the domain of H, orthogonal to &, ||¢| = 1.
(b) T > 0: there is L' clustering; i.e., for each observable A4,

2 (2, 47,4Q) — (2,41Q)(R, 1,4Q)| < o0
ieg

The basic strategy is as follows. For each self-adjoint observable
A €Y, define y=d/ds|,_o(8,0,42). We must show y = 0. Now by the
translation invariance of £ with respect to £ we have for each cube A (and
6.T; = T,0,)

(9, o, S TiAsz)
s=0

€A,

where A, = AN £ and |A;] is the number of points in £.
Thus

JEA:
where
A = U TIAO
i€A
We estimate y as follows:
(aT=0
lv|* < 4 z(fjgﬂ,fl;ﬂ)( > AR, > ’TJAAQ)
IAB' i€h, JEA,



Energy Gap, Clustering, and the Goldstone Theorem in Statistical Mechanics 759

Now for any observable B, (ﬂ,ﬁ ) = 0. Thus the assumption of an
energy gap € > 0 implies

BQ, BQ <l BQ,HBQ
( )<<l )
[(Bsz HBQ) + (B, HB*Q)]

<1
%(9,[31,[11,3]]9) = %(9,[13*,3]9)

Thus
2 4 1 1 y 1 A 2
YW <= = (% J-,J~SZ]-—— T.AQ *
I, [lAEI( [A A:') !Aﬁl jEZAEj ()
(b) T > 0: using the Bogoliubov inequality,
2 gl L Lo rr: i 1 ’
7P < B{ ™ i(Q,[JA,JA]Q)],AB, EAETAQ’ (+2)

Notice the similarity of inequalities () and (*+).

In one case the coefficient involves 8, the inverse temperature. In the
other case the coefficient involves 1 /e, the inverse gap.

To prove the absence of symmetry breakdown we will show in both
cases (I'=0and T > 0)

I o ri:,0i19)>0 as A7RY
[Ae|
and
1 rol
(1D ] > 1A < C  uniformly in A
£ jEAE

(D) follows essentially from properties of the Hamiltonian. (II) follows
from L clustering (7 > 0) or from properties of the Hamiltonian and the
energy gap (T = 0). Indeed from L! clustering, and invariance of & under
7, J €L,

2
> TAQ < > (2, 47,AQ) — (2, 4Q)(2, 4Q)| < o0
jEL

jEAE

1
1A
In the case T =0, from the energy gap €, we have

2
A 1 1 .
5 <k iy (o 2022

rE A, JEAe kEA.

1
|Ael
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The finiteness of the sum over £ will follow from properties of the
Hamiltonian.
The system is said to have property G if sup > I(S’, [.{,,fdﬂ)[—) 0|

< jEZd keTd
sup > |(ﬂ,[.lj,jk]9)|—>0 as D7 oo
jer? kezd
k=J1> D
or

xs‘elﬁdfdﬂ(ﬂ’ [Jx,jy}9)|< o  and

sup dy|(Q, [JX,J}]Q)]—>O as DToo

xeRdVly—x{>D
The system is said to have property G, if property G, holds and for
each self-adjoint observable 4,

S (@ [4,7A]2) <
kee
We may now state Goldstone’s theorem in the following form:

Theorem 1. (a) T =0: If the system possesses an energy gap and
property G, then there is no spontaneous symmetry breakdown.

(b) T > 0: If the system possesses L' clustering and property G, then
there is no spontaneous symmetry breakdown.

Proof. We must show that (I) follows from
A% |(Q,[J.,71,]9)—0
xsggd ly=x|>D 4 [ y} )lDﬂw
(The lattice case is analogous.) Write $(x, y)=(Q,[Jx,jy]9). Then, by
property Gy,

fddyﬂ(x, N|< o and sup ddyl?(x, y)]D—;O

xERY ly—x|{>D
Now

d d
fddx Hx, )= p L:O(Q,oSHJysz) =7 L=0(9, Ho J Q) =0 (+xx)

Also by the Jacobi identity $(x, y)=$(p,x). Then since [Ac|> /|A]
> (1/|AgD)|A| we estimate

A oo one

o 7111&—1 [d%a%ixz, (x) = x5, (NP »)
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where x, is the characteristic function of A, using (#*x). Thus

—Vli—‘(sz,[JK,jA}sz) <L &6ddxf&§d§|g(x,y)lz(2.z)

We write
d%=| d%+ | d%
Ks A A
where A, is the set of points in 1{8 within distance D of the boundary and
A= A - A,.
Then

ey <swpf - dHln y)|+ sup 15 )

The first term goes to zero by property GT and the second term goes to
zero since ‘

i
[A] & 2Re
The theorem gains content by analyzing when property G, or G,
holds. This will be done in the following sections.

3. QUANTUM SPIN SYSTEMS

The interaction ® is determined by specifying for each finite X € 7¢
the “connected” X-body interaction ®(X) € A,. The Hamiltonian H is
then defined by

HAQ= > [9(X)4]Q
xMNAg=0
for 4 € A, . Let D(X) denote the diameter of X

D(X) Eksupxli—jl
JE

Theorem 2. The system satisfies G, and G, if

sup X [ X[ @(x)| < o0

i x3i
and
sup > [X[||®(X)|>0 as dAco

i X>i
D(X)=d

Note that if the interaction is translation invariant [®(X + /) = 7,®(X)]
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then the above follows from
> I XH®X)| < oo
x20

If furthermore the interaction is at most N-body [®(X) =0 if | X| > N]
then the above is equivalent to 3, 5 o|®(X)|| < 0. In particular for the
Heisenberg Hamiltonian 3 J(i — j)o,0, we require 3, cz4|J ()] < 0.

Proof. (a) We must show

sup D) (% [Jj,jk]ﬂ)l —>0

je?? kezd Do
lk—jl> D
Now
S LA 2 2 [ [0
k k x3k,j
lk—jl> D lk=jl>D
<P X 2 IeXOI<4JI> X IX|Iex)l
K xDk,j x3j
|k—jl= D D(X)>D

which goes to zero as D7'eo by the hypothesis of the theorem.
(b) We will show 3 jezd|(ﬂ, [4,7,4]2)| < oo for each observable 4. The
proof is similar to (a). Let 4 € U, .

S AnAll<44P T Z JeX)

jEZd jeZﬂ’XﬂTjAo;&Q
XNAy=@

+44) 3 > X))l
b X N1ho#=D
AN TiAo#@

< 4||A|P|Ao| sup XE 1XTHeX)Hl

l

+ 4[| 4|* Ao Al sup XZ llo(X)I
i EXi
< 8l 4| Aol sup 3 X[II@(X)) W

i X3i

4. CONTINUUM SYSTEMS

In this section we will proceed in an informal way, emphasizing the
procedure and type of estimates. In the continuum case unbounded opera-
tors will arise and, having constructed a particular equilibrium state, it
would be necessary to verify that the correlation functions are indeed well
defined. :

The Goldstone theorem is applicable to local quantum fields at zero
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and nonzero temperature. Indeed, properties G, and G, are immediate
consequences of the finite propagation speed.

Nonrelativistic many-body systems may also be treated. We consider
first the breakdown of an internal symmetry in a translation-invariant
system at nonzero temperature. The Bose and Fermi cases are treated in the
same way. A particle with M internal degrees of freedom is described by
the field operators

Y(x), j=L2,....M
which satisfy
[¥,(x), TUp)], = 8xd(x —»)

Leto!, ..., 0% be the self-adjoint M X M matrices of a representation
of the Lie algebra of a compact semisimple Lie group § with (totally
antisymmetric('?) structure constants:

[o",oﬁ] = iI"zﬁay
Define

p*(x) = 29 (X) gt (%)
Jjk

We also write this as ¢ (x)6*¥(x). The operators p*(x) are the local
generators of the Lie group transformations on the fields ¥, (x).
The Hamiltonian has the form H = Hy+ V — pN, where

Hy= 3 3 [ 4 24 () )
V= ;fd"xd"y ()P () 1 V(x =)
N = 2 f d"x \I';f(x)\I'j(x)

If the internal symmetry § is spontaneously broken, then the absence
of L'-clustering would follow from

[ (% [o9,]2)I< 0
where
J, =fd"xh(y — x)p%(x)
and % is a smooth function of compact support and
[dmxhx)=1
With ~
Jo(x) = - (Yo" V¥ ~ V¥o"¥)
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we have the following algebraic relations which hold in both the Bose and
Fermi case:

[p(x).0" ()] = i8(x = »)T5F0%(»)
i[Hp,p%(x)] = — V- J%(x)
[¥,p7(x)] =0
a® a¥
(o] = 4 1w L wgace )|

+iDPI()8(x - »)
[o* Oy Lo () V1] = 8(y = x) ZTFTY
dez Vix—z):[p’(x)p7(2)] +

- ﬁEST?’I‘?’*V(x —yy:[p(x).0° ()] +

where we have used
P (x)pP(y) 1= p"(x)pP(y) = 8(x = ¥ (y)o*o ¥ ()
To show
fdy (@ Jo, )] <
we need only consider the nonlocal term
%81“;“*1“‘3‘5V(x =)@ 7 ()0 () 9
So if
[y rx=pll( 0" (x)p° (1) : Q)< o

the result follows.

We note that there is a qualitative difference between Abelian and
non-Abelian groups since in the Abelian case I‘jﬁ = 0 and only local terms
occur. {A similar analysis applies to the T =0 case, although here the
distinction between Abelian and non-Abelian groups does not arise because
the term (£2,[4, 'rjA]SZ) will in general have a term with V(x — y) even in the
Abelian case.}

We consider now the breakdown of translation invariance. We will for
simplicity not consider internal degrees of freedom, so that now

H=H,+V—uN
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where
Hy= L fd"x V¥i(x)- V¥(x)
0 2 s —_

p(x) = ¥i(x)¥(x)

V= f dxd’y V(x = y) :p(x)p(»):
The local generator of the translation group is
i(x)=5; [‘I’T(X)V‘I’(X) V¥i(x)¥(x)]

We consider the case T >0 with similar conclusions for the case

T=0.
We must show
s f I [0 50
with
Ju(x) = [ d'yh(x = y)js()
Now
a8, (x
[H. ()] = ) = i) [ 8,73 = ()Y
where

Sia(x) = — [ 3, ¥1(x)3,¥(x) + 3,7 (x)3, ¥(x)]

+ 87" [V2ET(x)¥(x) + 22X ¥ (x) - VE(x) + ¥ (x) VE(x)]
where
V(£
V()= ”&(k—)‘

Now since Sy, is a local term it will not contribute to the estimate, as
D7

[ [ V2 ik]] = 2 = Via(x = ) :0()0():

+fd”z Vie(z = y) 1p(2)p(y) : 8(x —y)}
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where

d*V (&
Viae(§) = 7!,3(2—)
i

Thus the only term of importance in the estimate is

w [ Vil =@ p(x)e(2) :9)

Thus if
sup (2 p(x)e(y) )| < o0
and
fdx|ka(x)|< %

the result follows.
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