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On the Boltzmann Equation for the Lorentz Gas
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We consider the Boltzmann—-Grad limit for the Lorentz, or wind-tree, model.
We prove that if w is a fixed configuration of scatterer centers belonging to a set
of full measure with respect to the Poisson distribution with parameter A > 0,
then the evolution of an initial a.c. particle density tends in the Boltzmann—
Grad limit to the solution of the Boltzmann equation for the model. As an
intermediate step we prove that the process of the free path lengths and impact
parameters induced by the Lebesgue measure on a small region tends to a
limiting independent process.

KEY WORDS: Boltzmann-Grad limit; Boltzmann equation; Lorentz
model.

INTRODUCTION

For the classical Lorentz gas the kinetic Boltzmann equation goes, in the
Boltzmann—Grad limit!? into the linear Fokker—Planck-Kolmogorov
equation for the corresponding Markov process. What is known up to now
on this problem can be found in the paper of Spohn.(?

In the generally accepted approach to the derivation of the Boltzmann
equation for the Lorentz gas, which was first proposed by Gallavotti,>%
one writes down first the equations for the correlation functions averaged
over scatterer configurations, and then takes the Boltzmann—Grad limit of
such equations. Spohn‘® strengthened this result by proving convergence in
probability. In this paper, using a different method, we show that the
limiting Boltzmann equation holds for typical configurations.

We hope that the development of our approach for more complicated
systems may be useful to obtain new results on the existence and unique-
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ness problem for the general Boltzmann equation. Moreover, we should like
to emphasize that our approach is natural if one wants to compare the
theory with results of computer experiments.>

1. BASIC NOTATIONS AND FORMULATION OF THE RESULTS

We consider only the two-dimensional case for simplicity. The case of
arbitrary finite dimension can be treated in a similar way. Points of the
plane R* are denoted by g = (qy,¢,). The scalar product in R? is denoted
by -. All the subsets of R* we introduce below are supposed to be
measurable.

A particle moving in the plane with velocity of modulus 1 is described
by a point in the phase space M = R? X S!. The points of M are denoted
by (g,¢), where ¢ €R? is the particle position and ¢ €[0,27) is the
direction of the velocity vector ¢ = (cosy, siny). The Borel o-algebra of M
is denoted by ‘B.

By © we denote the space of the locally finite subsets of R%. A point
w € Q identifies a configuration of scatterer centers. For any subset 4 C R
and any w € § we denote by w, the intersection w N 4 and by Q, the space
Q,={wEQR:w=0w,}. By |w| we denote the cardinality of w. & endowed
with the topology of pointwise convergence is a polish space. The corre-
sponding Borel g-algebra is denoted by I%.

The Poisson measure with parameter A > 0 is the probability measure
on (£,M) such that for any integer k > 0 and any collection of noninter-
secting subsets A, A4, ..., A, of R’ the random variables |w, ||},
-+ 5|y | are independent and each |w, | is distributed according to the
Poisson law with parameter Am(4,), i =1,2, ..., k, where m(-) denotes
the Lebesgue measure on R? Throughout this paper A is fixed and the
corresponding Poisson measure is denoted by Prob(-).

Let g€R%, a>0. By D,(q)={q €ER*:|¢’ — g| < a} we denote the
circle of radius a and center ¢, and by K,(¢) = {¢ €R*:|¢' — ¢| = a} its
boundary.

Let now w €8 and a > 0 be fixed. Consider a particle moving uni-
formly with velocity of modulus 1in R, , = RA\[UJ sewDa(q)] and undergo-
ing elastic collisions with the “scatterers” D,(g), ¢ € w. If we prescribe at
collision the particle to be in the outgoing configuration, its position and

" velocity are given by a point in the set Iea(q) ={gY)EM:q €K, (9,
(¢ — q) - ¢ > 0} for some g € w.
Let K, denote the boundary of R, . In general K, # | J,e.K.(9)

3 We are indebted to H. van Beijren for this remark.
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since scatterers may overlap. Let I?a,w = Ugqecogzqg{ Ka(@) N K,(¢)} de-
note the set of the points which belong to the intersection of different
scatterer boundaries (angular points), and set K, , = K, \K, . We define
the phase space of our mechanical system as

M, =M, UK, (1.1)
where
Aola,w =R, X S! Ifa,w = {(q',1[/) e U Iea(q) 1q € K;,w}
gEw

The evolution of a point (¢,4) € M, is given by T (q,¢) = (q,.¢,),
t > 0, where ¢, is the end point of a continuous path which starts at g in the
direction ¢, and consists of straight line segments which join on scatterer
boundaries. The angle between two consecutive segments is determined
according to the law of elastic collision, and i, is the direction of the path
at g,.

! Clearly if the path of the particle (g,+) hits an angular point it cannot
be continued. Therefore we must exclude all the points of M, , the paths of
which fall for some time ¢ € R! on an angular point. It is not hard to see
that the Lebesgue measure of this set is zero for all w € Q.

In this way we define a one-parameter group of transformations (a
flow) {T**), t €R'} on a subset M, C M, , such that its complement has
Lebesgue measure 0. We shall call such a flow the Lorentz gas with
scatterer configuration w and scatterer radius a.

For (¢,4) € M, , we denote by 7,(g,¢) € [0, o) the length of the free
path of the (g,¢) particle, and by b;(q,y) the corresponding impact
parameter (see Fig. 1). If we admit the value co, ¢ is defined for all points
of M, ,, whereas b’ is defined only on the subset of the points (¢,¢) € M, ,
such that 77°(g,¢) < co and the straight line from ¢ in the direction ¢ does
not hit an angular point. We denote this subset by M .

We denote by 7,°: M, —> Ifa,w the map which associates to each point
(g.¢) € M, the point 7;°(¢,¢y) € K, , corresponding to the first reflection
of the particle (g,v) for positive times.

Let (¢,4) € M/, and consider the impact parameter b2 (g + sy, ),
where - = (—siny,cosy), as a function of s € R'. We extend its defini-
tion to values of s for which ¢ + s+ € D,(q') for some ¢’ € w (i.e., for
which the starting point is “covered” by some scatterer), simply by omitting
the scatterer D,(g"). We obtain a function of s defined on some union of
intervals, which is continuous on each such interval; we denote by
—d{*9(g,y) and d§*?(q,¢), the left and right end points, respectively, of
the interval which contains the point s = 0 (see Fig. 2).
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Fig. 1.
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For (¢,¢) € M, we denote by 7{”(q,¢) and b{(q,¢), n=1,2, .. .,
the sequences of the free path lengths and of the impact parameters, i.e.,
(g ¥) = 19(g:0) T(gd) = TE(TEG), - -+, BEV(g ) = bE(g. ),
B(q.4) = BE(T (gD, - - - .

For what follows it is convenient to introduce the rescaled quantities
79 = ar®, [;; =a e, M =qgr, FM =" n=12,..., and
dE@D = g 14D =12,

We shall sometimes drop the indices w and a not to overload the
notation.

We introduce now a convenient representation of the point (g,,¢,)
= T*g,¢), t >0, (¢,4) € M, in terms of the free path lengths and of
the impact parameters.

When a particle undergoes a collision with normalized impact parame-
ter equal to y €[—1, 1], the direction of its velocity changes by a quantity
z(y) = 2arcsin y + 7. Therefore it is not hard to see that if we set

R(yy, .- h )= zj?:lz(yj), k>1, Ry=0, and
VO y1s ) = Re(Drs - 20) (1.22)
k
61(16)(;,b;x1,y1 S X, i) = 21)9¢(j—l)(¢;yl, )
j=
k
+(" 2199)4/“"(\P:y1, e R (1.2b)
j=

for k > 0, (yl,...,yk)e[~1,1]k, ij[O,oo),j=1,...,k, and Zj;lxj
< 1, then

4=+ 3OWT(@ B4 g 9B (g 4)) (132)
¥ = O BO(g ), - - - B (. 9)) (1.3b)

where n = n,(g,y) is the number of collisions which the particle (q,¢)
undergoes in the time interval (0, 7].

If a configuration w € @ of scatterers of radius a > 0 is given, and p,
is an absolutely continuous measure on M, we define the “compatible”
measure p> by setting

WA = po(AN M) AED (14)
The family of measure { u{**),¢t € R'} given by
HPNA) = p§ N (TGN AN M), AEB, teR' (15

gives the evolution of the initial measure p, under the Lorentz gas dynam-
ics.
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For any w € and p € (0,1), we define the p-contracted scatterer
configuration w, by setting w, = {g € R%: p~'q € w}. The statistical behav-
ior of the Lorentz gas in the Boltzmann-Grad limit for a fixed (micro-
scopic) scatterer configuration w is given by the behavior as p—0 of the
measures p?*9), 1 € R'.? In what follows we shall set a = 1.

The main result of our paper is the following.

Theorem 1. Let y, be an absolutely continuous measure on M with
density f, € C'(M). Then for Prob-almost all & € Q the measures p(?
given by Eq. (1.5), tend locally weakly, as p—>0, to a limiting measure y,.
Moreover, p, is absolutely continuous and its density f,(¢,¢) is the unique
solution of the equation

3 a0+ @ V) ien =5 [Ty

sin ¥

) - sta)
(1.6)

with initial data f,.

In Section 3 we will indicate how it is possible to give a “weak” version
of the theorem for f, € L.

For what follows it is convenient to adopt another description of the
Boltzmann—-Grad limit. Namely, we can keep the scatterer configuration
fixed and contract by a factor p— 0 the particle trajectories. This fact is
based on the following relation, which is easily proved: if we set (g,,¢,)
= T("4)(q,9), then T2%(p~'q,¥) = (0" 'q,, ).

The plan of the paper is the following. In Section 2 we give the
necessary preliminaries on the theory of the Lorentz gas, and some simple
probabilistic results. In Section 3 we prove a basic lemma and the main
theorem. Section 4 contains concluding remarks.

2. SOME FACTS FROM THE THEORY OF BILLIARDS AND
AUXILIARY RESULTS

Throughout this section p € (0, 1) is the scatterer radius.

A point (¢',¢) € K A9, 9 € R? can be conveniently identified by two
angles: # = arctan[(¢’ — ¢),/(¢' — ¢);] and ¢ =y — # (mod2r). # is the
angle of the radial vector ¢’ — ¢ with respect to the g, axis, and ¢ is the
angle of the velocity vector ¥ with respect to the radial vector ¢’ — g (see
Fig. 3). In this way to any scatterer center g we associate a copy S(g) of the
cylinder § = §' X [—-7/2,7/2).

LetyC S(g), g € R2, be a curve of class C? which is “increasing,” i.e.;
such that in the (#, ¢)-plane it is described by an increasing function ¢(#)
(vertical segments for which # = const are also admitted). We shall call
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Fig. 3.

such curves simply “increasing curves.” Given the scatterer radius p, v
identifies a curve in M, which we denote by the same symbol. It is often
convenient to take as a parameter describing the curve the outgoing
direction ¢ = 8 + ¢.

The basic facts from the theory of billiards which we need are
contained in the following proposition (see Refs. 5-7).

Proposition 2.1. Let p €(0,1) and w € Q be fixed, and suppose that
Y C S(g), g € w, is an increasing curve on which T}’ is continuous. Then its
image y, = T,y identifies a curve in S(§), for some g € w, which is also
increasing, and, if (#,¢,) are the coordinates on S(g), it is given by a
function ¢,(#,) which satisfies the equation

de, COs B,

@, =t 7o+ cose(d/dn) (21)
Moreover
B dy, 2 T do
w—1+ COS¢1(5+COS¢%) (2.2)

where i, = 8, + ¢, ¢, denotes the outgoing angle on v,.

Remark. Clearly it is not needed that ¢ € w, provided that v, as a
curve in M, is contained in M, . In any case when we give a curve
v C S(q) the identification of the corresponding curve in M has to be done
by setting the radius equal to p.

The following result can be proved using simple geometric consider-
ations and the properties of the Poisson measure.
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Proposition 2.2. Let (g,4) € M be fixed, and set, for p €(0,1),
x€[0,00),ye[~-1,1}, uE€][0,2]

F®(x, y) = Prob{ #(g,¥) < x, b*(q.¥) < y) (2.3a)
G{P(u) = Prob{d{*(q,y) <u}, i=12 (2.3b)
Then the following relations hold:
lim FP(x, y) = F(x, y) (2.4a)
p—>
lin(l) G u) = G(u), i=12 (2.4b)
p—>

where F(x, y) = 1(1+ y)(1 — e~ ), G(u) =2u/(2 + u), and convergence
is uniform in (x, y) €10, c0) X [—1,1], and u €[0,2].

If yC S(9), qeRz, is an increasing curve, as a curve in M it is
parametrizable by the angle i, i.e., it is given by y = {(g({),¢): ¢ € A},
where A C S is some interval, and sup, ca|dg/dy| < co. A curve of class
C?in M satisfying these conditions will be called “admissible.”

We shall denote by | - | the “Lebesgue” measure on S! (more precisely
the Haar measure on S! normalized to 2), and if A C S is an interval, by
dfiy = d/|A| the normalized Lebesgue measure on A. Furthermore, if
y C M is an admissible curve, we denote by A, the corresponding interval
of variation of ¢, and for & € Q we set

M59(x, y) = (4 €D, A(g(B1Y) < % BgWLY) <y} (252)
Freu) = (yE, 4o (g)¥) <u),  i=12  (25b)

In the following proposition we consider a family of increasing curves
{v, p€(0,1)} C S(g), on a scatterer of radius p and fixed center . We
prove that, if the curves do not become too small, the distributions of the
quantities 7, E,LZ, i = 1,2, induced by the Lebesgue measure on the angles,
tend to a limit as p— 0. We shall write for simplicity A, fi, .#* and &
instead of Ayp, ﬁ%, J{Y"p"" and Wif;";"), respectively.

Proposition 2.3. Suppose that |A | > p* for some constant «; €
[0,1), and let p, < n™* for some t >0 and n=1,2,... . Then for Prob-
almost all w € Q the following relations hold, uniformly in (x, y) €10,
w0) X [—1,1} and ¥ €[0,2]:

lim G((x, ) = F(x, ) (2.62)

lim {(#pr(w) = G(u),  i=12 (2.6b)
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Proof. Let B8, and 8, be two numbers such that 0 < 8, < 8, <1~

ay, set
1
’Cp = —
® [p”‘+pﬁz}

where [-] denotes the integer part, and consider the following subsets of
A, = [y, ¢,] (we take A, closed for definiteness):

L=[y+ (= DB + o) + jI8 0™ + (j = DiAle™)
Ti=[ 00 P + (G = DIA NPy + AN (0P +p™)), j=1..... k(p)

Clearly we can write A, = U}‘.:)I(Ij UJ)U I’, and, setting v, = {(¢,¢)

hEvp:xI/EIj}, V=g Ey,yeJ}andy = {(gy) Ev,: ¥ EL'}, we
ave

k(p) x(p)
A ) =| U A0 ) | V) U A7 y)} Ut p4(x, y)
J= J=
Therefore
x(p)
0 < fi(A*(x, ) = Zl B(AL(x, 3))
=
w(p)
< _21 A(A;) + A(Y) < €lp) 2.7
p=

with €,(p) = 27(p% %1 /2 + 2p"). Let r(p) = mp' ~#27% and consider the set
QP = {w € Q : dist(q, w) > r(p)}
Let P (-) = Prob(- |2) and E” denote the corresponding conditional
probability and conditional expectation. It is not hard to see that
B (A (x, y)) = FOx, p)] < exp) (298

where €,(p) is a nondecreasing function (depending on «; and f3,) and
lim,_,4¢;(p) = 0. Therefore, setting

RPC(x, y) = f(A (%, y)) — EPR(AL(x, y)),
since estimate (2.7) induces a corresponding estimate for the expected
values, we find

«(p)
> RF(x, )

j=1

| (4 7(x, y)) = FO(x, y)| < +e(p) (29)

where €; = 2¢; + ¢, is independent of w € @ and (x, y) €0, 00) X[ 1,1].
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A crucial point in the proof is the observation that for p € (0,1) the

random variables R,(x, y), j =1, ..., x(p), are independent with respect to
the measure P(®, Moreover since
sup |[RP|< 20, j=12...,K(p) (2.10)
wER

the Chebyshev inequality gives the following estimate of the Bernstein type:
for any X >0

«(p)
pP® {w €Q:| X RP(x, y)| > X}
j=1
2
< 2exp(—hX)expl: ﬁz_Bz(p)(1 - 1132)} @2.11)

where
x(p)
H=2",  Bp)= 3 ED(R(x,y))’
j=1

and 4 is a positive number such that hH < 3. Now it is not hard to prove,
using the properties of the Poisson measure and some simple estimates, that

E@(R,(x, )< C I . log( ) 2.12)

where C is an absolute constant. Hence, setting 7 = p ~#1, we find h’B*(p)
(1—hrH)™' < C'log(1/p)p* ' "#V|A | < C”log(1/p)p* >~ and the last
quantity goes to zero as p—0. Therefore setting €,(p) = p#1 7% for some
8 < B4, we get from inequalities (2.11), (2.12), for p small enough

k()
weEQ:

3, RP<(5 )
ji=1
Consider now the points x, = 0, y, = 0 and
x[=i(log(1/p))"1, i=1, ...,N,(p)=[(log(1/p))2], Xy, 41 = 00

y=1log(1/p))~", I=1,...,Ny(p)=[2log(1/p)],  yy,-1=1
From inequalities (2.9), (2.13) it follows that for p small enough

p®

> €4(p)H % exp(—p “6) (2.13)

p

.....

0,..., Na+1

{‘*’ €Q: 0 maXNIH | (A *(x;, 1)) — FO(x;, ypl > 65((’)”

< 3exp(p?) (2.14)
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where €5 = €; + ¢,. Now, if x € (x;,x,, ), y €(y;, y,4,) for some i and /,
fil(# *(x, y)) will lie somewhere between p(.#*(x;, y)) and fi(.#*(x,,,,
Yi+1)), and hence, because of inequality (2.14), between F®(x;, y,) — ¢(p)
and F®(x;, 1, y;+1) + €s(p). Since, as is easy to see, F® is uniformly
continuous, uniformly in p € (0, 1), we find, setting

&(p) = €s(p) + 1

.....

0,..., N,
PO{w€Q: || A(A(-, ) = FO>, ) > €(p)}) < 3exp(—p %)
(2.15)

where || - ||, denotes the supremum norm on R' X [—1,1].
To conclude the proof, observe that, since 2~ D Q) for any m > n,
we have

Prob(Q())
Prob(Q(#))

Setting A = {& € Q: || {4 (-, ) = F(-, ). > eglp,,)}, using in-
equality (2.15), and letting m —> oc for fixed », we find by the Borel-
Cantelli lemma that for P®)-almost all w € Q lim,,_, [ A(# (-, ")) —
F(-, )l = 0. Since 2 = Q mod0, Eq. (2.4a) is proved. Equations
(2.4b) are proved in a similar way. Proposition 2.3 is proved. W

We shall now show that convergence to the limiting distribution takes
place for a sufficiently dense family of curves and for a large class of
measures on them.

For a >0 we denote by Z, = (g €R?: g =ka, k €77} the square
lattice of constant a. If A C S' is an interval and f a nonnegative function
on it, we denote by p, , the normalized measure on A induced by f (when
no confusion arises we write simply p,). Furthermore for a, €[0,1) we
denote be 7 f(a,) the class of the positive functions f on A such that
feC'and

P@)(4) < P)(4), AeMm

s lf @)/ jof f9) <o~ (216)

For fixed a, €[0,1) and ¢ ER® we consider the curves in M y{"
={(g:¥): ¢ €[(( = DQ27/x(p)),iQm/k(p))} i=1, ..., x(p), and k(p) =
[27p~*(1 + log(1/p))]. We shall call T(g) the collection {y{:i=
L ...,x(p)}.

Proposition 2.4. Let a(p)=p’ for / > 1. Then for any choice of
8, >0,t>0and B €(0,1 — ), if we set Z¥(w) = {q €Z,,) N D,-5(0):
dist(g, w) > r(p)} for r(p) = 7pP and p, < n~ ', n=1,2, ..., the following
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relations hold for Prob-almost all w € Q:

lim max sup || (oL, )) = F(-, V]l =0 2.17a
N0 4 e 7 (w) feF (e f( Y ( )) ( ) ( )
Yerﬂn(q) .

lim max  sup @ (Z5°() ~ G()lw=0, i+12 (217b
"R geze(w) feF(a) f( Y ( )) ( ) © ( )
YET,(9)

Proof. Clearly a curve y € T (g) is an admissible curve in M, which
can be identified with an increasing curve on some scatterer. Choosing
€€(0,1— B~ ay), and setting B,=1— B~ a, — ¢ we have |A | > p®*e
for p small enough, so that repeating the steps in the proof of Proposition
2.3 we find that for any g € R? p small enough and all y € T (9,

PiO({0 € Qi A(AL( ) = F(5 )l > €ilp)}) < 3exp(—p "),
YET (9 (218)

where P? is the conditional measure under the condition Q) = {w € Q:
dist(g, w) > r(p)}, [i denotes the normalized Lebesgue measure on A,, and
€ can be computed as in the proof of Proposition 2.3. Now, if f € F { (a,)
it is easy to see that for any measurable 4 C A,

A _ / : 4
[(4) ~ ()] < 2|A|(;ggylf @1/ jat 1)) < i @19)
Putting together inequalities (2.18) and (2.19) we find
Pq(”)({w €Q: max  sup [ m(AL(y)) = (Vi > €7(p)})

YETUD) feFR ()

< 3k(p)exp(—p %)

with €, nondecreasing and lim,_,e;(p) = 0, and consequently

)
Prob|{ w €@ : max sup || p (AL ) — F( )l > &
gEIP(w) feFi (o)
YELL(9)

< > P(ﬂfl”))3x(p)exp(——p_5)
4E1M(0)
< cp 272" mlog(e /p)exp(—p %)

Equation (2.17a) follows now by the Borel-Cantelli lemma. Equations
(2.17b) are proved in a similar way. Proposition 2.4 is proved. W
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In what follows £, will denote a family of increasing curves in
S' % [—w/2,7/2] such that |A | > p~* for some fixed &, €[0,1) and any
Y E ?p, and the number of the curves does not exceed p ~°, where s is a
positive integer. By Z,(g) we denote a copy of 2, located on the scatterer
of center ¢ € R? and radius p. Furthermore, if r is a positive number and
w € Q we denote by w”? = (g€ w:wN D,(g)={gq}} the configuration of
the points ¢ € » which are at a distance larger than r from the other points
of w. The following proposition holds.

Proposition 2.5. For any choice of §, >0, 1 >0, o, €[0,1), B €
(0,1 — @) where & = max(ay, a), if v, =" N D,-5(0), for r(p) = mp”
and w€Q, and p, < n~ ', n=12,..., the following relations hold for
Prob-almost all w € 2:

lim max sup | (AL, ) = F( )l =0 (2.20a)
N0 gEwp,) fefg';(az)
YE€Z0,(9)

lim max sup | p () — G( W =0 i=12 (2.20b)
RO g€y, fE-?“,_‘\”;(az) ’

YEZ ol

Proof. The situation is similar to that of the previous proposition,
except for the fact that the curves have now random positions. To over-
come this difficulty we use a simple construction. Let a(p) = p’, I > 1, and
Q.(9), g € R?, denote the square of center ¢ and sides of length a parallel to
the coordinate axes. Consider the event & = {(w €@ : 0y, N W) = Gy
Clearly if @ € £ the intersection wg . N @) consists of exactly one
point, which we denote by §(q). Consider the set

Ef(e ={w€@°": max sup || (AP, - “F‘,‘\w>€}
7(9) 7 YEZD) feFt (a) (A7) ol

We have, denoting by P and P the probability measures induced by Prob
on QQa(q) and Qg2 g (o) » respectively,

Prob(Ef (¢))

= P(dw) fg P (de) xgyof@ U )
RZ

Lo \Qa(9)

<c dc}PiP)({wEQ: max sup MEC(, -
anw) 7 TELuD fe7 ] () e (A72C )

—F(-,~)Hw>e}) (2.21)
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For vy € 2,(§) we set v, = {(q(¥).9) Ey:¢ EAP )} with AP =[(i - 1)
IA,1/k(). 18,/ k(o). i =1, ... ., k(p) and k() = [|A,]o~*(1 + log(1 /p)]. As
in the previous proof, one finds inequalities analogous to (2.18) and (2.19),
which lead to the inequality

PSP)({wESZ max sup e AP, )~ F(-, - >e})
; D S ) = FC e

<exp(p~*/2) (2.22)

which holds for some 8 > 0 and p small enough, and in which we can take
€ = €;(p), with €7 nondecreasing and lim,_,4€7(p) = 0. Putting together (2.21)
and (2.22) we find

Prob {w €Q: max sup |l (AL ) = FCs o > e;(p)}
qu(,,) fesFi(w)
€249
< 3 Prob(Ef(er)) < ep~*Pp Hexp(—p°/2)
qE 7PN (w)
whence, using again the Borel-Cantelli lemma, we get Eq. (2.20a). Equa-
tions (2.20b) are proved in a similar way. M

3. THE MAIN THEOREM

The proof of the main theorem is based on some partial results which
we give separately. The idea of the proof is the following. As we have
proved (Propositions 2.4 and 2.5) there is a 1arge family of increasing curves
on which the distributions of the quantities 7, b, d i=1,2, are close to the
corresponding limits, for a large class of density functions, when w belongs
to a set of full measure. The next step is a continuity argument, namely, we
show that if a curve ' is sufficA:iently close to a curve y of the above family,
then the distributions of 7, 5,d,-, i=1,2, on vy are also close to the limiting
values. We are then able to prove a fundamental lemma on the joint
distribution of the successive free path lengths and impact parameters,
which shows that they constitute, in the limit as p—0, a process with
independent values for Prob-almost all w € Q. This leads easily to the proof
of the theorem.

The “continuity property” for the distributions on curves which are
close to each other is given by the following result.

Proposition 3.1. Letv = ((4(¥).9): ¢ €Ay} and ¥’ = ((¢'().9): ¥
€A} be two admissible curves in M such that A DA, and for some
values of p £(0,1), a; £[0,1), k,k, > 1 the following relations hold: (i)

IA,] > p™, (if) [ANA, | < p*, and (iii) sup,c, |g(¥) ~ ¢'(W)| < p*. Suppose
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furthermore that » € { is such that y,y" C M, ,, and moreover for some
a, €[0,1)

up (P ) = Pl < € (3.12)
feFE (a2)
sup I m(ZE( )~ ()< i=12 (31b)
FEFE (o)

Then there is a constant C such that if
o =max(a;,a,), and a=min(k; — &k, — 1)
the following relations hold:
sup [l p (AL ) — F(s )l < Ce+p%) (3.2a)

fe.ﬁ‘—gy(az)

sup | (Z5°() — G( )l < C(e+ %)  (3.2b)

fEFE (a2)

Proof. Set y={(¢.y)Ey:¢ €A} and let f denote the restriction
of f€. 7§ (a) to A,. We have
I :“‘f(J/{vp’w(" N (‘///{f)’w(" Mo < 2'uf,AY(AY\A7’)
) .
< 2[)"l SUp 77 < 4px1—a
yeEA, fAYf(‘P )&
(3.3)

In order to estimate || p(Z5°(+, -)) — u (A (-, )|, Observe that if
(¢,¥) € v’ is such that min,_, ,d " (g’,¢) > p** then

75(g(¥)4) = To(g' (@) 9) <o +p' T < 2p?
16:(q(¥)4) = B(g' (9).9)] < p™!
Therefore, setting .+ = {¢ €A, : min,_, ,d " (g'(¥),¥) > p*2} we find
w(AGE PN )<y (A5(x, )
S B AN )+ (A5 +20% 5, )) (34

where £ = max(0,x — 20%), ¥, =min(l, y + p7Y), $_ =max(—1, Y=
p“t~"). Since f€ & 4,(ay), using equations (3.1b) and (3.4) and the fact
that the function F(x, y) is uniformly Lipschitz it follows that

Iy (AL ) = 1 (AL NN < C'(e+p7T) (3-3)
Using inequalities (3.1a), (3.3), and (3.5) we obtain the result (3.2a).
Equation (3.2b) can be proved in a similar way. M
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An increasing curve y C S(¢), ¢ € R?, beaks into a (at most countable)
number of pieces, on which T is continuous, each piece being again, by
Proposition 2.1, an increasing curve. The information that we need on how

measures are transformed is given by the following result.

Proposition 3.2. Let y={(0(}),o()): ¢ €A} CS(g), §E R?, be
an increasing curve, and let f be a positive function on A, of class C LIf
w € Qissuch thaty C M, ,, v, = {(0W). &:(¥1)) ¢ € A, } is a continuous
curve in the image T,y such that 0= inf, yey: rogwerTo(d Y) > 2, and
inf, ¢, cos é,(¢)=u>0, and f, denotes the density of the measure
induced on A, by f, the following inequalities hold:

d* 3 2
sup —1L <%+l(—%) sup a4 (3.6)
wea, | & | 0 8\r0) yeu | dy?
Sup%eAﬂlfl'(\Pl)' <Clis supyea | f(¥)] 37
inf, ca fi¥) W infycy J(9) 37
where
2 2
C=ml+t%)mpi%
™) yea,| &

Proof. Using Egs. (2.1) and (2.2) it is easily seen that, setting

N S 4o
H) = coscm( o +°°S¢d¢)

we have

d*

Z1 4 H\

dy} dy

The main point in the proof is the inequality |dr,/ dy| < p(1 + H) which

can be derived from geometric arguments. Using this, Eqgs. (2.1) and (2.2),

and the obvious inequality H > 2/cos¢;, inequality (3.6) is easily proved.
The measure induced by f on A, has density f; = — fOay/ dy).

Equation (2.2) gives |dy/dy,| < (2H + 1)~Y, and it is easily seen that

7°/p < H < (1/u)(r°/p + 3). Combining these results we get

P/ | @
:z@:/\fé‘i.aﬁ

Moreover, since ¢; =8, + ¢, =260, + ¢ — 7, we have |d%y/ ayi| =

=QH+1)"

< —zﬂ (3.8)

sup S
M’TO

\!/IEAW




2|d*9,/ d4?|, and, making use of the previous results, we find
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awl|( . . | dy |\ 2 d>
ay inf 2 < 8 1+ ( £) sup 49

wed,, | dy, u 70 yeA,

A} dy? ) 39

Inequalities (3.8) and (3.9) give inequality (3.7). Proposition 3.2 is proved.

sup
2 EA‘H

|

Corollary 3.3. Let y C S(g), w €, and f be as in Proposition 34.
Suppose furthermore that v, = {(8, (), o (V) 1 €A, }, k=1,...,n,
is a sequence of increasing curves such that Ve C T Y1 (yo =v),
k=1...,n and () inf, 4, 7,(q.9) > ™>2, k=0,. , (ii)

inf, o chos () > u>0,k=1,...,n Then, if f, denotes the density of
the measure induced by fon A, the following inequality holds for p small
enough and alln=1,2,...:
supy, e, | fn(¥n)l <( C)" supyea | f/(P)l s (C/uy" =1
nf% EAY”fn (¥n) u inflpeAyf(xp) C—u

Proof. The proof follows immediately from Proposition 3.2. W

Proposition 34. Let n; €[0,1/2), N(&) = o 1 D, -1-1(0), N (@) =
|(w/w(’(p))) N D,-1-u(0)] for r(p) = mpP and Be(/2+ n], 1). Then there
is a set § CQ, Prob(Sl) =1, such that for w e { and _p small enough 1)
N(wy<c p“z("“"') for some constant ¢, > 0, and (i) N (@) < p~ " for any
M >3/2—B+m.

Proof. We have EN,=DN, = Amp >'*") (D denotes the disper-
sion), whence by the Chebyshev inequality, for any s € (5,,27,) we get

Prob({w &2 : N,(w) > EN, — (\m)'/%p~C*9}) < p?

from which assertion (i) follows from the BorAel—Cantelli lemma and obvi-
ous geometric considerations. Consider now N,. We have

'EA? < )\2 d dg’ = 477A2 r 2, =2(1+7)
’ Dy-1-1(0) qf @ | )y
< 50—2(1—B+m) (310)

DN, <A Dp—l—nl(O)quDlw N D,,\(9)] < 4aX*(r(p))?p 21+

< gp A -Arm) (3.11)
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For 7 > (1 — B + n,) inequalities (3.10) and (3.11) imply, via Chebyshev
inequality, that

Prob({w € Q :]\7p(¢o) > [ENP+ p_ﬁ}) < gp'tT

for some 5 > 0. Assertion (ii) follows in a standard way for all 5, > 1 since
A > 2(1 — B + ). Proposition 3.4 is proved. W

We are now ready for the proof of our basic lemma on the joint
distribution of the free path lengths and impact parameters. The notation is
the same as in Proposition 2.4, only we require the following conditions on
the parameters: a, €[0,1/2),67€(1,3/2 ~ay)and B € (8, — 1/2,1 — a).
Furthermore we denote by &, the class of the positive functions on M
which are the class C' and for which

%f(q"”i/gg, f(qanb)} <pTm (312

sup { max
Igl<po yes!

and, if y is an admissible curve in M and (x, ), . .., (x,, y,) €[0,0) X
[—1,1] we set

M P15 3 X5 V)
= (v €A, 1 ¥0(q(¥),¥) < x,, Bg)¥) <y -
HGP) <% B <y}, =12

Lemma 3.5. The following relations hold for Prob-almost all w & r

lim su sup max | p D (x .y x .y,
P—%Ofegp \q|<p’8' YET(q) f( P’Y( 1+ V1 n ))
dist(g, w) > d(p)
n
- T Feu )| =0 n=12...
i=1 w

(3.13)

where d(p) = r(p) + V2 a(p) and #; denotes the normalized measure induced
by f(g,-) on A,.

Proof. We shall prove Eq. (3.13) for n = 1,2. The extension to the
case n > 3 can be made along the same lines.

Set D¢ = {g €R*:|q| < p~%, dist(q,w) > d(p)}. If g € Dy there is at
least one point § € Z”(w) such that |qg — g| <y2 a(p). We can therefore
apply Proposition 3.1 to the pairs y{?,y{”,i =1, .. ., x(p), and Proposition
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2.4, and conclude that the Prob-a.a. w and p,, < m™, t >0, m=1,2,...
lim su max M (N = F(y )|, =0 3.14
= o0 qeg,fm YET, (9) [ t“‘f( OmsY )) ( )H ( )

fes,,

Using again Propositions 2.4 and 3.1 it is not hard to see that if we set
Ay = (¥ €8, 5 min d“(g,4) > (log(e/p) ", 7(g:4) € (071077 )
for some n, € (0,1/2), we have
lim sup max ANA V=0 3.15
m>® e pg vED,(9) kB (1)
/e,

This means that we can neglect for each y €T (g) the angles for which the
free path is either too long or too short, or which are too close to a
discontinuity of the map 7. Consider now the sets

Sy ={yeN, Ty € K(q) for g €™} yeT,(g)

If we choose n; € (§; — 1,1/2 — a,) such that moreover n; + 1/2 < B and
N (w) is defined as in Proposition 3.4, it is easy to see by simple geometric
considerations that for p small enough

P A
sup  max p(S) < ex(p) ——— N (« 3.16
lgl<p= Y ET®) () < () i Mul®) (3.16)
fe:ép

Therefore, according to Proposition 3.4, assertion (ii), we find that Prob-a.e.
the right-hand side of Eq. (3.16) is less than ¢’p?~ ™~ %" "log(e/p), and we
can take 7, € 3/2 + n, — B,3/2 — a,), so that it goes to 0. Therefore if we
set F, = N N\S and L ()= D) N A, yET(q), g E D, we
find that
lim S max | (AN (Ne=0,  n=12,...
fE€Z,,

(3.17)

Consider now on §'X[—m/2,7/2] the lattice Z, of the points z,
= bk, where b= b(p)=(n/2)[n/p*]""' and k= (k,, k,) E7* for k, =
—2A7n/p% ..., 2w/ = L ky=~[n/p%, ..., [7/p?] Let 2, denote the
family of the straight segments of slope 1 on S' X [~ 7 /2,7 /2] which have
initial and end points in 2b and length larger than 1flog(e/p)]”'. For
any choice of s >4 and a, € (0, 1) the number of such segments does not
exceed p 7* and their length is larger than p*, for p small enough. We can
therefore apply Proposition 2.5 to find that for any a & (0, 1) and Prob-a.a.
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wE

lim max max sup p(Mowo(,Y) = F(-, - -0
M=% g p=l= 'U]‘YE.fpm(q)feypm( )“ f( 7)) (5 Mo
qu(’(Pm))

(3.18)

Now if y €T'(¢), ¢ € D, , the image of M {D(x, y) under T} consists, for
p small enough, of a finite number of increasing curves of length larger
than (log(e/p))”", on which cos¢, > (log(e/p))~'/?, and which are on
scatterers with centers in w®” N D_-1-.,(0). Let us denote by T'y(y) the
collection of such curves. If y, €T'\(y) the density f, of the measure
induced by py, via T, on A, , belongs, according to Proposition 3.2 to the
class 7§ (a) for any a > a, and p small enough. Moreover, let (8, ;) and
(8, ¢) be the end points on y, (¢ > ¢y), and let (Ho,qbo) denote the point of
the lattlce Zb which is closest to (00, ¢,) under the condition 0 + % 8, +
¢g. Let (0 ¢) be the last point of Zb which is met moving away from (90, q)o)
on the straight line of slope 1, in the direction of increasing 8, for which
0+ q> f + ¢, and let 4, be the segment of ?p with end points (Ho,q)O) and
(8, ¢). Since |do,/dB, — 1| = (p/7)cos o, < p° ™™ [see Eq. (2.1)), it is easy to
see that we can apply Proposition 3.1 taking Y, a8 v, ¥, as ¥/, k; =2 and
Ky = 3 — n5. Therefore the Prob-a.a. w € Q

lim sup max max AP~ F(L )l =0 (319
me qegw YET,,(9) rETW(Y) I ( )= EC I S
fesg,,
Now, for y € T (¢), denotmg by T the restriction of 7, to v, and setting,
forv,el(y) ¥, = T ly, we have
Hf(J/{ DX 0 ,xz,)’z)) p‘f(A?l)

I-"f('//p,y (xl ’ )’1)) YIEFI(Y) Ilf(t/%é,ly)()ﬁ ’ yl)

) Mf,(%yﬁ’w(xz » 2)
(3.20)

Equations (3.14), (3.17), (3.19), and (3. 20) imply that there is a set 0,
Prob(ﬂ) = 1, such that for w € Q

lim sup max ||Nf(J//pmy(x1,}’1ax2=)’2)) F(xi, y)F(x2, y)ll»

m=>c0 qeEDy Y&l (9)
f€F,,

(321

By Propositions 2.4, 2.5, and 3.1, one can choose £ in such a way that for
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A

w€E
lim sup max [Jp(ZH5e()) — G()llw = 0, i=12 (322)

m>® e pg YEL,(9)
f€F,,

lim sup max max [ (PE4() = G()le=0 i=12 (3.23
e qeg,:;ﬂerp,,,(qmém(y) e (Z5 () = GO (3.23)
fEZ,,

Now it is easy to check that for fixed g € R? the system of curves T',(¢)
changes only when p assumes some discrete values p,,, m=1,2,..., and
it is easy to see that p, ' > m' for m large enough and any ¢ <1/a,.
Therefore we have only to prove, in addition to Eq. (3.21), that for w € 0

lim sup max sup || p(A2(x15 yy 5%,
Mm% gepp  YETL(D p€ (s, pnl f( i, )
fez

P+t

— F(xy, y)F(x3, y))le =0 (3:24)

Equation (3.24) can be proved making use of Egs. (3.21), (3.22), (3.23) and
simple geometric considerations. Therefore, Eq. (3.13) is proved for n =2.
For n = 1 it follows from Egs. (3.14) and (3.22). For n > 2 the proof follows
if one establishes for the increasing curves in the iterated images of the
curves y € T (¢) a relation analogous to relation (3.19). This can be done
by using Corollary 3.3 and again Propositions 2.5 and 3.1. Lemma 3.5 is
proved. W

Proof of Theorem 1.1. We assume for the moment that
inf , 4y e mfo(q,¥) = ¢, > 0. The theorem will be proved if we show that, if
belongs to a set of full measure, for any square Q and any interval
I=[y;,¥,] C S', and for all € R! we have

lim QX Ty = [ f(gd)dg b (3.25)

where f,, t € R/, is the unique solution of Eq. (1.6) with initial data f;. By
the observation made at the end of Section 1

WO QX D)= [ dgdy (g 4xhs(99) (3:26)

where x/,,(¢,¥) is the indicator function of the set TeD((Q,x I)

nM,) Q,=p"'0* and fp(q, ¥) = p*fo(pg, ¢)- The function fp does not

4 We use here the notation p '@ = (¢ ER?:pq’ € Q).
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necessarily belong to the class &, for any a, €[0,1/2) and 8, €(1,3/2 —
a,). However, we can fix a, € (0,1/2), choose §, €(1,3/2 — a,) and take
the set

155”=D£°ﬂ{qER2 }lp 7 max a¢fp(q,¢)’<p }
Clearly Lemma 3.5 implies that
igr(l)qs&pgwglﬁ?q) W (A DX Y153 X Va)) — HF(x,,y, w=0,
n=12,... (327
If we set Bf ={q€cR*: dlst(q, Q,) <p~'t}, it is clear that

T@(Q,x N M ) C B x S'. Moreover, settmg D= Rz\D‘*’, it is
easily seen by Proposmon 3.4, assertion (i), that there is a set 8, Prob(&l)
=1, such that for w € { and all r € R!

lim dgdy f(g.4) =0 (3:28)

=0 (BN D)X 5’

Therefore the limit as p—>0 of expression on the right-hand side of Eq.
(3.26) is equal to that of the expression

7 ! = S SAEM
Jipers 0 f@dar @)= [, 4 3 (&) X m(E@:0)

(3.29)

where B"“’ =BfN D » b, is the measure on S! with density f (g, ), and
E{(q, t) ={yEA,: n (q,\p) =n and T$(g, ) € Q, X I}. From Eqs
(1.2.a,b) and (1.3a, b) we see that

E{"(q.1)
n+1
{‘P €4: Z gy <1< 2 (g 9),
g+ 8 (93 7 V(g ), BV (q,9); - - 57 1), 6 (q.9)) € Q,

Y+ R,(BV(q.9), - ... (g ) ET }
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Let Jy denote the middle point of the interval A, and consider the sets
E{(q.1)

j=1

n n+1
= {4, €A, > gy <1< X (q),
j=1
g+ 8,(8 5 7@ 0) BV ), - - - TA(q ). B(g.9)) € O,

J+R4ﬁw%ww.wﬂw%w)6é} y ET,(9)

where 0, = (g € R*:dist(q, 0,) < 27t(px(p)) ™'}, I ={y e, dist(y,])
< 27 (x(p)~"}. It is easy to see that E!”(g,7) C E["(¢,t). Moreover from
the weak convergence, uniform in g € D, of the distributions of free path

lengths and impact parameters, given by Eq. (3.27), and taking into
account Eq. (3.28), we find

lim [ dg 3 (O E0(g.0)

Y& (q)

= exp(— 2A0)A” fqudxp fo(g:¥) f .y,
b,

<!

X @ R )

XQ(q + 8t(n)(¢;xl sVis - Xy ’yn))
which implies (see Ref. 3)

limsup u"(Q x 1) < [ dqdy [ dgay (7.9 0:9)lg-¥)

=, Aad fia9) (3:30)

where g, denotes the distribution (Green’s function)'

_7 _; , - & An
5@ = IV

X1+ o+ x, <1

dx, . ..arxnf[_l RL TR

X 8((F¥) = (¥ + Ry(F1s - -+ V)

g+8 " Wsx, py .. ;x,,,yn)))
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In a similar way we prove that
liminf p™>( Q X I > dg d , 3.31
lp 151 By (Q ) fo[ qdy f(9-¥) (3:31)

Equations (3.30) and (3.31) imply Eq. (3.25).

If the condition inf, ) e fo(g:9) = ¢; >0 does not hold one can
modify the proof by excluding from the set B"‘" the points in which
fp(q, ¥) < p’n(p) for some function 7(p) going to zero slowly enough as
p—>0. Theorem 1.1 is proved. W

We now show how the result can be extended to nonsmooth initial
data fy€ L\, (M). For each N=1,2,..., we take a function f{™ e
C'(M) such that

Syt fo= B8 g <y
N

where lim,,_, €y = 0. Correspondingly, by the above result, one can find a
set V), Prob(Q™)) = 1, such that for w € Q) the limiting behavior of the
Lorentz gas is given by the solution f*), ¢ € R, of Eq. (1.6) with initial
data f§*). Now, for any fixed ¢ € R, and any bounded 4 € B, we have, for
N">N > R=t+supyealqgl
dgdy | f™g, ) — FN g, )| < dgdi | fi"(q,v) — f{¥Xq,
S @ =@l dadbi (g = 57 (4
< 2ey

which shows that the sequence { f(*)}%_, is a Cauchy sequence in L(A).
If we denote by f, the corresponding limit, clearly f. € LL(M), and it is
easily seen, setting € = 2,9, that Prob(Q) = 1, and for & € Q

lsg 0" (4) = lim dq i fy(g4) = [ dgdy (4 9)

p=0JTC (AN My, )

for any bounded 4 €8 - f,, t €R!, gives a weak solution of Eq. (1.6).

4. CONCLUDING REMARKS

As we said in the Introduction, the kinetic equation of Boltzmann for
the classical Lorentz gas, goes, when we apply the limiting procedure of
Boltzmann and Grad, into the Fokker—Planck—Kolmogorov equation for
the limiting Markov process. From Lemma 3.7 it follows that in the limit
we have a process with independent values. This explains why the Boltz-
mann equation for the Lorentz gas which we obtain is of the form

(_E?_t +4- Vq)fz(q"!’) = l_l(ﬁ— 1])ft(q’\l’)
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where / is the mean free path, Pan averaging over directions
g =, oWI¥)ilg )@

§97' is the surface of the d-dimensional unit sphere, &}’ is the usual
measure over solid angles and o(y |1) is the scattering cross section.

Apparently it is possible to consider other distributions of the
scatterers centers, not necessarily Poisson. However, such a generalization
is not a direct consequence of our paper.

In conclusion we want to say something about the difference between
the problems which arise in ergodic theory and in kinetic theory (kinetics).
Ergodic theory is interested in the asymptotic properties, as ¢ goes to
infinity, of dynamical systems, whereas in kinetic theory we look at the
behavior of the system for finite times (of the order of the mean free flight
time). This is the reason for the difference in the methods which are used.
The basic object of investigation in the ergodic theory of Hamiltonian
systems are the so-called horospheres, or, more generally, the stable and
unstable foliations. On the other hand the present paper shows that to
derive kinetic equations it is sufficient to study the evolution for finite times
of the spheres which are given by a set of velocity vectors corresponding to
one point of the configuration space of the system under consideration.
One can introduce such objects for a large class of potentials, including
potentials for which horospheres have not been constructed.
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