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An exact representation for the density—density response function is presented.
This representation is a generalization of the result obtained in the mean
field approximation and amounts to replacing the static, effective potential
by one which is both wavenumber- and frequency-dependent. This potential
possesses both a real and an imaginary part; the latter describes the collisional
damping of collective modes. Analyticity and sum rule arguments are used
to describe the basic properties of this complex potential. The formalism
allows us to write an exact formula for the scattering function Sk, w) in
which the basic unknown is the collisional damping function. Using a small
portion of the recent experimental data on coherent neutron scattering in
liquid argon, we are able to calculate S(k, w) and other quantities of interest
and to make comparisons with the rest of the data.

KEY WORDS: Density-density response function; exact mean-field-type
expression; van Hove scattering function; collisional damping function;
Landau-type damping function.

1. INTRODUCTION

Some theoretical investigations of collective motions in simple liquids®~® in
the region of high frequencies and short wavelengths have in part been based
on approximate expressions for the complex density—density response
function x(k, z). Some of these approximations are in a sense mean field
approximations (MFA) since they can be derived from a linearized kinetic
equation for the single-particle distribution function. The mean-field-type
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approximation for y(k, z), to be denoted by yur(k, 2), is characterized by
the expression

xmr(k, 2) = xolk, 2)[[1 + $k)xo(k, 2)] (D

where yo(k, z) is the density—density response function for an ideal gas.
Here y(k, z) is defined in such a way that the limit z — w -+ ie (where e is a
positive infinitesimal) from above the real axis describes the linear response
{p(k, ), of the density to an external potential u(k, w) according to

{pk, )y = —x(k, 0 + ie)u(k, w) @)

The various approximations can be stated in terms of the expression used for
the “effective” potential (k) [or the corresponding space-dependent form
#(r)] as summarized in Table I. The MFA (1) is such that the first moment
sum rule for the imaginary part of y(k, w + i) [to be denoted by y"(k, w)]
is automatically satisfied. However, only the approximation in the second
row of Table I is consistent with the elastic sum rule for all & [cf. Eq. (8)].
None of the expressions in Table T is consistent with the third or higher
moment sum rules for y"(k, w) (cf. Section 2).

In addition to discussions of collective motions, the MFA (1) has
recently been used to investigate those density fluctuations which may be
considered as precursors to freezing.”

As has been shown in Ref. 1 and is discussed further in Section 4.2 of
this work, the scattering function Syg(k, w) resulting from (1) shows well-
defined side peaks for k values ranging from 0 to ~1.6 A-* in liquid argon.
However, recent experimental determinations of the scattering function
S(k, w) in liquid argon® by coherent neutron scattering in the region
1 <k<44A and 0 < w < 16.1 x 10®2sec™! do not reveal any side
peaks. Comparison with the experimental results shows in fact the complete
inadequacy of the MFA to describe even qualitatively the observed scattering
intensity. The reason for this failure of the MFA lies in the fact that it only
allows for Landau-type damping of the collective modes (see Section 4.2)
and completely neglects the all-important collisional damping.

In this paper we use an exact representation for y(k, z) which amounts
to replacing the static, effective potential (k) in (1) by a wavenumber- and
frequency-dependent effective potential ¢(k, z). This potential possesses both
a real and an imaginary part; the latter describes the collisional damping.
Here we do not try to derive the form of ¢(k, z) from a detailed microscopic
equation of motion approach. Rather, we use analyticity and sum rule
arguments to describe the basic properties of ¢k, z) and show that by
making simple assumptions for its imaginary part, ¢"(k, w), a correct
quantitative description of the scattering function and other quantities of
interest can be obtained.
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At this point let us emphasize the basic difference between our ap-
proach and that of Pathak and Singwi.® These authors start from a formally
exact expression of the form (1) in which y,(k, z) is replaced by a ““screened”’
response function yse(k, z). In their theory there are thus two unknown
functions, ysc(k, z) and the effective potential (k), whereas in our theory
there is only one unknown, the complex function ¢(k, z). By using an
appropriate ansatz for ysc(k, z) together with sum rule arguments, Pathak
and Singwi® have obtained good argeement with molecular dynamics
calculations and the experimental results of Skold et al.®® Their theory
satisfies the zeroth, second, and fourth frequency moment sum rules for
S(k, w). In our approach these sum rules are built into the theory from the
start. In principle our approach allows us also to be consistent with higher-
order moment sum rules for S(k, w). With a particularly simple ansatz for
¢"(k, w) we can in fact satisfy all frequency moments up to the sixth. In
practice, however, the lack of numerical data on the sixth and higher moments
has led us to an “inversion” of the problem in the sense that we use a small
portion of the experimental data in conjunction with the theory to extract
some quantities of interest for which there exist thus far no reliable estimates
(Section 6).

In Section 2 we review the basic relations, analytic properties, and sum
rules connected with the response function y(k, z). This section also defines
some key quantities used throughout the analysis. In Section 3 we discuss
the basic analytic properties of the complex effective interaction ¢(k, z)
and the sum rules satisfied by its imaginary part, ¢"(k, w). Also given in
Section 3 are some exact formulas relating the coherent scattering function
S(k, w) (or the closely related spectral function y"(k, w)) to the function
¢"(k, w). Section 4.1 reviews the earliest speculations concerning collective
modes and the shape of the scattering function in classical liquids, while
Section 4.2 discusses in considerable detail the MFA description of collective
modes and Landau damping.

In Section 5 we make contact with another exact representation for
x(k, z), that of Kadanoff and Martin,™® in which the basic unknown is the
complex damping or memory function D(k, z). We show that the real part
of this damping function, D'(k, w), splits very naturally into a Landau-type
part and a collisional part, involving ¢"(k, w). We also give in Section 5 an
exact formula for the longitudinal viscosity in terms of ¢"(k, w).

In Section 6 we discuss two simple models for the collisional damping
by introducing ansatz expressions for ¢"(k, w) [or, equivalently, é(k, z)].
These ansatz expressions involve a quantity r(k) which can be interpreted
as a viscous relaxation time. Rather than using theoretical values for this
quantity (which we deem unreliable) we have chosen to determine (k) from
the experimental data for S(k, w = 0). The 7(k) thus obtained shows con-
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siderable structure; in particular, there are pronounced minima near those
values of k where S(k) has maxima (cf. Fig. 5). Having thus obtained +(k),
we have computed S(k, w) and w?S(k, w) from the exact formulas given in
Section 3 for the region of k£ and w values investigated in the neutron scattering
experiments of Skold et al.®® The results are shown in Figures 6-11.

In Section 6 we also try to answer quantitatively the question of whether
the collective modes for k£ > 1 A~ can be considered to be propagating or
not by calculating the real and imaginary parts of the corresponding
frequency. This calculation makes use of the formalism of Kadanoff and
Martin® and a semiphenomenological description of damping introduced
originally by Maxwell and Drude. The results for the complex collective
mode frequency are given in Table 1I and plotted in Fig. 2.

Section 7 contains a summary and discussion of the results obtained
in this work and some ideas concerning the extension of the present method
to other response functions of interest. Finally, in the Appendices A-C we
discuss and amplify in detail some relevant points touched upon in the text.

2. ANALYTIC PROPERTIES AND SUM RULES
It is well known*? that x(k, z) is analytic in the upper half of the complex
z plane and is given in terms of the spectral function x"(k, w) by

X, 2) = | de Xl e) ©)

o« T wW—Z

In fact, the above integral also serves to define y(k, z) in the lower plane so
that x(k, z) is an analytic function everywhere off the real axis. y"(k, w) is
related to van Hove’s®® coherent scattering function S(k, w), defined here
as the Fourier transform of the space- and time-dependent density—density
correlation function,

Sk, w) = (1fp) [ dr | : di{exp[—ik - (r — ') + iw(t — )]}

X [Kp(r, 1) p(r', ) — p?] 4)
by the equation™?
Stk, ) = 2x"(k, w)ifp(l — =) 3
which in the classical limit reads
S(k, w) = (2/pBw) X"(k, w) (6)

(B = 1/kgT, where T is the temperature and kg is Boltzmann’s constant).
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Because of the relation (3) and because y”(k, w) has simpler properties, it is
the more convenient function to deal with for our purposes. The function
x"(k, w) is a real, odd function of w with the property®® wy”(k, w) = 0.
From (3) we see that the static, wavenumber-dependent susceptibility
x(k) is given by

X0 = xtk,0) = [ Lo xoe) )

e T w

which may be regarded as a sum rule on y"(k, w) (the so-called “elastic”
sum rule). In the limit k — 0, x(k) is given by p?K; , or, equivalently, p/mCy?,
where K; and C; are the isothermal compressibility and sound velocity,
respectively; the sum rule (7) is then referred to as the compressibility sum
rule.

In the classical limit, to which we shall restrict ourselves hereafter, it
follows from (6) and (7) that y(k) is related to the static structure factor
S(k) by

X0 = B [ 550k, @) = oSl = Lo ®)

where the last equality defines C(k), the Fourier transform of the direct

correlation function. If the approximate expression (1) is to be consistent
with (8), the effective potential (k) must be taken as

k) = —kpTC(k) = [1 — S()]/BpS(k) = bo(k) ©®

the notation being chosen for convenience later. [We have used the fact
that x,(k, 0) = Bp.] This is the expression for (k) used in Ref. 1 and indicated
in Table 1. The application of Eq. (9) thus requires knowledge of the structure
factor S(k). Alternatively, if by some means an expression for (k) as a
functional of S(k) [or of the radial distribution function g(r)] has been
obtained,® then Eq. (9) allows a self-consistent theoretical determination
of S(k) [or g(r)], as stressed in Ref. 4.

Very useful, exact relations are provided by the moment sum rules for
x"(k, w) or S(k, w). Let us define the moments

M) — f_i (doo]m) wy"(k, w) = pf f:o (dew/27) ™IS, ) (10)

The moment sum rules which have so far been calculated are the following.

1. Placzek®3:
M (k) = pk?/m (1D
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2. de Gennes™:
My(k) = (pk*m)[3k*vr® -+ (p/m) f dr g(r)(1 — cos k - r)(k * V)2 u(r)]

= (pk*[m) wi(k))

where v; = (kgT/m)'/? is the mean thermal velocity. For brevity we shall
denote the quantity {w,%(k)>'/? by w,(k).
3. Forster et al.(19;

(12)

My(k) = (pk?[m) {w,*(k)) (13a)
where
Cawtk)y = 15(kve)* + vr¥(p/m) f dr g(r){15(k * V)? v(r)
+ 6k(sin k + r)(k « V)2 o(r) + 28(1 — cos k * n)[V(k * Vu(r))]?}
+ (p*m?) f dr, f dry ga(ry , ¥p, I)(1 - cos K 1y — 2 cos Kk - 1yp)
X [Valk * Viu(rip)] - [Valk - Vy0(r))] (13b)
I =0 — Ty g =1 —1I3

In Egs. (12), (13a), and (13b) the subscript / stands for longitudinal and the
notation has been chosen to be in accord with that of Forster ez al.,*® who
defined the quantities {w?*(k)> by the equation

Mania(k) = My(k)wi"(k)> (14)
Sometimes the moment rules (10-14) are expressed in terms of the quantities

w™(k) defined by

(k) = | ® (dw2m) WSk, w) /] * (dewf2m) S(k, ) (15)
and which are related to those defined in (14) by

w™(k) = [KPvr*/S(k)Kwi" (k) (16)

It should be pointed out that none of the expressions for ¥(k) given in
Table I is consistent with the third moment sum rule (12) or any higher
moment sum rule. In fact, with the approximate expression (1) for the
response function it is impossible to satisfy the elastic sum rule (8) and third
moment sum rule (12) simultaneously. One can either satisfy the elastic sum
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rule together with the f~sum rule (11) by making the choice (9), or one can
satisfy the f~sum rule and the third moment sum rule by choosing the effective
potential (k) of the form

(k) = bu(k) = (1K) [ dr g(r)(1 — cosk - r)(k - V)? o(r)
— (4m/k?) j:’ dr rg(r)(v'(r)Y{1 — [(sin kr)fkr]}
— [0'() — ()] £ (kr) (17)

where

1 sinkr  2sin kr — kr cos kr)
flkr) = 37 R (kry?

b
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Fig. 1. Plot of the effective potentials pSy(k)
(curve A) and pPé«(k) (curve B). Curve C represents
pPoo(k) divided by ten. The curves have been
obtained from Rahman’s™? calculations for liquid
argon.
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and the notation ¢, (k) has been introduced for later purposes. If one tried
to satisfy simultaneously (8) and (12) [in addition to (11)] by equating the
expressions (9) and (17), the resulting integral equations for g(r) would
result in a value for g(r) which is negative divergent at the origin. The fact
that the potentials ¢y(k) and ¢ (k) differ greatly can be seen in Fig. 1, where
we plot the effective potentials (9) and (17) for liquid argon (T = 76°K and
mass density pm = 1.407 g/cm®) as obtained from Rahman’s molecular
dynamics calculations,

Plots for some of the other effective potentials given in Table I can be
found in Ref. 2.

The statements leading to (17) can easily be verified by making use of the
asymptotic expansions for y(k, z) and y~'(k, z) for large z. From (3) and (10)
one finds for large z

% M3/M1 | M5/M1 ..
. (1+ = + )

P

X(k: Z) ~ -

(18)

1

X_l(k5 Z) ~ MII [22 _ %f + (Ma/Ml)Z; (M5/M1) + ] (19)

The large-z expansions of x,(k, z) and x;'(k, z) are obtained from (18) and
(19) by replacing the moments M, (k) by the corresponding noninteracting
values M(k) [given by Eqs. (11)-(13) with v(r) = 0].

3. AN EXACT REPRESENTATION FOR x(k, z) AND y"(k, w)

Instead of the approximate expression (1), we shall consider an exact
representation for y(k, z) of the form

x(k, z) = xolk, 2)/[1 + Bk, 2)xo(k, 2)] (20)

or, equivalently,

X 'k, 2) = xo'(k, 2) + ¢k, 2) 1)

This equation has the form of the Dyson equation well known in the theory
of Green’s functions.®%'? The function ¢(k,z) may be considered an
effective frequency- and wavenumber-dependent interaction, for the moment
(21) may simply be regarded as the definition of ¢(k, z). In Appendix A we
discuss an equivalent space—time form for the representation (20)in terms of an
exact ansatz for the equation of motion of the one-particle distribution
function.

Basically, there exist three ways of determining ¢(k, z): (a) the equation
of motion method, (b) the method of diagrams, and (¢) the use of sum rule
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arguments. The simplest example for (a) is the linearized kinetic equation‘®
(or Vlasov equation) which leads to the frequency-independent form (k)
(see the discussion in Appendix A). General methods of the types (a) and (b)
have been explored and developed to a considerable extent recently by
Forster and Martin® and Mazenko"®, using the quantum mechanical
method of Green’s functions. In this section we use the simpler and more
pedestrian sum rule arguments to describe the basic properties which the
effective interaction ¢k, z) must satisfy.

As will be shown explicitly below, the function ¢(k, z) is linked to the
scattering function S(k, w) so that it may be possible to gain considerable
information about the dynamic, frequency- and wavenumber-dependent
interaction from light scattering and coherent neutron scattering experiments
[cf. Eq. (40)]. Since (20) is an exact representation for the density response
function, it follows that ¢(k, z) must contain, in principle, all the information
about hydrodynamic modes involving density fluctuations and associated
transport coefficients. This is further discussed in Section 5. Another feature
worth pointing out here is that the representation (20) ensures that the
scattering function will have the correct free-particle behavior in the limit
of large k, or when the interaction is switched off. This is not automatically
the case with some other representations, as discussed in Sections 5 and 6.

From the fact that x~(k, z) and yg'(k, z) are analytic functions of z off
the real axis, it follows that the same must be true of ¢(k, z). From (19)
and (21) it follows that for large z, ¢(k, z) has the expansion

$lk, 2) = du(k) — [P1(k)/z%] + O(1/z*) 22)
where
$ulk) = ik, ) = [1/MIE)IMslk) — M ()] (23)
is given explicitly by the expression (17), and
L (MR~ [MPRP Mk~ M)

D,(k) = M, (k) Mq2(k) My(k)
m 2 . 2 2 4
= — Kol — <wi(R)? — 6kvry] e

On the other hand, for z = 0 we must have from (21) and (8)

bo(k) = ¢k, 0) = x7'(k, 0) — x5 '(k, 0)
= (I/pBAR[1/S()] — 1} (25)

which is the expression given by (9). The functions pSé(k) and pBé.(k)
have been plotted in Fig. 1.
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Because ¢(k, z) — d,(k) is analytic off the real axis and vanishes for
large z as 1/z%, we may write a spectral representation

bk, 2) — $atk) = [~ do ¢k, w)

e T w — Z

(26)

where ¢"(k, w) is a real, odd function of w given by

¢"(k, w) = (1/2D)[p(k, w + ie) — ¢k, w — ie)] 27)
From (26) follows immediately the sum rule

® dw ¢k, w)

w T w

$o(k) — ) = |

(28)

In Appendix B it is shown that for all values of k&

Bo(k) — do(k) <O (29)

By comparing (22) with the large-z expansion of (26) we obtain the first
moment sum rule for ¢"(k, w):

i) = | (deofm) 'l ) (30)

Higher-order moment sum rules for ¢"(k, w) can, of course, be obtained
in terms of the moments of y"(k, w). The real part of the effective interaction,
to be denoted by ¢'(k, w), is related to the imaginary part, ¢"(k, w), by a
Kramers-Kronig relation:

/ _ dow’ qS”(k w')
k) — pull) = P [ T L (1)
where P denotes the principal value integral.
From (20) the spectral function y"(k, w) is found to be given by
v ” N2 _1_ N2
X”(k, (U) — XU ¢ [(XO) (XO) ] (32)

= [1 + ¢/X0 ¢” /I ¢”XO + ¢I /I
and the real part, y'(k, w), of the complex response function y(k, w + ie) is
0 @)_/ X”(k’ wl)
e T W —w
_ Xo + s/>’[(><o')2 + ()’

[1 + ¢IX0 ¢I/ ” [(ﬁ”XO + ¢I /l

X,(ky w) =P

(33)
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In (32) and (33), all the arguments of the functions on the right are &, w.
The functions yq(k, ) and x,'(k, w) are the corresponding free-particle
functions given by

Xolk, @) = pB(m/2)"*(w/kvr) exp(—w?/2k*v7?)

(34)
xo'(k, @) = pBl1 — 2xF(x)]

x = w]y/3kor = (@[K)AmBIR,  F(x) = exp (—x?) | " dt exp ()

The function F(x) is known as Dawson’s integral and has been tabulated
in the literature.®® The free-particle density response function x,(k, z) in
compact notation is given by

Xolk, 2) = pBI1 + V/m (z/k)(kmBY 2 W((z/k)(EmBY2)] (352)

where
Wiz) — f“‘ dt exp (~—t2) z J‘#md exp( (35b)

o T t—z

is analytic in z off the real axis. A derivation of the above expressions for the
free-particle response function can be found in Appendix A.

We will shortly make use of the asymptotic expansion for y,'(k, w) for
large values of the ratio x. In this limit one has

pﬁ

xo'(k; ) [t gt x>

~ [1+3va +15(’”T) +oli w>ker (36)

m w?

Since ¢'(k, w) is given in terms of ¢"(k, w) by (31), the calculation of
the spectral function y"(k, w) is reduced to the problem of determining the
wavenumber- and frequency-dependent function ¢”(k, ). Being an exact
representation for the spectral function, Eq. (32) must provide (at least in
principle) the correct description of phenomena in the entire region of
frequencies and wave numbers. In particular, for small values of its argu-
ments k and w, the function ¢"(k, w) must contain a description of the
hydrodynamic modes involving density oscillations.

The exact expression for the scattering function S(k, w) is obtained
from Egs. (6) and (32). Because of what has been said above, the basic
unknown function entering S(k, w) is ¢"(k, w) [assuming that ¢,(k) or ¢y(k)
has been determined from a knowledge of g(r) and »(r)]. In Section 6 we shall
use these facts in a calculation of S(k, w) using appropriate ansatz functions
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for ¢"(k, w). Let us note here the exact expression for the function S(k, w =0),
which is essentially the intensity of radiation scattered elastically by the
system. From Egs. (6), (32), and (25) one finds

Sk, w = 0) = S%Kk) [ (2”) — 2p8 lim il ( w) ] 37)

This equation will prove very useful in the discussion of Section 6. Various
approximate expressions for S(k, w = 0) are summarized in Ref. 9.

At this point let us discuss a possibly more direct method for the ex-
perimentalist to determine the dynamic interaction function ¢”(k, w) from
the measured S(k, w). What this method amounts to is a prescription for
separating out all the effects due to the interaction of the particles from those
due to free-particle motion in the measured coherent neutron scattering or
light scattering frequency spectrum.

From Eq. (21) we have

dlk, w -+ ie) = ¥ Uk, w + i) — xo 'k, w + i€) (38)
from which we obtain, by equating the imaginary parts of both sides,
P"(k, w) = —x"[G¢'V + (XPI + xol(xe)? + (o)™ 39)

the arguments of all functions on the right being k, w. The second term on the
right, the free-particle term, can easily be calculated for all &, w using (34).
Since x"(k, w) = pPwS(k, w){2 and since y'(k, w) is given in terms of ¥"(k, w)
by (33), the function ¢"(k, w) is in principle completely determined by the
experimental S(k, w). The only difficulty may lie in the evaluation of the
principal value integral (33) since the latter requires knowledge of S(k, w)
over a large frequency range. Although we have not done so in this report,
one could now attempt to calculate ¢”(k, w) in the region 1 < k < 4.4 A~
for liquid argon from the experimental values of S(k, w) obtained by Skold
et al.® and compare this with the ansatz expressions for ¢"(k, w) considered
in Section 6.

In a sense, the discussion of the last two paragraphs amounts to a frequen-
cy dependent generalization of a procedure long used in the case of the static
structure factor S(k). Namely, experimental (or theoretical) knowledge of
S(k) allows one, via Eq. (9), to determine the direct correlation function
C(k); the latter is a measure of the correlation between two particles brought
about by their mutual interaction as well as due to the interaction with other
particles. Indeed, knowledge of S(k) or C(k) has been used to determine the
interatomic potential v{r).1

Equations (32) and (39) allow us to establish bounds on ¢"(k, w).
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Namely, the fact that wy’(k, w) > 0 and the above equations irply that
for all £ and w

) S >wd = -2 1 _@Xo 40
R o et A e v “0)

4. COLLECTIVE MODES, NEGLECTING COLLISIONAL
DAMPING

Even though we shall find that the effects of collisions as described by the
function ¢"(k, w) cannot be neglected in a classical liquid, it seems worth-
while to discuss and review some simple cases in which collisional effects are
neglected. Comparison with experimental results will thus serve to emphasize
the complete inadequacy of simple theories such as the mean field approxima-
tion (1) to account properly for observed density fluctuations in classical
liquids.

4.1. Dispersion Relations, Neglecting All Damping

If one supposes the existence of collective modes for the density fluctua-
tions in a simple liquid and neglects all damping, one can directly obtain
estimates for the dispersion relations from the sum rules (8)~(12). Thus, the
assumption that x"(k, w) has sharp peaks located at Lwy(k) and the
requirement that the elastic sum rule (8) and first moment sum rule (11)
be obeyed lead to

X"k, w)w = 3mpBSk)[8(w — wy(k)) + @ + w(k))] @én

Where(14, 22)
wilk) = kg TimS(k) = K2v,2/S(K) @2)

The curve wy(k) versus k is shown in Fig. 2, as obtained from the values for
S(k) computed by Rahman.®" The dispersion relation (42) can also be
obtained starting from the equation of motion for the density fluctuation
operator p(k, 1) = ¥, exp[—ik -r,(t)] by applying a simple decoupling
approximation.®® In the limit k — 0, Equation (42) predicts a linear relation
between wy(k) and k characterized by the isothermal sound velocity Cr :

]kirgx wolk) = Crk 43)
Equations (41)-(43) are not in accord with experiment. In the region of

k values (k > 1.0 A-Y) covered by inelastic neutron scattering experiments
it is uncertain if side peaks in S(k, w) will be observed at all. In fact, the



Collective Modes, Damping, and the Scattering Function in Classical Liquids 121

16.0:

10 ) 7

/ \FSkV;/’ -~
120 =
L7

L — -
100 -~ i

8.0 SN AN
=

(10%sec™ )

g R /7 ; Kvy A7
NIVETRNG e 4
NS -
“0 /—\\ 27 ,/\/ \u!(k)
A LRI
g

s
0 10 20 30 40 50 60

P9 I

k(A )

AY
N,

0

Fig. 2. Dispersion curves for density fluctuations in liquid argon. The
curves wy(k), wy(k), and w,(k) (solid lines) are defined by Egs. (42), (57), and
(12), respectively. The curves wg(k) (heavy dots) and w;(k) (open circles) denote
the real and imaginary parts of the complex collective mode frequency given
in Table II.

recent experimental results of Skold ez al.®® on liquid argon at 85.2°K in the
range 1 A~ <<k < 4.4 A~ do not reveal any structure in S(k, w) in the
wings. On the other hand, in the small & region (k — 0) covered by optical
(light scattering) experiments, the scattering function consists of three lines:
one central line (w = 0) and two side lines at w = +Ck (the Brillouin
doublet) characteristic of hydrodynamic sound modes propagating with the
adiabatic sound velocity C, (instead of C;). Using these facts, de Gennes¥
has used the sum rules (8) and (11) to deduce the ratio I,/], of the itensities
in the Brillouin doublet to the intensity in the central line, obtaining the well-
known result of Landau and Placzek,

Ly + 5) = C*[C2 = C)/C, (44)

where C, and C, are the specific heats at constant volume and constant
pressure, respectively.

Note that if instead of the elastic sum rule (8) one requires the third
moment sum rule (12) to be satisfied along with (11), the assumption of
sharp peaks leads to a spectral function given by

X'k, w)er = [7pk?2mw(K)][0(w — wi(k)) + dw + wk))]  (45)

where w,(k) 1s defined by (12). The above form corresponds ne better than
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(41) to the observed scattering function. The dispersion relation w,(k) is
originally due to Zwanzig,® whose derivation is based on an analogy with
the phononlike excitations in solids and an approximate trial form for the
eigenfunctions of the Liouville operator. The curve w,(k) has also been
plotted in Fig. 2. In the limit £k — 0, w,(k) also leads to a linear dispersion,

lim wy(k) = Ck (46)

where
[CEP = 3urt + Qaplsm) [ dr g’ () + O] (@)

0
On the other hand, for large k, w;(k) is given by

w (k) = 3k + 0,2 (48)

where
Q0 = (p/3m) | dr g(r) V() (49)

represents a sort of average square oscillation frequency for an atom oscillat-
ing in the field of all other atoms. In a harmonic solid this would correspond
to the square of the Einstein frequency. Let us observe that both wy(k) and
w(k) show a strong dip at the value &k, where S(k) has it first maximum. The
mode that corresponds to k, has recently been associated with those density
fluctuations that may be considered as precursors to freezing.®

Next let us examine the predictions of the mean field approximation
characterized by the expression (1).

4.2, Collective Modes in Mean Field Approximation;
Landau Damping

First, let us compare the exact representation for x”(k, w) given by (32)
with the approximate expression resulting from the mean-field-type response
function (1):

xmp(k, @) = xglk, w)/{[1 + (k) xo'(k, )P + [p(k) x5k, )PP} (50)

This expression is obtained from the exact expression (32) by putting
¢"(k, w) = 0 and taking for ¢'(k, w) an effective potential #(k), independent
of w. The scattering function S(k, w) corresponding to (50) is given by

(2m)ti2 exp (—x?) _
kor {1 + pB)[l — 2xF()B2 + [pBi(k) vV rx exp (—x2)]2
(51)
where x and F(x) are defined in (34). With (k) given by (9) and with an

SMF(k5 w) =




Collective Modes, Damping, and the Scattering Function in Classical Liquids 123

1=

\kms

S

i

S
L

S"F[k,u) (o "se_s)

5
il
7

102

T ¥
00 04 08 12 16 20 24 28 32 36 40
X -

Fig. 3. Plot of the scattering function in mean
field approximation as a function of thedimensionless
variable x = w/(+/2kvr) for various values of k, with
the effective potential ¢q(k).

approximate analytic expression for C(k), the expression (51) has been plotted
in Ref. 1 both against wave number k (for various values of Sfiw) and against
frequency w (for various values of k). In Fig. 3 we have plotted Syg(k, @)
using the values for S(k) obtained by Rahman.®V For small k& the charac-
teristic feature is the existence of pronounced and very narrow side peaks
and a broad, low-lying central plateau. The sharp peaks broaden with
increasing k and disappear gradually. This behavior is characteristic of the
mean field approximation and is in no way particular to the choice (9) for the
effective potential (k). If one had chose the expression (17) for the effective
potential in (51), the resulting plots would be similar to those in Fig. 3
except that for the same value of & the peaks in the latter case would be
narrower and shifted more to the right with respect to those in Fig. 3. A
comparison between the behavior of (51) resulting from the use of the
effective potentials (9) and (17), respectively, for the same value of & is
shown in Fig. 4.

822/8/2-2
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Fig. 4. Comparison of scattering functions in
mean field approximation [Eq.(51)] for the potentials
$o(k) (curve A) and du(k) (curve B) for the same &
value, 1.5 A-L

1t is of some interest to analyze the expression (50) in greater detail and
to show how it predicts explicitly the dispersion relation and damping of
collective modes in the mean field approximation. To see this, it is only
necessary to substitute the asymptotic expansion (36) for the function
xo'(k, w). For @ > kvy one then has
¢ (ks w) gk, @)
XMEVE, @) = Lot — (pk#lm) PO + Bk 0]} + [d(k) wyg(k, w)l*
(52

From this expression we see that the spectral function may have peaks at
the frequencies wg(k) given by the solutions of the equation

wt — ¥ pk?mylk) — 3(pk*vrlm)P(k) =0 (33)

The physical solution gives

wd(k) = (pk?/2m) Yl + [1 + 12mk2or pk2p() %}

= (pk?/m) k) + 3k*vr® (54)
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This solution will apply only for values such that kv, <€ wg(k), ie., for
K2og® << pkPp(k)m.

As an aside, let us note that in the special case of a plasma, where the
interactions are Coulomb interactions described by the potential

(k) = dme?|k? (55)

(e being the electronic charge), Eq. (54) predicts the well-known dispersion
relation for plasma oscillations in the self-consistent field approximation®:

wrd(k) = w,? + 3P = w2l + 30k p?)] (56)

where w,? = 4mpe?/m is the square of the plasma frequency and k& is the
Debye screening wave number. %9

In the case of classical liquids, however, Eq. (54) predicts a dispersion
which varies linearly with & for small k. Depending on the form we choose
for the effective potential (k) (cf. Table 1), Eq. (54) will predict different
values for wg(k). If we use the expression (9) (consistent with the elastic
sum rule) in (54), we obtain

wg?(k) = [KPvr?IS(K)] -+ 2KkP0r* = w,™(k) (57)

Except for the small term 2k%v;2, this is the same dispersion relation as
Eqg. (42) obtained from the delta function ansatz. The dispersion curve
predicted by (57) lies above the curve wy(k) and below the curve w,(k) as
shown in Fig. 2 [this follows from the inequality (29) discussed in Appendix
B]. Because of the restrictions imposed on the derivation of (54), the relation
(57) will be valid only as long as S{k) < 1, which for liquid argon is the
case only for values of k < 1.5 A%, as confirmed in Fig. 3. In the limit
k — 0, Eq. (57) yields

wg(k) = Crk[l + v/ CA]'2 (58)

Since the ratio v;/Cy in liquids is in general much less than unity, Eq. (58)
predicts the existence of collective modes propagating with a velocity which
is only slightly larger than the isothermal sound velocity Cr. However, as
already pointed out, in actual fact the long-wavelength modes are sound
modes propagating with the adiabatic sound velocity C, which is considerably
larger than Cr . If we use for (k) the expression (17) [to be consistent with
the third moment sum rule (12)], the dispersion relation (54) yields

wg(k) = w(k) (59

which is the same expression as found by use of the delta function ansatz
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(45). However, the present derivation restricts the validity of (59) to & values
such that kvy < wy(k).

The mean field approximation embodied by the expressions (50)—(54)
also offers a simple description of the damping of the collective modes. For
this purpose it is useful to rewrite (52) for w near wg(k) in the form

Nl ) ~ i(% Imfw? — weK) + i) iy, )

| —w? s s ] g 1/2 ﬂs. w? -1
= Gy [ — e + 100 (3)  p-ene (5]
(60)
In the neighborhood of the coliective mode frequency wg(k), this may be
further approximated by
. pk?

o~ __ L

XMF = m
% m fot — w20 + i) (5) " [E] exp [ 2B
(61)

where we assumed kvy <€ wg(k). To obtain more explicit expressions, one
may substitute the various expressions for wg(k) corresponding to the
different (k) discussed above. Since the exponential involved in the above
expression is in general small, the mean field theory leads us to the existence
of well-defined collective modes with small damping for which

it~ 1) (2] o [ 30|

The small damping of these collective modes is called Landau damping
because it is analogous to the damping of plasma oscillations as described
originally by Landau.'® For this latter case one has [cf. Eq. (56)]

ot~ [+ g~ i(F) () ew (3] ®

Whereas the damping of the plamsa oscillations in mean field theory is
exponentially small for kK — 0, that of the collective modes in classical
liquids is proportional to k,®® as is seen by using either Eq. (58) or Eq. (46)
in the expression for the complex frequency (62). Thus, using (58) and
neglecting terms of order v;2/C;? compared to unity, we obtain

o= [l i) (e (LS e
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Notice that the size of this damping depends crucially on the ratio Cr/vy ; the
larger this ratio, the smaller the damping. The reason for this result is as
follows: As is well known, the Landau damping is due to a transfer of energy
from the collective mode wave to those particles moving with the phase
velocity of the wave, wg(k)/k ~ C;. Because these particles are moving
with the wave, they interact strongly with it and absorb energy from it. Now,
the larger the ratio Cr/vr, the less particles there will be in the tail of the
Maxwellian velocity distribution with velocity Cr which can absorb energy
from the wave, and therefore the smaller the damping of the wave.

The above description of collective modes in the mean field approxima-
tion is similar to the description of collisionless or zero sound modes in
liquid ®He, as described, for example, by the Landau theory of Fermi
liquids.®® A basic difference between the zero sound modes in liquid *He
and collective motions in classical liquids is that while collisional damping
can indeed be neglected in a Fermi liquid for T — 0, this is by no means the
case in classical liquids. As will be seen in Section 6, the sharp side peaks
in Sye(k, w) disappear as soon as one takes account of collisional damping
through inclusion of a reasonable form for ¢"(k, w) in the general formula (32).

In Appendix C we rederive some of the expressions for the Landau
damped collective modes starting from another, very general formalism
described in the next section.

5. ANOTHER EXACT REPRESENTATION FOR x(k, z)

We have already remarked that the function ¢”(k, w) contains informa-
tion about the dynamic effects of the particle interaction. In particular, as we
shall see, ¢"(k, w) describes the damping of collective modes brought about
by collisions and, in the limit of small & and w, must in principle provide us
with information about the hydrodynamic behavior of the system. It is
therefore useful to compare the representation (20) with another exact
representation for y(k, z) which has been of considerable use in analyzing
the hydrodynamic expression for the spectral function® and in extending
the latter 7 to larger values of &, w. The representation of which we are
speaking is

. —pk?/m
X2 = )] + D, ) ©
or, equivalently,
x Mk, z) = x U k) — (mpk®)[2* + izk?D(k, z)] (66)

where D(k, z), the complex longitudinal damping function, is analytic off
the real axis and is given in terms of the real, wavenumber- and frequency-
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dependent damping function®* D’(k, ) (an even function of w and positive
for all k and w) by

D(k, Z) — fm .@M (67)

o T W — Z

For the analysis presented in the next section it will be instructive to
recast Eq. (65) in a general form for the equation of motion for the average
density fluctuation {p(k, t)> in the presence of an external potential u(k, ¢).
From the definition of the linear response function we have [cf. Eq. (2)]

e, 0y = — [~ dt' 3tk 1 — ') ull, ) (68)
where -

g, — 1) = f_i (deof277) x(k, @ + i) exp[—iw(t — )]
= |7 o2l @) + i, @) expl—iatt — )] (69)

It is easily verified that (65) is equivalent to the following general equation
of motion for {p(k, t)):

Bk, 1) + ()l )y + k2 [ dt' Dl t — )0k, 1)
= —(pk?/m) u(k, t) (70)

where the dots denote time derivatives and wy?(k) = pk?/my(k) = k*v;2/S(k).
Equation (70) is the general equation of motion for an oscillator with
“natural” frequency wy(k) subjected t0 a time- or, equivalently, frequency-
dependent frictional force. The above equation is, in fact, equivalent to the
generalized hydrodynamic equation for the longitudinal current fluctuation
(when combined with the continuity equation for the conservation of particles
derived recently from a heuristic physical argument by Ailawadi er al.®®®
The time-dependent damping function is given by

Dlhe, t — ) = j_w (deof21) Dk, @ + ie) exp[—ieo(t — 11)]
_ fj; (doof2)[D'(k, ) - iD"(k, w)] exp[—iaw(t — 17)] (T1)

and, since D(k, w -+ ie) is analytic in the upper half « plane, it follows
that D(k, t — 1), just as (k, t — "), vanishes for ¢ < 7'.

2 Reference 25, Chapters A-C.
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We should emphasize that Eq. (70), being equivalent to (65), is an
exact equation of motion for the average density fluctuation (p(k, 7)),
requiring for its justification only the analyticity of x(k, z) and x7(%, 2).
The above equations were, of course, purposely designed® to provide a
rigorous framework within which to examine some phenomenological
descriptions such as that offered by hydrodynamics. However, the forms of
Eqs. (65) and (70) make them suitable for describing density fluctvations, or
collective motions even for values of k where hydrodynamics no longer
applies.®” In this connection it is appropriate to recall that the normal mode
frequencies w(k) (in general, complex) are obtained as the poles of the
analytic continuation of x{k, z) in the lower half of the complex z plane. Since
we have defined y(k, z) and D(k, z) by Egs. (3) and (67) to be analytic
functions of z off the real axis, the above statement means, more precisely,
that we must start with y(k, z) and D(k, z) defined for z in the upper half
of the complex plane, analytically continue into the lower plane (to be
denoted by the subscript @), and look for the solutions of the equation

22 — wet(k) + izk*D,(k, z) = O (72)

This equation is just a generalization of the simple, damped harmonic
oscillator equation for the complex normal mode frequency [cf. Eq. (70)].
[In Appendix C we discuss a simplification of Eq. (72) for the case where the
imaginary part of the frequency is very small.]

In the next section we shall apply the above discussion to the description
of collective modes and their damping. First it is necessary to examine
some properties of the real damping function D'(k, w) and to show its relation
to the function ¢"(k, w).

By comparing the expansions for large z of both sides of Eq. (66) and
making use of (19), one finds immediately the following sum rules for
D'k, w)®:

[ @ofm) Dk w) = (ot — wit(0)] (73)
[ @ojm) D', ) = UKD — <ot (74)

The exact expression for the spectral function x”(k, w) which follows
from (65) is

x'(k, w) =

where

(pk?/m) wk®D'(k, w)
{w? — [pk?[mx (k)] — wk*D’(k, w)}® + [wkD'(k, w)]?

(75)

® do’ D'(k, o)

o T W — w

D'k, w) = —P (76)
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Thus, the basic unknown function in this representation is D’(k, w). The
exact expression for the scattering function S(k, w) in this representation is
given by Eqgs. (6) and (75). Let us note in particular the simple expression
for S(k, w = 0):

Sk, w = 0) = Sk)(2/vr?)lim D'k, w)] an

[compare Eq. (37)]. We shall make use of Eqs. (75) and (77) in Section 6.
We obtain the relation between Martin’s damping function D’(k, w) and
the collisional damping function ¢"(k, w) by equating the right sides of (21)
and (66) and taking the imaginary parts for z — w - ie. This yields

D'k, w) = Dy(k, w) — (p/mw)¢"(k, w) (78)
where
Dy (k, w) = P Xo(k, w) (79)

ma Ty, (k, ) + [xi(k, )P

These equations can be interpreted as follows: The total damping function
D'(k, w) consists of two parts, a part proportional to ¢"(k, w) which re-
presents the collisional damping arising entirely from the dynamic interaction
between the particles, and a part Dy'(k, w) which represents the Landau-type
damping discussed previously; this latter type of damping is the only one
which entered in the MFA. Using Egs. (78), (79), and (34), it is easily verified
that the expressions (77) and (37) are consistent with each other.

By comparing the sum rule expressions for D'(k, w) with those for
¢"(k, w) [Eqs. (28) and (30)], it is found that D'(k, w) obeys the sum rules

|7 (dojm) Dy, ) = 2k Tim = 2072 (80)
[ (dofm) 02Dk, w) = 6oyt (81)

For the sake of completeness, we also state the relation obtained by equating
the real parts of Egs. (21) and (66) for z = o -+ ie:

maw " — ’ w) — —1 | ﬁo‘f_ Xol(ka (U)
B D) =) x0T L R wF T i @
=#w@*%®+%me) (82)

These equations define the function Dy(k, w). It is easily verified that Egs.
(82) and (76) are indeed consistent with each other, as must be the case on
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account of the analyticity arguments employed. In Appendix C we show
how the Landau-damped collective modes discussed in Section 4.2 are
derived starting from (75) and the above expressions for D,'(k, w) and
Dk, w).

It is interesting to compare the relative strength of collisional damping
and Landau-type damping in the limits of small k£ and large k, respectively.
Using (73) and the limiting values of w,%(k)/k? and vS(k)~! appropriate to
liquid argon at T = 76°K and pm = 1.407g/cm?® as calculated by Rahman,*V
one finds for the total weight of the damping function in the limit &k — 0

lioy | (deofm) D', )
= lklf,% [w?(k)/k?] — Cr®
= (180 — 39) x 10® cm?/sec? = 141 x 10® cm?/sec?  (83)

On the other hand, the weight of D,'(k, w) for argon at this temperature is
on (dw/m) Dy (k, w) = 2072 = 3.2 X 10° cm?/sec? (84)

independent of k. This shows the overwhelming dominance of the collisional
damping in the limit of small k£ (hydrodynamic limit) as compared to Landau-
type damping. On the other hand, in the opposite limit of large &, we find
from (73) and (48)

| @orm) D @) = B+ O — kovr]
= [ @o/m) Dl ) + @) (89)

i.e., the damping for large values of k will be due almost entirely to Landau-
type damping. The above analysis based on the sum rules (73) and (80)
suggests therefore a quick and easy way for assessing the relative importance
of collisional damping at any value of k.

The overwhelming dominance of the collisional type of damping in the
small-k limit is even more apparent when we compare the second frequency
moments of D'(k, w) and Dy’ (k, w). Whereas the right side of (74) approaches
a finite value in the limit £ — 0, that of (81) tends to zero.

To conclude this section, let us note how the longitudinal viscosity can
be derived from a knowledge of the function ¢”(k, w). As is well known, the
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longitudinal viscosity is given by the equivalent expressions (Ref. 25, Chapters
A-C)

(Ufpm)(En + §) = lim [lim (me?®/pk?) x'(k, w)]

= lim [lim D'(k, )] (86)

where  and y are bulk and shear viscosities, respectively. From Egs. (78)
and (34) we then find that

g0+ £ = —p* lim {lim [¢7(k, )]} (87)

Here we shall not pursue the calculation of these transport coefficients and
associated hydrodynamic behavior any further. This will be considered in a
subsequent paper.

6. COLLECTIVE MODES AND COLLISIONAL DAMPING

As we have already pointed out, all the dynamic effects of the particle
interaction are contained in the function ¢"(k, w), whose determination
would be the task of detailed microscopic calculations. Much can be learned,
however, by making assumptions about the behavior of ¢"(k, w) and testing
these assumptions by comparing the results obtained with experimental data.
The simple models we shall discuss amount to considering only the viscous-
type damping of collective modes, neglecting the damping due to thermal
diffusion. It has been shown that for the region of k values investigated by
neutron scattering experiments® (k > 1 A-1) the error due to omission of
temperature fluctuations is small.*®® The latter fluctuations are important
mainly in the hydrodynamic limit & — O.

The simple forms we consider are (i) a Lorentzian-type ansatz

¢"(k, w) = [¢y(k) — Po(K)]wr (K)/[1 + w?r’(k)] (88)

for which
Pk, 2) — Po(k) = [Polk) — bou(K)]/[1 F izry(k)] (89)
'k, w) — dolk) = [po(k) — (R[] + w?ry®(k)] (90)

and (ii) a Gaussian-type ansatz

$"(k, w) = [polk) — bu(K)]wro(k) exp[—w?r,2(k)/7] ©n
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with corresponding
bk, 2) — dolk) = [Bo(k) — Po(K)I[1 + zry (k)W (zTo(k)[v7)]  (92)
Pk, w) — (k) = [bo(k) — Se(iO][1 — 2uF(u)] 93)

where Fand W are defined in Eqgs. (34)-(35) and the variable u = wry(k)/v/7.

Both the above forms (88) and (91) satisfy the basic sum rule (28). Note
that because of the inequality ¢, << ¢.(k) proved in Appendix B, the right
sides of (88), (90), and (91) are nonpositive quantities.

It should be pointed out that the form (88) does not have a finite first
frequency moment as required by the sum rule (30). Moreover, the complex
potential (89) [where the upper (lower) sign corresponds to z in the upper
(lower) half complex plane, respectively] is not consistent with the form of
the asymptotic expansion (22). Nevertheless, (88) and (90) lead to a very
good description of the observed coherent scattering function Sk, w).

The expression for S(k, w) is obtained by substituting (88) and (90), or
(91) and (93), into Eqgs. (32) and (6). The resulting expressions satisfy the
zeroth, second, and fourth frequency moment sum rules, regardless of how
the relaxation times (k) or 74(k) are determined. Although there have been
some theoretical attempts®*3 at calculating the relaxation time for longi-
tudinal density and current density fluctuations, we feel that none can be
considered to be entirely satisfactory. In particular, in view of the results
obtained below no simple interpolation expressions®” for r,(k) or (k) will
be adequate.

In the case of the Lorentzian form (88) we cannot employ any sum rule
arguments to determine 7,(k) in terms of microscopic quantities so that
recourse will be made to experimental data (see below). On the other hand,
for the Gaussian form (91) we can determine 7,(k) by requiring that the first
moment sum rule (30) for ¢"(k, ) also be satisfied. When this is done we
obtain 7,(k) as

k) = T Go(k) — (k) _ I wl(k)) — w (k)]
: 2 D,(k) {ak)y — {w®(k))* — 6(kvr)*

With this choice for 7,(k), the S(k, w) determined by (91), (93), and (94)
satisfies all moment sum rules up to and including the sixth.

Unfortunately, at present the calculation of 7,(k) on the basis of (94)
is very difficult on account of the unknown three-particle distribution function
entering into <{w;*(k)> [cf. Eq. (13b)]. Thus far only the limiting value for
k — 0 of {w,A(k)>/k® has been obtained® using the superposition approxi-
mation for g,. Knowledge of {w/*k)> would be of general interest and
provides for theoretical estimates of the longitudinal viscosity®V [cf. Egs.
(86) and (87)].

(94)
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In the absence of reliable theoretical values for 7(k), 7o(k), or {w;*k)>
we have chosen to determine these quantities from experimental data. The
most convenient and direct way for accomplishing this is to make use of the
experimental results for the scattering function at zero energy transfer. The
latter is given in general by the exact expression (37), which for the approxi-
mations (88) and (91) yields

Sk, @ = 0) = S*(k){[(2m)"kvr] + 2pBldwlk) — oK)} (95)

where we have put (k) = 7o(k) = 7(k). We have used the values for S(k)
and ¢, (k) obtained from Rahman’s molecular dynamics calculations®
on liquid argon at T = 76°K and pm = 1.407g/cm? (cf. Fig. 1) and the
experimental values for S(k, @ = 0) for liquid argon 36 at T = 85.2°K
obtained by Skold ez al.® The resulting values for 7(k) are given in Table II
and plotted in Fig. 5. Notice the structure in 7(k), in particular the strong
dips for k values near those where the static structure factor S(k) has maxima.
At these k values the collisional damping is thus rather slowly varying over
the frequency range of interest.

Table H. Values for 1(k), Tp(k), and <w #(k)> As Determined from
Eqgs. (95), (103), and (94), Respectively, Using the Experimental Values for
S(k, w = 0) Obtained by Skéld et al.!®) @

k, 7(k), n(k), {wi# k), wg(k), wy(k),
At 1013 sec 10713 sec 1059 sec—* 1012 sec™? 1012 sec—*
1.0 2.66 2,76 113 9.70 -1.33
1.2 1.96 2.09 129 9.58 —1.84
1.4 1.18 1.39 151 8.43 —2.87
1.6 1.05 1.32 127 7.29 —3.22
1.8 0.978 1.33 102 6.33 —3.47
2.0 0.243 0.839 962 3.33 —35.65
2.2 0.428 0.999 325 4.97 —4.38
24 0.842 1.24 136 6.88 —3.21
2.6 0.922 1.24 163 7.96 —3.06
2.8 0.970 1.23 198 8.82 —3.11
3.0 1.01 1.22 223 9.34 —3.25
32 0.633 0.953 380 8.74 —4.26
34 0.408 0.819 684 7.94 —5.00
3.6 0.302 0.783 1030 7.52 —5.14
3.8 0.166 0.730 2850 7.07 —5.22
4.0 0.296 0.803 971 8.20 —4.58
4.2 0.487 0.878 507 9.32 —4.04
4.4 0.480 0.850 582 9.90 —4.02

¢ wg(k) and w;(k) denote the real and imaginary parts of the complex normal mode
frequency as determined from Eq. (104).
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Fig. 5. Wavenumber dependence of the longitu-
dinal, viscous relaxation times +(k) and wp(k), as
obtained from Egs. (95) and (103). Smooth curves have
been drawn through the discrete points (cf. Table II).

With the values 7,(k) = 7o(k) = 7(k) given in Table II one can now
calculate the coherent scattering function S(k, w) for all w by substituting
the Lorentzian forms (88) and (90) or the Gaussian forms (91) and (93)
into the basic formulas (32) and (6). The results are shown by the solid lines
(for the Lorentzian) and dashed lines (for the Gaussian) in Figs. 6-9 for
various values for k. The experimental points of Skéld er ¢/.®® are also shown
in these figures. Notice that for k = 1.0 and 1.2 A~ the calculated S(k, w)
shows remnants of a side peak, which we know must exist in the hydrodyna-
mic limit. On the other hand, the experimental S(k, w) for these k values does
not give a clear indication for such remnants of a side peak although a
trace of some structure seems to be borne out. In connection with Fig. 9 it
should be noted that since this is a logarithmic plot, the discrepancy between
experimental and calculated S(k, w) for large w (where the scattered intensity
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Fig. 6. Plot of the coherent scattering function
Sk, w)/27 as a function of w for the k values indicated.
The crosses denote the experimental results of Skold er
al.® for liquid argon 36 at T = 85.2 °K. The solid and
dashed lines represent the results of the theory as

described in Sections 3 and 6.

is small) is magnified. For the smallest wave numbers the Lorentzian-type
ansatz gives somewhat better agreement with the experimental data then the
Gaussian-type ansatz. However, for large w the Gaussian would yield a
better result for S(k, w) since all frequency moments of the latter remain
finite, in contrast to the S(k, w) calculated with the Lorentzian form.
Having calculated S(k, w), one can also obtain w?S(k, w), which is
proportional to the spectral function for the longitudinal current fluctuations.
This function divided by 2k®v;? is plotted in Figs. 10 and 11, which also show
the results based on the measured S(k, w). The above function shows a
maximum in its dependence on w at a certain nonzero value of the frequency
for all systems, including an ideal gas; for this last system the maximum of
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Fig. 9. Plot on a logarithmic scale of the coherent
scattering function S(k, w)/27 as a function of o for
k = 1.0and 2.0 A-*, The solid circles and crosses denote
the experimental results of Skold er al.® The solid,
dashed, and dash-dotted lines represent the results of the
theory outlined in Section 6.

w?S(k, w) occurs at v2kv; . The values obtained from the above theory
along with those obtained from the experimental S(k, ) and by Rahman’s‘!
molecular dynamics calculations are shown in Fig. 12. We notice that for
large w the experimental values for w2S(k, w)/(2k%v;?) lie consistently above
the theoretical values in Figs. 10 and 11 and do not seem to approach zero
rapidly enough, as required for consistency with the sum rules.

Using the values of 7,(k) = 7(k) obtained from (95), we have used Eq.
(94) to calculate the quantity {w,*(k)>. The results are given in Table II.
Note that for k = 1.0 A~ we obtain from Table 11

CoMk)>/k* = 1.12 x 10%  cm?/sect (96)

which is close to the value computed by Forster ef al.% in the limit £ — 0
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Fig. 10. Plot of the longitudinal current spectral
function w?S(k, w)/2k®vr? as a function of w. The crosses
denote the experimental results of Skold ez al.'® The solid,
dashed, and dash-dotted lines represent the results of
the theory described in Section 6. The area under each
curve is /2.

using the superposition approximation for argon at 7 = 79°K and pm =
1.415 g/cm3:

},gg [ k)>/k?] = 0.995 x 10%  cm?/sect 97)

It is surprising to note that the function {w,%(k))> thus obtained has sharp
maxima at or near those wave numbers where S(k) has maxima, in contrast
to w,?(k), which has minima there.

To answer in a quantitative manner the question of whether the collective
modes in liquid argon for k > 1 A1 are propagating or nonpropagating,
it is more convenient to use the Kadanoff~Martin®® representation discussed
in Section 5. The basic equation we use is Eq. (72) for the complex normal

822/8/2~3
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Fig. 12. Dispersion curves for longitudinal current fluctu-
ations in liquid argon. The open circles denote the values
obtained by Rahman.? The crosses denote the values obtained
by Skold ef al.® The solid and dashed lines represent the
results of the theory described in Section 6. The dashed straight
line gives the result for an ideal gas at 7 = 76 °K and mass
of argon 40.
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mode frequency in the presence of a complex, frequency- and wavenumber-
dependent damping function.

A particularly convenient phenomenological description of damping is
that of Maxwell and Drude, where one assumes that{3

Dk, z) = b(k)][1 — izrp(k)], Imz>0 (98)

where b(k) and rp(k) are functions to be determined. The above model for
the viscous-type damping of collective modes has already been discussed by
Chung and Yip,®? though in a different manner from the discussion which
follows.

From (98) we obtain for the real functions D’(k, w) and D"(k, w)

D'k, w) = bk)/[1 + wrp*(K)] (99)
D'(k, w) = bll)wrp(k)/[1 + wirpi(k)] (100)

Notice that both the collisional and Landau-type damping effects [cf. Eqs.
(78)~(82)] are here lumped together into the single expression (99). The
latter will consequently not lead to the correct free-particle limit of the
spectral function (75) for large values of k.

By requiring that the sum rule (73) be satisfied by the function (99), we
obtain the relation

| o2 D w) = 205 = o — 0] (0D)
which yields the function h(k) in terms of w;? % and 7p(k). For the last
quantity Chung and Yip®” have used a simple interpolation expression,
which, however, turns out to be inadequate. We therefore proceed as in the
above discussion for ¢"(k, w) and determine (k) from the experimental
values for S(k, w = 0). We make use of the exact expression (77), which
for the approximation (99) becomes

Sk, w = 0) = S¥k)[2rp(k)/K*vr*][w(k) — wy?(k)]
= §%(k) 21p(k){2 + pBl=(k) — b1} (102)

Comparing with the expression (95) which was used to determine 7(k), we
find the following relation between (k) and 7(k):

ey — Lamkon + pBlbo () — 4o(h)) 7(A)
2 + pBléu(k) — Po(k)]
The values for 7p{k) thus obtained are also shown in Table 11 and plotted
in Fig. 5.
With the functions D'(k, w) and D"(k, w) [Egs. (99) and (100)] thus

(103)
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determined one can again calculate the scattering function S(k, w) using the
formulas (6) and (75). The resulting S(k, w) satisfies the zeroth, second, and
fourth frequency moment sum rules. The results are shown in Figs. 7-11 by the
dash-dotted line. It turns out that for the smallest k values (1 < k << 1.6 A1)
the result for S(k, w) is practically indistinguishable from the case considered
at the beginning of this section [cf. Egs. (88)—(90)) and indicated by the solid
lines in Figs. 6-11. However, for the largest k& values (3.8 <k < 4.4 A‘l)
the S(k, w) resulting from (99) does not agree as well with the experimental
data as does the approximation embodied by Egs. (88)—(90). This, of course,
is to be expected, since for large & the forms (99) and (100) cannot be correct.

Using the form for the complex damping function given by (98) and
(101), the equation (72) for the complex collective mode frequencies becomes

22 — w(k) + iz [‘“12(’? — ;‘;": I()’z])c]) k) _ (104)

This equation can be solved exactly. There are three roots, one of which
turns out to be purely imaginary. Here we are only interested in the solution
w(k) = dwg(k) + iok), possessing both a real and an imaginary part
and characterizing a damped mode. The results for wg(k) and w;(k) are
given in Table II and plotted in Fig. 2.

As a more precise criterion characterizing a propagating mode, we may
take the following condition to be satisfied between the real and imaginary
parts of the frequency:

wg(k) > 2mew(k) (105)

When this condition is satisfied the collective mode will propagate for at
least several wavelengths before decaying away. From Table 11 we see that
only the mode with the smallest k value, 1.0 A-7, starts to fulfill this condition.
1t is precisely for this k value that we find the remnant side peak in the cal-
culated S(k, w) as seen in Fig. 9. The “maximum” in the remnant side peak
of the calculated S(k, w) corresponding to the above k value occurs at
o ~9.4 x 10" sec™!, which is close to the corresponding value of wg(k)
in Table I1.

From Table II let us note in particular the large imaginary parts of the
frequencies at or near the wave numbers where S(k) has maxima. The
corresponding modes resemble more a diffusion or relaxation-type process.
It has been suggested® that these are the modes that lead to the dynamic
instability connected with freezing and giving rise to critical fluctuations.
Although the basic physical ideas expressed in Ref. 7 may be correct, the
analysis presented there, however, is based on the mean field approximation
(1), which we have shown to be inapplicable to the description of classical
liquids.
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7. DISCUSSION

In this paper we have presented a new approach to the calculation of the
scattering functionforclassical liquids whichisbased on an exact representation
for the density—density response function. The chief feature has been the intro-
duction of an effective, frequency- and wavenumber-dependent interaction
possessing both a real and an imaginary part. The latter has been associated
with the collisional damping, which in classical liquids is quite large. With
simple forms for the collisional damping function this theory permits one
to satisfy all frequency moment sum rules for S(k, w) up to and including the
sixth. In principle, there is no difficulty in extending the present approach
to yield an S(k, w) satisfying still higher-order moment sum rules, although
in practice the lack of knowledge concerning these moments seems to make
this an unnecessary undertaking at the present time. Furthermore, the theory
we have presented here allows one to extract useful information from the
measured scattering function.

In particular, by fitting the theoretical expression for S(k, w = 0) to the
experimental data of Skold er al.® we have obtained values for the viscous
relaxation time and for the sixth frequency moment as functions of k.
Using these values for 7(k), the calculated S(k, w) is in very good agreement
with the experimental one, except for the smallest k values, 1.0 and 1.2 A1,
where our calculated S(k, w) shows remnants of a side peak for which there
is no clear experimental evidence. The agreement between the calculated
longitudinal current spectral function w3S(k, w) and the experimental one
can also be considered good, except for large w, where the experimental
values lie consistently above the calculated values. This lack of agreement
may, however, be due to the uncertainty in the experimental data for large
values of w where the scattered intensity is low.

Since it is based on an exact representation, the theory presented in this
paper is also applicable (at least in principle) to the hydrodynamic regime. If
one took the existence of side peaks, corresponding to the Brillouin com-
ponents, as marking the onset toward hydrodynamic behavior, we would
conclude from the present calculations that the hydrodynamic regime extends
for k values downward from 1 A-L In this respect, our theory is in marked
contrast to that of Pathak and Singwi,® who did not find any structure in
S(k, w) corresponding to Brillouin side peaks down to values for k£ < 0.5 AL,
Of course, to give a proper description of the hydrodynamic regime, in
particular, for the limit &k — 0, it will be necessary to consider also the damp-
ing due to thermal diffusion®%2% and this may present some difficulties in
extending the present calculations to smaller & values. In this connection
we should note that it may simply be the neglect of the latter type of damping
which causes the appearance of a side peak at k = 1.0 AL in our calculations.
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The analysis of Ailawadi er al.,®® however, suggests that for k£ > 1.0 A1
thermal diffusion should not lead to an important contribution to the
damping. In any case, it would be very useful to have experimental data for
S(k, w) for argon, say, in the region k < 1 A—* since this would provide
valuable information on the “transition” to the hydrodynamic regime.

In a subsequent paper we hope to apply the formalism presented in this
paper to two other response functions of current interest, namely the self-
motion response function y,(k, z) and the transverse momentum response
function y,(k, z). Both of these response functions are in a sense much simpler
than the density response function y(k, z) discussed here. In particular both
describe simple diffusion processes in the hydrodynamic limit.*® The present
approach allows one to obtain expressions for the corresponding transport
coefficients, the self-diffusion constant D, and shear viscosity 7, which are
similar to those obtained by Martin et al.®?:3%

Finally, let us note that the method presented in this paper could be
applied to another exact representation for y(k, z), namely one in terms of
y ok, z) with the form

X(ka Z) == Xs(kv Z)/[l + Q(k, Z) Xs(k) Z)} (105)

[compare (20)]. This representation allows one to describe and separate
off all the effects associated with the exact motion of a single particle from
the total density response function. If the function 8(k, z) is assumed to be
independent of z, one would obtain the approximations derived by Kerr®®
and Hubbard and Beeby‘®® from a microscopic approach (see also Refs. 2
and 4). In fact the result of Kerr®® corresponds to taking 9(k, z) as ¢y(k) =
—kgTC(k) [cf. Eq. (9)]. There is, of course, a difficulty associated with the
representation (105) in that the exact x(k, z) is not known, so that one has
two unknown fanctions to deal with. However, since y(k, z) is a simpler
function and can more easily be approximated than y(k, z), the representation
(105) may well prove useful.

APPENDIX A

In this appendix we wish to recast the exact representation (20) in a
space-time form involving the classical one-particle distribution function
f(p, T, £). This function is defined as the ensemble average of the one-particle
phase space operator, i.e.,

f,5, 1) = T.<3(p — pult) 8 — x()) (A1)

where p,(t) and r,(r) denote the momentum and position of particle i at time
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t and the summation extends over all particles in the system. At time
ty = —o0 we assume the system to have been in thermal equilibrium. We
then apply an external time-dependent scalar potential giving rise to an
extra term in the Hamiltonian of the form

Hex(t) = Y ulr,(1), 1] (A2)

i

The angular brackets in (Al) then denote the expectation value of the
operator with respect to a density matrix satisfying Liouville’s equation
in the presence of Hg,(t), with the initial condition stated above.

It is well known that f(p, r, ¢) satisfies the exact equation of motion

[©©/ot) + (fm) * V, — V,ulr, 1) - V,] f(p, x. 1)
- f dr' V,u(r — 1) - f dp' V1, £, T, 1) (A3)
where f, is the two-particle distribution function defined by

./'Z(p’ r’ t; p,’ rl’ t)
= ) 8(p — p(1)) 3(r — 1,(1)) (" — pi(1) (" — r(1))>  (AD)

ij

As an aside, let us note that in the derivation of the MFA given in
Ref. 7, the function f, is approximated by

Joo, 1, 0¥, ) = f(p,x, ) f (', ¥, D{g(r — 1) + [p 2g(r —¥)/20p]} (AS5)

where g(r — r’) is the equilibrium radial distribution function. If the second
term in the above curly bracket is replaced by zero, we obtain the approxima-
tion of Ref. 6 (cf. Table I). The original derivation of the MFA by Vlasov!5-3%
corresponds to replacing g(r — r’) in (A5) by unity.

As the main point of this appendix, we claim that in the limit u(r, t) — 0,
the representation (20) is equivalent to the folowing exact ansatz equation:

[(6/6t) + (p/m) - V, — Voulr, 1) - V, ] f(p, 1, 1)

==vﬂﬁuﬂ-fzhgﬂédrvo¢a~—r:r~—fxpazf» (A6)

where fy(p) is the equilibrium one-particle distribution function given by

fip) = pQumicsT) 2 exp(—pp*2m),  p = [dbf(p)  (AD)
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(p being the uniform equilibrium density) and

<ot t)y = [ dp 1) (A8)

is the average density in the presence of the external field. The real space-
and time-dependent effective potential (spherically symmetric in a spatially
invariant system) D(r, 1) is given by

O(r, t) = (—2‘%‘)—3 f_‘: ?"; $(k, w 4 ic) exp(ik * ¥ — iot)
= f é%g : %"ﬂ— [6'(k, w) + i$"(k, w)] exp(ik - ¥ — iwt) (A9)

Note that because ¢(k, w -+ ie) is analytic in the upper half of the complex
w plane (see Section 3), D(r, t) vanishes for ¢ << 0. The time integral in
(A6) can therefore be extended to # = +o00. The meaning of the integral
is that in establishing an effective field acting on a particle at r, 7, the system
has a “memory” for the effect of the average density at a point r’ at some
prior time ¢#'.
To show that (A6) is equivalent to (20), we write f(p, r, t) as

f@r, 1) = fi(p) + filp, ¥, 1) (A10)
where f(p, r, t) represents the departure from the equilibrium distribution
fo(p) caused by the infinitesimal external field u(r, r). According to linear
response theory,® f, is itself linear in u and hence the product fiu can be
neglected. The rest the of the demonstration follows the well-known

procedure®® for the derivation of the mean field response function (1).
First we rewrite (A6) in the form

[(6/ot) + (p/m) - V,1 fi(p, ¥, 1) — Vou(r, 1) * V, fo(p)
= Vofip) - [ [T V0 — ¥t — )Y (Al
or, in terms of the spatial Fourier components of f; , u, and D,
[(¢/ot) + ik - p/m] fu(p, k, 1) — ik * V, fi( p) u(k, 1)

~ ik Vo fi(p) | dt Ol 1 — 1)plk, 1) (A12)

where the average density fluctuation <{p(k, t)> is related to fi(p, k, ¢) by the
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equation analogous to (A8). In terms of the Fourier frequency components,
(A12) reads

[0 + ie — (p - K)/m] /10, K, @) + Kk * V, fo(p) u(k, w)
= —k -V, fo(p) dlk,  + ie){p(k, w)) (A13)
where the positive infinitesimal € has been added to ensure the causal response

of the system to the external perturbation. Using the fact that the frequency
components of the density fluctuation are given by

<plk, @)> = [ dp filp, k, ) (A14)
we finally obtain from (A13)
{plk, w)P[1 + dlk, w + ie)xolk, w + ie)] = —ulk, w)yok, w + ie) (A15)
where
xolks @ + i) = [ dpk -V, fy(p)[w — (0 Kim) + ic]  (Al6)

is the density response function for free particles. Recalling the definition
(2) of the linear response function [cf. also Eq. (68)], we see the equivalence
of Eq. (A15) [and hence (A6)] to the representation (20).

The fact that the definition (A16) of the free-particle response function
is equivalent to the expressions (34)—(35) follows by considering the more
general definition for complex z:

_ k-V,fup) folp)
xolk, z) = fdPZ—_W = pf — /3ZfdP;W (A7)

where we have used (A7). After integration over angles and an integration
by parts we obtain

Jo(p) Bp* 1
[ dp— ® - Kjm (2wkaT)1/2 f dpexp (— 500} o )
(A13)

which is analytic off the real axis. Changing the variable of integration, the
integral can be rewritten as

(g PP oz (", )
z— @ Km  Va VZkvr) 22— w?
_ _pVm z
=~ Vi, " Vi) (a19)
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where W(z) is defined by (35b) and v; = (kgT[m)'/2. Substituting the result
(A19) into (A17), we recover the formula (35a). The expressions in (34)
are easily obtained using the equivalent representations for W(z)?0:

W(z) = f_i %t **—"—“ex,p (__th)
- _Z_%%L—_ZQE dt exp(r®) £ i exp(—2z?) (A20)

where the plus and minus signs correspond to z lying in the upper or lower
half complex plane, respectively.

APPENDIX B

Here we wish to establish some inequalities related to the above work.
First we note from the fact that wy"(k, ») > 0 that it follows that the damping
function D'(k, w) = 0 [cf. Eq. (75)] and hence that all the even frequency
moments of D’(k, w) are nonnegative quantities. For the zeroth and second
moments of D'(k, w) this implies [cf. Egs. (73) and (74)]

(k) = kPvr?[S(k) (B1)
Cwt(k)y = wi(k))? (B2)
the above quantities having been defined in Egs. (12) and (13). Equation
(B1) can be rewritten as
ko2

Stk) = A
3k2u72 + (p/m) [ dr g(r)(1 — cosk - r)(k * V)2 o(r)

(B3)

which can be recognized as a classical version of an inequality originally
due to Bogoliubov®” as applied to the density—density spectral function:

% (dw7) wy"(k, w)
PRS(k) = (k) = =, (dw/m) wiy"(k, w) (B4)

Next we want to prove a stronger inequality than (B3), namely

kZUT2

= =0
K212 + (p/m) | dr g(r)(1 — cos k * r)(k * V)2 v(r)

S(k) (B5)

or, equivalently {cf. Egs. (12) and (57)]
(k) = wy(k) (B6)
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Using the definitions (9) and (17), an equivalent statement of the inequality
(B6) is
bolk) = po(k) (B7)

To establish (B5), we shall use a slight modification of an inequality
due to Mermin.®® Starting with the Schwartz inequality

4% = KA*BYE( B %) (B8)

and taking the scalar function 4 and vector function B of the form
N
A=Y yr) (B9)
i=1

N
B = —(V/B) ). Vil¢(;) e "] (B10)
i=1
Mermin®® has derived the inequality (valid in classical statistics)

N 2 | 20t {Br) Vb)) [?
< Z& P(r;) > > N IVHE + BN, <hr) $7(5) V: -V, 175 (B11)

V is the total potential energy. The function ¢(r) is any twice differentiable
function that either has the period of the cube of side L (assuming our system
to be enclosed inside a cube) or vanishes on the surface of the cube,
depending on whether one is using periodic or impenetrable wall boundary
conditions. The function (r) is any differentiable function that has the
period of the cube if one is using the periodic boundary conditions and is
unrestricted if the impenetrable wall condition is used.

For simplicity we use periodic boundary conditions; however, since
we are only interested in the thermodynamic limit, the results will be indepen-
dent of our choice of boundary condition. The choice!®

$(r) = (r) = exp(ik ‘1),  k = Qu/L)(ny, ny, ny) (B12)

with »; an integer, is consistent with the periodicity requirements and reduces
(B11) to

{ ﬁ oxp(ik x) ) > TESY <];(f> Fayv, v,y B

i,j=1

In our case V is just a sum of pair potentials. Then, recalling the definition
of S(k), (B13) becomes3?

kZUT2

S(k) = >
k2?4 (p/m) [ dr g(r)(1 — cosk - r) V2u(r)

0 (Bl4)
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[the last inequality resulting from the fact that both numerator and deno-
minator in (B8), and hence (B11) and (B13), are positive quantities].

Inequality (B14) is not quite the same as the one we want, namely (B5).
To prove the latter we choose instead of the vector function B given by
(B10) a scalar function B given by

I

kB=—(&"/p) ) (k- V)I$(r)) e7] (BL3)

Mermin’s analysis®® goes through as before, except that each gradient
operator on the right side of (B11) is replaced by the scalar k - V. With the
same choice for the functions ¢(r;) and J(r,) as in (B12), it is easily verified
that we are led to (B5) and hence to (B6) and (B7), thus establishing the
inequalities we set out to prove.

Finally, let us note that the inequalities (B5) and (B14) imply the fol-
lowing inequalities for the direct correlation function®®:

1= pCk) = —pfatl) = —pBk= [ dr g(r)(1 — cos k * 1)(& * V) v(r)
(B16)
1 > pCk) = —k—2pB f dr g(r)(1 — cos k * 1) V2(r)

APPENDIX C

Here we discuss the simplified form of the equation (72) for the complex
normal mode frequency w(k) = wg(k) + iw;(k) when the damping is very
small and “rederive” the dispersion relations for the Landau-damped
collective modes discussed in Section 4.2. When the damping is very small,
ie., wy < wg, we can write down explicitly the relations defining wz and
w; from Eq. (72):

wp? — w (k) — wgk2D"(k, wy) = 0 (C1)
w; = —3k2D'(k, wg) (C2)

In this case, as seen by comparing with the expression (15), the spectral
function x"(k, w), or scattering function S(k, w), will have peaks at the
frequencies w == —wg(k). If, however, the damping is such that w; and wyg
are of comparable size, we can no longer expect to find any peaks in S(k, w)
at Lwg(k). Equations (C1) and (C2) apply in particular to the propagation
and damping of the adiabatic sound modes in the limit £ — 0 [when one
uses the phenomenological form of the damping function D’(k, w) derived
from hydrodynamics®®,
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In terms of ¢'(k, w) and ¢"(k, w) the above equations read (making use

of Eqgs. (78) and (82)]
wp® — kvr? — wpk*Dy(k, wg) — (pk*m) ¢'(k, wg) = 0 (C3)
wy = —3k*[Dy/(k, wg) — (p/mwg) ¢"(k, wg)] (C4)

Using (34) and (36), it is easily verified that for values of the ratio
kvrjw £ 1, Dy/(k, w) is given by

Dy/(k, w) = (3m)" P lkgTw*/m(kvr)’] exp(—w?/2k*v;?) (C5)
and the corresponding imaginary part Dy(k, w) by
wk?Dy(k, w) = 2k%v,? (Co)

If we neglect the collisional damping term ¢"(k, w), the imaginary
part of the frequency for kv <€ wy is given by

wp = —3k2Dy'(k, wg) = —@m)? [wg?/(kvr)’] exp(—wg? 2k (CT)

The expression we get for the real-part wy depends on how we use
Eqgs. (C1) and (C3). If in (C1) we replace D"(k, wy) by Dy(k, wy), we obtain,
using (C6),

wg® = wilk) + 2k = w(k) (CB)

[kvy € wy(k)]. This is the expression we obtained in (57) and which is
consistent with the elastic sum rule (8). If, on the other hand, we use (C3),
replacing ¢'(k, wg) by ¢(k) [see (31)], we obtain

wg? = 3k%r® + (pk?|m) do(k) = wi*(k) (C9)

[kv, <€ wi(k)], which is the relation we had found in (59), consistent with
the third moment sum rule (12).

The spectral function y"(k, w) corresponding to these approximations,
for kvy <€ w and w near wg(k), is given by [compare (75)]

(pk?/m) wkiDy'(k, w)
[0 — w (k)] + [wk®Dy'(k, »)]?

2
~ Pt — w0) + ierdk®Dy (k, w0l (C10)

'k, w) ~

which is identical with the expression (61) obtained in the mean field
approximation.
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NOTE ADDED IN PROOF

The generalized mean field representation presented in this paper has since been
applied by the author to the calculation of the incoherent scattering function in classical
liquids [Phys. Chem. Liquids 3:205 (1972)] and to the calculation of the longitudinal
dielectric function of the electron gas (to be published).
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