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The Stochastic Boltzmann Equation and
Hydrodynamic Fluctuations
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Based on the assumption of a kinetic equation in I" space, a stochastic dif-
ferential equation of the one-particle distribution is derived without the
use of the linear approximation. It is just the Boltzmann equation with a
Langevin-fluctuating force term. The result is the general form of the
linearized Boltzmann equation with fluctuations found by Bixon and
Zwanzig and by Fox and Uhlenbeck. It reduces to the general Landau-
Lifshitz equations of fluid dynamics in the presence of fluctuations in a
similar hydrodynamic approximation to that used by Chapman and
Enskog with respect to the Boltzmann equation.

KEY WORDS: Stochastic differential equation; Langevin equation; Boltz-
mann equation ; hydrodynamic fluctuations; master equation; kinetic equa-
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1. INTRODUCTION

The general theory of fluctuations in fluid dynamics is constructed by intro-
ducing the appropriate additional terms into the general equations of fluid
dynamics. Landau and Lifshitz observed that the stress tensor, or the heat
current, contains the spontaneous local component that they called the
random quantity in addition to the usual component that depends on the
velocity, or the temperature, gradient.’ Properties of the random quantities
are determined on the basis of the formulas of fluctuation theory.®

Since the general equations of fluid dynamics are derivable from the
Boltzmann equation, it is expected that in the presence of fluctuations the
latter can be extended to a stochastic form. From this point of view, Fox
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and Uhlenbeck® and Bixon and Zwanzig®® presented a theory of the sto-
chastic Boltzmann equation almost at the same time. With the use of the
general theory of linear processes due to Onsager and Machlup,® they
showed that a Langevin-fluctuating force term is to be added to the linear-
ized Boltzmann equation and that this term yields the random quantities of
Landau and Lifshitz in the hydrodynamical approximation.

However, questions®® remained with regard to their theory: The
physical origin of the fluctuating force is unclear and the stochastic Boltz-
mann equation does not give the complete form of the equations of Landau
and Lifshitz, because of the linear approximation. Attempts have been
made at improving the theory®: Van Kampen applied the method of the
system-size expansion? to the problem® and Logan and Kac developed
a theory“® based on a coarse-grained master equation. These theories are
free from the linear approximation, but are limited to spatially homogeneous
fluctuations. It is the open problem of nonlinear and local fluctuations that
this paper aims at clarifying.

Further, there is another problem in the theory of Landau and Lifshitz
itself: Is it applicable in the nonlinear region? Since the theory is based on
the general theory of linear fluctuations,”® it is formally restricted to the
linear region, where the nonlinearity of hydrodynamic equations is negli-
gible. Some authors®-12:1® fee] that it is not restricted. Hinton# tried to
show that the theory is correct not only near the absolute equilibrium, but
also near the local equilibrium. He assumed an equation for the deviation
of the distribution from the “local” equilibrium that is similar to, but dif-
ferent from, the linearized Boltzmann equation. There seems to be much
room for discussion on that equation.

This paper aims at clarifying the above two problems, i.e., to establish
the stochastic- Boltzmann equation without the use of the linear approxima-
tion and to show the validity of the theory of Landau and Lifshitz in the
nonlinear region.

From the viewpoint of the mathematical theory of stochastic processes,®
the existing theories on the fluctuations of the Boltzmann equation®-10:1V
have a common character: They try to describe the fluctuations in terms of
Brownian motion, i.e., as a Gaussian Markov process.*® First they find
a Fokker-Planck equation for the fluctuations of the distribution function
and then translate it into a Langevin equation.

There may be another approach: first, to find the set of Langevin-type
equations that describes a fluid, or more precisely, a system of particles with
short-range interactions, at the ““kinetic stage,” ™ and then to construct the
Langevin-type equation of the one-particle distribution.

The fluid at the kinetic stage is well described by the master equation*®
or by similar kinetic equations. The master equation describes not a Gaus-
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sian, but a Poisson process, as Brout noted.*#-29 The Langevin-type equation
(the stochastic differential equation) is popular in the theory of Gaussian
processes, but it can also be used to describe Poisson processes.>:21> Accord-
ingly, it is possible to find a set of Langevin (-type) equations of a system
when the master equation of the system is given.

This approach was taken in a previous paper by the author®® and in a
recent one by Onuki.?® In the former, the Langevin (-type) equation that
is stochastically equivalent to the master equation was derived from the
microscopic equations of motion, but a slight incorrectness was inevitable
in the expressions for correlation functions because of the well-known
difficulty®® in deriving the master equation from the Liouville equation
rigorously. In the latter work,®® the expressions are improved to some
extent with the aid of simplifications of the dynamics.

The present paper adopts the master equation as a fundamental assump-
tion. Thus, it is free from the difficulty of deriving the master equation
rigorously from the microscopic dynamics. In order to discuss the inhomo-
geneous fluctuations, another kinetic equation in phase space is assumed as
a generalization of the master equation. A set of Langevin (-type) equations
(stochastic differential equations) is so constructed that it produces the same
expectation value of a physical quantity as the kinetic equation gives. The
stochastic Boltzmann equation is derived as an equivalent expression to the
Langevin (-type) equations of one-particle quantities.

It is also shown that the stochastic Boltzmann equation derived in this
manner reduces to that of Fox and of Bixon®® when it is linearized near
equilibrium. The analog to the first approximation of the Chapman-Enskog
expansion@®:2% in the stochastic generalization of the Boltzmann equation
is shown to be the fundamental equations of fluid dynamics of Landau and
Lifshitz. This result implies that their theory is correct in the nonlinear
region as long as the collision frequency is so large that the hydrodynamical
description of the system is meaningful.

2. FUNDAMENTAL ASSUMPTIONS. KINETIC EQUATIONS
IN PHASE SPACE

The homogeneous fluctuations are well described by the master equa-
tion18:19

210) = [ 000,72 — o', DB} b M
where p is the master vector

N
P = (v].: Va,..0s vN)s dp = Hdvj (2)
i=1
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and w(p, p’) takes the form
w(p, ) = 5 > W, v, v, %) [T 8 — w) ©)
(u) k#i,7

when the two-particle collisions are dominant in a system of N particles.
In Eq. (3), v is a constant. Equation (1) describes a 3N-dimensional Poisson
Markov process, as Brout®® noticed.

The master equation reduces to the Boltzmann equation (of the homo-
geneous system) on the assumption of molecular chaos

FP@, Vg, 1) = [, ) f (v, 1) @

where

SO ) = s [ [ v 0] T 9

k>s

Inhomogeneous fluctuations cannot be described by the master equation.
The kinetic equation of these fluctuations is expected to have the form

5@)+ 2 v f0)

= J{W(p, () — wp', p)f(p)} dp’ (6)
where
P = (X1, V1, Xz, Va,uey Xur, Vyy)
and
w(p,p') = Z W, v, v, v X, X)) 8(x; — X)) 8(x; — X/)
x [ ] 8Cxx — x) 8w — W) 7

k#i,3

There is no factor of 1/N in Eq. (7), in contrast to Eq. (3), because the factor
comes from the spatial distribution 1/¥, where ¥ is the volume of the system.
It is expected that Eq. (6) yields the Boltzmann equation on the assumption
of molecular chaos. This condition specifies the form of W as

W(vy, Vo, vi', Vo'5 Xy, X') = Wa(vy, Vo, v, o) 8(x; — X) )]

where
g —g*
Wa(¥1, Vo, Vi, Vo) = go(g, 0) 8(vi + va — i/ — vy) 8(—2_) )]

with the use of the collisional cross section ¢ and g = v; — v,.
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There is a conceptual difficulty in the generalization of the master
equation to Eq. (6): Since the positions and the velocities of all the particles
are specified by p, there is no room to interpret f(p) in terms of probability.*®
In spite of this sophisticated problem, Eq. (6) is known to be a good ap-
proximation of the Liouville equation, at least for the hard-sphere system.
Hopfield and Bastin®™ have intuitively introduced Eq. (6) and Ernst et q/.®
have derived it from the Liouville equation.

They give Eq. (6) with an expression for W different from Eq. (8),

W, v2, i/, Vo'5 X4, X)
= sz do (vo1, 0){8(x," — X' — @) 8(v; — v;*) 8(v, — v,*)
v21°6>0

= 8(xy" — Xg' + ) 8(vy — ;) 8(vy — ¥5)} (10)
where
W =v — (Vigr0)o, Vo* =V, + (vip:0)c

Equation (10) reduces to Eq. (8) for dilute systems. For systems with different
types of interactions, Eq. (6) is expected to still be a good approximation of
the Liouville equation, as long as the collision duration is sufficiently small
compared to the mean free time.

Equations (1) and (6) are adopted in this paper as the fundamental
assumptions for the discussion of homogeneous and inhomogenecous
fluctuations, respectively.

3. STOCHASTIC DIFFERENTIAL EQUATION ASSOCIATED
WITH THE MASTER EQUATION

Now we construct the set of Langevin (-type) equations that is stochastically
equivalent to the kinetic equation. The stochastic Boltzmann equation is
derived from these Langevin equations in the following sections.

The term Langevin equation is often used in a mathematically well
defined, restrictive sense, but the original equation that Langevin intro-
duced®® js nothing but the Newtonian equation of motion of a particle
immersed in a fluid. We try to find the equation of motion of each particle
of a system, given the kinetic equation of the system.

The master equation is a Poisson process*®’ and mathematicians 1%-21.30
have given the stochastic differential equation of the process. But we keep
to the view that the Langevin or the stochastic differential equation is
nothing but the equation of motion.
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If Eq. (1) is solved, the distribution function f(p, ) gives the expectation
value of the arbitrary quantity F = F(p) as follows:

Py = [ Fo)f o, 1) do (11
When the function at a time ¢ is specified as

f(p, 1) = 8(p — v) (12)

with the aid of a parameter v,, then the expectation value at a later time
t + 7 after a small interval = is given by

Prive = FO) + 7 [ (F@) = Faw(p,w)dp + 067 (13
For the moment, we restrict ourselves to the case in which p is one-dimen-
sional: p = p and »; = v,. Equation (13) gives

Pire = v + 1o1(vy) + O(=%) (14)

as a special case, where the derivate moments©®? are defined by

a(p) = f & — W, D) dp';  n=1,23,. (15)

Equation (14) describes the change of velocity in a small interval similarly
to the Newtonian equation of motion, but it fails to give the expectation
values of other physical quantities.

Intuitively, we assume that the equation of motion is given by

Upyr = U + 7a3(vy) + vy, 7) (16)

with a random quantity £ = £(v,, 7) and ask for the condition by which the
average of an arbitrary quantity over this random quantity is equal to the
expectation value of Eq. (13):

Ty = F(Ur4y) (17
As a special case, Eq. (17) gives
£, ) =0 (18)

with the use of Eqs. (14) and (16). Without loss of generality, we may assume
that the function F is analytic and that Eq. (17) is required only for an
arbitrary monomial. This requirement is satisfied if the following conditions
hold:

&, 1) =0 if k=1

. (19)
To(vy) if £=23,.

i
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We may conclude that Eq. (16) together with (19) is stochastically
equivalent to Eq. (13) in the sense of Eq. (17) on the condition that Eq. (12)
is satisfied.

We may continue this method of constructing Eq. (16) for successive
time steps, since the distribution function at ¢ + = is written as

fp,t + 1) = 3(p — v.1) (20)

We may construct Egs. (16) and (19) in which ¢ is replaced by ¢ + =, con-
sidering f(p, t + 7) as a 3-function, and finally take the average over £(v,, 7).
It is clear that the random quantities of different time steps are mutually
independent.

Now, we may conclude that Eq. (16) is stochastically equivalent to
Eq. (1) as far as the time discretization approximation®® is concerned. We
may take the limit = — 0 naively and from Eq. (16) obtain the stochastic
differential equation

40 = (o) + £ 1) @)

where £'(t) = £(v,, t) is defined through the relation
t+z
[ e@sds= oo )
t

Since the &(v;, 7) of different time steps are mutually independent, £'(¢) is a
d-correlated process,

=0
EWE @) =+ E(tw) = 8(t — 1) 8(ty — 12) = 8(tn-1 ~ ta)etn11(0)

Equations (21) and (23) are the desired results.

It is interesting to consider the time development of the “distribution”
defined by

(23)

g, 1) =3p — v) 24

It is related to the ‘““distribution function” through Eq. (20). With the use
of the time discretization approximation of Eq. (16), we may construct the
following Langevin-type equation for g(p, t):

a%g(p, t) = f{W(p, P, t) — wp',pg(p, )} dp + r(p, 1)  (25)
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where the new random quantity is characterized by
r(p,t) =0
s, ras 1) = 3t — 1) [ [ dp ap
{1~ p - 562, - 1)
x w(p,pgp', 1) (26)

r(py, t)r(pa, t)r(ps, t3) = 8(t; — 13) 8(t; — ta)‘”. dp dp’

y {ﬁ [5(p: — p) — (s — p’)]}

i=1

x w(p,pg(@', 1)

Equations (25) and (26) are derived in Appendix B.

Equation (25) has an apparent similarity to Eq. (1): The random quan-
tity r(p, t) is simply added to the right-hand side, which is redundant for
one-dimensional processes. But it is important for these many-dimensional
processes in which only a limited number of variables are of interest.

It is easy to generalize the above results to many-dimensional processes
and prove Eq. (25) and (26) for them:

Equation (16), or Eq. (19), is to be replaced by

Vjut 4z = Ojue + 7o15(0) + &5(vr, 7) (16"
where

b= @ Vatres Ow)sy (D) = f (Bl — D)W’ p) dp’

or

[1&x=0 if >, =1
ju iu (19’)

g {H (o — vjumm}w@, wdp i Sy
Ju ju

Equations (25) and (26) need no modifications only if the delta functions are
interpreted as

(p—v)= H 3(pju — V), etc. @7
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4. STOCHASTIC BOLTZMANN EQUATION. HOMOGENEOUS

CASE

The homogeneous fluctuations are described by Egs. (1)-(3). In the
preceding section, the Langevin-type equation was derived for the distribu-
tion. In this section the stochastic Boltzmann equation is derived from that
equation.

With the aid of the factorization property of the distribution of Egq.
(27), Eq. (25) changes to

a ! ’ ’ 7
FT 8(p — vy) = % z _”-{W(Pi,PhPi ,p;) 8(p — vy) 8(p;/ — vy)

FFL
— W(p/, p/s pi, P) 3(p: — vy) 8(p; — vy)} dpy dp;
+ ri(pi, t) (28)

where integrations over N — 1 variables are carried out. The reduced
random quantity introduced in Eq. (28) is

1o t) = [ = [ (2,0 T o (29)

kE#i

The one-particle distribution may be introduced by

8. 1) = 5, 2 8p — ) (30)

where the factor of 1/N corresponds to the spatial part of the distribution.
Since W(p;, pz,p:'s po’) vanishes when p,’ = p,’, from Eq. (28) we obtain
the stochastic Boltzmann equation

5600 = [ [ (W@.p1, 2, 2280, D801, 1

- W(p’,pllapapl)g(Ps t)g(Pls t)} + r(.pa t) (31)
where

r(p9 t) = 'I—Nzri(p, t)

=52 =] —pre.0 ] ] 32)

The random quantity r(p, t) is characterized through Egs. (26) and (30).
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By carrying out the integrations, we obtain

7@ 0r s D)
— 18 — ) [[ A1, ALY W(ps, 2,24, 2)
x g(pys 1)g(py’, ©) dp dp, dpy’ dpy’ (33)

r(p, yr(p’, tyr(p’, t")
= (/2N)8( — t)8(t' — t")

x f f A[8,] A8y AlSy] WPy, b, by p)e(ps Dg(De's 1)

X dp, dp, dp,’ dp,’ (34)
where

Algp] = 8(p —p) + 8(p —p2) — ¥p —py) — 8(p —p2)  (39)

In the thermodynamic limit N — 0, the right-hand side of Eq. (34)
vanishes. The kth-order correlation function (k > 2) is expected to vanish
also, since it is believed to have a factor of N%2~* The random quantity
r(p, t) is the Gaussian white noise, which is solely determined by Eq. (33)
in this limit.

5. STOCHASTIC BOLTZMANN EQUATION.
INHOMOGENEOUS CASE

The kinetic equation is given by Eq. (6). In the local collision approxima-
tion of Eq. (8), the position vectors of particles may be considered as param-
eters of the kinetic equation, at least for a small interval of the order of the
collision duration. In addition, we may use the results of Egs. (25) and (26)
also for the inhomogeneous case.

In fact, the Langevin (-type) equation of motion of each particle is
given by

Xjut+v = Xjut T TUju (36)
Vjugre = Upue + Toyu(Ve, Xp) + €V, Xo, 1)
in place of Eq. (16). There is no random force term in the first of Eqs. (36).
A slightly different method of deriving the stochastic Boltzmann equation
is given in Appendix A for the hard sphere system.

Applying the result of Eq. (25) to Egs. (1)-(6), we obtain for the distribu-

tion in phase space

glp,t) = ]_:1 3(p; — vi) 8(q; — X)
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the following stochastic equation:
7 Y 0
80D+ 2 058 )

~ [ o, 2260, ) = W' e O} dp + 1) (3T
where p = (p1, Pasees Pvs Q15 Q25---» Qn)- Equation (37) may be reduced to
an equation of the one-particle quantity.

The one-particle distribution may be defined by

gp,q. 1) = Zl 3(p — v;) (g — Xxy)

which satisfies the following stochastic Boltzmann equation:

(38)

17 %,
7800 +Pg e =J0E)+ @90 (39)
where J(g) is the Boltzmann collision operator

J(g =1 f f f{WB(p, P, P, P)gP, 4, )Py, q, 1)

— W@, pi', p, POE®. 4, 1)g(P1, 4, 1)} dp: dp’ dp,’ (40)
Characterizations of the random quantity r(p, q, ¢) are found from Eq. (26)
as follows:

r(p,q, )r(p’,q,t")

18(t — 1) 8(q - q) f f dp, dp, dp,’ dpy’

x A[3,] Al8,] Wa(py, P2, Pi'> P2)2(®P1, 4, )22, 4, 1)
r(p, q, r(@, q, tH)r@". q", t")

(41

=38 —1)8(t" — 1) 8(q — q) g — Q")f ---Jdpl dps dp,’ dp;’

x Al8,] AlSy] AlSy] Wa(ps, P2, Pi, P2)g(@1', 6, )2, 4, 1) (42)
The higher order correlation functions may be taken as

1:[ r(pa: e ta) = %{Ii[ 8(to: —' ta+1) 3(‘1«; - qa+1)}

<[ {BH A[SDB]}WB@I, Pos Br's B)

x g(ps, q, 1)g(p2’, q, t) dp; dp, dp,’ dp,’ (43)
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Compared to the case of homogeneous fluctuations, no factor of 1/N
appears either in the stochastic Boltzmann equation or in the correlation
functions of the random quantity. This fact means that local fluctuations are
independent of the size of the whole system and that the random quantity
r(p, q, t) is not a Gaussian, but a Poissonian-like process.

6. HYDRODYNAMICAL APPROXIMATION

The stochastic Boltzmann equation derived in the preceding section is
the same as the Boltzmann equation except for the random quantity. Then,
almost all of the theorems on the Boltzmann equation may be proven also
for the stochastic analog.

The collision operator has five invariants

l)[’0 = 13 ll‘i =1 (l = 1: 2: 3)’ ¢4 = %m02

from which we may construct the stochastic analogs of the five conserved
quantities

w@ = [ 4G 0 0d = 3 b Ba-x) @
Their time development is given by
5o + 72 1@ = R(@ = 0 45)
where
3@ = [ ph@)s@ 9. ) dp (46)
R(@) = [ 4B @, 9. 1) dp @7)

Apparently, the random quantity violates the conservation laws in
(45), but it may be considered identically zero because all of the correlation
functions of R,(q) vanish due to the identity

Al(p)] We(@1, P2, P1> P2) = 0 (48)

We have proven the second identity of (45).

When the collision term is dominant, the distribution is a functional of
the conserved quantities, irrespective of the initial condition. The zeroth-
order approximate solution of Eq. (39) is the local equilibrium distribution

F(q, C, t) = n(B[2m)** exp[—B(u — p)’] 49)
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where

3m

. m
n=po  w=p (=123, B=gm= e

C=p—-u

The local equilibrium distribution defined by Eq. (49) is formally equivalent
to the usual one, but there is a slight difference because of the different
definitions of the conserved quantities. This difference is important when
the hard-sphere system is considered in Appendix A.

Following the spirit of the Chapman-Enskog expansion, the first-order
approximation is given by

g, q,1) = F(q, C, 1)[1 + @(q, C, 1)} (50)

where @ is a “small” deviation. When Eq. (50) is substituted and higher
order terms in @ are neglected, Eq. (39) changes to

D[F] = —n*S[®] + r(p, q, 1) (51)

where

2 2
IF] = F+ g F (52)

IO = — f f dpy dp’ dp,’ W, ps, p's 0)F(@, C, NF(g, C' 1)
X {®(C") + D(Cy') — B(C) — BT} (53)

Equation (50) is also to be substituted into Egs. (41)-(43). Since the
zeroth-order terms survive, higher order terms in ® may be neglected and
the following substitution is sufficient for Eqs. (41)—~(43):

g(p1’, qs t)g(Pz’, q. t) ~ F(qn Cl: t)F(q:v C27 t) (54)

Since the collision operator £ is a linear integral operator, Eq. (51)
may be solved in the form

O=90, + b,
where
n?g[0,] = —9[F] (55
A0 = r(p, q, 1) (56)

The stress tensor p,, or the heat current g, is a linear functional of

Puy — POy = f C.C.FD dC (57)
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or
g, = (m]28) f (BC? — $)C,F® dC (58)

and accordingly is composed of the two ® contributions as follows:
Puv = POy = Pryy + Doy OT Gy =q1y + q3, (59)
In Eq. (57), the following tensor notation®® is used
C,C, = C,C, — 1>

The first ® component of p,, and g, is given by the traditional expressions.
Following the notations of Waldmann,?® they are given as follows:

o, ov, 2 ov,,

oT
P = _”’(a_x‘fa_xu—ﬁ“a;)’ Giu = —/\‘8‘;‘: (60)

where the transport coefficients are given by
n = kT J S(BC.C,BC.C,dC, A=k f SIAC,JAC, dC (61)

with the use of the solutions 4 = A(C) and B = B(C) of the integral equa-
tions
J1AC,] = (Fn)(BC? — 3)C,,  S[BC,C)] = QFm)C,C,  (62)

The second ® component of p,, and ¢, represents the fluctuations.
Substituting the formal solution of Eq. (56) into Eq. (59), we obtain the
following expressions for the fluctuating components in terms of the random
quantity of the stochastic Boltzmann equation:

Doy = m f C.CAFIn)F [r(p, q, 1)] dC

I

(m[2n) f S (EInC,Clr(p, 4, 1) dC
= (mj2n) [ BC.Cr @, ,1) dC 63)
s = ([26) [ (BC? — HC(FI?)S T, 4, D] dC

— (m/2nB) f AC(p, g, 1) dC (64)

Equations (63) and (64) represent the relation between the fluctuations
of the fluid dynamics and those of the Boltzmann equation, just as Eq. (57)
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represents the relation between the hydrodynamic quantities and the distribu-
tion function.

With the aid of Eqs. (41) and (54), Egs. (63) and (64) yield the following
relations:

Paun@, ) =0, ¢2.(a,1) =0
Do, P2y, 1)) = 2kT(8,, 8, + 848y — 38,,8,)
x 8(t—t)8(q~q) (65)
92,(Q; 1)q2,(q's t') = 2XkT? 8, 8(t — 1) &(q — q)
92,(Q, DP2uv(q’, 1) = 0

These relations are exactly the same as those of Landau and Lifshitz.‘®

The random quantity r{p, q, f), however, is not a Gaussian, but a
Poissonian-like process. If Eq. (63) or Eq. (64) is formally substituted into
Eq. (43), there arise many complicated expressions of higher order correla-
tion functions of hydrodynamic quantities. The fundamental point of the
hydrodynamic approximation lies in the fact that collisions occur so fre-
quently that the deviation from the local equilibrium is small. Near the
local equilibrium, all the physical variables of concern are approximately
functionals of the conserved quantities that satisfy Eq. (48). Accordingly,
not only is the substitution of Eq. (54) permitted, but in addition the factor
A[8,] in Eq. (43) may be considered a small quantity. The third and higher
order correlation functions of the pressure tensor and of the heat current
are to be neglected, and p,,, and g,, are Gaussian processes.

The equations of Landau and Lifshitz are derived on a different basis.
These equations are valid not only near the absolute equilibrium, but aiso
near the local equilibrium.

The above method of deriving the equations of Landau and Lifshitz is
different from that of Hinton.*® Equation (51) may be compared to his
linearized Boltzmann equation, but the difference between them is clear.

7. LINEAR APPROXIMATION

The stochastic Boltzmann equation given by Eq. (39) is the nonlinear
generalization of the Boltzmann-Langevin equation® of Fox and Uhlen-
beck® and Bixon and Zwanzig.®® It reduces to their equation near the
(absolute) equilibrium, as we now show.

If the conserved quantities of Eq. (44) are occasionally independent of
the space coordinates, the associated currents of Eq. (46) vanish and the
local equilibrium distribution that is constructed from these conserved
quantities is just the equilibrium distribution. In this manner, the analog
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of the Maxwell distribution function may be introduced into the theory of
the stochastic Boltzmann equation.
The linear approximation

g = Fo[l + A} (66)
where F, is the Maxwell distribution, may be considered. Equation (39)
gives

7 0, 4
5l + Dggh = LA + ro@. 0 ) (©7)

where %, is the linearized collision operator, the definition of which is given
by Eq. (53) only if the F(p, C, £)’s are replaced by Fy’s. The correlation
function of rq(p, q, £) is given by Eq. (41), where the g(p, q, t)’s are to be
replaced by Fy’s. The random quantity ro(p, q, ¢) is a Gaussian process by
the same reasoning as in the preceding section. It is characterized by

38 - 1) 8(a — @) [ = [ AB8,1 A8, ]

x Wa(P1, P2, P> P2 )Fo(P)Fo(p2)
X dp, dp, dp,’ dp;’

28— ') 8(q — q’)Jdpl 3@ — pon*Lo[3(p" — 1216)21
)

r()(pa q, t)ro(P’; q,’ t,)

Equations (67) and (68) give the linear approximation.

8. CONCLUSION AND DISCUSSION

On the assumption of the master equation, the stochastic Boltzmann
equation for homogeneous fluctuations is derived rigorously in Eq. (31),
the random quantity of which is a Gaussian process in the thermodynamic
limit.

The stochastic Boltzmann equation for the general case is derived on
the assumption of a kinetic equation that is similar to that of Hopfield and
Bastin.?” The random quantity is a Poissonian-like process in this case.

The linear approximation of this equation is just the Boltzmann-Lange-
vin equation of Bixon and Zwanzig and of Fox and Uhlenbeck. The Langevin
force is a Gaussian white noise.

Its approximation near the local equilibrium gives the equations of
fluid dynamics of Landau and Lifshitz,’ the random quantities of which
are Gaussian processes.

Onuki arrived at almost the same results as Eqgs. (39) and (41).%®
Perturbative solutions of Eq. (31) in which the random quantity is physically
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small are expected to reproduce the results of van Kampen and of Logan
and Kac.4®

A generalization of the stochastic Boltzmann equation to the hard-
sphere system is given in Appendix A. Another generalization to mixed
gases or to chemically reacting gases is given in a succeeding paper, in which
hydrodynamic fluctuations in these gases are also discussed.

APPENDIX A. STOCHASTIC ENSKOG EQUATION

The derivation of the stochastic Boltzmann equation may be performed
without the use of the local collision approximation. The kinetic equation
of the hard-sphere system is given by the set of equations (6), (7), and (10).

In the spirit of the Kramers—Moyal expansion®V the kinetic equation
is rewritten as

f+Z]af

( (___ l)n;\+m)\ Ot &
NP W)
) mm \A=x,y,2 ! my! oxix ovy

) X onml(¥s, V7, Xi, X;)f (AD)

where n = (n,, n,, n,), m = (m,, m,, m,), and the summations over n and
m are over integer values of all the components. In Eq. (Al), ¢,y is the
derivate moment defined by

am(Vi, V5, X1, X;) = 0 if n=m=20
= ff {1—[ (xia — xp)™(vjy — Un\)m"} (A2)
A
x W/, v/, vi, v, X, X;) dvi’ dv; otherwise

If the distribution function at a time ¢ has the special form

N
S, V1, Xo, Vaso, Xy, W) = > 80K — X)) 8% — ¥e) (A3)
i=1

with parameters x;, and v, the expectation value of the quantity P =
P(x;, vi,..., Xy, Vy) at a slightly later time ¢ + 7 is given by

0
Pres=Pit 72 v g P

+ 7 Z Z nm(Vit> Vat> Xits Xyt

,7) n,m

X(H 1 o amA)Pt (Ad)

Al oxi) ov
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where
P, = P(Xy:, Vigseeor Xnts Vayr)

As special cases of Eq. (A4), this gives

Kdper = Xy + TV (AS)
Ve = Wy + 7F (A6)
where
N
Fyy = z e 0(Vits Vit Xigs Xyp) (A7)
i=1

with the use of unit vectors e,.
The Langevin-type equations of motion are given by

Xiter = Xy + TV (A8)
Vieor = Vi + 7Fy + & (A9)

the random quantities &;, of which are characterized by the equivalence
relation

Pt+z = <P>t+r (AIO)

for arbitrary variable P.
If P = v;, Eq. (A10) gives

£, =0 (A1)
and if P = [, viir or P = [ [, oo (i # J), it gives

N
H fp=r z mo(Vit, Vies Xit, Xgz) if Z my > 1 (A12)
A i=1 A

m, L
| l EBMETN = TOmm (Vigs Vi, Xit> Xgp)
A

it i#j, >m=1l, >m>1 (A13)
A A
respectively. Successively, it also gives
[] épemem =0 if i#jrk#i (A14)
A

The simple result of Eq. (A14) reflects the fact that only the two-particle
collisions are taken into account in the original kinetic equation. Even if a
complicated expression containing spatial coordinates is chosen for P in
Eq. (A10), it yields no other relations than Egs. (A11)~(A14), because the
additional = dependence of P, . due to that of the space coordinates is can-
celled by the contribution of the drift term of Eq. (A4) to <P);... The condi-
tion of Eq. (A10) is now realized by the assumptions of Eqgs. (A11)—-(A14).
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It may be concluded that the set of Langevin-type equations [Eqs. (A8)
and (A9)] is stochastically equivalent to Eq. (Al) if Egs. (Al1)~(Al4) are
assumed. We mean by the term “stochastically equivalent” that the equiva-
lence relation of Eq. (A10) holds.

Since each particle moves according to Egs. (A8) and (A9), a one-
particle quantity

Q= 2 > 0@, m)H XBOR (A15)

i=1 om

develops in time following the relation

Z Z Q(n, m) I—[ XU (A16)

i=1 nm

Its change in a short interval = is given by

Qoo — Qv = 1Ug + 7V + Wo + O(=) (A17)
where

Vo= 33 0 m) 3 v o= oty (A18)
V=33 0, m){z Fu o | 1 e
i nm u it T\
+ Z [ ( ) XIAUEAT ’"A] Z omo(Vies Vies Xits x,-i)} (A19)
Wor = 2, 2 0 mi{X - §}
X = 1:] XiA(@in + Ein)™ (A20)
In Eq. (A19), the primed sum means summation with the condition

>m, > 1.
With the aid of Eqs. (A2) and (A7), Vg, is calculated as

Va= 3 0w m [ - | {IJ iy -1 qu}

x W@, p/, P P1s 9 )2 4, )21, 91, 7)

x dp dp, dp’ dp,’ dq dqg;, (A199)
where
N
2@, 4, 0) = > 8(q — Xu) 3@ — Vo) (A21)
i=1

is the one-particle distribution.
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By the use of the formal identities
0= > O, m) f f (H qk*p'i'*)g(p, q, 1) dp dq
nm A
Wo= > 0w [ ([Taww)Ro.a ndpds (422
nm A
where
N e ——————————
R®, q, 1) = > 8(q — xu}{8p — v — &) — 3 — Vi — &)}
i=1
We can transform Eq. (A17) to the following:

9
g@. 9.t + 1) =g, q 1) — TEpA;)—é;g(p, q, )
A

+ Tf” f (W, p, 0,0 4, 48, 4, D81, @15 1)

- W@, ps P P1> ¢ 2@, 9, 1)g@:, 91, 1)}
x dp, dp’ dp,’ dq, + R(p, q, 1) (A23)

In the limit of 7+ — 0, Eq. (A23) becomes

8 8
58 T P3q8 = Iu(®) + @0 1) (A24)

where

7a0) = [ [[[ 7@ 01,9 31" 0. 06 4. 001" 02, 1)

- W(P” P1', P, P14 ql)g(Ps q, t)g(Pl > q1» t)}
X dp, dp’ dp,’ dq; (A25)
and r(p, q, ?) is defined as the limiting form of R(p, q, ¢).

The correlation functions of r(p, q, ¢) are calculated from Eqgs. (All)-
(A14) as follows: First, we obtain

WaWor = > 0@, m)Q @, m) ; Xy + 0

m, n, n’, m”

X, =11 XAXT@un + Ep)™Omn + )™ (A26)
A
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In Eq. (A26), terms X;; and X;; (i # j) are to be calculated separately with
the use of Egs. (A12) and (A13) and are to be summed. We have

— A+ 0y’ m;\+mA _ R+ mA+mA
z Xy = ‘rz H Xitx H Xitr

X WD, P1s Vit> Vi, Xit, Xpz) dp APy

+ 7 Z Jf {H XIAXADNDTR

n, m,
- | I xlthx]t}}\vlt?\vlﬂ }W(p: pl s Vits vjt> Xit» th)

= g [ [{[T 200603PPE5} Albxe] Mo
x W@,p:, P, P 4 4080, 4, 1)@, 415 7)
x dX dX' dP dP’ dp dp, dy’ dp,’ dq dq; (A27)
where
Aldxe] = 38X — q) 3(P — p) + (X — q,) (P — p1)
- X -q@5P - p)— X —q)dP —p) (A28)

The result of Egs. (A26) and (A27) is reduced in the limit = — 0 to the
expression

r(P’ q’ t)r(P" q” t’)
= 35(t — 1) j f AlSqp] AlSyp]

X W(p, pl ] P,: p1,3 qa ‘l1)g(P', q: t)g(pll5 ‘h, t)
x dp dp, dp’ dp,’ dq dq, (A29)

Similarly, we obtain

r(p, q, t)r(pl’ ql’ t’)r(p”’ qll’ tll)
= 13(t — 1) 8(t' — 1) f f Al84,] AlSy] AlSyrpr]
x W(P: Pls Pls P1’9 q, ‘h)g(l"; qs t)g(Pllz ‘11, t)
x dp dp, dp’ dp,’ dq dq, (A30)

Equation (A29) [Eq. (A30)] reduces to Eq. (41) [Eq. (42)] in the limit of
vanishing molecular radius.
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Equation (A24) is the generalization of the stochastic Boltzmann equa-
tion in the hard-sphere system. The generalization of the (usual) Boltzmann
equation in that system is known as the Enskog equation

57+ Pl = )
I4) = [ dpso* [ do @r-9)

{x(o|n(q, + 108))F(p:1, 4.)F (P2, 41 + 06)
— x(o|n(q, — 308)F(p1, @) F (P2, 41 — 08)} (A31)

where y is the equilibrium pair distribution function.®® It is interesting
that the deterministic part of Eq. (A24) differs from the Enskog equation
by the y factor. ‘

The normal solutions of Eq. (A24), following the arguments of the
hydrodynamic approximation of the stochastic Boltzmann equation, have
the form of

g, q, t) = n(@h(p, q, 1) (A32)

where n(q) is the microscopic density

n(@ = Zl (g — Xi) (A33)

instead of the usual one. Because of the hard-sphere repulsion, this density
shows the strong correlation

nin(g) =0 if [q—qf <o (A34)

which the usual density does not. The one-particle description of the hard-
sphere system seems possible only when this correlation is taken into ac-
count in some approximate way. When we imagine a system of particles
with vanishing molecular radius and consider that this system represents
approximately the system of hard spheres, we may suppose that the micro-
scopic densities of the two systems are related by

n(q) =~ ne(q) (A35)
when n(q) appears alone, but by

n(an@) = x o [L5L ) tapma(a) (A36)

when it appeérs pairwise. In Eq. (A35), ny(q) is the microscopic density of
the reference system.



The Stochastic Boltzmann Equation and Hydrodynamic Fluctuations 23

With the approximation of Eqgs. (A35) and (A36), Eq. (A24) becomes
the stochastic Enskog equation

2 . & .
5T P&~ 0 +7 (a1 (A3T)
where g is the effective one-particle distribution

g = n(@h(p, q, 1) (A38)

The random quantity 7(p, q, ) is characterized by Eqs. (A29) and (A30)
only if the following substitution is made:

+ ! ~o ~ ’
L9000, 0800 0 0) (A)

g, 4, )gp, qu, 1) = X(”o
It is easy to see that Eq. (A37) reproduces the kinetic equation of the
correlation function of Konijnendijk and van Leeuwen®® in the linear

approximation. I shall present a detailed analysis of Eq. (A37) in the near
future.

APPENDIX B. DERIVATION OF EQS. (25) AND (26)

A definition of the 8-function is given by the identity

fﬂmw—M@=ﬂm (B1)

for an arbitrary function F(-), which we assume to be analytic. Equation
(16), when raised to the nth power, gives

n
v%=w+mwmw+gJJWW%ﬂ (B2)

if terms of order O(+%) are neglected. The right-hand side of Eq. (B2) is
rewritten with the use of Eq. (19) as

L (n
Vi =0"+ 7 z (k)v
k=1

=w+ﬁ@hwwmmw+mma (B3)

o (v) + Wi(ey, 7)

where

(Z) of M€ (v, ) — &y, 1)} (B4)

1

Wn(vts T) = ki
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Using Eq. (19) repeatedly, we have the following relations:
Wn(vta T) = 0 (BS)
n m n m
Wn(vts T)Wm(vh T) =T Z Z (k) (l)v?-l—m—k_lakﬂ(vt) + 0(72) (B6)
k=11=1

Wn(vt ’ T) WM(vt s T) Wj(vt L T)

_ 21 $3 (Z) (”;) (Jl:)v?*’”‘”"k""iakﬂﬂ(vt) + 0(?) (BT)

1=1i=1

When Eq. (15) is substituted into the right-hand side of Eq. (B6) or Eq. (B7),
it becomes

([ dordoe > 5 () (") pa+mr = po (o1, p2) 5pz — 1)
IR PRI

"'ff dp, dp. (p." — p")(p1™ — p"IW(p1, o) (ps — 1y)

il

o[ o[ e dpy e x{}’[ [5Cs, — pr) — (e, — pz)]}

x w(ps, p2) 3(p2 — v) (B6)
or
Tf e f dx]_ dx2 dx3 dpl dp2 x1" xzm xaj
3
[T 100 = ) = 80w = P (o) 8s = 0) BT
i=1
respectively.

Equations (B6') and (B7') show that there exists another random quan-
tity R(p) = R(p, v;, 7), which satisfies

Wiow ) = [ "R) dp (88)
Characterizations of R(p) are given from Egs. (B6") and (B7') as
- 2
R@IR®D = 7 [ [ dp ' {1‘[ [5(p: — ) — 8(ps — p')]}
i=1

x w(p,p) &(p" — v) (B9)

and
REDRGIRED = = [ [ dp o' {[ ] 16 — p) = 60 — 91}
x w(p,p) 85 — 0) ®10)
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The general term may be guessed as

[T&0) =« [[do o {T] 062~ ) - 8002 - 21}

x w(p,p') 3(p" — v)

Now, Eq. (B3) may be rewritten with the aid of the definition of the
3-function as

8P — va) = 8P —v) + 7 j w(p, p) 55’ — v)

= w(p',p) 8(p — v)} dp’ + R(p) (B11)

In the limit of ~— 0, Eq. (B11) [Eq. (B9)] reduces to Eq. (25) [Eq. (26)].
The random quantity r(p, t) is the limiting form of R(p);

fmr(p, s)ds = R(p) (B12)

The above proof is also valid for many-dimensional processes if the
following replacements are made

n = {ng,}, k = {ky}
n n n
vt = H v, (k) = H (kj")
ju e Ju
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