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The effect of some restrictions on W-grammars (the formalization of the syntax
of ALGoL 68) are explored. Two incomparable families examined at length
are Wpyp (languages generated by normal regular-based W-grammars) and
Ws (languages generated by simple W-grammars). Both properly contain the
context-free languages and are properly contained in the family of quasi-
realtime languages. In addition, Wgp is closed under nested iterated sub-
stitution (but is not an 4FL) and is properly contained in the family of index
languages.

1. INTRODUCTION

One of the reasons for the early and still continuing popularity of context-free
grammars has been their use in the formal definition of parts of the syntax
of aLcoL and similar programming languages® and their role in syntax-
directed compilation (cf. Ref. 3 for a discussion of the relationship of
context-free grammars and programming languages). However, it was soon
‘found that context-free grammars were not altogether satisfactory models for
programming language structure, both because some constructs either could
not be defined altogether or could not be conveniently defined by context-
free systems, and because such grammar representations did not cover the
connections between syntax and semantics. Many attempts have been made
on various levels to fill the gaps —indexed languages,™ macrogrammars, 11.12)
and property grammars'®® are only a few examples that come to mind.

The syntax of aLcoL 689 provided an altogether different departure.
The concept of a context-free grammar was generalized to allow an infinite
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but recursive set of context-free productions. The productions arise from the
interaction of two context-free grammars. The first grammar feeds to the
second grammar the names of nonterminals in the second grammar. The
rules of the second grammar are really rule schemas with place holders which
we call metavariables. When each metavariable is uniformly replaced by a
string generated in the first level grammar the result is a production then
applied in standard context-free fashion. For a discussion of the reasons for
such a system and the utility of double-level grammars in programming
language definition the reader is referred to Cleaveland and Uzgalis.*

The type of generating system introduced in the aLcoL 68 draft® has
been variously called “the syntax of aLcoL 68,” “double level grammar,”
“yan Wijngarden syntax,” and ‘“‘W-grammar.” We select the term
“W-grammar” as being both suggestive and simple.

The concept of a W-grammar has been formalized by Sintzoff,?
Chastellier and Colmerauer,® Baker,"¥ and others. The various definitions
differ in details though the underlying notion is identical. We introduce below
a definition adapted from that of Cleaveland and Uzgalis"® and modified
to—hopefully—be cleaner and clearer for reader and typist alike; the essential
1dea is unchanged.

It was quickly noticed that W-grammars define the family of recursively
enumerable sets,'*® while suitable restrictions yield recursive sets®? or
context-sensitive languages.® Thus the utility and power of W-grammars
are unsurprising. However, it does not appear necessary to use the full power
of W-grammars in language definition. Thus it seems reasonable to study
restrictions on W-grammars—besides those mentioned above—which yield
recursive languages and hopefully combine descriptive power with attractive
mathematical properties (ease of recognition, decidable emptiness question,
interesting closure properties, etc.). )

In this paper we define two restrictions on W-grammars and study their
properties, interrelationship, and connections with other grammars and
machines. The first restriction is to normal and regular-based grammars.
“Normal” means, roughly, that the left-hand side of a second-level rule
schema consists of one metavariable and so the rule schemas themselves
appear “context-free.” Regular-based means that the first-level grammar is
finite-state. It is easy to see that either restriction by itself still permits the
generation of all recursively enumerable sets. Together, however, the
restrictions define a family Wy, of languages properly containing the
context-free languages and properly contained in the family of indexed
languages and hence a fortiori inthe context-sensitive languages. Membership,
emptiness, and finiteness are decidable for normal regular-based
W-grammars. Languages in Wjypz can be recognized by nondeterministic
multitape Turing machines in realtime. The closure properties of W, are
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unusual— W is closed under nonerasing substitution, in fact, under
nonerasing nested iterated substitution, but not under intersection with
regular sets.

The other family investigated is the family W' of Janguages generated by
simple W-grammars. In a simple grammar each nonterminal in the infinite
production set arises from an individual metavariable and only terminal
strings replace metavariables in the rule schemes of the second-level grammar.
Like Wgp, W properly contains the family of context-free languages and is
properly contained in the family of languages accepted by nondeterministic
multitape Turing machines. Unlike W;yp, W has no interesting closure
properties. The families W, and Wy are incomparable —neither is contained
in the other. Curiously enough, although members of W are recursive,
membership is undecidable for simple W-grammars, Every language
expressible as the intersection of fwo context-free languages is in Wy, but
some languages expressible as the intersection of three context-free languages
are not.

2. BASIC CONCEPTS

In this section we introduce the basic definitions, notation, and concepts
we shall use and outline briefly our specific results. We assume that the reader
is familiar with the notions of context-free grammars, derivation trees, and
finite-state machines and is acquainted with the basic properties of contexi-
free languages and regular sets (for background material see Hopcroft and
Uliman®® or Aho and Ullman®).

In order to avoid uninteresting and trivial variations to handle the
empty word (designated by e), we shall assume that all languages are
“e-free,” that is, do not contain the empty word. Thus by regular, context-
free, or context-sensitive language, we understand e-free regular, context-free,
or context-sensitive language. Most of the results do hold if the empty word is
added by ad hoc methods; the interested reader can easily work out the
exceptions for the empty word,

Notation. For a language L welet L+ = {w, - w, |n = 1, w;e L} and
L* == L\ {e}. If Lis finite, then | L | is the number of elements in £. For a
word w we let | w | be the length of w.

We designate a grammar by G = (V, 2, P, o), where V is a finite
vocabulary, 2 CV, ceV — 2, and P is a finite set of rules or productions
of the form u > v, u e (V -— L)+, v € V* We call o the start symbol, members
of 2 terminals, and members of V — X nonterminals, intermediates, or
variables. If u — v is in P, x,y € V¥, then xuy =; xvy. Then =% is the

G
transitive reflexive extension of =;; we omit the subscript G when
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no confusion can occur. The language generated by G is L(G) -
(weZtio=*wh If |u| < |¢| for each w — v in P, then G is context-
sensitive. If ue V — 2 whenever u —> v is in P, then G is context-free. If
each rule in P is of the form Z —> wY or Z —ufor Z. Ye ' — o wa IH
u e 2+, then G is regular or finite-siate. If G is context-sensitive (context-tree,
regular), then L(G) is a context-sensitive {(context-free, regular) language.

We are now ready to introduce our notation for W-grammars.

Definition 2.1. A W-grammar G = (Vy, Vp, 2, Py, Py, o) consists
of a finite set V,, of metavariables, a finite set V, partitioned into terminals 2
and protovariables V, — 2, a finite set Py, of metaproductions, a finite set P,
of hyperrules, and a start symbol o € Vp — X such that: (1) Vo N Vy = o
and “<” and “>" do not appear in V,U Vy, (2) for each 4eV,,,
G, =VuVYVs,Vp,Py,A) is a context-free grammar, and (3) each
hyperrule in P, is of the form Z—y for Ze HU (V, — X) and
ye(Vy U Veu H)t where H = {(a) | a € (Vs U Vp)*}. We call H the set
of hypernotions.

If « is a string of terminals, protovariables, and metavariables, then <a) is
a hypernotion. A hypernotion {«) is a place holder for one or more
“variables” (w> of the second-level grammar. Hypernotions and meta-
variables are replaced in the rules of P, as follows. For 4eV,,, G, =
(VY Ve, Ve, Py, A} is a metagrammar of G; if A =* win G,, we say
A metagenerates w. We let L, = L(G,). A metaassignment of V, U V,, is a
homomorphism 4 such that /(<) = <, i(>) = >, H(Z) =Zfor Ze Vp,
and W(Aye L, for A V,, . If Z — y is a hyperrule and # a metaassignment,
then A(Z) - h(y) is a production of G. We let P be the set of all such
productions; the production set may be infinite.

We can define derivations of G in two ways. First, let [ =
Koy | ae Vpt} C H. If I' is a finite subset of 7, we can regard I’ as a set of
distinct nonterminals. If P’ is a finite subset of P,and G' = (I' U V,,, 2, P/, 0)
happens to be a context-free grammar, then G’ is a subgrammar of G; if
wy =& w,, then w, =& w,. The language generated by G is L(G) =
Usubgrammar ¢© L(G"). We call L(G) a W-language.

Alternatively, derivations of G can be defined directly from P. If
wi,wee(Vp U D*, ae Ve, and (&) —> y is in P, then wy{adw, =g wyyw, .
IfZeVp, — 2 and Z - yis in P, then wyZw, = w, yw, . As'usual, =% is in
the transitive reflexive extension of = . Further, if we have a derivation

" e *
VIO T W 2 Wy for w,e2
then v is a complete derivation in G. Then

LG)={weZ¥|o % w}
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Let us illustrate these rather complicated definitions by some examples
which shall be useful in the sequel.

Example 1. A W-grammar for {a®" | n >> 1}. There is one metavariable,
N, one protovariable, o, and one terminal, . The metaproductions are
N ~» aN and N — g, and the hyperrules are o — <>, N> — (NN, and
(N> —N.

Notice that Ly == a*. Any metaassignment / is of the form A(N) = a",
n = 1. Thus

P={ay—> <@ |nzlu{@)—ain=1V{c— <}
Thus the only.complete derivations are of the forms:
o = {a) = {aa) = {aaaa) = -+ = {a¥) = ¢*"

Example 2. A W-grammar for {a®* | n = 1}. We have V, = {N},
Ve = {a, o}, Pyy = {N—a, N— NN} and

Py = {o — <@, {N) — N aaN},{N) — N}

Thus whenever {a") actually appears in a complete derivation of G, » is odd.
Complete derivations of G proceed:

o = {a) = ala® = aa®*(a®) = -
= aa3 a2k—1<a2k+1> = aa3 a2k—1a2k+1
for k = 0. Since
k
Z a2l == glk+1)?
m=0

the grammar generates the desired language.

Example 3. A W-.grammar for {a® | n = 4, n is not prime}. Let

VM:{N}’ VP:{a,O'}, PM:{N%CICZ,N%(IN},
and
Py, = {0 > (N}, {N) — N{N},{N}> — NN}

The productions form

P={o=><{ayin=22tuila™y —aa*y|n =2}
U {a") —ama” [n > 2}
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The start set is Ly, = {a" | n > 2}. Thus derivations proceed, for n > 2:
o = <an> o an<an> = anan<an> o see = (an)m<an> = gtim+)

So G defines
{@"mt2 | p = 2. m = 0}

which is another way of expressing the desired language.

Example 4. Some W-grammars for L, = {a,"a,"a,"|n = 1} and
L, = {a,"ay,"a;"a," | n = 1}. We have in both cases V, = {4}, & =
{ay,az,03,a3, Vp = 2V {o}, and

Py={4A— aA, A—ad,A—>a,, A — az}
For the first language we have
Py 1 = {0 = {aas), {A> — ala,das), (4> — a4}
and in the second case
Py o = {0 — {aasy, {A> — a,{a,dazya, , A — a,Aa,}

Notice that both grammars have the properties: (1) The metagrammars are
regular, and (2) whenever {o)> appears on the left-hand side of a hyperrule,
« € Vy, (in this case « = A). We shall see in the proof of Theorems 5.1 and 5.2
that any W-grammars for L, and L, with properties (1) and (2) more or less
“look like” the ones constructed here. Further, if we add a fifth coordinate a5 ,
we must relax either (1) or (2) as is done in the next example.

Example 5. Two W-grammars for L = {@,"a," - a;" | n = 1}.
1. We first construct a W-grammar whose metagrammar is not regular.
Let VM = {A:BaAlaA29A3aA4}a 2: {al:a2:a39a4:a5}s VP = ZU{U}a
Py = {4 — AyAsa5, A — Aas , A1 — a, 410, , A3 — azAqa,,
Ay = aya, , Ay —> aya4 , B> a B, B — a;4,4,,
Ay — ayAdsas , Ay — asdaas , Ay — ayay , Ay — a,a5)
and
Py, = {0 — (4),<{B) — B}

Notice that

L, = {ay"a"a;™a, a5k | n,m k = 1}
and

Ly = {a)*a,"ay"a,"a™ | n, m, k = 1}
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and the only completed derivations are

o =Wy =W
for win L, n Ly . Since

L=1L,nL,
the W-grammar generates L.

2. We now give a W-grammar for L with a regular metagrammar. Let
VM :{N}, VP = ZU{U’G})PM =={N——>a,N—>aN},and

Py = {6 —» aaaya,a5} Y {0 — {a;N»{ayN)<{asN<{aN)<{asN >}
U{l{agaN> —>ala;N>|i=1,2,3,4,5}
Ui{laa) —aa;|i=1,2,3,4,5}
viay) —ai=1,2,3,45

It is quite apparent that the family of languages generated by
W-grammars is the family of recursively enumerable languages, and that
remains true even if we impose some strong-appearing restrictions.

Definition 2.2. Let G = (Vyy, Vo, 2, Py, Py, 0) be a W-grammar.
We call G regular-based if for each Ae Vy, G, = (Vyy U Vp, Ve, Py, A)
is regular. We call G normal if each hyperrule is of the form Z — y or
Ay —yfor ZeV,—2, AcVy, ye(Vy U Ve U H). We call G unary
if each hyperrule is of the form Z — yor 4> > yfor Ze V, — 2, 4 V,,,
ye(Vuy W Ve U{(B)|BeVyhDt. We call G sirict if for each 4eV,,,
L,Cx+,

Definition 2.3. A W-grammar G = (Vy,, Ve, 2, Py, Py, 0) is lossless
if for each hyperrule of the form

lay — u0<;31> u1<Bz> uﬁ—1<ﬂn>un

forn =0 (if n = 0, the rule is (o) —> 1), o, Bie (Ve WV Vp)H, 1 < i <,
we(Vy VU Vp)* 0 =i = n, we have

! af < uoﬁl un—lﬁnun |
and for each 4 € V,

#A(O‘) < #A(uOBl un«lfgnun)

where # ,(w) is the number of occurrences of 4 in w.

Suppose G = (V, 2, P, S) is a grammar. If we construct three meta-
variables 4, B, and T with L, = Ly = V+ and L, = 2+, and for each rule
u; — v; in P four hyperrules (Au;B> — {Av;B>, {Au;> — {Av;>, {u;A> —
{v;4>, and <{u;> — (v,> and then add hyperrules ¢ — {S> and (T — T,
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we clearly have a W-grammar generating L(G). Thus the result of Sintzoff22
can be expressed as follows.

Theorem 2.1. (Sintzoff). Every recursively enumerable language can be
generated by a strict regular-based W-grammar.

An alternative construction shows that normal W-grammars also
generate all recursively enumerable languages.

Theorem 2.2. Every recursively enumerable language can be defined by
a strict normal W-grammar.

Proof. Let L be a recursively enumerable language. Then L can be
expressed as the homomorphic image of the intersection of two context-free
languages."® Further, if L C 2+, one can assume that there is a finite
vocabulary 4 and context-free languages L, and L, such that 2 n 4 = g,
LU L, C2%A+ and L = {we X+ |Ixedt, wxe L, " L,}. That is, L can
be obtained from L; N L, by chopping off the “tail” in 4+,

Let o, D, d, A, S, , and S, be new symbols, and for each a in X let a
be new. The symbols D, 4, S, , S, , and @ will be metavariables. Since L, and
L,d are context-free, we can add metavariables and metaproductions so that
Lp=d4%L,=2% Lg = Ly, Ls, = Ly, and L; = 2*ad+dd for ae Z.

The hyperrules are

o — A{AaD, a — {aD>, Lay — a, acl
(S — {Sd), (S — (Sod)

Thus the only complete derivations are of the form:
o => wlwaz) = wlwazd) = w{wazdd) = wa

forwel* acX zedt,waze LN L,andsowae L. []
1 2

Thus one must consider carefully whether there are any sets of
restrictions on a W-grammar G such that L(G) is guaranteed to be recursive
and yet G still has considerably more expressive power than a context-free
grammar. One obvious possibility is to examine lossless W-grammars. If G is
lossless, every production in P is nondecreasing except for possible elimination
of ( and }; by inventing new symbols we surely can encode (w) within | w |
steps without undue complication. Further, if {8) appears in a hyperrule,
the Janguage

Ly = {h(B) | h metaassignment}

is certainly context-sensitive since each L, is context-free and context-
sensitive grammars can duplicate. Thus a multitape Turing machine can
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certainly obtain a production p from a hyperrule, and apply p to obtain
w, =g Wy, using no more than Max(| wy |, | ws|) = | wy] tape squares.
It is well known that any rewriting system such that each derivation step is
nondecreasing and there is a multitape Turing machine which can imitate
each step w; = w, using no more than | w, | squares yields a context-sensitive
language.

The details of such a construction for lossless W-grammars is given by
Baker,¥ who shows the following.

Theorem 2.3. (Baker). The family of languages generated by lossless
W-grammars is precisely the family of context-sensitive languages.

In this paper we shall examine two possible restrictions on W-grammars
which yield proper (and incomparable) subclasses of the family of context-
sensitive languages while still retaining some of the W-grammar’s facility for
duplicating and comparing substrings.

We observed that neither the requirement to be regular-based nor that
to be normal restricts the generative power of a W-grammar, although they
may very well restrict the ease or naturalness of producing certain structures.
On the other hand, restricting a W-grammar to be both regular-based and
normal is a significant restriction on the generative capacity.

In Sections 3-5 we study Wpy, the family of languages generated by
normal regular-based W-grammars. The key result (Theorem 3.1) is that
every normal regular-based W-grammar can be effectively converted into a
lossless normal regular-based W-grammar in a special factored form. In
Theorem 3.2 we prove a reduced form theorem similar to the one for context-
free grammars.®® Using this result, we show that although Examples 14
show that normal regular-based W-grammars have considerable facility for
computing numerical functions, duplicating strings, and comparing numbers,
many questions—notably membership, emptiness, and finiteness—are
decidable for such grammars (Theorem 3.3).

In Theorem 4.1 we show that Wy, is contained in the family of indexed
languages'? (which is also the family of nested stack languages® and of OI
macrolanguages1%). Thus Wy, is obviously a proper subset of the family
of context-sensitive languages. More than that, each member of Wy; can be
accepted in realtime by a nondeterministic multitape Turing machine
(Theorem 4.2). ’

The containments in Theorems 4.1 and 4.2 are proper—the language of
Example 5, for example, is not in Wy, (Theorem 5.2). Finally, we conclude
Section 5 by.noticing that Wy, has curious closure properties—it is closed
under nested iterated substitution but not under intersection with regular sets
(Theorem 5.3).

The other subfamily of W-grammars that we shall study is the family of
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strict unary W-grammars. We shall call a strict unary W-grammar simple and
let W be the family of languages accepted by simple W -grammars. The
family W is a very strange one. On one hand, simple W-grammars can do
with ease many things beyond the power of normal regular-based grammars —
e.g., Ws contains every language expressible as the intersection of two
context-free languages (Theorem 6.1); Example 5 gives a language in
Ws — Wgp . On the other hand, Examples 1 and 2 give examples of languages
in Wiy — Wy ; if fis a monotone increasing function from positive integer
to positive integers, {a’™ | n > 1} cannot be in W; if f grows more than
linearly (cf. Theorem 6.4). Also, there are languages expressible as the inter-
section of three context-free languages which are not in Wy (Theorem 6.5).
Now Wj is, like Wgp , a proper subset of 2, the family of languages accepted
in realtime by nondeterministic multitape Turing machines. Buf this inclusion
is nonconstructive —there is no algorithm to transform a simple W-grammar
into an equivalent context-sensitive grammar, although one always exists!
For example, membership is not decidable for simple W-grammars
(Theorem 6.2), although each member of Wj is recursive! There are many
pathological systems behaving in this manner, but this is one of the few
examples of more or less “natural” systems exhibiting this sort of behavior.
The closure properties of W are uninteresting— Wy is closed under almost
none of the natural operations on languages (except for Kleene ).
Finally, in Section 7 we mention some open problems regarding the
exact relationship between W, and 2, as well as introduce some other
restrictions and extensions W-grammars it might be profitable to study.

3. NORMAL REGULAR-BASED W-GRAMMARS

As we saw, regular-based W-grammars have the same generative power
as context-free based W-grammars, so there is little point in studying them.
We shall instead focus attention on normal regular-based W-grammars,
which have considerable power, as Examples 1-4 show, and yet have many
pleasant properties.

Definition 3.1. A W-grammar G = (V,,, Vp, 2, Py, Py, o) is regular
if it is normal and regular-based and all the rules are of the forms Z — w Y,
Z > wilyd, (Ay—>wY, (A —>wiy>, Z—w,, and (4> — w, for
Y, ZeVe— 2, AdeVy,we(Vy U Z)* and w,, y e (V3 U 2)*. Let

Wys = {L(G) | G normal and regular-based}
and

Wr = {L(G) | G regular}

The following should be immediately apparent.
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Corollary. The family of context-free languages is properly contained
n Wyp.

Most of our results will depend on converting a normal regular-based
grammar into a special form.

First, we extend the notation L,, for a metavariable 4, to L, for 8
‘composed of metavariables, protovariables, and terminals.

Definition 3.2. let G = (Vyy, Vp,2, Py, Py,0) be a W-grammar.
For Be (Vi U Vp)* let

Lg = {K{B) | h is a metaassignment}

Thus for AeVp, L, = {4}, and if 4, ..., 4, €V, U Vp, then LAI"'AN
is the collection of all words wy -*- w, such that w,€ L, and whenever
A; = A;, then w; = w;.

Now we define a factored form for normal W-grammars.

Definition 3.3. A normal W-grammar G = (Vy, Ve, &, Pag, Py, 0)
is factoredif () forall 4 eV, ,L, #+ @;(2)forall 4, Be Veither Ly = Ly
or L, N Ly = @;and (3) if {B) appears in any hyperrule, thereisan 4 € V),
suchthat L, C L, .

Now we shall see that every normal regular-based W-grammar can be
converted into a lossless factored one. This is an easy consequence of
Nerode’s®® theorem for regular sets. Recall that for a finite vocabulary 7*
an equivalence relation ~ on T* is a congruence relation if whenever u ~ v
and x ~ y, then ux ~ vy, it is of finite index if T* is partitioned by ~ into
a finite number of equivalence classes.

Theorem 3.1. Given a normal regular-based grammar G, we can
construct a lossless, factored, normal, regular-based grammar G such that
L(G) = L(G), and G is regular if G is regular, strict if G is strict, and unary
if G is unary.

Proof. Let G = (Vy, Ve, 2, Py, P\, 0). We know that each L, is
regular for 4 € V,, . Hence there is a congruence relation of finite index on
Vp*, callit ~, such that each L, is the union of some of the congruence classes
of ~ on V,*.2 Let & be the set of these congruence classes. For 4 € V), let
§4={Ee&|EnL, +# @}; thus L, = Ureg, E. Now since ~ is a
congruence relation, given E; and E, in &, there is a unique E; in € such that
E\E, ={ux|ueckE,,xeE,} CE,. Let us write for convenience

EI.EZZES

For u e Vp*, let [u] be the equivalence class of u. Foreach Ae Vy,, Ec &y,
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let £, E, and (E, A) be new symbols. Thus if 4, Be V,,, A # B, and
Ecé&,NéEy, (E, A) and (E, B) will be distinct symbols—two different
metavariables.

Each equivalence class E in & is a regular set and so £ — {el is regular.
Thus we can add metavariables to form a set V,,, containing {E | E€ §} U
{(E,A)|AcVy,Ecé,}, and a set P, of metaproductions such that for
Ecé, Ly = E —{e} and for AeVy, Ee€é&,, Lg = Lg, and our
altimate W-grammar G will be regular-based.

The set ¥, of protovariables and terminals for G is given by

Vp= Vs U{E|Ec&}

Each (ViU Ve, Vp, Py, E)or (VU Vp, Vp, Py, (E, A)) is regular.

Notice that because ~ is a congruence relation, if 4, € Vy, W Vp , E; €6,
and E;CA4; for 1 <<i<nm, then there is a unique Ee¢& such that
for any metaassignment ks with A(4;)e E; for | <<i < hn, h(d, - 4,) =
h(Ay) - KA,y CE, - E, CE. This is the key observation that makes our
construction work.

A rule (4> — y is lossless if A appears in y and otherwise is lossy. Rules
Z — y for Z a protovariable are always considered lossless. If (4> — udv is
a hyperrule with AeVy and w,0e (VU Vy, VB | Be (Vp U VidH*,
then the rule is said to “deposit” A. If (8> appears in a hyperrule, we must
guess whether we will apply a series of lossless rules to (8> followed by a
depositing lossless rule or whether we will apply zero or more nondepositing
lossless rules followed by a lossy rule. In the first case we merely replace each
A eV, by some symbol (E, A) for E€ &, . In the second case we replace
{B> by some E such that L, N E # &.

More carefully, we construct the set of hyperrules P, as follows. Consider
any function f from ¥, to & such that f(4) e &, for each A V), ; thus [
assigns to each metavariable 4 an equivalence class contained in &, .
Associated with f, define a homomorphism f; from (V,, U V,)* into
(Vs Y Vp)* and a function f, from (¥, U Vp)* into & defined by f,(4) =
(f(4), A) for AcVy and f(Z) = Zfor Ze V,, f(A) = f(A) for AeV,,,
JAZ) = [Z] for Z € Vp , and fo(xy) = fo(x) - fo y) for x, y € (V3 U V).

For each such function f and each hyperrule of P, we add to P, one or
more hyperrules defined as follows. Consider a hyperrule in P,:

Y = u0<vl> U Oy,

for n 20, u,e (VU Vy)*, 0 <i<<n v,e(VpU Vit 1 <i<n and
ye(Vp —2YU{KA> |AeVy}; if n=0, the rule is y — 4, and wuy¢e
(Ve U Vit For 1 <i < nlet E; = f3(v).

Then P, will contain all possible rules y' — f,(uy) By *** f1(ttn—y) B, fi(tt,)
satisfying the conditions:
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1. Forl < i < n, either ; = {f;(v;)> or &; = E;.
. Ify——ZeV,,,theny——Z
3. Ify =<{A), A€V, , E = f(A), either (a) 'y = [, and (E, 4) does
not appear in any f;(¢;) or any ; ; or (b) y' = {(E, A)>, and (E. 4)
appears either in some f(;) or some b; .

Let G = (Var, Ve, 2, Py, P, 0). Now condition 3(b) ensures that G
is lossless. For Ein &, Lz, oy = Lg = E —{e}, 50 L(E 4 = L(E g ifand
only if E, = E,; otherwise, L0 0 Lig,» = 2. Suppose Yy YD
appears in P, , each Y;in V, U VM fY,eVeCV,,letE, =[Y] Other-
wise we must have Y; = (E;, 4,) for some 4, €V, E; € (5 .So Ly ..

Ly .y, CE, - E, and there is a unique E€d& with E1 -E,CE; thus
Ly v, S Lg. So G is factored; it is obviously normal and regular-based.

We have altered the hyperrules of G in two ways. We may replace a
metavariable 4 of G by any metavariable (E, 4) with E€&,. Since
Ly = Uses, £ = Ugee, L(z.4) , this causes no problems. Notice that since
(E, A) # (E B) for A # B, if A and B both appear in a hyperrule, no
undesired duplications occur. Also, we might have functions f and f, as
described above such that {B8) is replaced by fx(B) = E. In an actual
production of G, (8> would appear as {w) for we Ly " Lg. Rule (w> —y
applied to {(w) would either come from a lossy hyperrule (4> — y’ or from
a lossless hyperrule (4> — x{uAv)z in which 4 was not deposited. In the
first case all one needs to know is that w € L,—and recall that either we L,
for all w in E or else we¢ L, for all w in E. In the second case the actual
production looks like (w) — x'(w'wv’> ¥’ and one needs only to know
whether w'wo’ € Ly for various B in V.. Again, either w'Ev' C Ly or
W' FEv' N Ly = @, so it suffices to know that w is in equivalence class E.

Arguing along these lines, one can show that L(G) = L(G). The actual
proof is omitted since it is long and unenlightening. It involves showing by
induction on the length of a derivation that for we X+, Ze V, — Z, and
yeVet, Z =¥wifand only if Z =% w and {y)> =& w if and only if either
{y> =Fw or E =, w, where £ = [y].

Now Baker’s result immediately shows the following.

Corollary 1. If G is a normal, regular-based grammar, then L(G) is
context-sensitive.

Corollary 2. If G is a normal, regular-based grammar, then membership
in L{G) is decidable.

We can extend both corollaries. First let us show that some questions
undecidable for context-sensitive grammars are decidable for normal,
regular-based W-grammars.

Here are some concepts we shall find useful in the next few theorems.
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Definition 3.4. let G = (Vy,Vp, 2, Py, Pr,0) be a normal
W-grammarandlet 4 € Vy, . If y - udve Py, andy 5= (A, then 4 appears
independently in the hyperrule and the hyperrule is ereative. For w e Vpt, let
Liwy = {ye 2% [ {w)y =* y}and L{AY = e, L{wD. For Be (Vy U Vp)*
let ILB) = UweLB Lwy.For Ze Ve, — Xlet L(Z) = {ye X2+ | Z =*y).

We define reduced normal factored W-grammars. Qur definition is in the
same spirit as the usual definition of reduced context-free grammars.

Definition 3.5. A normal factored W-grammar G = (Vy, Vp, 2,
Py, Py, 0) is reduced if either Vyy = 2 = Py, = P, = & or:

1. ForeachZeV, — 2, L(Z) + .

2. 1If {B) appears in a hyperrule, then for each we Ly, L{w) # &.
3. For each Z e ¥V, there are words u, v € 2* such that o =* yZp.
4

If {A4) appears on the left-hand side of a hyperrule, therearewe L, ,
“u, v e 2* such that o =* u(wo.
5. For deVy, Ly C(Vp—{o}t, Lyin(Vp—~2)= @ and L, is
infinite.

6. The start symbol ¢ does not appear on the right-hand side of a
hyperrule.

7. There are no hyperrules (4> — {4) or (Z) — (Y.

Theorem 3.2.  Given a normal regular-based W-grammar G, we can
construct a reduced, lossless, factored, normal, regular-based W-grammar G
such that L(G) = L(G) and G is regular or strict or unary if G is.

Proof. We can of course assume G = (Vy,, Vp, 2, Py, P, , o) to be
Jossless, factored, normal, and regular-based.

First we can ensure that for 4 € V,,, L, contains no protovariable Z.
Forif Z e L, , we can first replace L, by L, — {Z} and G will still be regular-
based and factored. Then we add a new symbol Z to ¥, — X and for each
hyperrule y — y add the result of first replacing 4 by Z in y — y and then
replacing (Z)> by Z. So we can assume that L AN (Ve —2)= @. By the
standard methods for context-free grammars, we can ensure that L, C
(Vp — {o})* and (6) holds.

Let

V={ZeV,— 3| LZ)+ )

Ideally, we should like to have ¥, — X = V, since the appearance of a
symbol of Vp — 2" — ¥ obviously blocks a derivation in a lossless grammar.
First we must locate V.

Notice that because G is factored, if we L, and L(w) ¢ o, then
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Lw> # @ forany weL,Nn(ZUV). Let T ={AdeV,| L4 #* o},
and [ ={deVy | L,0EUV)*+# o

We construct ¥, T, and [ in a familiar way. First, let ¥, =T, = &
and I, = {d e Vy|L,n 2+ % @} If we have built V,,, T, and I, with
v,CV, T,CT, and I, C I, we obtain V,, Tnyy . and I, as follows,
starting with V, C V,,,, and T,, C T,,,; . We search P, for a rule

Y u0<01> o um—1<vm>um

with u, , v;, as usual, satisfying:
Q) Uy, Uy yeuey i€ (Vo U I, U 2%
B vy 0 (V, U I, U Z)F
(¢ Forl <j<mn, Lv, CL, forsome A;eT,.

Thenify = Ze Vp,weadd Zto V,,,; if y = (4), we add to T,,,, , along
with any B with Ly = L, . When this is done let

Lin ={AeVy | Lin Vo U2 # o}

By construction we have V,,CV, CV, T,CT,,CT,and [,C 1, C L

Since | VU V), | is finite, there is an ny << | Vp U Vy, | such that
Vg U Ty = Vi1 YV Ty - Then V, = V11> Toy = Tugsrrand f, =1 o5+
HenceV _—UnVngVT UnTnQT and [, MUnInQI Weomlt
the stralghtforward but long proof that V, =V, T = T,and [, = I.

If o¢V, then L(o) = L(G) # &. In this case let G be the trivial
W-grammar G = ({0}, @, @, @, &, o). Suppose c € V.

Now we can alter G toensure that V, C VU Xand @ 5 L, C (VU )+
for each 4 € V,,; the construction is quite obvious; when we eliminate a
symbol we obviously eliminate all members of P, U P, in which it appears.
We also eliminate any hyperrule containing a hypernotion (8 with Ly C L,
for some 4 in V,, — (I'V T). Then we can assume that G satisfied I and 2.

Now we want to ensure that 3 and 4 hold. We want to construct sets
similar to 7, T, and V; this time we only sketch the construction. We want to
build sets J (consisting of metavariables appearing independently in hyper-
rules), K {consisting of metavariables satisfying 3), and N (consisting of
protovariables and terminals satisfying 3).

We start with J = K = @ and N = {c}. We alternate scanning hyper-
rules and sets L,. If Z -y is a hyperrule and Ze N, we add to J all
matavariables in y, to N all members of V, in y, and to K any 4 such that y
contains {8 and L; C L, . If (4> — y is a hyperrule, we add to & and K as
above and add to J any symbol in V,, — {4} appearing in y. When we add 4
to J, we add to N any Ze V, with L, N V*ZV* £ &; since the L, are
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context-free (in fact regular), this condition is testable. Eventually the process
ends when we scan all hyperrules without increasing J, K, or N.

When we finish we simply eliminate all members of V', — N everywhere
in G and all hyperrules (4> -— y where 4 ¢ K. When we have finished &
satisfies 3 and 4 still satisfies 1 and 2.

Next, if L, = {w, ,..., w,} and 4 € V,, replace each hyperrule y — y
by n hyperrules

hiy) = hd{y)

where h; is a homomorphism such that #,(4) = w; and #; is the identity
elsewhere. Do this successively for each A € ¥V, with L, finite. This may
create an “illegal” hyperrule

wy —y

for we V,". In this case eliminate this rule, create a new protovariable w,
add a rule w — y, and replace every occurrence of (w) by w. Hence wecan
assume that L, is infinite. Thus, using the remarks at the start of the con-
struction, we see that 5 and 6 hold.

Finally, we can satisfy 7 with constructions similar to those used for
context-free grammars.®® Thus we can construct a new W-grammar G
which is reduced and still lossless, factored, normal, and regular-based and
which also generates L(G). [

Now we state our main decidability results.

Theorem 3.3. It is decidable for normal regular-based grammars G
whether L(G) is empty and whether L(G) is finite,

Proof. We can assume that G = (Vyy, Vp, 2, Py, Pu, o) is reduced,
factored, and lossless as well as normal and regular-based. Obviously
I(G) #+ o if and only if G is not the trivial grammar (&, {0}, &, &, &, o).

Assume L(G) # @. First notice that if L{A) ¢ @ and L, is infinite,
then L{A) is infinite. For if x € L{A), then there is a word w &€ L, such that
| w| > | x]|. As we mentioned before, the fact that G is factored implies that
since L{4A> # o, L{w) is also nonempty. But G is lossless, so if y € L(w),
then ye L{4> and [ y| = | w| > | x|. Hence L{A4) is infinite.

Since G is reduced, L, is infinite for 4 € V,, . Further, every hyperrule
in G is “usable” in some completed derivation. Hence if G has any creative
hyperrule, L(G) is infinite.

So assume now that no hyperrule is creative—no metavariables ever
appear independently. This means that there are at any point only finitely
many actual productions applicable to a string generated from o. Hence for
any g there are only finitely many complete derivation trees in which no
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path has more than g nodes. Call a complete derivation tree minimal if there
is no smaller tree yielding the same word in L(G). By building all smaller
derivation trees, one can certainly determine whether a given tree is minimal.

Suppose G has a minimal complete derivation tree with a path containing

q=2+le—21+\VMl+(i VP—E‘.)(‘ Vi)

nodes. If the path contains 1 + | ¥, — 2’| nodes labeled in V, — Z, two of
them must have the same label, say Z. Thus there is a subderivation
Z =*uZv, u,ve 2% If u = v = e, the tree is not minimal. If uv 5= e, then
we have o =* w;Zw, and Z =* w, for wy , wy , wy € 2* and so L(G) has the
infinite context-free subset {w,u"wqw, | n = 0}.

Otherwise, the path must contain two nodes labeled (w,> and \w,> such
that wy , w, € L, for some A4 € V,, and no intermediate node has a label in
Vp— 2. We could apply to (w,> a production derived from the same
hyperrules that one applied to (w,> and continue in this way until we generate
some {wy> with wy in L, . Repeating the process as long as we choose, we see
that L(G) is infinite.

On the other hand, if no complete derivation tree has a path with ¢ or
more nodes, then L(G) is finite. Hence we can tell whether L(G) is finite. [

4. RELATIONS BETWEEN W,, AND OTHER FAMILIES

In this section we show Wy; to be contained in two familiar families of
languages. :

First we show that Wy, is a subfamily of the family of indexed languages
—the languages defined by indexed grammars,V by nested stack automata,®
and by OI (outside-in) macrogrammars.'11 It appears simpler and more
enlightening to use macrogrammars,

We shall discuss macrogrammars briefly and informally. A very careful
and rigorous treatment appears in Ref. 11.

A macrogrammar contains three disjoint sets of symbols—a finite
vocabulary X' of terminals, a finite vocabulary I of function letters ranked by
a function p, and a finite set ¥ of variables. Terms are defined inductively.
Any member of 2'U V is a term, as is any zero-place function letter 4
li.e., 4 e Tand p(A) = 0]. If « and B are terms, so is of. If oy ..., «,, are terms,
n =1, Fel, and p(F) = n, then F(a, ,..., ,) is a term. A macrogrammar
consists of Z, I, p, and V plus a start symbol o usually taken to be O-place
[i.e., 0 € Iand p(s) = 0] and a finite set P of productions of the forms Z — y,
and F(xy,..., X,) =y, Where F, Zel, p(Z) = 0, p(F) = n, the x, are all
distinct members of V' (so x; # x;for i + j), and y, and y, are terms such that
nedvyrand y,e (11U Z U {xq,..., x,})".

828/3/4-3
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Derivations in a macrogrammar could go from the outside in or the
inside out, with different results. We shall only consider outside-in,
Ol, derivations since those yield precisely the indexed languages. If
F(x, ,..., x,) — y is a production, «, ,..., o, are terms, and y’ is obtained from
v by substituting «, for x, [i.e., ¥’ = A(y), where h(x;) = o;, 1 < i < n, and
h is the identity elsewhere], then F(a;,..., o) = y'. If Z—y is a rule,
p(Z) =0, then Z = y. If u = v and x and y are terms, then xuy = xvy.
We extend == to =-* in the usual way. Then the language generated by G is
L(G) = {we X' | o =* w}.

For example, the set {a"2 | n > 1} is generated by the macroproductions
o — F(a, a), F(x; , x,) — F(x;x,aa, x,aa), and F(x1 , X3) — x; . The string a®
is obtained:

¢ = F(a, a) = F(a*, a°) = F(d® a°% = a°

Theorem 4.1. The family Wy; is contained in the family of indexed
languages. Given a normal regular-based grammar G, we can construct a OI
macrogrammar G such that L(G) = L(G).

Proof. 'We can assume that G = (Vy,, Vp, 2, Py, Py, o) is factored.
Let V), = {4;,..., A,}. Each metavariable 4, will become an n-place function
letter in G and each protovariable Z will be represented in G by a zero-place
letter Z and an n-place letter Z. We shall generate in G terms such as
Af yeery o) Where each o is in L 4, and G is currently applying a production
to <{a,>. The idea is that a hyperrule such as {4,> — ad,(4,a4,4;> with
L. 4,4, CL 4, would become a macroproduction

Ay(xy, Xy Xg) = XpAg( Y1, V2 » X10X%y)

and the y; would generate members of L 4, - This will not quite work—we need
outside-in derivation to make proper duplicates but in order to expand y,
Jirst, we would have to use inside-out derivation. So our construction must
become more complicated.
Let 7 be the set of all vectors (B, ,..., B,) with each B; in V,,. Let
= {x;,..., x,} and

1_{A1>A1t|1 ntET}U{SO}
U{Z,Z,ZtiZe Vp — 2 teTI VS, S, | teT)

with  p(4,) = p(4;,) = P(Z) = P(Zt) =n and p(Z) =0 for Aie Vs
ZeVp—2, teT. Now a term A; (o ,..., o)) with ¢ = (B, ,..., B,) but
B; = A; will mean that we want to expand <cx,> next, o; I8 in Ly, for is7,
and we are trying to expand «; to a member of L,

The macroproductions that simulate P,, are relatively easy to state. If
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1 <k<n t=(B,..B)eT, By~ A;. but B is arbitrary for i - K.
then we need all possible productions

Ak,,(xl sueey .\'n) — Ak,i’(,‘.l R }(ﬁ)

where ' = (Cy,.., Cp), Cr = By = Ay, ¥ = Xz, and for i = k either
C, = B, and y; = x; or else y; = wx, and C; — wh; is a metaproduction
in P,, . We also need for #, = (4, , 4, ,..., 4,) the production

Ak,to(xl EERE ] xn) - Ak(xl ERRRS ] xn)

Similarly, for Ze Vp — 2 and t = (B, ,..., B,) we need ail productions

1. Z— Zwy ,..., w,) where B; — w; , w;€ Vprfor 1 <j < n.

20 ZAXg gy X)) —> Z2/(y1 0y yu) where t = (Cy,...,C,) and for
1 <j<n either C; = B; and y; = x; or else y; = w;x; and
CjQWijinPM.

For ty = (dy ..., Az) we need Z, (x; ..., Xn) — Z(xy yorny Xp).

Each hyperrule in P, yields a number of macroproductions. Instead of
giving the general form, which would bristle with subscripts, let us give
two examples, for n = 3. Suppose P, contains

(Agy — Asalad; Ay b{AsAa) A,

and L,y 4 CL, and L, 4.CL,, . Then we have all possible macro-
productions

Ax(xy 5 Xy 5 Xg) = Xo@ Ay ((@X1 Xy , U , Ug) DA, Uy, X3XeQ, Ug)X;

wheret = (4, By, By);r = (Cy, Ay, C3)3 01, U5, Up , U3 € Vs and By — iy,
By — u;, C; — vy, and C; — v, are in P, . Similarly, if Z € ¥ and we have
a hyperrule

Z — ad,(bAAb> AZ
with L, A, AL C Ly, , we have all possible macroprodﬁctions
Z(xy , Xg , X3) — aXody oty , Uy , bX1%,0) X, Z
with t = (By, By, A3); uy ,us € 2t and B, — uy , By — uy in Py, .
The reader can verify that the OI macrogrammar so constructed

generates L(G). [

Corollary. Wpp is properly contained in the family of context-sensitive
languages.
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A language L in Wy is, as we saw, context-sensitive and so can be
recognized by a nondeterministic multitape Turing machine which needs
at most | w | tape squares to accept w. In fact, L can not only be recognized,
nondeterministically, in linear space but also in linear time. For Wgy is
contained in 2, the family of languages accepted in realtime by nondeter-
ministic multitape Turing machines. Languages in 2 are calied quasirealtime.
More rigorous definitions of multitape Turing machines, nondeterminism,
realtime, and quasirealtime can be found in Ref. 8.

It seems plausible that containment in 2 should be a consequence of the
last theorem. We conjecture that the indexed languages are indeed quasi-
realtime. However, to the best of the author’s knowledge, this has never been
established in print and must be considered to be an open question. Thus
Wrp € 2 requires an independent proof.

We shall not give the full proof that Wgp C 2, since it is very long and
would lead us far afield of our goals. Instead we content ourselves with
sketching some of the ideas that make the proof “work.”

Theorem 42. Wyp C 2; given a normal regular-based grammar G,
one can construct a nondeterministic multitape Turing machine to accept
L(G) in realtime.

Proof. We only outline the necessary construction.

First, the results in Refs. 6-8 indicate that to show L in 2 it suffices to
exhibit a nondeterministic multitape Turing machine M and an integer k
such that M generates L and M generates w in time k | w |, That is, linear time
is no more powerful than realtime for nondeterministic Turing machines.
The results of Refs. 8 and 18 show that, without loss of generality, we can
let M have any finite number of working tapes and any finite number of
read-write heads per tape. Thus, using auxiliary two-headed tapes, we can
copy and duplicate without loss of time.

We can assume L = L(G) for a reduced, factored, lossless, normal,
regular-based W-grammar G = (V,,, Vs, 2, Py, P, , o). The idea is that
in any cycle M selects a hyperrule y — y, a metaassignment A, and a
production 2(y) — A( ¥) and applies this to A(y). What is involved in obtaining
A(y) from yp? Since each G, is regular, one can, nondeterministically, select
h(A) € L, in the time it takes to write | A(A4)|, thus checking that h(4)e L,
causes no loss of time. If 4 appears twice in y, then M must duplicate A(4).
By using an auxiliary two-headed tape, M can write #(A4) #(A) in time 2 | A(4)).
It will need at most | V,, | such tapes; at the end of each cycle M can erase
these tapes at the cost of doubling computation time.

The organization of this simulation is of some importance. There are
three main tapes, 7L for the left part of the generated string, 7R for the
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right part, and 7'C for the current section to be expanded. If a protovariable Z
is being expanded, there is no problem selecting which hyperrules are legal.
If {(w) is to be expanded, the contents of TC are written as {,w,> where
w e L, ; by suitably recoding one could write this in | w | tape squares. Thus
M can select a hyperrule (B} — y for L, = L, without testing whether
we Lp. Since G is factored, if (B) appears in the right-hand side of a
hyperrule, M knows at once the set ¥V = {4 € V), | Ly C L,} and knows that
if A¢V,, then h(B) ¢ L, for any metaassignment /. So M can select at
random A € V, and write <{,(B).,> without inspecting h{B). This is a vital
point. The other point is that since G is lossless, when (w) is expanded w
remains behind in some form or other.

The order of expansion is of some significance. When the production
applied is Z — h(y) for Z€ V, — X and h(y) ¢ 2, it does not matter which
part of k(y) is expanded next, so select the leftmost. That is, if y = uyv,
ueXtand ye(V, — 2)U {(w) |we Vpt}, put uon TL, v on TR, and the
appropriate encoding of <w) (i.e., { w > for we L,) on TC. If the hyperrule
is (4> — y, there is a slight catch. If y = x{udv>Z and TC contains {,w >
(or {ewey for L, = L), write h(x) on TL, h(z) on TR, and <{zh(u) wh(v)z>
on TCfor L, ., < Ly . Now the latter operation need take only | 2(u)| + | h(v)|
steps because TC can also be a two-headed tape, and because M does not
have to scan /(u) wh(v) to know that it is in Ly .

One other point should be mentioned. If the hyperrule y — y yields a
production with A(y) € 2%, M must guess whether or not TL has anything
left to expand. A wrong guess will cause M to block. If M guesses that TL
has nothing to expand, it puts A(y) on the right of TL and it transfers
terminal symbols from the left of TR to the right of 7L until it hits
y=ZeVp,—Zory={_w,. Then it puts a barrier [J on TL and puts y
on TC. On the other hand, if M guesses TL contains a suitable y for
expansion, it puts 4(y) on TR and transfers terminals from the right of TL
to the left of TR until either it empties T'L or it encounters the barrier [ or
it finds y. In the first two cases M blocks. In the last case M puts y on TC
and continues. This avoids repeated shuttling of symbols between TL and
TR—once a symbol goes from TR to TL it can never be moved until the final
cleanup. ,

Finally, the process starts with o on TC and TL and TR empty and ends
when M guesses that only terminals remain. A wrong guess means a block.
In the final cleanup M transfers T'L and TR minus barrier [J onto an output
tape. Since there can never be more barriers than terminals and since 7L
and TR could have two heads, this takes at most 2 | w | steps for an output w
and so at worst increases the linear factor by one. The way to see that the
process is linear is to count not the steps per cycle but the number of times
a symbol is “handled” (created, transferred from TR to TC, etc.), recalling
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that G is lossless; in the worst case no symbol is handled more than eight times
before yielding a new terminal on the output tape. [

Corollary 1. Each member of Wgp can be expressed as the nonerasing
homomorphic image of the intersection of three context-free languages.

Proof. This is true of 2.9 [

Corollary 2. Wiy is contained in the family of deterministic context-
sensitive languages.

Proof. This follows from Corollary 1, since the family of deterministic
context-sensitive languages is closed under intersection and nonerasing
homomorphism. [

5. NEGATIVE RESULTS FOR W,

We have examined what normal regular-based grammars car do, what
useful normal forms and reductions apply to them, and how easy they are to
generate or recongize. Now we discuss their limitations. First we exhibit a
language in Wyp — Wp and then notice that the same arguments can exhibit
a language in 2 — Wy . The languages are those of Examples 4 and 5.
Then we discuss briefly the closure properties of Wyp.

Theorem 5.1. The language L = {a,"a,"as"a," | n = 1} is not in Wy .

Proof.  The proof turns on some implications of the structure of L. First
notice that if L contains a subset {0, 1,0, U051, | n > 1}, then we must
have v, = v, = v; = e for we cannot alter the occurrences of three symbols
and leave the fourth unchanged. A fortiori, L cannot contain an infinite
context-free or an infinite regular subset.!®

Part of a word in L may uniquely determine the rest. Given a word u
containing g, , there is at most one v such that uv is in L. Hence if ur; and uv,
are in L, v; = v, ; similarly, v and w,v in L implies u; = u, if v contains a5 .
The situation regarding middle sections is slightly more complicated. If w
contains three distinct letters (i.e., w € a;ta,tagt U agtasta,t U aytaytastat),
then there is at most one v and one v with uwr in L. If u contains two letters,
then uwv € L uniquely determines wy and similarly for v and uw. So if any
three of wywv,, wwew;, and wuwww, are in L, either w, = w, or
(uy, vy) = (uz , Vo).

We also need the fact that although duplication does not preserve
regularity in general, if R is regular and R C w* for any word w, then

Dup(R, k) = {y*|y € R}

is regﬁlar for any & > 1. Also note that no subword with more than one letter
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can be duplicated in L, so if we use a hyperrule with two occurrences of a
metavariable 4, we may as well assume that L, C a;* for some i,

If Lis in Wy, we can assume that L = L(G) for a reduced, factored,
lossless, normal, regular-based grammar G = (V,y, Vp, 2, Py, P, , o) such
that the rules of P, are of the forms

y— W, v = ulw, v—>uY

forwe(Vyu2Yhue(Vyvd)andyeV, — Zory =<4>forde V.

Observe that since G is lossless and factored, if (wy> =* z, ze 2+, and
wy € L, , then z can be factored z = zywyz,w; - z;wy 2, in such a way that
for any woe L, Wy =% 23wz, - Z;Wy2z,.4 and k == 1 if no duplications

_occur. Also, if {wy> =% (uw,v) without duplications and w, and uwwe L, ,

then {w;> =*uwp™ for alln = 1. ,

First we show that o is really the only useful protovariable in G. For
ZeVe—2, AeVy,andwe L, , letn(Z) = {(u,v) |u, v X+, o0 =* uZy}.
Now protovariables behave like nonterminals in an ordinary context-free
grammar, so L(G) contains uL(Z)v for each u, v € m(Z). Because G is reduced,
L(Z) # @ .# w(Z),eitherm(Z) = {(uy, vp)} lie., | M(Z)| = 1]or L(Z) = {wy}
[i.e., | L(Z)| = 1]. In the first case we can add {o — uyyv, | Z — y is in Py}
and then remove Z from G. In the second case we can replace Z by w, on the
right-hand side of hyperrules and eliminate all hyperrules containing Z;

however, if Z appears in a word of L, and 4 appears in some {f), we may
have to add Z — wy as the only hyperrule involving Z. In the latter case
we regard Z as a specially tagged version of w, and so, in effect, in Z+. Thus
in the subsequent argument we lose no generality by assuming ¥, = X U {¢}.
Recall that a metavariable 4 appears independently in a hyperrule
y — yif A appears in y but not in y. We now observe that we can assume that
metavariables do not appear independently in hyperrules of G. Suppose
o — A - upAu, (B> and A does not appear in uy,..., u,, or B. As
mentioned before, if &k > 2, we can assume that L, C a,+ for some i and
rearrange the rule as o — wyu, - wA*u,,{B>. For metaassignment 4 and
<hBY> =* w, we ¥, h(uy -+ u,) Dup(L, , k) h(u,.,)w is an infinite regular
subset of L(G), a contradiction. Suppose o — u{8) is a hyperrule and u and 8
contain A. As before, we can assume v = w;4* and B = A’B, where k, r > 1
and A4 does not appear in u, , u,, or f; . If {wy"h(B)) =* ze T+ forw, e L,
and a metaassignment 4, we can factor z = z;w," -+* z,w,"z,,, such that

*,
we"h(BD)Y> & zwy" - ZWe'Zoy
for any wy € L, , and zyw," == z,wy7z,1 = Wo'z; =+ z,,; . Thus

h(uy) Dup(L, , k + rs) z; + Zg4a
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is an infinite regular subset of G. By examining the case o —> u{f> where A
appears in £ but not « and all the cases \ BN — y where A =: Band 4 appears
in y, we find in all cases, if G contains a creative hyperrule, then L(G)
contains an infinite regular subset of the form x Dup(L,.k)v where
L,Ca;* for k = 2. Hence we can assume that no metavariable appears
independently in a hyperrule.

We can also eliminate rules (4> — u(8) where 4 does not appear in f.
As noted, we can assume that u € (£ U {4})* and B € Z+. Suppose there is a
metaassighment h and a string ve 2+ such that o =* v(h(4)>. Then
vh()L{B> C L(G). Either | L(B)| == 1 or there are unique v and h with
o =* vlh(4)>. In the first case we replace <4) — u(f> by (4> — uw, for
ILB> = {wy} and in the second case we remove <{A> — u{f> and add
o — vh(u){B).

Thus we can assume that G contains only hyperrules of the forms
g - W, o — u{wyu, {4y — xAy, {Ay — x{v;Avyy

forwe 2t u,ve X*¥; x, y, v, v, € (2 U {4)*. In the last case we can assume
vy # e, for x = v; = v, = e would be trivial ({4) — {A))andv; = v, = ¢
but x s e would, if used, produce an infinite regular subset of the form

Wi x*w,

Since L(G) = L is infinite, there must be a w e X'+ such that L{w) is
infinite and ¢ — u{w)v is a rule. Any derivation from {w) must look like

Wy = i {wpvy = =+ = U Wb, = X

for u; € 2%, w;, x € 2+, where each w; is a proper substring of w,., and for
each i we can factor x as x = x;w; *** X,W;X,,, where if w;, varein L, , then
vy =* xy -+ x,0x,,, . Since there are no independent metavariables in P, ,
there are only finitely many derivations of size n from (w). Since V,, is finite,
if L{w) is infinite, we must have

W B uwz B wuwedz 5 uuyxz %))

for wy, wy,xe X% u; ,u, € 2*; and w; and w, in L, for the same meta-
variable A. Then o =* uu,(w >z, (W =* u(wy), and (w,> =* x. Further-
more, Wy = )Wyl , Uty 7 €, and x = x;wytx, where (v) =* xyv*x, for any
vin L, . If w; contains two or more letters, no duplications occur in the
derivations from {w;» and {w,» and k = 1. Then {uuu,"w,v,"x,z | n > 1} is
a subset of L for vyv, 5= e, which is impossible.

If w, = a,°, then w; = a," and 1 < r < 5. In this case L contains both
uiy X105 %,z and uuyuyxyaf¥x,z. If uuy or a;x, contain two or more letters, the
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middle of the string is determined, so u,x,ai® = x;a}*, which is impossible
since the words have different lengths; otherwise, x,a}* contains three or
more symbols, so ut; = wuu, and x,z = at* " x,z, which is also impossible.

Thus if w, contains two or more letters or w, contains only one letter, we
obtain a contradiction. Notice that once the bracketed portion of a derivation
has two or more letters, this condition persists. Hence if there is a derivation
from <w> of length 2| V| + 3 or greater, then (1) must occur with w,
containing one letter. Thus derivations from (w)> cannot be longer than

2| Vi | -+ 2. This contradicts the fact that L{w) is infinite. []
Corollary 1. Wiy — Wi # &,
Proof. Example 4 shows that L is in Wy

Remark. The argument above shows that if f; , /3 , /3, and f are strictly
increasing functions from the positive integers into the positive integers, then
W cannot contain any infinite subset of {a[*™aj:™als™ajs™ | n > 1}.

If we add one more coordinate, g;, we can use the arguments of
Theorem 5.1 to show that the resulting language is not in Wy .

Theorem 5.2. The language L = {a,"a,"a;"a,"a;" |n > 1} is not in
WRB .

Proof. 'We adopt the argument in Theorem 5.1. Note that our remarks
on the structure of L also apply to £ and in addition if {10, U0, 505" 1,0, Uy |
nz=13CL thenv = v, = vy = v, = e.

If L isin Wy , we can assume L = L(G) for a reduced, factored, lossless,
normal, regular-based W-grammar G = (Vy;, Vp, 2, Py, P, , 0) obtained
using the constructions of Theorems 3.1 and 3.2,

First we notice that at most one variable per hyperrule can be “usable.”
Suppose o =* u(wyd ugwodty for wy,u,,uz€ Z*, wy, wye Vpt. Then
w LW upLdwyduy C L so either | Lw,d| = 1 or | L{wy)| = 1. If x € L(w)
and we Ly, there is a factorization x = x;w - x;Wwx;,; such that
XW' o XWXy 18 in L<w") for all w' in L, . Hence if Lw) = {x}, we could
replace (8> in a hyperrule by x,8 «- x,8x4; . So if G has a hyperrule
y — ¥1{B y:{Bs> ¥5 , there is either a string o € (Vy, U Vp)+ such that we
can replace the hyperrule either by y — 3,{B> ¥oap; 01 by v — y109,{Bs> ¥5 .
Similarly, if o =* w,Zu,Yu, for Z, YeV, — 2, either | L(Z)| =1 or
| L(Y)| = 1 and analogously for ¢ =* u; Zu,XW)u, or o =* u,{w> u,Zu, .

We can eliminate protovariables and independent metavariables from
hyperrules, using arguments analogous to those in the proof of Theorem 5.1.
We can finally conclude that the hyperrules of G are in the forms

g W, o —> u{wyv, A = u vy Avdu, , (4> — ugAuy

for we X% u, ve Z*; uy, uy € (XU {AD*; v, € (Z U 4D
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Again we observe that we must have L{w) infinite for some we X+
with o — u(w)v in P, . Hence there must be arbitrarily long derivations from
{w)> and so derivations of at least 2| V,, | + 3 steps. But such a derivation
can be divided: :

W) = Wty = ugity(Wadtyhy £ Ul XUgly 2

where u; , Uy, Wy, Wy, Zy, 25, X €2%, w; , wye L, for some A4, and either
w, = a;® or w, contains two or more letters. We can factor x == x;u,*x, s0
that vy =* x;zFx, foreachze L.

If wy, = a;*, then wy = a;" for I «{r <« s and both uu;x;a""x,v,v and
uuuyx, 0% x,0,0 are in L. To avoid the sort of contradiction we obtained
before, we must have uuy; € a,*, v e a;*, i = 3, x; € a,7a,*, and x, € a;*a,t,
We must have u, € a,%a,™ and v, € a,a;* to balance the increase in the a;’s.
But since w, = a,° € L, and any duplications in {a;"> =* uy{a;*yv, must
take place wholly within brackets, we have {a;*> =* w,(a;">v, for some
ast € L, . But then uuuyu,x,at x,0,0,0,0 is in L, an obvious contradiction.

On the other hand, if w, contains two or more letters, no duplications
occurred in <W1> =F 1 (Wopv, o (Wep =% XyWox, . k = 1, and wy = zy3wy2,,
v, 7% e. Then we have

{uyus"xy2, " Wiz x| = 1} C L

a contradiction.
Corollary 1. Wirz C 2.
Corollary 2.  Wppis properly contained in the family of index languages.

" Proof. The language L is clearly generated by the macroproductions
S—>F(a1>a25a39a4’a5)3

F(xy, %o, Xg 5 Xg 5 X5) > F(ay%,05X,05%30,%,05X5)
and

F(xyx5X3X,35) — Xy XoX3X0X5 [

We conclude our discussion of normal regular-based W-grammars with
some brief comments on their closure properties. Roughly speaking, Wy, is
closed under operations involving symbol replacement but not under those
depending on the order of symbols. Thus Wgy is closed under nonerasing
homomorphism, substitution, and nested iterated substitution but not under
intersection with regular sets.

Definition 5.1. A homomorphism % is nonerasing if h(w) = e for w = e.



Some Restrictions on W-Grammars ki H

Definition 5.2. Let X be a finite vocabulary. A substitution v on I* is
defined by associating a language 7(a) = L, to each a € Z, extending 7 to 2*
by 7(e) = {e} and 7(xy) = 7(x) #(y) for x, y € 2*, and finally for L C 2%,
letting 7(L) = Jyuer 7(w). The substitution 7 is nonerasing if e ¢ +(a) for each
a € 2 it is nested if a € 7(a) for each a € 2. A family of languages & is closed
under nonerasing substitution if whenever L € &, L C 2'*, and 7 is a nonerasing
substitution with 7(a) € £ for each a € 2, then +(L) e Z.

Definition 5.3. Let 2' be a finite vocabulary and 7 a substitution on 2™,
Ifr(@)C 2* foreachae X, and L C X*, let r%(L) = L, and v"*Y(L) = +(*(L))
for n = 0. We call (L) = Unz v™(L) an iterated substitution and if = is
(nonerasing) nested, then += is a (nonerasing) nested iterated substitution.
A family of languages & is closed under (nonerasing) nested iterated substi-
tution if whenever L e ¥, L C 2*, and  is a (nonerasing) nested substitution
with 7(a) C 2* and 7(a) € £ for each a € 2, then 7=(L) is in Z.

Theorem 5.3. The family Wyp is closed under nonerasing substitution
and nonerasing, nested, iterated substitution but not under intersection with
regular sets.

Proof. Let Le Wyp, L C 2+, and let  be a nonerasing substitution
such that 7(a) € Wyp for each a e 2. We wish to use the same sort of con-
struction as for context-free grammars. However, we must use distinct
terminals as well as distinct variables in order to prevent using a production
available for 7(a) while generating a word in 7(b) for a # b. So we “paint”
7(a) and 7(b) different “colors.”

For a,be X (a, b may be equal or unequal) let (g, 1) and (a, b) be
new symbols. Let & and /4, be homomorphisms given by A(a) = (g, 1) and
hya) = (a,b) for ac 2. Let 2, = {(a,b) |ac X} and 2y, = {(a, 1) |ac 2.
Now renaming all symbols with new and distinct names obviously does not
affect membership in Wy, . Hence the language L, = (L) is in Wiy, as are
the languages L, = h,(r(a)) for eachae X.

So we may assume we have normal regular-based W-grammars

G, = (VM,I » Veas 21 s PM,I » Ph,l ) 01),
Gu == (VM,ua VP,a:Za’PM,a:Ph,asGa)

such that L, = L(G)), L, = L(G,) forae 2 and
FraV Ve ) D ViV Vo) = (Vo W Ve d N (Vi o U Ve ) = @
fora,be X, a +# b.
To obtain G such that L(G) = (L), we let G have as metaproductions

pM"':PM,lUPM,a

aer
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and as hyperrules

-Ph:PmUP,i‘.au{(a,i)——>o“laEE}U{(a,b)—>aia,b€Z'}

aex

Then:
Vie= Vua U Vras Vp = Vp, U VepaUZ

ael aeX
and
G = (VM, VP:ZJ:PM,P};,%)

If = is nested, then we obtain G with I(G) = +=(L) by selecting as
hyperrules

B, =P, u{@g1)—>alacliv{ab) —o,la b}

welet G = (Vi , Vo, 2, Py, By, o).

We show that Wy, is not closed under intersection with regular sets by
recalling that L = {a,"a,"a;"a,"a;" | n = 1}isnotin Wy, . On the other hand,
Iet 2 ={a;,a,,a4,0a,,aand

L = {x1a1x:0,%30,%,a,%5a5 | In >0, Vi, |x;| =n, x;€2%

and R = g,Taytas7a,ta;™ . Then L = L, N R and R is regular. But L, can be
generated by a normal regular-based W-grammar with metavariable N,
protovariables v and Z, metaproductions N — Z, N — ZN, and hyperrules

a— (N>, {N> — Na;Na,Na;Na,Na; , O —> Gyd,d,0,0;
and
Z —a, for 1 <i<5 O

6. SIMPLE W-GRAMMARS

A W-grammar is simple if it is strict—each L, C 2~—and it is unary —
whenever {(B)> appears anywhere in a hyperrule then 8 = A4 for a meta-
variable A. Let W be the set of all languages generated by simple W-
grammars. It is evident that W ~like Wgz—properly contains the family of
context-free languages; we shall show that W, is properly contained in 2.
We shall aiso see that Wy, and W are incomparable—Wyp — W 4 @
and Ws — Wi # @. Finally, we notice that W has no interesting closure
properties.

First we observe that. W contains every language expressible as the
intersection of two context-free languages. This easy result contrasts with the
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surprising fact that W does not contain certain languages expressible as the
intersection of three context-free languages!

Theorem 6.1. 1If L, and L, are context-free, then L, N L, e W

Proof. Let L, = L(G;) and L, = L(G,) for context-free grammars
G, =V,,2;P,8) and G, = (V,,2, P,,S,) with ¥, "V, = 2% Let o
be a new symbol and P, = {0 — (80, {Sy» — S,}. Then L = L(G) for the
simple W-grammar

G:((Vl~2)U(V2*Z)3{U}U2323P1UP2>Ph5a) D

Corollary 1. The family of context-free languages is properly contained
in Ws.

Corollary 2. Wy contains languages that are not indexed languages.

Proof. The family of indexed languages does not contain every language
of the form L; N L, for L, and L, context-free.™ [

Corollary 3. Thelanguage L = {a;,"a,"as"a,as" |\ n > 1}isin Wep— Ws.

Proof. The language L is expressible as the intersection of two context-
free languages. [

We shall show that W ¢ 2 but the containment is not effective. For each
simple W-grammar G there is a nondeterministic multitape Turing machine M
accepting L(G) in realtime, but there is no algorithm to construct M from G.
Indeed, although each language in W is recursive, each simple W-grammar
is not recursive in the following sense.

Theorem 6.2. The question “is w in L(G)" is undecidable for simple
W-grammars G.

Proof. For context-free grammars G; and G, the question “L(G,) N
L(Gy) = @7 is undecidable.”” We can assume that G, = (V;, 2, P, , S;)
and G, = (V,,2, Py, S,) where V; NV, = X. Let o, a be new symbols.
We can construct from G, and G, a set of hyperrules P, = {o — (S,
{Sy» — a} and a simple W-grammar

G:((VI_Z)U(VZ_Z)B{U}szzaplu*pzyphso)

Then a € L(G) if and only if L(G,) N L(G,) + @. Thus if membership were
decidable for simple W-grammars, emptiness would be decidable for
L(G) 0 L(Gy). [0

Despite Theorem 6.2, it is true that W, C 2. If we have a simple
W-grammar G = (Vy, Vp, 2, Py, Py, 0) and let #(S) = (yes L, for
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S C ¥V, , then if we were given the set 5 = {SC Vi . #(8) = =}, we could
construct a nondeterministic multitape Turing machine to accept L(G) in
realtime. Unfortunately, there is no algorithm to locate %5 given G.

Let us see what could be done if a “birdie” told us the membership
of .

Theorem 6.3. W, C 2. Given a simple W-grammar G = (}V,, Vp, 2,
Py, Py, 0) and the set & = {S§C Vi | Nues Ly % &}, one can construct
a nondeterministic multitape Turing machine to accept L(G) in realtime.
If G is lossless, it is not necessary to know %5 .

Proof. We only outline the necessary steps. As in the proof that
Wes © 2, it suffices to construct a nondeterministic multitape Turing
machine M to generate L(G) in linear time—i.e., there is an integer k such
that if w € L(G), M generates W in at most & | w | steps.

The machine M has as before a tape TL for the left part of the derived
string, a tape TR for the right part, a tape TC for the current protovariable
or hypernotion being expanded, and up to | V,, | auxiliary two-headed tapes
for duplicating, and up to | ¥,;| extra pushdown store tapes to check
membership in each #(S). On TC, M will have either Z for a protovariable Z,
or{S,wyforSe S and wen(S)orSforSe.%.

Whenever M wants to apply a production y — y with y € 27 it again
guesses whether 7L has any substrings to be expanded (protovariables or
hypernotions). If it has none, M puts y on the right of TZ and transfers
terminals from the left of TR to the right of TL until it hits a protovariable or
hypernotion %, whereupon it places a barrier (] on 7L and puts 5 on TC.
If M guesses that T'L has a substring % to expand, it transfers terminals from
the right of T'L to the left of 7R until either it finds % and puts » on T'C or
it hits a barrier or empties TL, in which cases M blocks.

Suppose M has a protovariable Z on TC, and selects a hyperrule

Z g u0<A1> um——1<Am>u'm

If m = 0and uy e (2 U Vy,)*, M selects a corresponding production Z —» 1,
for u,’ € Z+ and behaves as above. If m = 0 but u, contains a protovariable ¥
and the corresponding production is Z — uy' Yuy , M writes uy on TL, uj on
TR, and replaces Z by Y on TC. If m = 1, M selects a metaassignment 4,
puts #(u,) on TL, y; on TC, and A(u)ys *** A(tty—) Vi, o0 TL where for
each i either y;, = §,, 4,€8,, h(4,) e =(S,), and S;€ S, or else y; =
Sy s WA, W(A)en(S;), A;€S;, and S;€ F ; if A; = A;, then S; = S;.
Notice that if 4, does not appear in any u; and whenever 4, = 4, then
y: = S, , there is no-need to compute /(A4,); it suffices to select any S, € %
with 4; € 5, . Also, each #(S) is quasirealtime® so (S, #(4,)) can be written,
suitably encoded, in time | h(A4,)].
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If TC contains {S, w>, M selects a lossless hyperrule

<A> - uo<A1> um—1<Am>um

(A appears on the right) with 4 €S and a metaassignement / such that
h(4) = w. If m = 0, M behaves as above. If m = 1, there are three cases.
Suppose A is one of the 4; ; M selects any r with 4, = A4.1f 4 does not appear
in any u; , M places h(iy) y; -+ h(u,_,) on the left of 7L, leaves vy, = ¢S, w
on TC, and puts h(u,) ¥,.1 = h(ttm_1) Ymhi(u,,) on TR, where the v, are selected
as before; on the other hand, if 4 = 4, and A appears in some u,, M either
behaves as in the previous case, or puts A(u,) on TL, y, on TC, and
h(uy) -+ h(u,,) on TR where in this case y; = S, whenever 4, = 4 = 4, .
If 4; # A for all 4 but 4 appears in some u; , M puts A(u,) on TL, v; on TC,
and A(u,) «-* ku,,) on TR where the y, are selected as before.
If S appears on TC for S e & , M selects a hyperrule

<A> — u0<Al> Uy KAy,

with 4 € § such that 4 does not appear in any u;. If m = 0, M behaves as
before. If m = 1, M selects a metaassignment 4. If A, = 4, M leaves y, = §
on TC, puts h(uy) y, - h(u,_y) on TL and h(u,) v,y - #(u,,) on TR, where
now y; = Swhenever A; = A = A4, .1f 4; # Aforalli, M puts h(u,) on TL,
yy on TC, and h(y) -~ h(u,,) on TR.

The important point here is that we use S as a new protovariable
substituting for {4> when 4 €S and we guess that no production subse-
quently applied to <A(A4))> will “deposit” h(A4) in unbracketed form. In such
a situation we do not need to know h(A4)—just the hyperrules applicable to
{h(A), and this information is given to us by §. When we use S instead of
<h(A)) we say that h(4) € L, for all Be S and guess that we will never use
a hyperrule starting with (B> for B¢ S. Thus in effect we treat G as if it
were lossless. Since we can verify a guess that w € #(S) in the time it takes
to write S, w), the same argument as before (Theorem 4.2) shows that M
operates in linear time. [

Now we examine some of the limits on simple W-grammars. On the one
hand, simple W-grammars can generate the intersection of two context-free
languages and so can generate languages which are not indexed languages.®
On the other hand, we shall see next that certain subsets of a*—such as
@ |n>1}and (& |n > 1}—are in Wy, and even Wy but not Wi .

Theorem 6.4. Let L C a* be in Wy . If Lis infinite, it contains an infinite
regular set.

Proof. Let L = L(G) for the simple W-grammar G — Vs Vo, 2,
Py, Py, 0) and assume L C g*. First, since the context-free languages are
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closed under intersection with regular sets, we can assume that for each
AeV,, either L,Cav or else L,C2*2 — {a}) 2*. Second, if L,C
Z¥(2 — {a)) 2*, then for any hyperrule y — ug(d) -+ <A, uy, either
the rule is never used or 4 cannot appear in any u;. Thus (4> could be
replaced by protovariables S, for 4€S,,S,C V,, . and S, € 4, where ¥,
is as before. Hence there is (but we may not be able to find it) an equivalent
W-grammar with each L, C a*. But a context-free subset of ¢* is regular.t®

Since we are only interested in an existence proof, we may as well assume
that G is regular-based as well as strict and unary and so, by Theorems 3.1
and 3.2, also factored, lossless, and reduced.

Suppose that L does not contain an infinite regular set. If 4 is a meta-
variable appearing independently in a hyperrule, the arguments of
Theorems 5.1 and 5.2 show that L = L(G) contains a subset of the form

wy Dup(L, , k)w,

for wy, we e X*, k > 1. Since L, C a* and L, is infinite, w; Dup(L, , k)w, is
an infinite regular subset of L. Hence, we can assume that there are no
creative hyperrules.

So for any n, G contains only finitely many derivations of length # or less.
If o =*x(why, (W) =* uwdo, and (w) =* z for xyea*; w,uv, z € a*;
then L contains the infinite regular subset xy(uv)* z. If ¢ =* xZy, Z =* uZv,
and Z =*wfor Ze V, — 2 x, yca*;, w, uv € a*; then L contains the infi-
nite regular subset xy(uv)* w. Finally, if o =* x(wpy, {(wd> =% udwydr,
and {w,> =* wwithw, s wy;x,yea*;uv,wy,wy,weatr;andw, ,wye L ;
then there is a factorization u = uyw,*uy, v = vyw,'v, such that (z) =*
hzFudwyy vyz', for all z € L, . Hence {wy> =% u,wokusdwy> wiw,'v, and so L
contains the infinite regular set xuow(u,wy uvywylvy)*. Thus no complete
derivation from o can contain a path of length greater than | V,, U ¥V, | + 1,
so there are only finitely many complete derivations. Hence L = L(G) is
finite. [

Corollary 1. Wxp and W are incomparable.

Proof. By Corollary 3 to Theorem 6.1, Wy — Wi 5+ @. On the other
hand, the language L = {a"* | n > 1} is in Wy, (and even Wy) by Example 2

butisnotin Ws. [J »
Corollary 2. Wy is not closed under nonerasing homomorphism.
Proof. Let
L, = cla”cart®c | n = 1}* U cla"ca™ic)* ate
and
L, = {¢} U caac{a®ca™?*c | n = 1}* U caac{a™ca™?c | n = 1}* a*c
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and h(a) = h{c) = a. Then L, and L, are context-free, so L, N L, is in W, but
ML, Ly ={a"|n>1}isnotin We. []

We now show that W does not contain all intersections of coutext-free
languages.

Theorem 6.5. The language
L = {a,"a,™a*bh,"b;"bFe ey ey | my my k= 1}
is not in W .

Proof. Suppose L = L(G) for a simple W-grammar G = (V,,, V,, Z,
Py, Py, ). The first part of our proof hinges on structural facts about L
similar to those employed in Theorems 5.1 and 5.2. First, L does not contain
any infinite context-free language. Second, if any three of uywv, , uwy, ,
W10y , and u,wyp, are in L, either w, = w, or u; = u, and v, = v, . We shall
use these facts to narrow down the possibilities until we get L expressed as the
union of intersections of two context-free languages, and then use a result of
Liu and Weiner.1®

The arguments in the proofs of Theorems 5.1 and 5.2 show that we can
assume that G contains no protovariables except ¢ and o never appears on
the right-hand side of a hyperrule. If a complete derivation has a subpart
wy =*u(wiv for uve X+, then L(G) contains an infinite context-free
language, a contradiction. So we can assume that G has no hyperrule of the
form (4> — u¢A>v. This is the key observation.

The role of a hypernotion <w)> in a derivation depends on only two
things. It must arise from a hyperrule (C)> - u(4>v with 4 % C, ie.,
A independent and w in L,. Then the rule applied to <w)> comes from a
hyperrule (B> — ue(A> ** t,, 1{Apdut,, where A; % Bforall iand we Ly .
Then <(w) disappears. We call 4 the first metavariable of (w> and B the
second. For any other w'in L, n Ly, {w’> could play the role of (w in that
derivation.

Suppose o =* x(wi) y; (W) = ulwyov; (wyy =* w; x, ye D wy,
weZ*; and both (w;> and (w,> have first metavariable 4 and second
metavariable B. Then {w;) arose from a hyperrule (C> — alA, B, A = C,
and a metaassignment & with h(4) = w,, yielding a production, (4(C)> —
h(e)<w,p H(B). If we let hy(A) = w, and hy(D) = h(D) for A4 # D, then
CHCY> — ()W) hy(B) is also a production. If (w,> appears in A,(x) or
(B), we can derive w from it and otherwise proceed as in the original
derivation. Hence, there are x’, y' € X* with o =* x'(w,) y'. Similarly there
are ', v' with u'v’ € 2* such that (w,> =* 1/(w,dv’. Thus L(G) would
contain an infinite context-free language.

We can likewise argue that if <(w)) = (wyd = +- = {w,>, we can

828/3/4-4
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assume that n < | Vy, |* + 2, for otherwise there is a shorter derivation
from {w;> to {w,>. Hence we can assume that no derivation tree has a path
longer than p® + p + 1, where p = | V|2 + 2.

We can obtain from a complete derivation in G a skeleton derivation
tree T as follows. The root of T'is labeled o. Instead of a node labeled (w) we
have (A4, B> where A and B are the first and second metavariables of w,
respectively. If the production applied to (w)> came from a hyperrule
(B> — u A Uy lApoty and u; = Z,; - Z;ys,,each Z, € Vy, U 2, then
(A, BY has m + 27, r, sons labeled Z, ..., Zy,, , {4y, B, Zy ,..., etc., for
appropriate B, . The nodes labeled Z,; are, of course, leaves.

If a leaf labeled B has a father labeled {4, B>, then no brother can be
labeled (B, 4,>. In this case, to form a member of L(G), B can be replaced by
all and only members of L, N L; provided all brothers labeled B and uncles
labeled A are replaced by the same member of L, N Ly . Similarly, if a leaf
labeled B has a brother labeled (B, A), it can be replaced by all and only
members of L, N Ly provided the same replacement is made to any brother
labeled B and to any son of (B, 4> labeled A. Now in all these cases if
members of L, N L, can be duplicated, then L, N Ly C at for some letter
a e 2 and the same is true for anything lying in between these duplications.
Thus we can rearrange leaves so that a leaf labeled B is adjacent to all its
brothers labeled B; we can also move the duplicated “uncles” or “nephews”
next to B and replace the whole mess by one leaf labeled Dup(L, N Ly, k)
for an appropriate k. ~

If a leaf labeled B has no father labeled <4, B) or brother labeled
{B, A>, it and its brothers labeled B can be replaced by any member of
Ly = Ly N L. Again they can be collected and replaced by Dup(Ly N Ly , k).

If we read off the labels on the leaves of T, we now get a language
Ly C L(G) of the form

Ly = wo Dup(Ly 0 Ly, ky) ** Wany DUp(Ly O Ly, k)W, C L(G)

where w; € Z* k; > 1, and each L, , L, is context-free. First, notice that if
ki > 2, then L, n L/ C a* for some ae X, and since L, N a* is regular,
L;n L and so Dup(L; N L/, k;) is regular and hence context-free. Thus we
can in effect assume Ly is expressed as

Ly = wl(Ly N LYy - wyy(Ly O LYWy,

for L;, L, context-free.
Next, notice that wi(L,, 0 L) = (w;L; 3 N w;L},;) and each w,L,,, ,
w;L;,, is context-free. Thus we can assume Ly is expressed as

Ly = (L0 L) Ln O L,")
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each L, , L, is context-free. Finally, notice that we must have | L, " L, | = 1
for all but one i. So we can assume that Ly is the intersection of two context-
free languages.

Now we saw that we can assume that no tree has a path of length more
than p? + p 1. Hence there are finitely many trees 7y ,..., T, such that

q
L(G) = U LTi s LTi = L“ N -LiZ
i=1

for L, , L context-free, 1 << i < gq.
Now Liu and Weiner®® have shown that

Ny Mo M3y Lo L g
{a*aya?b by | ny yny  ny > 1}

is not expressible as the intersection of two context-free languages. Their
arguments can be modified to show that L cannot be expressed as the union
of a finite number of intersections of two context-free languages. This gives us
our contradiction. []

This language L of Theorem 6.5 is expressible as the intersection of
three context-free languages, the first comparing the a,’s and &,’s and b,’s and
¢»’s, the second comparing the a,’s and b,’s and by's and ¢y’s, and the third
comparing the a,’s and ¢;’s and a;’s and by’s.

Corollary 1. W does not contain all languages expressible as the
intersection of three context-free languages.

Corollary 2. Wy is incomparable with the intersection closure and with
the Boolean closure of the context-free languages.

Proof. The language {a" | n > 4, n not prime} is in W as shown by
Example 3 but cannot be in the Boolean closure of the context-free
languages. [

Corollary 3. Wj is not closed under inverse homomorphism or under
intersection with regular sets.

Proof. Let L be defined as in Theorem 5.5 and let L, , L,, L, be three
context-free languages suchthat L = L, N L, N Ly . Foreachilet L = L(G,)
for a context-free grammar G, = (V,,2, P,,S) with V,nV; =2 for
i # j. Let d, ¢ be new and

Py = {o = {80, (8o — 8x(S>d, {S3) — d}
and let G be the simple W-grammar

G=((N—-2)v(,—2),20V{o,d,ZUu{d},P,UP,,P,,0)
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Then L(G) = {w"d"™* |n > 0, we L} and Ldd = L(G) N Z*dd. If & is new
and h(a) = a, forae X, h(&;) = cydd, then

L, = P (L(G)) = {a,a,"a,}b "b,"b e e, ey L nom ko ™ 11E,

The arguments used to show L ¢ W can also be used to show Ldd and L, not
in We. O

We could continue in this vein to establish other nonclosure properties
of Wi . We summarize:

Theorem 6.6. W is not closed under: union, concatenation, nonerasing
homomorphism, inverse homomorphism, and intersection with regular sets.

Thus W, does not possess any of the “AFL™ closure propertics
(union, concatenation, Kleene -+, nonerasing homomorphism, inverse
homomorphism, and intersection with regular sets) except Kleene +. Since 2
is an AFL and every member of .2 is the nonerasing homomorphic image of
the intersection of three context-free languages,®™® the proof of Corollary 3
of Theorem 6.5 can be used to show that 2 is the least AFL containing Wy
and each member of 2 can be expressed as iy (h; (L)) for L € W and b, and 4,
nonerasing homomorphisms.

In the last section we examine some of the open problems on the
relationship between W, 2, and some subclasses of W-grammars.

7. FURTHER QUESTIONS

The study of regular-based and simple W-grammars leads to many other
questions, some of them on the precise relationship between W and W, and
various well-known families of languages, and others regarding extensions of
W-grammars.

We saw that finiteness is decidable for normal regular-based W-grammars
and that members of Wy, are quasirealtime. It is likely that both statements
apply also to macrogrammars and to indexed languages. That is, we conjec-
ture that finiteness is decidable for macrogrammars (under either the
outside-in or inside-out definitions) and that indexed languages are quasi-
realtime, i.e., belong to 2.

The exact relationship between the family .# of indexed languages and
Wgp is unknown. We know that Wy; C .# but do not know exactly how
Wz should be extended to obtain . One possibility is that .# is the closure
of Wi under finite state translations; that does not seem too likely, however.
In view of the similarities between the operations of factored, normal,
regular-based W-grammars and those of macrogrammars, it seems plausible
that some natural relationship between Wy and .# exists.
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The relationship between W-grammars ~and Wy, in particular and
various tree manipulating systems might be a fruitful area of research.

Several families of languages are closely related to W: 2, the family of
languages accepted by nondeterministic multitape Turing machines in
realtime, 2,, the family of languages accepted by nondeterministic two
pushdown store machines in realtime, W, , the family of languages by unary
W-grammars, and Wy, , the family of languages generated by normal lossless
W-grammars. 1t is fairly evident that:

1. WG W,C2C Wy, CTIME(n?), where TIME(n?) is the family of
languages accepted by nondeterministic multitape Turing machines
in time proportional to the square of the length of the input.

2. 2,CW,.
2 is the closure of W under nonerasing finite-state translations.

We conjecture that Wy, = 2. The difficulty lies in hyperrules such as
{A> — {uAdv) which might require checking membership of w, wwe, wuwer,
etc. in a context-free language and thus scanning a word w more than a fixed
number of times. Thus the approach used in showing Wy, C 2 and W C 2
yields at best time #% It seems plausible that a tighter construction would
yield Wy, € 2. On the other hand, W C 2, if and only if 2, = ¢; the latier
question is still open.

There are various ways in which the concept of a W-grammar or double-
level grammar can be generalized. There does not seem too much point in
extending unrestricted W-grammars since they already represent ali
recursively enumerable sets quite conveniently. However, extensions of some
of the restricted families, particularly of Wy, might prove useful.

For a family of languages & we can speak of an #-based double-level
grammar as a sixtuple (Vy,, Vo, 2, Py, 0, pn), where Vo, , Vp, 2, P, ,and o
are as before and p maps each 4 in V, into a language u(4) € #. One might
treat probabilistic regular-based double-level grammars in which distri-
butions were attached to the regular languages p(A4), to the assignment
function w, or to the use of hyperrules—or even to all three. One might also
consider double-level Lindenmeyer systems in which each u(A4) is an OL
language and the derivation process required simultaneous expansion of each
protovariable or hypernotion in the string (cf. Rozenberg and Doucet®V),

There are two obvious ways in which the derivation process could be
extended. One might allow the expansion of a protovariable within a
hypernotion—e.g., <aZb)> = {ay{bcZ>b>—or allow u(4) to contain nested
hypernotions—e.g., {ab{baa){ala>>>—and then use either outside-in or
inside-out derivations. Another possibility is to allow words in w(4) to
contain a fixed number of occurrences of a special comma symbol. Then if
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Wy, We , Wy and «, B3, y are words in p(A), a hyperrule (A, — A4;{A)A,(A;, A
would correspond to productions

{wy, Wa, Wap — Wil , Wy, W) Wo(Wy, Wp)

and

(o, By > = ooy, B, y) By, B)-

Some of these ideas might shed light on the relationship between Wy and £.
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