Journal of Statistical Physics, Vol. 41, Nos. 3/4, 1985

Quantum Tunneling with Dissipation
and the Ising Model over R
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We consider a quantum particle in a double-well potential, for simplicity in the
two-level approximation, coupled to a phonon field. We show that static and
dynamical ground state correlations of the particle and of the field are
expressible through expectations in an Ising model over R (rather than Z). Its
free measure is a spin flip process with flip rate ¢ the difference in energy
between the ground state and the first excited state. The Ising model has a
ferromagnetic pair interaction whose form depends on the couplings to the
phonon field and on the dispersion relation of the phonon field. In physical
applications the interaction is long ranged and decays as ¢ 2 for large distances.
In this case we prove that for sufficiently strong coupling the particle becomes
localized in one of the wells. The effective tunnel rate is zero. The transition to
localization is associated with the generation of an infinite number of low
momentum phonons. We apply the Ising technology to our problem and discuss
the phase diagram in some detail.

KEY WORDS: Two-level system coupled to an ideal heat bath; one-dimen-
sional Ising model with long-range forces; absence and existence of a phase
transition (= degeneracy of the ground state).

1. INTRODUCTION

Let us consider the motion of a particle (single degree of freedom) in a
double-well potential of the form V;(q)=A(1 —¢%)? A>0. A low-energy
classical particle in this potential simply oscillates around either one of the
two minima located at g= +1. A quantum particle, however, has the
possibility of tunneling through the potential barrier to the other well and
will do so with a frequency approximately proportional- to
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exp{—[1,dg[2Vi(q)]1'"?} =exp[ —424)'*]; cf, eg, Ref 1, m=1=4h.
Now let us assume that the particle interacts in addition with a phonon
field (or the electromagnetic field; cf. below) in thermal equilibrium. If the
thermal energies are much smaller than the height, 4, of the potential
barrier, then classically the particle will once in a while be kicked by a large
thermal excitation providing enough energy for a jump across the potential
barrier into the other well. The particle’s dynamics consists of two, in time
well separated types of motions: fluctuations in either well and jumps at
random (Poisson) times between the two wells. We are interested here in
the dynamics of the quantum particle in the limit where thermal excitations
are completely suppressed, ie., the phonon field should be at zero tem-
perature. The problem is then to understand how the quantum mechanical
tunneling between the two wells is modified by the interaction with the
phonon field.

We are, of course, not the first ones to study this problem. But let us
first mold our problem into a standard form and list our main results. In
Section 2 we will then discuss the various physical realizations.

The Hamiltonian of the quantum particle, not coupled to the phonon
field, is given by

H= -34+7V, (1.1)

(We set the mass m=1="#.) If 4 is large, then the ground state, ¥, and
the first excited state, y,, are energetically well separated from all other
states. This suggests to use of a two-level approximation. We choose the
representation where (§) and (?) corresponds to an approximately Gaussian
wave packet in the right- and left-hand wells, respectively. Then
ﬁ Yo=(}), \/5 ¥, =(,) and the Hamiltonian is approximated by —eéo,
with 2¢ the level splitting, ie., 2e=exp[ —%(24)*]. o, has the meaning of
the position operator. The complete Hamiltonian under consideration is
then

H=—t0.®1 +1®j dk o(k) a* (k) a(k)
+0.® [ dkAG)[a* (k) +a(k)] —ho,® 1 (12)

Here ho, breaks the reflection symmetry of the potential by making the
right well deeper (2>0). We are interested in the case £]0. {a*(k),
alk) | keR} is a scalar Bose field with commutation relation
[a(k), a* (k)] =8(k—k'). w(k) is the dispersion relation of the Bose field
and A(k) are the couplings. They enter only in the combination

Jdk Ak 8(w(k) — w) = p(w) (1.3)
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As to be argued, physicaily, the proper choice is

plw)= po (14)

for small w, f§>0.
The ground state energy of H, the zero point energy of the phonon
field already subtracted, should be finite. This is ensured if

j dk i(k)fo(k) = j:’ do> p(w) Yo < o, f:o dop(@) <o (L5)

This includes, in particular, the cases

plw)=Po’ (1.6)

for small w and y < 1.

Equation (1.2) should be considered only as a formal expression with
the obvious rigorization to be given below. Physically, the Bose field
should be over R? may have several components, and the couplings could
be directionally dependent. This would modify the definition of the fre-
quency density p—the quantity which completely determines the physics of
the two-level system. Since we discuss p in generality, all the mentioned
alterations are automatically included. Also the expressions for the field
expectations (cf. Section 11) could easily be modified as to include
additional features of the Bose field.

We want to study ground state correlations for H. Of particular
interest are the static correlations of the particle, <o,>,, {(0.)>,,
({o,>, =0 always), and of the field, <a(f)) ., <a*(f)a(g)). with
a(f)=j'dkf(k) a(k) and the time correlations {o,(t)0.) ,, (o (t)7,) .,
etc. Here (- ) refers to the expectation in the ground state of H in the
limit # | 0 and A(¢) =" 4e~"" for some operator A.

The way to attack this problem is implicitly present in the work of
Yuval and Anderson® on the Kondo problem and, to our knowledge, has
been spelled out clearly for the first time by Emery and Luther.®® The idea
is to represent ¢ ~ 7" as a functional integral through the Feynman—Kac for-
mula. &(o,—1) generates a spin flip process with flip rate ¢ and
w(k)a*(k)a(k) generates a harmonic oscillator (Ornstein—Uhlenbeck)
process. Since the coupling to the field is linear, the Gaussian integration
over the harmonic oscillator processes (=Bose field) can be carried out
producing an effective interaction for the spin process. Ground state
correlations are thereby reduced to Ising expectations in the infinite volume
limit. The Ising model so obtained differs from the usual one by having
spin configurations ¢ — g(¢) = +1 over R rather than over Z.
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In essence our paper puts the Emery-Luther observation in the
appropriate mathematical context and then applies the modern technology
of one-dimensional Ising models with long-range interactions to it. Most of
the applications are fairly standard. Basicaily there are two complications:

(i) Because the model is over R we have to control short-distance
fluctuations.

(ii) The free measure does not correspond to independent spins, but
has the finite correlation length 1/2¢.

Our main result concerns the analysis of the phase diagram as a
function of ¢, the level splitting, and of §, the coupling strength to the field;
cf. the schematic Fig. 1 for the case of the physical choice (1.4). We con-
sider the ground state in the limit 4| 0. In the upper left {(o,)>, =0. This
means that the particle is equally likely in either of the two wells. In the
lower right {g.>, >0 which means that the particle is predominantly in
the right well. For sufficiently strong coupling the particle cannot drag the
phonon cloud along and the effective height of the potential barrier is
infinite, This localization phenomenon is associated with an infinite number
of low-momentum phonons. We establish rigorously a region where
{6,>, >0 by using a corresponding result of Frohlich and Spencer® on
the Ising model with 1/r? interaction. Improved mean field bounds yield a
region with <{¢,>, =0 and a Gaussian domination of correlation
functions. We establish also some results on static field expectations.

N
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/
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Fig. 1. Schematic form of the phase diagram for the interaction V(¢)~ 1/*(p(w)=Bw for
small w). The shaded regions are established in this paper. -—— is mean field and the lower

part of — is the result of Anderson, Yuval and Hamann.®®
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The unbroken line is the phase boundary obtained from variational
calculations and the renormalization group analysis of Anderson, Yuval,
and Hamann.®’

If {dop(w)w <o, then {(o.), =0 always (¢>0). On the other
hand if p(w)~w'"7?, 0<y<l, then {a.>, >0 for sufficiently strong
coupling. In contrast to the case y=0 the phase boundary reaches the
origin as ¢ = ¢f"” for small .

The dynamics of the models of the form (1.2) is well understood in the
weak coupling limit.' We believe that the technique explained in this
paper offers a method also to analyze the intermediate and strong coupling
regimes.

2. SOME PHYSICAL REALIZATIONS

The physics of the Hamiltonian (1.2) comes from three somewhat
apart areas: solid state physics, quantum chemistry, and the attempt to
manufacture experimentally quantum wave packets on macroscopic scales.

(i) The solid state physics context is fairly obvious. We mentioned
already the application to the Kondo effect in magnetic alloys. But also
spin—phonon relaxation, the dynamics of paraelectric defects in solids and
other phenomena are described by (1.2) (cf. Ref. 7 and references therein).

(ii) Pfeifer in his thesis® attempts to explain the existence of chiral
molecules as a superselection rule which originates in the ever present
coupling of the molecule to the radiation field. The phenomenon is that
certain molecules, as alanine, with a left-right symmetry are experimentally
always found in either ¥/, (=) Or ¥ x( = ;) and never in the ground
state (1/\/5)(¢L + Y z). Furthermore ¥, and ¥ , are very stable against per-
turbations. On the other hand other molecules, as, e.g., the isotopically
substituted ammonia, whose molecular structure also has the left-right
symmetry are found experimentally to be in their ground state. Such sub-
stances are optically inactive. Pfeifer argues that this effect is due to the
coupling of the molecule to the electromagnetic field. The two states v/,
and i x of the molecule are represented in the two level approximation. The
A? term of the nonrelativistically quantized electromagnetic field is neglec-
ted. In this approximation the molecule plus radiation field is described by
the Hamiltonian (1.2). {(¢.>, =0 corresponds to an achiral molecule (the
molecule tunnels between the two molecular states Y, and ., the ground
state is nondegenerate), whereas {a.)», >0 corresponds to a chiral
molecule. In Ref. 8 the Hamiltonian is analyzed as a Schrodinger operator
and very useful information is supplied. However, Pfeifer could not
establish with rigor the existence of the spontaneous symmetry breaking.
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(i) Caldeira and Leggett®'® posed the problem whether such a
typical quantum effect as tunneling could be observed on a macroscopic
scale. In contrast to the atomic scale, it would then be impossible, in prin-
ciple, to isolate the system from its surroundings. A calculation based on an
isolated system would predict physically incorrect results. Therefore
Caldeira and Leggett were led to investigate tunneling in the presence of
dissipation: The quantum particle moves in a potential with a local
minimum, e.g. ¥(g)=¢*(1 —q) with the large-g behavior not to be taken
seriously, and is initially localized in the minimum. To represent dissipation
the particle is coupled to a Bose field as in (1.2). One wants to compute the
tunnel rate out of the local minimum when the Bose field is in its ground
state (zero temperature). For this purpose Caldeira and Leggett use the
“bounce trajectory” technique of Coleman."'? Their results triggered a
number of further investigations. The tunnel rate at finite temperature is
obtained in Ref. 13. If the external potential with a metastable minimum is
replaced by a double-well potential, then one arrives at the problem under
investigation in this paper. Various aspects of this problem are studied in
Refs. 14-17.

To what extent do physical considerations fix the frequency dis-
tribution p[cf. (1.3)]? In the case of chiral molecules the Bose field is the
electromagnetic field which has the dispersion relation w(k)=c |k|. The
coupling contains a factor |k| "/ from the quantization rules of the elec-
tromagnetic field and is proportional to the electric dipole matrix element
between y, and y ;. For the model Hamiltonian to be applicable at all this
transition has to be allowed. Therefore the matrix element tends to a con-
stant #0 as k — 0 and decreases rapidly for large |k| because of the spatial
localization of ¥, and ¥ .. Altogether this yields p(w)~w for small w(cf.
Ref. 8 for details).

For quantum tunneling with dissipation Caldeira and Leggett argue at
great length that in order to have linear damping in the classical limit one
must have p(w)~w for small o (cf. Ref. 18). For the Kondo effect already
Anderson et al. argued that p(w)~ which translates into a 1/r* decrease
for the interaction of the Ising model. In other solid state physics
applications it does not seem to have been recognized that the low-fre-
quency behavior of p determines essential features of the dynamics of the
two-level system.

3. GROUND STATE CORRELATIONS AND ISING
EXPECTATIONS/THE ISING MODEL OVER R

We construct the ground state for H in (1.2) by first restricting the
phonon field to the finite box [ —L, L]. This makes the k spectrum dis-
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crete. Then thermal expectations at finite temperature are well defined.
Subsequently the high-frequency cut off is removed and the box L — co.
The ground state is obtained in the limit of zero temperature. This is the
physically correct order of limits.

We assume that @ and A are measurable functions satisfying

w(k) =0, J dk i(k)* < o0, J dk i(k)*/w(k)< oo (3.1)
It is convenient to introduce the square of the coupling at frequency w by
p(da))zJ. dk 1(k)? 8(ew(k) — w) dew (13)

p(dw) is a measure on (0, co). If it has a density we denote it as p(w) dw.
From (3.1) we conclude that

Jp(dw)<oo, fp(dw)w‘l<oo (32)

Let x(-) be standard Brownian motion. P (dx(-)) is its path measure
on C([0, o), R) with x(0)=x. Let o(-) be a spin flip process, o(z}= +1.
o(-) changes sign after an exponential holding time with mean 1/e. The flip
rate is &. e “! =7 is the transition probability of ¢(-). We denote the path
measure with ¢(0)=0c by pé(do(-)). It is concentrated on piecewise con-
stant paths taking values +1. In (1.2) we replace the integral by a finite
sum j=1,.., n and require w(k,;)>0. Then by the standard Feynman-Kac
construction the integral kernel of ¢~ 7% has the functional integral
representation

’

—TH '
e (Oy X1gees Xy | Gy X0y X)) dX' -+~ dx),

- g“TJuf,(do(')) ﬁ Pofdx,(-))

X eXp [— erz V(o(1), X,(1)sms x,,(t))] Seory [ 2x(T)edx))  (33)

=1

where the potential is given by

Vo, Xq e x,,):—;- i [o(k;) x? — w(k;)
+ oAk 2w(k,)]"* x;— ha ] (3.4)

x(A4) denotes the indicator function of the set A.
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In the cut-off Hamiltonian we define thermal expectations. For the
sake of concreteness we choose the expectation value of g, ie.,

(o Ypp=tro.e Tjtre ¥ (3.5)

with e~ 7#

This yields

given by (3.3). We perform the Gaussian integration over [] P.

O 1= 2T, m) [ L p(do()) 080cr)

X exp Bjrdtjrds Vii—s) o) o(s)+h | dr o(t)] (36)
0 0 0

with
Vi) = Z ik,)? (e =@k 4 o=@ WINT = 1)) /(] _ o= @kIT) (3.7)

=1

and Z(T, n) the obvious normalization.

For the box quantization of the phonon field with periodic boundary
conditions k; = nj/L, j= +1, +2,... Then AMk,)? in (3.4) should be replaced
by (m/L)"? A(k;). In (3.6) and (3.7) we let n — co and subsequently L — co.
By our assumptions the Riemann sum (3.7) approximates the integral and
we obtain the thermal expectation of o, in the infinite-volume limit,
L — oo, as

C0.r=Z(T) " | ¥ u(do(-)) 68 1

17 T T
X exp [5 jo dr jo ds VT(It—s|)a(t)a(s)+hL dt a(t)] (3.8)
with
V()= [ pldw)e " +e T D)1 —e T (39)

We note that from above, by dominated convergence,

Hm V(1) = V(1) (3.10)

T—w

with
V(z):fp(dw) s (3.11)
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Clearly V' is decreasing for >0 and by our assumptions
0< V(1) < V(0) < oo, sz V(1)< oo (3.12)

To obtain ground state expectations we have to take the limit T - oc.
We denote the ground state by ¢ >(---). If necessary, we exhibit in the
argument its dependence on ¢, A, V [ie., on p(dw)]. The limits A0 and
h10 are distinguished as {->_(---) and {-> _{--).

It is clear that (3.8) defines an Ising model over R and that T — oo
corresponds to its infinite volume limit. We first define the Ising model in
its own right. Because V7 >0 the interaction is ferromagnetic. It may be of
long range, however. As the Ising model is over R, we cannot properly
refer to known theorems. Since in the following section we will show the
validity of Griffiths, FKG, Lebowitz, and other inequalities for this model,
we feel entitled to be a bit sloppy here and not to repeat the proofs existing
for the Ising model over Z.

We define the +state of the Ising model, since this is the state of
interest. The free measure is given by the spin flip process: We place 2n
points in the interval [—-T7,7], —T<gq, < <g,,<T. The
corresponding spin configuration a(¢) equals to 1 for ¢,, ,<1<g,_, and
equals to —1for gy <t<gqy,j=1,2,.,n+1with go= —00, g5, , = 0.
This spin configuration carries the weight one for n=0 and ¢ dq, -~ dg,,
for n=1,2,.., which defines the free spin measure u%. , (d(-)) with +boun-
dary conditions. Other boundary conditions are constructed correspon-
dingly. The full finite volume measure is

C>ur=ZAD) " [ w5, (o) exp {—%jdzds V(t—s)[1—a(1) a(s)]}(-)
(3.13)

The limit 7— oo defines the probability measure (- )., the +state, on
2R, {—1, 1})=9, the space of piecewise constant functions taken values
+1. (-, is translation invariant and mixing with respect to translations.

The connection with the quantum mechanical ground state is given by

(0.7, =<a(0)>, (3.14)

To see this we define the equilibrium (Gibbs) state with magnetic field
h by adding —# [ dto(t) to the interaction. For £#0 the infinite-volume
limit exists and is independent of the boundary conditions.'*® Furthermore
{+ >4 is the limit £ 0 of {->(h). Let 6 ,=]17_, 6(¢;) and L be such that
t;e [—L, L] for all j. The quantum mechanical expectation (o) at finite

822/41/3-4-4
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temperature 1/27 equals the expectation of ¢(0) in the Gibbs state
{* Darper(h) with interaction potential F?7 and with periodic boundary
conditions. Let T>L. We impose an infinite external field in
[T, —L]u[L, T]. Thereby <o ,> is increased. We keep L fixed and let
T — oc. Then by (3.10) {6 ,) converges to {o,», .(#), where now the
Gibbs state is over [ — L, L] and refers to the potential V' with + boundary
conditions as defined above. Therefore

lim sup<o D orpelh) < (o401 4 (h) (3.15)

T—w
and similarly for the — state,

im inf{o )7 pe(h) 2 (0401, (h) (3.16)

For L — o0 and h#0
o >(h)=<a(0)>(h) (3.17)

by uniqueness, which as 4 | 0 yields (3.14).

Also other ground state correlations of the two-level system may be
expressed as Ising expectations. For o, there has to be a spin flip at 1=0.
This yields

11
<GX>+=1tilIg—Z7[<0(0)0(t)>+—1] (3.18)

(o,>, =0, since the reduced density matrix of the two-level system is real.
For dynamical correlations let us take as an example (o,(¢)s,> .. In
the cut-off Hamiltonian one considers

ir e*”“’)”aze“‘”az/tre*T”zfvizT’(di) e M (3.19)

for 0 < ¢ < T with some spectral (probability) measure v{Z(di) on the real
line. From the functional integral representation we know that the left-
hand side of (3.19) has a limit as 7 — oo for every ¢ = 0. Since the family of
functions {e~*|7>0} is convergence determining, we conclude that
v{D(dA) has the weak limit v_,(dA), concentrated on [0, «0) by the KMS
condition, and that therefore the two point function has the spectral
representation

[ vy e = (a0 o(0)> (3:20)
o
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The dynamical correlation <o.(¢) ¢.) for finite temperature is defined as
tre” THe™g o~ "o ftre " = J v (diye ™ (3.21)

Since v{I'(dA) tends to v, (d2) as T— oo, we finally conclude that in the
ground state
0U0) 0>, =] vldw)e (322)
0

If the system is initially in the ground state and is for 1> 0 subject to a
weak field e™’o,, then for large ¢, in linear response,

(o.(t)) — Co.ry=y(w) e = [y'(w) +ix"(w)] ™ (3.23)

The real and imaginary part of the response function y(w) is given by

Z(©)=] " vAdt)[20/(2? - )]

(3.24)
1" (@) do=y({w>0})v..(do) — x({w<0})v..(—dw)
The usual sum rules (cf, e.g., Ref. 18) are trivially satisfied.
For the other dynamical correlations we observe that
[Ho,]=[~e0,,0,]=2io, (3.25)

Therefore the dynamical correlations for ¢, are obtained from the spectral
measures corresponding to a_, €.g.,

(0,(0) 0, = (1/20)" [ " v..ldo) e~ (3.26)

For the ¢, correlation we use the argument leading to (3.18). For example,
(o). =] voldw)e (3.27)
where for >0
| vastdiy e =timlim [1/(20)” s5']

x [Ke(0)a(s)a(t)a(t+5)>, —<a(t)a(t+5)> . —<a(0)a(s)) , +1]
(3.28)
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If we define the joint spectral measure for ¢,, ¢,, 1320 by

J v(dwy, dw,, dos) exp[ — (@1 + 0yt + w515) ]
0

= (a(0)a(t)) oty + 1) o(t + 0+ 15) 0 4 (3.29)
then

v (dw) = (1/26) j: v(dw,, do, doy) 0, o, (3.30)

In conclusion, all static and dynamic ground state correlations of the
two-level system are expressible through correlation functions of the Ising
model over B. We will see in Section 11 that this is also the case for field
expectations.

We argued in Section 2 that the physics of the model Hamiltonian H
forces p{w)=w for small w, which implies

Vit)=1/ (3.31)

for large 1. As is well known for the Ising model over Z the 1/¢* decay of
the interaction is exactly on the borderline for the existence of a phase
transition.®® First of all, the pair interaction has to be integrable for the
infinite-volume limit to exist. We imposed this in (3.1). If, over Z, the decay
is slower than 1/#% in fact if the pair interaction satisfies

V(t)= c(loglog(|t| +3))/(£*+ 1) (3.32)

Dyson‘?'??) established a nonzero spontaneous magnetization for suf-
ficiently low temperatures. He used the hierarchical model as comparison.
If the decay is faster than 1/¢% in fact if

N

lim (logN)~'"2 Y n¥(n)=0 (3.33)

N — oo ne1

then the spontaneous magnetization is zero at any interaction strength and
(>, =¢>_.%2) For a decay exactly as 1/¢> Frohlich and Spencer'”
prove by a sophisticated entropy—energy argument the existence of a non-
zero spontaneous magnetization for sufficiently low temperatures.

One of our aims is to obtain the corresponding results for the Ising
model over R with emphasis on the border line case 1/#>. We discuss the
phase diagram in dependence on the natural physical parameters: The
coupling strength § and the level splitting 2¢( = twice the spin flip density
of the free measure).
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4. LATTICE APPROXIMATION AND INEQUALITIES

One of the helpful facts about ferromagnetic Ising models are
inequalities. In general, the natural way to prove them is through a lattice
approximation of the continuum model which we do first.

We approximate the free measure of the continuum model by a
nearest-neighbor Ising model with lattice spacing ¢ and coupling J(3). To
each lattice configuration {¢;} we associate a continuum spin configuration
by o(t)=0, for (j—3)d<t<(j+3)d. This has the advantage of all
measures being defined on the same space. The free measure of the con-
tinuum model has the two-point function {a(t) 0(0)) =e *"\. Since the
pair correlation of the lattice model

(0405 = [tanh J(8)]" (4.1)

jeZ, for it to approximate the continuum model the nearest-neighbor
coupling has to diverge as J(8) =1log de. For each § this defines then a
measure - () on @ and {- ), converges weakly to the free measure of
the continuum model as 6 — 0.

We consider now the finite interval [ — 7, T'] and + (or some other)
boundary conditions. The Gibbs measure with interaction is approximated
by an Ising model with lattice spacing 6, + boundary conditions outside

the interval [ — T/, T/d] and interaction
@) Y (l—0,0)+18*Y W(i—))d)(1—0,0)) (4.2)
i

ijli— =1
Then the Ising measure (- )%, converges weakly to (-, ., the Gibbs
measure with interaction of the continuum model. In particular the
correlation functions converge,

n (d) n
lim < I1 a(tj)> = < I1 a(tj)> (4.3)
50\ T, + j=1 T, +

It is now obvious how inequalities’> are proved: Whenever an
inequality holds for finite 4, it also holds for the limit measure—the one of
interest. There is one proviso, however: Some inequalities, such as, e.g.,
Simon’s inequality,®® contain explicitly the pair potential which diverges
logarithmically as d — 0 and therefore renders the inequality useless as it
stands.

The diverging nearest-neighbor coupling teaches us that, in general, it
is not a promising strategy for showing some specific property of the con-

2For a summary see Ref. 27.



402 Spohn and Diimcke

tinuum model to first prove it in the lattice approximation hoping for
enough uniformity in the strength of the nearest-neighbor coupling.

It should be remarked that probabilistically our construction is very
well known: It corresponds to the approximation of the Poisson process by
a two-state Markov chain in the limit of rare events.

5. THE EQUIVALENT SYSTEM OF CHARGES

As exploited already by Yuval and Anderson we may reformulate the
Ising model as a system of classical point particles. The particles are
located at the points of spin flips, —T<gq, - <¢,,<T. Their interaction
energy equals, in the case of plus boundary conditions,

1 gj+1 Gkt 1
- Y J dtf ds V(t—s)+Db.c.
2 k#tj=1 di 4

k/j=even/odd

2n

= ) (=1)Y7*Ullg;—ql) +2nU(0)

2n
+qli1130 2 [(=1)YUlg+9)+(-1Y"'Ug—g)]  (51)
where
d2
e U(t)= V(1) (5.2)

for > 0. The energy (5.1) does not depend on the constants of integration
of (5.2).

There are two equivalent possibilities to interpret (5.1):(5.1)
corresponds to a system of classical particles with charges +1 constrained
to alternate. The fugacity of the gas is ee “® and the interaction energy
for a pair of charges is e;e, U(lq;— q,|) with charges e;= 1. Alternatively,
we may think of (5.1) as a system of classical uncharged particles. The
fugacity is ee ~V®), but the interaction is many body of the form

2n

Y (=)Meady(lg,—qul) (5.3)

J#Ek=1

where N([a, b]) denotes the number of particles in the interval [a, b].
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6. THE EQUIVALENT CLASSICAL RANDOM NOISE

In the Ising model the phonon field entered only through the effective
interaction. The same interaction could also be obtained from the classical
noise £(t) with &(-) Gaussian, {(£(f)>=0 and {&(z) &(s)> =V(t—s). The
random Hamiltonian is then

H(t)= —eo,—ho,+&(t) o, (6.1)
Then, e.g.,

(o(0)>(h) = lim [E<tr {exp[—fo dtH(t)] v,

X exp [—LT di H(t)}}>/[E <tr {exp [—jir dt H(t)]}> (62)

where exp[ — | -] is understood as time ordered exponential and E is the
average over £(z). The averaging over the noise follows the “annealed”
prescription. Dynamically of interest are nonthermal, time-dependent
expectations as, e.g.

2 <|// | exp [ZL ds H(s)] G, exp [—i L ds H(s)} l//> (6.3)

which may be expressed, through analytic continuation, as an expectation
in the Ising model. Of course, the physics of the two-level atom coupled to
the phonon field and of the Hamiltonian (6.1) are very different. Only cer-
tain expectation values are the same.

The example shows that statistical mechanics methods may be used to
study the effect of noise on quantum systems. The Hamiltonian (6.1) is an
approximation to the noisy Hamiltonian —14 + V,(q)+ &(¢) g. Frohlich
and Pillet® investigated the much more complicated case of
—3A4+cos g+ (1) q.

7. A VARIATIONAL CALCULATION

We analyze a variational upper bound for the free energy, i.e., for the
ground state enecrgy of the quantum system.
The partition function for finite volume is

Z(T) = (cosh 27) fu;(da(-))

X exp [—%ﬁjdt ds V(t —$)[1 —a(t) o(s)]+h J dr o(t)} (7.1)
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As a comparison state we choose the free measure with spin flip density A
and magnetic field «. Then by Jensen’s inequality

Z(T) 2 tr{exp[2T (4o + 20,) ]} exp[ <7} yrec(4, ) log(e/2)

-3 fdt ds V(t—=s)[1 = <a(1) 0(5) ) rrec(4, @) ]

+ (h=a) [ di<o(0) ) ppec 2 2)] (7.2)

with #n the number of spin flips. We evaluate the correlation functions in the
limit T— co. It is convenient to introduce polar coordinates A=r cos @
and a=rsin @, r =20, 0< O <n/2. Then the free energy, f(f, &, #), of the
Ising model is bounded by

f(B, e, h)< min

r20,0<cos@ <1
x {—r(cos @)’ [log(¢/r cos @)+ 1]+ (cos @) Bg(r)—hsin @} (7.3)
with
g(r)=2r | p(do)[o(e+2r)] ! (7.4)
We discuss the phase diagram for A=0 associated with the upper
bound (7.3). The stationarity conditions are

rcos @ =ge FE0 (7.5)

11
rcos @ =gexp [5—; ﬁg(r):l (7.6)
If (7.5), (7.6) allow a solution in the interior of the domain, ie.,
0 < cos @ < 1, then it has to lie on the circle with radius r satisfying

3=|5e0-¢0)| (.7)
¥

At such a stationary point the free energy equals
—1r(cos @) (7.8)
On the boundary, @ =0, the free energy is

—r[log(e/r)+ 1]+ Bg(r) (7.9)



Quantum Tunneling with Dissipation 405

The stationarity condition is
r=ge F&0 (7.10)

with
g’(r):zfp(dw)(w+zr)—2 (7.11)

At such a stationary point the free energy equals

8| e-e0 |1} (.12)

Note that by dominated convergence g(0)=0.

Finally we need the directional derivative, —d/d cos €, in the @ direc-
tion at @=0. It is given by —2{—r[log(e/r)+ Pfg(r)]1}. At the point
satisfying (7.10) it is then

1
2 {p| o= |3} (1.13)

Now the overall picture is fairly clear. We fix § and discuss the
location of the absolute minimum, (r,,, @,,), as a function of e.
The function

_ [ pldw)4r

T o(w+2r)? (7.14)

L) — g

F
decreases to zero for large r. Therefore for ¢ — oo, in view of (7.8), (7.12),
and (7.13), the minimum is at (r,,, 0), r,, large. Let r. be the largest value at
which (7.7) holds. If (7.7) cannot be satisfied, then @,, =0 always, since by
(7.13) we have a boundary minimum and since by (7.12) its free energy is
always smaller than the one at r =0. The free energy depends smoothly on
¢ and the spontaneous magnetization remains zero.

Assume then r,. > 0 and denote the corresponding value of ¢ by ¢.. For
£> ¢, the minimum has to be on the boundary according to the previous
argument. As r<r,, @ =0, the derivative (7.13) changes sign and the
minimum has to lie at (r,,=r,, &,,>0). ¢, is a critical point. From (7.3)
the spontaneous magnetization m* = —sin ©. Inserting we obtain for e<e,

m* =[1—(g/e.)*]'" (7.15)

The phase transition is second order of mean field type.
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The phase boundary is
g, =r, P (7.16)

with r. the largest solution to (7.7). For large §
8(,=2,8Jp(dw) W~ (7.17)

This is the usual mean field solution. For small § the phase boundary
depends on the asymptotic decay of V(¢). If

[ plder) 02 < 0 (7.18)

then (1/r) g(r)— g’'(r) is bounded and tends to zero as r — 0. Therefore
there is a minimal B* for which (7.7) is satisfied and r.> 0 at that point.
Hence ¢,(B*)>0. For < f* the free energy is smooth. For 0 <e<e (f*)
the spontaneous magnetization jumps as a function of §. If

%g(r)— g'(r)—»w as r—0 (7.19)

then r, —» 0 as oo — 0. The phase boundary reaches the point ¢, =0, f.=0.
If p(w)xw' ™7, 0<y <1, then e,~ B for small B. V(r)=~t~? is exactly on
the borderline. In this case ¢, tends to zero continuously, but reaches zero
at some f* > 0.

A schematic phase diagram is plotted in Fig. 2. The variational bound

m*=0 7

B g
Fig. 2. Phase diagram according to the variational bound for the interaction V(t)~1¢=>*7,
The left hand curve corresponds to 0 <y <1, the middle curve to y=0 and the right hand
curve to y<0.
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captures some features of the actual phase diagram. But, as expected, it
cannot reproduce correctly the difference between the 12 and faster than
t~? decay.

8. ABSENCE OF PHASE TRANSITION

If
fp(dw)cu_2<oo (8.1)

then the spontaneous magnetization is zero and the infinite-volume Gibbs
measure is independent of the choice of the boundary conditions (uni-
queness of the Gibbs measure). This will be proved in Section 10, where we
extend the energy-entropy argument of Simon and Sokal®® to the present
situation. Presumably the slightly sharper bound (3.33) could also be
generalized. If (8.1) is satisfied, the quantum particle still tunnels between
the two wells even when strongly coupled to the phonon field.

(8.1) yields no information about the physically relevant couplings.
One general method to delineate the one phase region are mean field
bounds. We present a slightly improved version of Ref. 31.

The interaction is split up into a short-range and long-range part,

V(t)=V(1)+ V1) (82)
both positive, and we define the interaction
Vit)=V{(1)+ AV (1) (83)

Let {- >, be the Gibbs measure with interaction ¥ ,(¢) and free boundary
conditions. As before the free measure has the spin flip density ¢. Then

2 o(0)010)>, =1 [ ds [ 5 Vifs — 5 [<10) (1) o(s) o(s')),
— (a(0) 6(1)):<(s) 9())]
<B [ ds [ ds Vis=5)(0(0)6(5):<o(0) o(s')>s  (8:4)

by Lebowitz’ inequality.®*?) {a(0) a(¢) ), is then bounded by the solution of
the differential equation corresponding to (8.4) with initial conditions

(a(0)a(£)>1-0=Co(0) a(1) > BV,). Let

a(k>=(271)1/7 [EERGOLUNIA (85)
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Since V/(k) and a(k) take their supremum at k =0, the condition for the
solution of the differential equation corresponding to (8.4) to stay bounded
for 0 < A< 1 yields, in the infinite-volume limit,

B U dt V,(t)] [ <oy oty ypy) <t (86)
If (8.6) holds, then

(a(0)a(2) )(BV) < fdke”'“ (k)1 —27pV (k) a(k)]1 !

1
(2 )1/2
= (a(0) a(1)} (8.7)
Moreover by the Gaussian inequality [33, 34, 35]{36],

<no<r,-)> Bri< Y TI<o(n)o()>(BV)

jeAd pairings € 4

< Y [I<ew)a(r)> (8.8)
pairings € A
ie., provided (8.6) is satisfied, the correlation functions of {->(BV) are
bounded by those of the Gaussian measure with mean zero and covariance
{a(0) a(¢)>. In particular, the spontaneous magnetization is zero and the
infinite-volume limit is independent of the boundary conditions (cf. Ref. 31
for details).
The simplest way to use (8.6) is the choice V,=0. Then
<a(0)a(t)>(BV,)=exp(—2¢ |t]) and (8.6) yields the mean field criterion

28 j pldw)o~"<e¢ (8.9)

for the absence of a phase transition.
The upper bound (8.7) can be supplemented by a lower one. By
Griffiths, 37739

{a(0)a(t) >(BV) = c¥(1) (8.10)

In particular for V(t)~:72*7,0<y<1, in the region defined by (8.9),
(8.7), and (8.10) imply the upper and lower bounds

c (1+27) < {a(t)o(0) > <, (1 +2277)7! (8.11)

Equation (8.9) is not a sharp bound on the one phase region. One
expects a phase diagram as Fig. 2 with the line corresponding to 172*7?,
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y < 0, omitted. To proceed in this direction a less trivial short range part of
the potential has to be used. The only computationally accessible case,
besides V', =0, seems to be V(t) =A% exp(—a |¢|). This corresponds to the
one-fermion—one-boson problem

H= —¢,+oata+ Ao {a™ +a) (8.12)

about which rather detailed information is available.“?’ If, in the case
V(t)~12, we use it in (8.6), then the upper bound on the phase transition
drops below the mean field bound as expected. However, even optimizing
the exponential, yields only a somewhat smaller, but still finite, slope at
g=0.

A more sophisticated approach is the use of a low-density expansion.
We define

V() for |t <s

8.13
0 for |t|>s ( )

Vsm:{

We map the system with interaction V, onto the system of charges with
potential U, (cf. Section 5). The constants of integration are chosen such
that U, has range s. We assume ¢ to be small. Then the particles are far
(i.e.,~1/e) apart and it is natural to use a low-density expansion. For a
classical continuous particle system with pair potential ¥ and fugacity z the
convergence radius of the low-density expansion is

BzePB V|, < 1/e (8.14)

with B the stability constant.*'*?) In our case the potential is many body
and it is not clear whether (8.14) still holds. In the spirit that there is no
hope to establish a larger convergence radius, let us assume (8.14). The
fugacity is

7 =ge VO (8.15)
The stability bound is a consequence of the positivity of the Ising interac-

tion which implies the stability constant B=U/(0). If V(r)=r 2%,
0<y<1, then || V||, =s' 7 for large s and we obtain from (8.14)

Bes' TP < ¢ (8.16)

This means that the low-density expansion should converge provided
the range of the potential is of the order of (y=0) or less than (y > 0) the
mean distance between particles. We evaluate fa’t(a(O) a(t)X(BV,)



410 Spohn and Dimcke

approximately by setting U, =0 and keeping only the change in fugacity
due to U,0). Then

1/es %, =0

[ ar<ot0) atr) (B = (8.17)

1
l/sexp<~;s"’>, O<y<l

within the radius of convergence defined by (8.16). Inserting this into the
criterion (8.6) yields, choosing s maximal,

1/2
e> e”ﬂ?(ﬁ_l>bgﬁ} y=0 (8.18)

c. B, 0<y<l

f small, for the absence of phase transition. In Section 9 we will show,
using the hierarchical model as a lower bound, that for

e<c B, 0<y<l (8.19)

the Ising model has a nonzero spontaneous magnetization.

In order to pin down the phase boundary for small f in the case
0 <y <1, it may be of some interest to actually prove the convergence of
the low-density expansion. We did not push this approach because it fails
to give the conventional picture for the border line =% We pose the
following problem: In the usual Ising model over Z with 1/¢* interaction
show that there exist a §* > 0 such that for < f* there is no phase trans-
ition no matter how strong the nearest-neighbor coupling.

9. EXISTENCE OF PHASE TRANSITION

We establish a nonzero spontancous magnetization in the cases where
the interaction decays as =27, 0 <y < 1. The existence of a phase trans-
ition for the physically relevant 2 interaction is in a way the least obvious
result of our paper and we formulate it as follows.

Theorem 1. If the interaction V(t)~¢ 2 for large ¢ [in the sense
that lim, _, , #2¥(t)=c>0] and if 8 is sufficiently large, then

(6(0)>+(BV)>0 (9.1)

We show that (g(0))>, is bounded below by the spontancous
magnetization of the usual Ising model with 1/r* interaction, which is
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strictly positive provided g is large enough by a result of Froéhlich and
Spencer.®

Proof. The proof consists of two steps. We first average over short
distance scales and decouple the free measure. We then use Wells’
inequality.

Step 1. We choose a lattice spacing é and a maximal lower bound v
for the potential ¥ such that V' is constant on the squares jo <s<(j+1) 4,
i0<t<(i+1)J and satisfies

k2  for jo<s, t<(j+1)6

a/i* for jS<s<(j+1)6, idb<t<(i+1)d, i#]j
(9.2)

V(t—s)= V(e s)={

i, jeZ. o depends on J as a~ V(0) for small § and o~ for large d. Let

1 ri+1/2)8
m,:gj( dt o(1) (9.3)

j—1/2)8

Then |m;| <1. We set T=(L—1/2)¢é and m;=1 for |j| = L (+ boundary
conditions). By Griffiths,

{moy 7 (BV) 2 mo)r, . (BP) (9.4)

Here the Gibbs measure < >, . (f¥) can be regarded as defined over the
lattice Z. Its interaction is then

1 .
-§ﬁoc52 Z li—j| > mm+ Y. pr6’m? +bec. (9.5)
ke =t

and its free measure is the joint distribution of the m/s under the spin flip
measure uf. , (do). We recall the lattice approximation of the free measure
described in Section 4. In this approximation we suppress the couplings
across the points (j+1)d, —L < j< L. This further decreases the expec-
tation of m, and therefore

{mod 7 (BV) = {moy 4 u(00°P) (9.6)
Here (-, , .(fB) has the interaction
1Y Ji—j| 2 mm,+be. (9.7)
i)

and as free measure a product of single site measures .
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The characteristic function of the single site measure u(dm) is given by

ﬂl u(dm) e = 7~ <exp {A Ll di o(t) + [;c JEB jol dr a(t):lz}> (9.8)

[0,1],e6

(" Dro.11.s refers to the expectation in the spin flip measure with free boun-
dary conditions and density 5. We scaled the interval [0, 6] to the unit
interval here. We may de-Gaussian the square and use again the spin
operators. Then

[ (dm)em =2 [ de o=

x Y exp[edo, + (Ex \/_ﬂ_+ Ao, Je]d’)  (9.9)

G.0'

Clearly, u(dm) is even.
We note the limits: If § - 0, then

uldm)=1[6(m+1)+d(m—1)], Ju(dm)mz—»I (9.10)
and if 6 —» o0, then

w(dm) = (e6/2m)"? exp(—m?ed/2), f uldmym* - 1/e6  (9.11)

Step 2. Wells made the following observation****): Let u be an
even single site measure and let a >0 be such that

jﬂ(da)(az—aZ)"zo (9.12)

for all n=0, 1,.... A sufficient condition for (9.12) to hold is
u([0, a)) <2u([/2 a, 0)) (9.13)

Let (-}, , be the Gibbs state for a general ferromagnetic interaction with
single site measure p and + boundary conditions and let (-}, , be the
Gibbs state for the same interaction but with u replaced by
1[6(o + a) + 8(o —a)] (Ising model). Then

<n a,—> = < l—[ a,-> (9.14)
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Let (- >, . (B) be the Ising model ( + 1) with interaction f}i— j| ~2 and
+ boundary conditions. Let a be such that (9.12) is satisfied with p defined
by (9.8). Then

{moy 7, (BV)2 (00D,  (a®6%0p) (9.15)

From Ref. 4 we know that {(ay) . (f)>0 for f> . with some f, large
enough. Therefore we conclude that

Ca(0)>,(BV)>0 (9.16)
provided
a*$*af > B, (9.17)

From the construction it is clear that {9.17) can be achieved provided f is
large enough. ||

The reader may be curious about the shape of the lower bound on
¢.(B). From (9.10), (9.11) we deduce that a*~1 as § -0 and a®>~ 1/ as
& — o0. We also know that a~c as § -0 and a~1/6 as 6 — co. We insert
in (9.17) and optimize with respect to J. The resulting curve is qualitively
similar to the one of Fig. 1. For f§ large it is linear. It drops to zero at some
finite value of 5, however enters there with zero slope.

Our technique can also be applied to potentials decaying as 1 **7,
O<y<1 After Stepl we wuse the hierarchical model as lower
bound.®*>4¢) This establishes a nonzero spontaneous magnetization for f
large enough. The condition to be satisfied is again (9.17) with
a*={ u(dm)ym* and B. a constant coming from the analysis of the
hierarchical model. If we again optimize (9.17) with respect to J, we obtain
a lower bound on ¢.(f) which is linear for large § and drops to zero as '/
for f—0.

Note that as ¢ —» 0 the Gibbs measure - >(BV, ¢) tends to the measure
giving weight 1/2 to the configurations ¢(t)=1 and ()= —1 for all &
Therefore the line ¢ =0 corresponds to a zero temperature transition.

10. THE THOULESS EFFECT

The Thouless effect refers to the phenomenon that for the Ising model
with 1/1% interaction the spontaneous magnetization jumps at f,. However,
the transition is not first order, since the correlation length diverges for
f — f.. On the basis of a renormalization group analysis and of numerical
data it is predicted that at 8. the two point function decays as 1/log ¢ for
large 2.7 We want to apply the technique of Simon and Sokal®® to our

822/41/3-4-5
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model. It provides a simple proof of zero spontaneous magnetization, if
{dt V(t)1<oo and ¢>0. As before, the difficulty in the extension is to
properly deal with the fact that the free measure is not a product measure.

We consider the finite system [—7,7T]. Let A4 be an interval,
Ac[—T+6,T—8], A=[a b]. We define °A=04=[a—6,a]u
[6,64+6] and A°=[~T, T]\(4wdA). To flip spins in directly adjacent
intervals costs to much entropy. Therefore we average over intervals of
length 8, independently of T, in between. Let g, be the spin configuration in
the set I. We define the stochastic map

(KF)0) = | tr, (doa | =045 04 f(=04 0500 04)  (10.1)
for bounded functions f: 2([—T,7T], {—1,1})—> R Here u%  (-])

denotes the conditional expectation. The dual of K acts on measures. If
they have a density g with respect to u%. , (do), then

K*gus, , (do) = (K*g)(0) 5, , (do) (10.2)

with
(K*g)(o)= R 4(0) J py (Ao | —04,04) 8(—0,4,054,0,4) (10.3)

Let ué. , (do 4, do ,) be the joint distribution of the spin configuration in A
and A°. Then R ,(c) is the Radon—-Nikodym derivative of u3. , (d(—0 4)),
do 4) relative to p%. , (do 4, do 4) By a straightforward computation

(tanh &5)> < R 4(¢) < (tanh &) ? (10.4)

independently of 4 and T.
We define the entropy and the relative entropy for f, g0,

§ 15 (do) flo)=1= | p5 , (do) g(o), as

S(f)=—| 15, (do) f(0) log f(0) (10.5)

S(f 18)=—[ 5, (do) f(o) log f(6)

+{ w5, (do) f(a) log g(0) <O (10.6)
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Under any stochastic map K acting on probability measures with density
S(Kf | Kg)=S(f ] 8) (10.7)
{Refs. 48 and 49). Therefore

S(K*g | K*1)2 S(g | 1)=5(g)

S(K*g) > S(2)— [ 5., (do) g()(K log R 1)(o)
2 S(g)+ 2 log(tanh £d) (10.8)

With these preparations the argument of Ref. 30 can be copied. We
only sketch the main differences. We pick » disjoint intervals B,,..., B, of
equal length and separated by intervals of fixed length 6. Then
g=Z "exp{—4p[dtds V(t—s)[1—a(t)6(s)] + b.c.} relative to the free
measure p5 , (do) and f;= K*g with 4 in the definition of X replaced by
B,. A, is the set of spin configurations such that | 5 dto(1)<0. Then

Jugr,+(dff)f,-(a)x(Aj)=fu%,+(da) g(o) Kx(A45)

= <{JBjdt a(z)so}>t+ (BV)  (109)

Therefore K* takes the role of the spin flip operation. We define
f=0/n)3"%_, f;- Then

S(f);% zn: S(f;) +1log n— const

j=1

> S(g) +log n— const + 2 log(tanh &5) (10.10)

Therefore the additional intervals of length & produce only an error
independent of # in the entropy estimate. This does not count, since energy
and entropy of order log n are compared to each other.

We conclude the following.

Theorem 2. If | p(dw) w~*< o0, then for any B and ¢ >0
<o(0))  (BV,e)=0 (10.11)

The Gibbs state (- »(fV, ¢) is independent of the choice of boundary con-
ditions.
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Theorem 3. Let V(t)~t~% for large ¢ [in the sense that
i PV()=c>0]. Let m*=<{a(0)>,(BV, ¢).
(i) Let §di[<o(0)a(2)) ,(BV,e)—m*?*] <0

Then either m* =0 or

lim

4pm** =1 (10.12)
(i) Let
a* =min(1, —lim sup {log[<a(0) (0 , (BV, &) — m**]/log(1 +1)})
(10.13)

Then either m* =0 or
4pm*> > a*? (10.14)

If at (e.(B), B) the truncated two-point function has a power law decay,
then by (10.13) the spontaneous magnetization has to jump.

As pointed out by J. Bricmont, (10.12) and (10.14) lend further sup-
port for the phase diagram of Fig. 1. If at some point in the region
{¢>0, < 1/4} m*>0, then necessarily the susceptibility has to diverge
because m*?< 1. Furthermore by (10.14) there could be no power law
decay of the truncated two-point function with an exponent independent of
B. Both properties would be rather surprising.

11. GROUND STATE EXPECTATIONS OF THE PHONON FIELD

So far we have directed our effort to {c,) .. We showed that in the
physical case, p(w)=w for small w, the quantum particle becomes localized
in one of the two wells provided the coupling is strong enough. Here we
want to analyze how the phonon field changes its properties when such a
transition occurs.

We relate ground state field correlations to expectations in the Ising
model. The identification is obtained at finite 7. As before, we let then
T — o followed by the limit #— 0, if necessary. f denotes here a rapidly
decreasing test function and a(f) = { dk f(k) a(k).

(i) <at(f)+a(f)) .. The Hamiltonian is perturbed as

H,1=H——';;Zf(kj)[2w(kj)]”2 X, (11.1)
J
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and we want to compute the derivative of tr{exp[ —TH,]} at A= 0. Going
through the functional integral representation yields

@ (f)+alf)),=—<Co(0)>, Jdk[i(k)ﬂw(k)]f(k) (11.2)

(i1 ia™(f)—a(f)) .. The Hamiltonian is perturbed as

H,= H——Zf )2/ [2w(k, ]W}( ai) (11.3)

We use the Cameron-Martin formula for the functional integral represen-
tation. The stochastic integral vanishes because of periodic boundary con-
ditions and the remainder is second order in A. Therefore

Ka* (f)—al(f)) =0 (11.4)
(iii) <a.(f)a(f)),. The Hamiltonian is perturbed as

HA-H——zf ) £k, {[w(k,»)w(k,-)wzx,-xj

ok wk)] ai ai 5} (1L5)

and we want to compute the derivative of tr{exp(—TH,;)] at 1=0. The
functional integration is no longer with respect to independent Brownian
motions. Rather the covariance is

y)
8=/ STk ) wik)] 2 (116)

As before we integrate over the Brownian motions. The effective interaction
for the Ising model takes the form

23 Alky) Mk ok, o(k;)]? G{(s, ) (11.7)

Lj
with G{)(s, 1) = G{(t, s) and
GP(s, 1)=Z " tr{exp[ —(T—1) H*] x,
x exp[ —(t —s) H*] x; exp(—sH")} (11.8)
for t=s. Here

) A
H* =Y, (k) a* (k) a(k) —7.a* (1) a(/) (11.9)

J
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and the trace is over the phonon field. We differentiate at 2 =0 and take
the limit T — co. Then

@ (N)alf)ye = di [ dke 2k) fik) [ db Ak') S1K)
x {a(0) a(1)>, f’df == =0 (11 10)
0

We denote by m* = <{0(0)) . From (11.2) we conclude that if m* #0
the phonon field is polarized. From (11.10) we obtain for the total number,
N, of phonons

<N>+=J:o dt V(1)<a(0) (1) . (11.11)

If m* =0, it is reasonable to expect that (a(0) o(¢)) . decays as the poten-
tial (certainly this is the case in the domain of validity of the mean field
bounds; cf. Section 8) which implies (N>, < cv. Also (N ) < oo whenever
_[30 dt tV(t) < oo. If V(t)~t~7% or slower and if m*#0, then (N}, = 0.
The localization of the quantum particle is associated with an infinite num-
ber of phonons. We discuss their distribution. At that stage, physically, it
would be more reasonable to use the three-dimensional field and this could
be done without difficulty. But for notational simplicity let us stick to our
model.

As before let v_(dA) be the spectral measure associated with the
{o(0)a(z)) , correlation; cf. (3.20). Then from (11.10) the number, n(dk),
of phonons in momentum interval dk is given by

(k) = [ vodh) (kY L+ o)1) dk (11.12)

For the physical choice, w(k)= |k| and A(k)*> = B |k| for small k, we obtain

k dk, if m*=0

(n(dk)y , ~ (11.13)

1
Edk’ if m*#0

for small k. For large k the momentum distribution decays faster than
|k .

Let n(dx) be the number of phonons in the spatial interval dx. From
(11.10) we obtain

(n(dx)> :jw v..(d2) U dk e A(k)/[ 4+ w(k)] Toe (1114)
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The density of phonons is bounded. For the physical choice of @ and 4 it
decays for large x as

x "3 dx, if m*=0

11.15
x~Vdx, if m*#0 ( )

{n(dx)} 4 ~{

Both in (11.13) and (11.15) we assumed that <{a(0)a(¢)>, ~t* for
m* =0. For m* #0 we only used that {a(0) o(¢)> . = m*? as t > oo. Finer
details of the spatial and momentum density of phonons are then obtained
from the rate of decay.

We conclude that the localization of the quantum particle in one of
the two wells is associated with the generation of an infinite cloud of
infrared phonons located far out in space.

12. MORE GENERAL STATE SPACES

We approximated — 14+ V, with V,(¢q) = A(1 —¢?)% 1>0, by a two-
level system. From the foregoing analysis it is clear that we could have
treated also the full problem. The spin flip measure p*(do) as free measure
has to be replaced then by

P yexp | [ Vita) | (12.1)

where P(dg(-}) is Brownian motion. If the coupling to the phonon field is
of the form ¢® | dk A(k)[a*(k)+a(k)], then the effective interaction is
still —4B [ drds V(t—s) q() q(s) with V(z)~¢~2 On a technical level, the
properties of the measure (12.1) needed for our purposes are well
understood.”) In particular to establish localization via the existence of a
spontaneous magnetization, ie., {g(0))> . >, we would as before average
over short distances and use Wells’ inequality to reduce ourselves to the
Ising model.

In fact a double-well potential is not needed at all. Let us denote the
external quantum mechanical potential by ¥V, in order to distinguish it
from the potential V' of the effective interaction. If V,,.(q)=1aq’, a>0,
then the spectrum of H (zero point energy of the Bose field subtracted)
stops to be semibounded at some critical value of f. But if
Vonlq)=a Ig|**7, y >0, then the ground state energy is finite at any coupl-
ing strength. Let V(¢)~r~? and let V,,,(q) = V,..(—q). Then for sufficiently
strong coupling the ground state is degencrate. The particle is no longer
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allowed to “oscillate” in the potential. The reason becomes clear if we
rewrite the effective interaction in gradient form as

— 48 [ drds V(e—5) (1) q(s)= 48 | dt ds V(i —5)[ ()~ (5)

1 Uds V(s)]jdzq(z)2 (12.2)

The particular form of the coupling to the phonon field produces an effec-
tive potential which drives the particle away from ¢ =0.

Physically the coupling q®j dk A(k)[a* (k)+a(k)] is an oversim-
plification which, however, does not show wup in the two-level
approximation. More realistically the coupling is of the form

jdk e (k) [at(—k) +a(k)] (12.3)

with A(k)=2*(—k). Then the effective interaction becomes
jdz ds j dk |2 (k)|? e~ @t =slgikTatn —q()] (12.4)

and the problem of a degenerate ground state has to be analyzed anew.
Once we allow for a continuous external potential there is no reason
to model the system only one-dimensional. ¢(¢) is then a vector with the
number of components equal to the number of degrees of freedom of the
quantum system. The coupling to the phonon field may depend on the
direction. Now the corresponding statistical mechanics model becomes
more difficult to analyze. If the external potential has two minima of equal
depth and if the coupling does not distinguish between them and does not
create a new minimum, then the results of this paper should hold. Already
for more than two absolute minima the situation becomes rather com-
plicated as discussed in Ref. 50. In addition, with more than one com-
ponent there is the possibility of a continuous symmetry such as rotations.
The picture then changes considerably. For example, if V(¢)~ ¢~ 2 and with
O(n) symmetry, n>>2, there is no phase transition,® (cf. also Ref. 51).

13. CONCLUSIONS AND OPEN PROBLEMS

Our analysis is yet another example for the power of functional
integral and statistical mechanics methods in dealing with quantum
mechanical problems. It would be of interest to see how other models for
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matter plus radiation field, as, e.g., those treated in Refs. 52, and 53, would
look like in this language. We have not pushed the method to its limits.
But we have obtained a fairly complete picture of the static ground state
correlations of the two-level atom and the Bose field. In the physical case
plw)=w for small w for fixed level splitting ¢ in the limit /4 | 0 the reduced
density matrix of the two-level atom is the projection onto ( l/ﬁ)({) for
zero coupling strength f. As we increase f the reduced density matrix
becomes a mixture with some weight given to (1 /ﬁ) 1) At a certain
critical value . the eigenbasis starts to turn and as ff — oo the reduced
density matrix becomes again a pure state now corresponding to (}). This is
interpreted as a localization of the quantum particle in the right-hand well.
The Bose field keeps the particle localized at the expense of generating an
infinite number of low-momentum field quanta. Our results do not tell us
what happens dynamically in an initial value problem. But in principle this
could also be obtained from higher-order correlations of the Ising model.

We list a few problems to which the method of this paper seems to be
applicable.

(i) Return to equilibrium. As a standard problem the initial state is
p®wg with p some state of the two-level system and w, the equilibrium
(KMS) state of the quasifree Bose field at inverse temperature f. One
wants to prove that in the limit 7 — oo the state of the joint system con-
verges to its equilibrium state at inverse temperature B, B < . To our
knowledge only in case the joint system is quasifree this return to
equilibrium has been proved. In this case the convergence as ¢ — co can be
reduced to a scattering problem in the one-particle space.**5® The dif-
ficulty in the functional integral approach is to show that the spectra}
measures at finite volume (= finite §) (cf. Section 3) are absolutely con-
tinuous with respect to the Lebesgue measure.

(1) Escape probability (cf. Section 2). The external potential for the
quantum particle is of the form g*(1 — g¢) for small 4. Initially the Bose field
is in its finite or zero temperature state and the particle in the wave
function ¥ localized at the metastable minimum. Let P, be the projection
onto 4 =[—2/3,2/3]. Then one wants to compute the survival probability

W Yl @ wple™'P 4e="") (13.1)

at time £. (We do not insist that this is the only way to define a quantum
mechanical escape probability.) Coleman’s bounce trajectory technique
looks rather convincing. But even in the case of no coupling to the Bose
field it is not clear to us how the escape probability computed in this
fashion is related to (13.1). Certainly the rigorous treatment!" proceeds dif-
ferently. One difficulty is of how to deal with resonances.”*®’
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(iil) Unconfined motion. We exploited heavily that the external poten-
tial confines the quantum particle and that as a consequence the system has
a well-defined ground state. The general problem is whether functional
integration offers also an effective tool in case the external potential is non-
confining. (ii) is an example in this direction. An even better known exam-
ple is the polaron,®” where the external potential is zero and the coupling
is as in (12.3). On a rigorous level only the ground state energy has been
investigated.®® It would be of interest to extract some dynamical infor-
mation from the functional integral.
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