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This paper proposes a state space approach for analyzing the finite automata. A
Y-representation transforms a set of words into a formal power series for
establishing the state equation of a finite automaton. We investigate the
structure of the automaton via its corresponding state equation. It is shown that
the solution of the state equation always exists and is unique. Furthermore, we
prove that the solution field is & separable algebraic extension of the coefficient
field. Finally, the concept of the substitution property of a partition is shown to
be equivalent to that of invariant subspaces of the associated state space.
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valuation; substitution property; invariant subspace; projection.

1. INTRODUCTION

Progress has often been made by transforming one system into another, such
that the essential attributes of the transformed system are preserved. A
familiar example is the Laplace or Fourier transform that maps a linear
system from the time domain into the frequency domain.

The approach of the present work is based upon the transformation of a
set of words into a formal power series over the field of integers modulo 2,
which is called the Y-representation of the set of words. Thus a state
equation in some linear space associated with a given automaton can be
obtained. A fixed-point theorem of the state equation is then derived. The
solution field is shown to be a separable algebraic extension of the coefficient
field. The concept of a partition with the substitution property is proved to
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be equivalent to that of invariant subspaces and projections of the associated
state space.

The formal power series over the Boolean ring {0, 1} has been used
previously by Schiitzenberger to study automata and formal languages,‘®’
where the variables in the formal power series are noncommutative. As such,
it fails to describe the state space of the finite automata as a vector space
over the field, which forms the basic framework of the present approach.

A finite set of symbols 2 = {0,,0,,..,0,} is called an alphabet. By a
word we mean any finite string of symbols from X. The set of all words is
denoted by Z'*, including the empty word (with no symbols) denoted by A.
If w, and w, are words in X'*, then w,w, denotes the words obtained by
concatenating the two strings. Therefore, Z* together with the binary
operation of concatenation forms the free semigroup (with unit A4) generated
by 2.

A finite automaton is a system defined by the 4-tuple M = (X, S, 4, 5,),
where S is a finite nonempty set (the internal states of M); 6: SX X > Sisa
single-valued function, which maps all pairs of states and symbols into the
set of states and is called the next-state function; s, is a distinguished element
of S (the initial state of M). '

Let M be an automaton; the function d can be extended from S X X to
S X Z* in a natural way, as follows:

o(s, 4) =35, for s€S
o(s, wa) = 8[d(s, w), o], for s €S, wETH, and o€X

Let § = {s;,5;,..., §,} be the set of states of an automaton M; the word
w € X* is said to be accepted by the state s, € S if and only if 4(s,, w)=s;.
For an automaton M, an equivalent relation E on the set of words Z* is
defined as follows®:

w,Ew, ifandonlyif 6&(s;,w,)=6ds,,w,)

This implies that the words w, and w, are in the same equivalence class of E
on X* if and only if they are accepted by the same state of M. The collection
of all distinct equivalence classes of F in the set X* shall be denoted by
IT = X*/E. The quotient set I = {2, ,,..., 2,} is a partition on Z*, where
Q;={wl{oé@,, w)=s;, w EXL*} is the set of words accepted by the state
5;€8.

Let X be an alphabet. By the G6del numbering of Z* we simply mean
any one-to-one function ¢ from £* onto the set N of nonnegative integers.'"
To simplify the discussion, we assume that X' consists of two symbols 0 and
1 (binary alphabet). Suppose X is an arbitrary alphabet; then X can be
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uniformly encoded by binary words. By a change of notation, if necessary,
the theorems remain valid.

DerFinmmioN 1. Let X' = {0, 1}. A lexicographical Godel numbering of &
is a bijective mapping u: £* — N, defined recursively by

#(4)=0 (1)
If w(w)=n, then u(w0)=2n-+1, and wwl)=2n+2

Let F be the field of integers modulo 2. We employ the folldwing
notations. ®

1. Let F[x] denote the set of all polynomials in the indeterminate x of
the form

f)y=> ax*, Ve €EF
k=0

It may be verified that F[x] is a ring, which is called the ring of polynomials
in the indeterminate x over F.

2. Let F(x) denote the set of all rational functions of the form

Jx)

Hx) =2

J(), gx)EF[x],  gx)#0
F(x) is a field, which is called the field of quotients of Fjx].
3. Let F[[x]] be the set of all expressions of the form

o
Sx)= > ax*,  Va,€F
k=0

Fllx]] is a ring, which is called the ring of the formal power series in the
indeterminate x over F.

4. Let F(x) be the set of all expressions of the form

e o)
fx)= 3 ax*, Ve, €F

k=n

with the understanding that, at most, a finite number of the coefficients a,
with k a negative integer are nonzero. F{x) is a field, which is called the field
of extended formal power series over F. The ring F[[x]] is contained in F{x)
as a subring. ®
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For any set 4, let 2* denote the collection of all subsets of 4, which is
called the power set of 4. The set of words can be expressed by formal
power series via the ¥-representation defined as follows.

DEFINITION 2. Let £= {0, 1}. A mapping ¥: 2*" - F(x) defined by

@)= 3 x*@,  for Q€2 @)

we

is called the W-representation of Q.
It is known that the range of u is the set of all nonnegative integers N.
The range of ¥ is the ring F[[x]]. The mapping ¥ possesses the following
properties:
. Y@)=0.
2. For4d,B<X* and A "B =g, then Y4 UB)= ¥Y(4) + ¥(B).

3. For f, g€ F{x), let f=Y a,x* and g=Y b,x*. The Hadamard
product of f and g is f (O g=) ab,x*. It is easy to verify that
PANB)="PA)( P(B), for A, B X*,

4. Let I={Q,02,,.,02,} be a partition on X*. Then,

V(Q,) + H(@) + o+ P@,) = F(@, V0,0 U,)
= P(X*)
=1+x+x24-...
=1/(1—x)

These properties can be verified directly from the definition of ¥. The
convergencerof the infinite series will be discussed in the next section.

A mapping D that maps F{x) into itself, defined by Dz=z> for
z € F(x), is an automorphism of F(x). Let L = F(x) and let L" denote the
corresponding set of n-tuple vectors. The mapping D can be extended to L"
in a natural way, as follows:

DZ = [Dz,, Dz,,...,Dz,]’, for ZeL"

where prime indicates transposition. Let 4 = (a;;) be a linear transformation
of the vector space L" over L; then DA = (Day;) for a;; € L.
LEMMA 1. For 2 €2%, Q(= {(wl|w € Q} is the set of all words 2

concatenated with {. Then

¥(Q0)=xDz
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and
Y(Q1)=x"Dz (3)
Proof.

?’(QO)Z Z xu(w): 2 xu(wO)

we0 we
» w2
- w};ﬂ @)+ 1 :w;) (o)
=x Y Dx*“ =xD ( > x““‘”)
w€eQ wel
=xD¥(2)=xDz
Similarly, ¥(21) = x?Dz. In general, we have
WQ0) =x*ODIO;  for [e5* @)

where [({) is the length of {, and (4) may be verified by mathematical
induction on 1({). &

Example. For 2 € 2*", (=010 and z = ¥(Q). Then
¥(2010) = xD ¥(201) = xD(x>D¥(20)) = x°D> ¥(20)
= X’D*(xD¥(Q)) = X°D* V(@) = x°D’z

where 4(010) =9 and /(010) = 3.
Let M= (2, S,d,s,) be an automaton, where S = {s,, S,,..., 5,} is the
set of states. Then the following identities hold:

Q= U 20,04}
8(sj, 00) =51
and
.Ql-z U Qjak, for 1225 33"'5” (5)
8(sj,01)=5;

It is known that the 2/s are mutually disjoint. By property (2) of the ¥-
representation, we have

zp= > x*¥Dz 41
3(sj,00) =5,
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and
;= Y  x*“¥ Dz, for i=2,3,.,n (6)

8(sj,0p)=>5;

where z;=¥=(2,). We shall call Eq.(6) the state equation of the
automaton M, which can be written in matrix form, Z = ADZ + b, such that
Z =z, yz,|’s b=]1,0,..,0]". The matrix 4 is called the transition matrix.

Example. Let M1 = (X, S, d,s,), where S={s,,s,,5;,5,}. The state
table of M1 is given in Table L.
Let 02, be the set of words accepted by the state s;, as shown in Eq. (5).
We have
02,=02,0002,00 {4}

Q,=0,1U0,1
2,=02,0002,0
Q,=0,10U0,1

It follows that
z,=xDz,+xDz,+ 1

z,=x*Dz, + x*Dz,
zy=xDz,+ xDz,

z,=x*Dz, + x*Dz,
where z; = ¥(£2,).
We can write the above equations in the matrix form:

z, x 0 x 0 Zz, 1
| x>0 x*0 Dz, N 0
z, 0 x 0 x Dz, 0
z, 0 x> 0 x? Dz, 0

Table I. State Table of
Automaton M1

0 1
Sy Sy 5y
S5 $5 Sy
§3 Sy Sy
S, $5 5y
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It is easy to verify that
zi=14+x+x 1 —x%, z,=x"+x*/(1 —x%)
2, =x°/(1 —x*), z,=x%(1 —x*)
is the solution of the state equation.
This example illustrates the procedures for obtaining the state equation

by P-representation. It will be shown in the next section that the solution of
the state equation always exists and is unique.

2. SOLUTION OF THE STATE EQUATION

The existence and uniqueness of the solution of the state equation are
proved in this section. We begin by introducing the concept of valuation and
then by means of conventional methods of functional analysis derive a fixed-
point theorem, which establishes the proof and also provides the formula for
the solution.

A valuation (absolute value) on a field K is a real-valued function
a — |a| defined on K that satisfies the following conditions:

1. |a|>0 for all a € K and |a|=0 if and only if a =0.
2. |abl=|a}|b|for all a,h E K.
3. la+b|<|al+|b|foralla,bEK.

A valuation || on K is called non-Archimedean if
la + b| < max(|al,|b]) forall a,beKXK

Otherwise it is call Archimedean.""® If a=f(x)/g(x) is an arbitrary
nonzero element of F(x), we can write

), ux)
T T v

where u(x) and v(x) are relatively prime elements of F|x}, neither of which is
divisible by x. If we set

_ /)

=y L= 10k=0 ™

lalx =

where e is a fixed real number and 0 < e < 1, it is easy to show that ||, is a
non-Archimedean valuation on F(x).®¥ The valuation ||, can be extended to
any a € F{(x). Suppose a=3 2 a,x* a,#0. The extended valuation is
defined as |a|,=e". A field K is said to be complete with respect to the
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valuation |} if every Cauchy sequence converges to a limit in K. It can be
shown that F{x) is the completion (unique up to an isomorphism) of F(x)
with respect to the valuation ||,.®

Let R = {X, d} be an arbitrary metric space. A mapping H of the space
R into itself is said to be a contraction if there exists a positive real number
p <1 such that d(Ha, Hb)< pd(a,b) for any points a,b€ X. Every
contraction mapping is continuous. It is known that every contraction
mapping defined in a complete metric space R has one and only one fixed
point, i.e., the equation Hy = y has only one solution.®

Let L = F(x) with the valuation ||, and X =L" be a linear space over
L. The mapping | ||: X~ R defined by ||Z|| = max,;|z;|, is a norm of the
linear space X. Since L is complete with respect to ||, and X=L" is a
finite-dimensional linear space over L with the norm |||, then X is also
complete, i.e., X is a Banach space.®'” For Z,, Z, € X, define

d(leZZ):||Z1 _22”

Clearly, R = {X, d} is a complete metrix space.

A closed sphere S[Z,, r] in the metric space R is the set of all points
Z ER such that d(Z,Z,)<r. Let U= {a||al, <1, a € L}. Then for any
ZecU" we have d(Z,0)=|Z| =max,|z|,< 1. Thus, U"< X is closed
sphere S[0,1] in R. It follows that the closed subspace (U", d) is also
complete.!?

Let A: X —» X be a linear transformation. A norm || || of 4 is defined by
|A|l=max; ;|a,l,. It is known that for any Ze€ X, |AZ| < ||4]]IZ].
Suppose Z = ADZ + b is the state equation of an automaton M and 4 = (a;;)
is the transition matrix; from the previous section we know that q;; are
elements of the maximal ideal of F|x] generated by x.

Therefore

“A“ ZH}B}X Iaijlx\<\ [)C|x=€ <1

Theorem 1. Let H be a mapping from U" into itself defined by
HZ =ADZ + b. Then H is a contraction mapping. The unique solution of
HZ =ADZ +b=2Z is given by Z = [}, (4D)']b.

Proof. For any Z, W& U", we have
dHZ,HW)=|HZ — HW| =||ADZ — ADW||
<|41l1DZ — DW < e max |22 — wl],
14

=emax |z; — w|,|z; + w|, <emax|z; — w,|,
1 1

= ed(Z, W)
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Therefore H is a contraction mapping and there is one and only one fixed

point in the complete subspace (U”, d).

Let Z,=0. Then

Z,=HZ,=b

Z,=HZ,=ADb+b=(I+AD)b

and

Z,=HZ, ,=(I+AD + (AD)*+ --- + (4D)" " ")b,

Hence,

Z = lim Zn:<
[ el

[ee]

>

i—-0

(AD)") b

is the unique fixed point, where (4D)° =1 and (4D)" =A4D(4AD)"~" for

n>1 1

Example. Consider the automaton M2 with the state table given in
Table II. The state equation of M2 is

z, 0 x 0 0
z, x x, 0 x
zz; | =10 0 x O
Z, 0 0 x>0
zs x>0 0 x
Tabie 1.

o X X OO

Dz,
Dz,
Dz,
Dz,
Dz,

State Table of
Automaton M2

$y
2
S3
Sa
Ss

5
Sy
53
Ss
Sq

Ss
52
S4
S,
Sa

O OO O =
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Then,

Zy=(0,0,.., 0)
Z,=(1,0,.., 0)

Z,=(1,x,0,0,x?)
Zy=(1+x*x+x* x5 x% x*)

Z, =1+ x> +x, x+x* +x"+x7 +x1° +x1

x6 +x13’x5 +x14,x2 _+_x8 +x11)/

A field L is said to be an extension of field K if L contains K. We may view
L as a vector space over K, and say that L is a finite of infinite extension of
K accordingly as the dimension of this vector space is finite or infinite. An
element & of L is said to be algebraic over K if there exists a polynomial f(x)
over K such that f(£)=0.

Let L be an extension field of K. If £ € L is algebraic over K, and f(z)
is the irreducible polynomial of & such that f(&) =0 € K[z], then £ is called
inseparable over K if f'({) = 0; otherwise, & is called separable over K. An
algebraic extension field L of K is called separate if every £ € L is separable
over K; otherwise, L is an inseparable extension of.‘®

It is know that L = K(¢,,..., £,) is a separable algebraic extension of the
field K if and only if there exist # polynomials f,(z ..., 2, )seees J(Z1 500y Z,,) IR
K|z, s 2z,,] such that fi(&,,..., &,) =0 for i = 1,..., n, and the Jacobian¢-'»

det [ <%>Zk=§k] #0

Let

2

Zy a1 Ay, 27 1
2

z a, - a z 0

2 2,1 2, 2

= " S (8)

2

Zy an,l"'an,n Zy 0

be the state equation of an arbitrary n-state automaton M and let K = F(x);
it follows that Eq. (8) is a set of n polynomials fi(z;,..., z,) in K[zy,.., 2,]. It
is shown that there is a unique solution z, =¢,,..., z,, = £, in some extension
field of K such that fi(¢,,..., {,) = 0 and the Jacobian
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[, )

Collecting the above results, we have the following theorem.

Theorem 2. Let K=F(x), and let Z=(.,....&,)" be the unique
solution of the state equation Z=ADZ+b of an arbitrary n-state
automaton M. Then the field X(&,...., £,) is a separable algebraic extension of
K.

3. PROPERTIES OF THE STATE SPACE

In this section we establish the connection between the invariant
subspaces of the state space and the substitution property of the partition on
the set of states.

A subspace W of a vector space V is invariant under a transformation
T if T takes each vector of W into a vector of W; thatis, WI'c W. If V' is
the direct sum of W and Y, so that every z in V' may be written uniquely in
the form z = w + y, with w in W and y in Y, then the projection on W along
Y is the transformation £ defined by zE = w: A linear transformation E is a
projection on some subspace if and only if it is idempotent, i.e., E? = E.® If
a subspace W is invariant under the linear transformation 7, then ETE = ET
for every projection £ on W. Conversely, if ETE = ET for some projection
E on W, then W is invariant under 7.

A partition 7 on the set of states of the automaton M = {S, X, 4, s,} is
said to have the substitution property (S.P. partition) if and only if 5, = s,(%)
implies d(s;, 0) = &(s;, o)(n) for all 6 € 2. 1t follows that for each 0 € X
and B € 7, there exists a unique B’ € n such that J(B,¢) S B’, where J is
extended from § X Z to 7 X X such that 6(B,0) = .z (S;,0). We can

Table 1ll. State Table of
Automaton G
0 1
1 2 3
2 1 3
3 4 5
4 3 2

N W
N

—
w N




328 Lee

Table IV. State Tables of
the Image Automaton G,

0 1
q; qy 92
9 q; 94
g3 q, 91
94 q: ‘R

4, =1{12}, g,= {3}
2;=1{4},  q4={56}

think of these blocks as the states of a new M automaton defined by 7 and
M, which is called the 7-image of M. That is, M, = {n, X, 5_, B,} with
0,(B,0)=B"if (B,o)< B’, and 5, € B,.*¥

Consider automaton G of Table III. It is easily seen that the partition
= {T,'f;g; Z;S_,f} has the substitution property on G. The corresponding
automaton G, is shown in Table IV.

The transition matrix of automaton G is

[

<

~
O o O w

[S]

OO O ® o=

OOOXNOX

S R X O O O

OO O r X O

X OO O O =
3{

Let ¢,,..., & be a coordinate system of the vector space V = L°®, where
L = F{x). Then A is a linear transformation on ¥ and we have
g A =xg, + xE5 4 XE{
€,4 =xe, +x’,
&34 = x%, +x%, + x&,
£,4 = x84
esd = x%e;, + x%e

g6 = x,85
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Consider the subspace W generated by {g, + &, €5, &4, &5 + &5 it can be
verified that W is an invariant subspace of V, since

(6, +&,)4d =x(g, + &) + X%, + x(6s + ) EW
e d =x* e, + &) +xe, EW
g, A=xe,€ W

(65 +e)A =x"e; + x*(es+ &) EW

Therefore WA < W, and A restricted on W is given by

A\ W=

2

x 0 x* x
x>0 x 0
0 x 0 O
0 x>0 x?
This is the transition matrix of the #-image automaton G, of G. Later we
will show that this relationship between the partition with the substitution
property and the invariant subspace always exists.

Let the set of states S be the set of integers {1, 2,..., n} and the set of all
partitions of S be [1(.S). The representation of a partition 7 = {B,, B,,..., B,,}
on the set S is an n-tuple integer array (a,, a,,..., a,) such that for i € B,
a;=min B, where min B, is the smallest element in B,. Thus the partition
n=1{1,3,6;2,5; 4,7} is represented by (1,2, 1, 4, 2, 1, 4). We may consider
the n-tuple (a,, a,,..., a,) as an ordered set of images of a mapping f: .S — .
such that (a;,a,,..,a,)= (1), /(2)s.., f(n)). It is easy to verify that a

mapping f that represents a partition on S should satisfy the following
criteria:

1. Contraction: f(i) i for 1 ign
<

2. Idempotent: f2(i) = f(i) for 1 <i n.

The set of all mappings from S into itself that satisfy the criteria 1 and 2 will
be denoted by R(S), and there is a one-to-one and onto correspondence
between I1(S) and R(S).”

Let V be an arbitrary n-dimensional vector space. We will show that for
every partition 7 on the set S of n elements, there is a projection £ on V
induced by =.

Lemma 2. Let 7 be a partition on S = {1, 2,...,n}, and let f be the
representation function of z. The n X n matrix E = (e;;), such that
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oo b S
Lo i SOy #

is a projection on any n-dimensional vector space V.

Proof. We want to prove E* =E. Letting E*> = (m;) = (37, ey,
we have to show that m; = >'}_, e, e,;= e;. For each column of E, there is
one and only one element equal to 1; all other elements are equal to 0.
Therefore, if m;; = 1, there is some p, 1 < p < #, such that e;, =e¢,; = 1. Then
f(p)=i and f(j)= p, which implies f*(j)=f(p)=1i. By the idempotent
property of f, we have f(j)=1i, and e;= 1. Conversely, if e; =1, then
f(j)=i. Hence, f() = f*(j) = f(j) =1, and therefore e; = 1. It follows that
M=) %_ieyey=eye;=e;=1. Therefore E*=E. |

Theorem 3. Let M= {S,Z%,4,s,} be a given automaton and 4 be the
transition matrix of M. Let 7 be a S.P. partition of M, and E the projection
induced by n. Then FAE = EA.

Proof. The transition matrix 4 can be expressed by a matrix
polynomail 4 = xT, + x*T,, where T, and T, can be defined as follows:

1 if 6(,0)=i
o= (a;) such that a;; 30 it 6(j,0) 41

and
if (), 1)=i

T,= ;) such that [, = 30 i 50, 1)1

In order to show that EAE = EA, we must prove that ET,E =ET, and
ET,ET=ET,. It should be noted that for each column of T, and 7, only
one element is equal to 1 and all the other elements are equal to 0. Let
ET,E = (g;) and ET,= (py). Since q; =3 i, €42 -1 0xs€;), We assume
that

S=1 (10)
and
5(1,0) =k (11)
Then
9y = eu (12)

where f is the representation of # defined as above.
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If we assume

6(j,0)=m (13)
then ¢,,;=1 and
Py= Z €Oy = €im (14)
k=1

Since Eq. (10) implies that j = I(7), it follows that 8(/, 0) = 5(j, 0)(r). Hence,
if from Egs. (11) and (13) we know k=m(rn), then f(k)=f(m), and it
follows that e, =e;,. From Eqgs. (12), (14), and (15), we have q;= Pi;-
Therefore ET,E = ET,,. Similarly, we can show that ET,E = ET,. Hence,
EAE=EA. 1}

Example.  Automaton M3 and its S.P. partition lattice are given in
Tables V and VI, respectively.
The transition matrix of automaton M3 is

0 x 0 0 0 0 O

x 00 0 0 x*0

X0 0 0 0 0 0

A= 0 0 0 0 x*x O

0 0 x>x20 0 x

0 x> x x 0 0 x?

.0 0 0 0 x 0 0 J

The representations of the S.P. partitions are

1 234567 1 234567
f‘_<1111111> fz:(12 1 22)
(234567 f*1234567>
f3_<1233221> “‘(1 3131
1 234567 1234567
ff*(lz 2112) f6:<12 3 62)
/2 5 7 123 4 6 7\
f7_<12 3567) f°_<1234 6 7)
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Table V. State Table of

Automaton M3

0 i
1 2 3
2 1 6
3 6 5
4 6 S
5 7 4
6 4 2
7 5 6

Table VI. S.P. Partitions of Automaton M3 and Its Lattice

n,=4{1,2,3,4,5,6,7}

Ty={1;2;3;4;5;6;7}

Lee
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Consider the projection E induced by 7

1 000 1 0 07
01 0000 1
001100 0
E=|0 0 000 0O
00 00O0O0O
00 0O0O0T1 O
(0 00000 O

It is easy to verify that E;=FE, and E.AE,=FE.A. Suppose
{€15 €2, 63,6455, €4, 6,} is a basis of the vector space V' =L’. The set of
vectors {&; + &5, &, + €,, &5+ &,, &} generates the range of E,, which is a
subspace of V, denoted by W. From Theorem 3, we know that W is invariant
under the transition matrix 4 of M, i.e., WA < W, and this is illustrated as
follows:

(e; +e5)A =x(g, + &) + x°(65 + &)
(6, + 8504 = x(g; + &5) + x7¢;
(e3+e)Ad=x"(g, + &) + &

e =x(g, + &,) + x(g5 + &4)

The matrix A4 restricted on W is

X
0
0

X, X

The n,-image automaton M3, is shown in Table VIL It is easy to see that
the transition matrix of M3, is identical to 4 | W. Therefore, the state space
of the mg-image automaton M3, is an invariant subspace of the state space
of automaton M3 with respect to the transition matrix 4 of M3. We have the
following theorem.

Theorem 4. Let M be a finite-state automaton, and x a S.P. partition
on M. The state space W of the n-image automaton M_ is an invariant
subspace of the state space ¥ of M with respect to the transition matrix 4 of
M restricted on W, ie, A=A | W.

828/12/5-2



334 Lee

Table Vil. State Table of
Automaton M3

0 1
Bl BZ BJ
B, B, B,
B, B, B,
B4 B3 BZ
B,={1,5}, B,={27}
B;={3,4}, B,={6}

From the discussion above, we know that for each S.P. partition there is
a corresponding projection and an invariant subspace of the state space,
which shows that these concepts are equivalent.

4. CONCLUSION

We have investigated the structure o finite automata based on the state
equation obtained via the W-representation. The state space of the automaton
is a finite-dimensional vector space over the field of extended formal power
series with coefficients that lie in the {0, 1} field of integers modulo 2. This is
different from that the formal power series used by Schiitzenberger,"®’ where
the coefficients lie in the {0, 1} Boolean ring and the variables are noncom-
mutative. Because the equation is based on a commutative field, we can
show that the solution is separable algebraic over the coefficient field. We
have also proved that the concept of substitution property of partition is
equivalent to an invariant subspace of the associated state space. This
suggests that it should be possible to study the decomposition of finite
automata in parallel with the decomposition of vector space and linear
transformations.
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